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1-D, 2-D, and 3-D Monte Carlo Ambient Noise
Tomography Using a Dense Passive Seismic
Array Installed on the North Sea Seabed

Xin Zhang1 , Fredrik Hansteen2, Andrew Curtis1,3 , and Sjoerd de Ridder4

1School of Geosciences, University of Edinburgh, Edinburgh, UK, 2Equinor ASA, Bergen, Norway, 3Department of
Earth Sciences, ETH Zürich, Zürich, Switzerland, 4School of Earth and Environment, University of Leeds, Leeds, UK

Abstract In a variety of geoscientific applications we require 3-D maps of properties of the Earth's
interior and the corresponding map of uncertainties to assess their reliability. On the seabed it is common
to use Scholte wave dispersion data to infer these maps using inversion-based imaging theory. Previously
we introduced a 3-D fully nonlinear Monte Carlo tomography method that inverts for shear velocities
directly from frequency-dependent travel time measurements and which improves accuracy of the results
and better estimates uncertainties. Here for the first time we apply that method to real data and compare it
to two previous methods. We cross correlated 6.5 hr of ambient noise data recorded on a dense seismic
array over Grane, North Sea, and observed two Scholte wave modes. For each mode, phase velocity maps
are estimated using Eikonal tomography, which are in turn used to study the shear-wave velocity structure
of the subsurface. We applied three nonlinear inversion methods to the Grane data: standard 1-D depth
inversions, a 2-D joint inversion along a vertical cross section, and a fully 3-D inversion. We compare the
shear-velocity and uncertainty structures estimated along the same 2-D cross section. Thus we show that
the standard 1-D inversion method creates significant errors in the results due to the independence of those
1-D inversions, whereas the 2-D and 3-D inversions improve results by accounting for lateral spatial
correlations. The 3-D inversion bypasses the initial seabed Eikonal tomography step, thus avoiding the
errors that the initial step introduces into subsequent 1-D and 2-D inversions.

1. Introduction
Geoscientists often image or monitor the subsurface in order to understand properties and processes
of the Earth's interior. Seismic tomography is a technique which has been used widely to produce
three-dimensional models of the propertiesin the Earth. In order to interpret the imaging results appropri-
ately, and in particular to avoid overinterpretation, it is often desirable to estimate uncertainties in such
models.

Seismic surface waves propagate along interfaces in the Earth across which seismic properties change
abruptly (Rayleigh and Love surface waves propogate along the Earth's surface at the interface between solid
and air, whereas Scholte waves propogate along the seabed at the interface between liquid and solid) and
oscillate over depth ranges that depend on their frequency of oscillation (Aki and Richards, 1980). This in
turn makes surface waves dispersive—different frequencies travel at different speeds, and these speeds are
sensitive to different parts of the Earth. By measuring the wave speeds this dispersion property can there-
fore be used to study the Earth's subsurface by tomographic imaging on global (Trampert and Woodhouse,
1995; Shapiro and Ritzwoller, 2002; Meier et al., 2007a; Meier et al., 2007b; Ferreira et al., 2010; Ekström,
2011) and regional scales (Curtis et al., 1998; Lin et al., 2008; Simons et al., 2002; Yang et al., 2007; Zielhuis
and Nolet, 1994; Zigone et al., 2015).

In the above studies, surface waves were generated by earthquakes, which inevitably limits the resolvability
of models in regions of sparse coverage due to the inhomogeneous distribution of seismic sources and sta-
tions. The introduction of ambient noise interferometry has greatly increased the size and coverage of our
surface wave data sets by turning receivers into virtual (imagined) sources. It has been shown theoretically
that Green's functions between different receiver pairs can be retrieved by cross correlations of ambient
noise data recorded at the receivers (Campillo and Paul, 2003; Curtis et al., 2006; van Manen et al., 2005;
van Manen et al., 2006; Wapenaar, 2004; Wapenaar and Fokkema, 2006). Surface waves contained in the
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Green functions can be extracted and used to study subsurface structure (Shapiro and Campillo, 2004). This
method has been used widely to study the regional scale structure of crust and uppermost mantle (Lin et al.,
2007, 2009; Shapiro et al., 2005; Yao and Van Der Hilst, 2009; Yao et al., 2006, 2007; Bensen et al., 2009; Behr
et al., 2010; Nicolson et al., 2012; Nicolson et al., 2014) and the near-surface uppermost crustal structure (de
Ridder and Dellinger, 2011; de Ridder and Biondi, 2013; Mordret, Landès, Shapiro, Singh, Roux, & Barkved,
2013; Mordret, Shapiro, Singh, Roux, & Barkved, 2013; Mordret, Landès, Shapiro, Singh, & Roux, 2014; de
Ridder et al., 2014; de Ridder et al., 2015; Allmark et al., 2018).

In most of the above studies only the fundamental mode surface wave is used due to the fact that higher
modes are often so low in amplitude as to be invisible in the data. However, in surface waves generated
by earthquakes it has been shown that higher modes can be observed (Gabriels et al., 1987; Park, Miller,
& Xia, 1999; Park, Miller, Xia, Hunter, & Harris, 1999) and can be used to further constrain the subsur-
face structure (Gabriels et al., 1987; Jan van Heijst and Woodhouse, 1999; Xia et al., 2000; Xia et al., 2003).
Mordret, Shapiro, and Singh (2014) also observed higher modes in the cross correlations of ambient noise
data recorded by ocean bottom cable sensors over the Valhall oil field, but since this energy was much weaker
than the fundamental mode, these higher modes were ignored. However, in other cases the energy of higher
modes can be comparable to the fundamental mode and may cause errors in inferred fundamental mode
phase or group velocities due to the fact that the modes are mixed together (Xia et al., 2003). Therefore, it is
important to correctly identify and separate the different modes.

If multiple source-receiver distances are available, higher modes can often be separated from fundamen-
tal modes by frequency-wavenumber (F-K) analysis (Gabriels et al., 1987). However, this process assumes
that speeds of each frequency are the same for all source-receiver pairs. In order to perform phase or group
velocity tomography, we often need accurate phase/group velocity measurements from each mode for each
source-receiver pair independently. This means that individual modes need to be separated at each receiver.
This can be done by band-pass filtering if the modes occupy different frequency bands (Crampin and Båth,
1965), but unfortunately this is not always the case. Other methods based on adaptive wavelet transforma-
tions (Kritski et al., 2006; Kuttig et al., 2006) or mode-branch stripping (van Heijst and Woodhouse, 1997)
have been proposed to quantify the energy of individual modes and to separate them, but those methods
risk destroying the phase of individual modes, and thus introducing errors in the phase velocity picks. In
this study we therefore used a method based on dispersion compensation (Wilcox, 2003; Xu et al., 2012) or
equivalently on time reversal (Alleyne et al., 1993; Fink, 1992; Ing and Fink, 1998). In this method, an indi-
vidual mode in a dispersive wave is compressed to a short-duration pulse in the time domain by adjusting
the phase to undo the dispersion so that each mode can be separated easily from the others, for example,
by using a time-windowing function. The method has been used successfully to separate Lamb modes in
ultrasonic waves (Xu et al., 2012) but has not previously been applied to seismic surface waves.

Seismic surface wave inversion problems are often solved using a two-step scheme of first inverting for
two-dimensional (2-D) geographical maps of surface wave phase or group velocity and then inverting for
the 3-D spatial velocity structure using 1-D inversions for structure over depth beneath each geographical
location (Nakanishi and Anderson, 1983; Trampert and Woodhouse, 1995; Ritzwoller et al., 2002; Snoke and
Sambridge, 2002; Bodin and Sambridge, 2009; Bodin et al., 2012; Galetti et al., 2017). The 2-D tomographic
problem in the first step is usually solved by a linearized procedure by minimizing the data misfit while
applying some regularization (Trampert and Woodhouse, 1995; Ritzwoller et al., 2002). However, the regu-
larization is often chosen by ad hoc means (often trial and error), and it can suppress valuable information
(Zhdanov, 2002). It has also been shown to be difficult to quantify meaningful uncertainties from linearized
ambient noise tomography (Shapiro and Ritzwoller, 2002; Bensen et al., 2009; Yao and Van Der Hilst, 2009;
Weaver et al., 2011; Nicolson et al., 2012; Nicolson et al., 2014). As a result the 1-D depth inversions in the
second step can be affected by biased 2-D velocity and uncertainty estimation (Young et al., 2013).

To resolve these issues nonlinear inversion methods based on the Markov chain Monte Carlo (McMC) sam-
pling algorithm have been introduced to seismic tomography (Mosegaard and Tarantola, 1995). McMC is
a class of methods which generate samples from a target probability density (Metropolis and Ulam, 1949;
Hastings, 1970; Mosegaard and Tarantola, 1995; Sivia, 1996; Malinverno et al., 2000; Malinverno, 2002;
Malinverno and Briggs, 2004). In seismic tomography, a generalized McMC method called the reversible
jump algorithm (Green, 1995; Green and Hastie, 2009) is often used; this allows a trans-dimensional inver-
sion to be carried out, which means that the dimensionality of the parameter space (the number of model
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Figure 1. The distribution of receivers at the Grane field colored according to their depths below sea level. The red box
shows the location of the platform, and the yellow line shows a receiver line used in the text. The blue plus in the inset
map indicates the location of Grane field.

parameters) can vary in the inversion (Bodin and Sambridge, 2009; Hawkins and Sambridge, 2015; Piana
Agostinetti et al., 2015; Burdick and Lekić, 2017; Galetti et al., 2017; Galetti and Curtis, 2018). In these meth-
ods, a class of model parameterization is dynamically adapted to both the prior information and the data.
The method has been used to estimate phase and group velocity maps of the crustal structure (Bodin and
Sambridge, 2009; Zulfakriza et al., 2014; Galetti et al., 2015; Zheng et al., 2017) and to carry out the second
depth-inversion step to obtain 3-D shear-wave velocity structures of the crust and uppermost mantle (Bodin
et al., 2012; Shen et al., 2012; Shen et al., 2013; Young et al., 2013; Galetti et al., 2017).

However, Zhang et al. (2018) showed that due to the independence of the many 1-D inversions in the sec-
ond step and possible phase or group velocity errors introduced in the first step, the two-step method causes
biases in estimated 3-D shear-wave velocity models no matter whether linearized or McMC methods are
used. They proposed an alternative 3-D Monte Carlo method that directly inverts frequency-dependent
phase or group travel time measurements in one step and showed via synthetic tests that the method
improves accuracy of the velocity model estimation and produces more intuitively reasonable uncertainties
than the traditional two-step method. A similar idea has also been used with a linearized inversion method
(Fang et al., 2015). In this study we apply the 3-D Monte Carlo method to study the near-surface structure
of the Grane field and compare the results to those generated using previous methods.

The Grane field is situated in the North Sea, about 185 km west of the city of Haugesund, Norway, with a
water depth of 127 m (Figure 1) and contains heavy crude oil found in turbidite sandstone from the Tertiary
period (Pragt et al., 2012). It was first discovered by Norsk Hydro in 1991 and is currently operated by Equinor
ASA. It started production in 2003, which is estimated to last for 25 years. The field is composed of one main
reservoir and a few other segments at a depth of 1,700 m. A permanent monitoring system has been deployed
in the field, which contains 3,458 four-component sensors (Z—vertical, N—north, E—east component, and
H—hydrophone). This records seismic data from the field continuously (Thompson et al., 2015) and thus
provides the possibility to use ambient noise tomography to monitor the reservoir.

In the following we first present the ambient noise data and compute their cross correlations to obtain
Scholte waves in section 2. In section 3 we briefly describe the dispersion compensation method and use it to
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Figure 2. (a) An example of 1 hr of vertical component data recorded by one of the geophones at Grane field and (b)
the corresponding spectrogram. The gray dashed lines bound the frequency range used for cross correlations.

separate the different Scholte wave modes. In section 4, we determine phase velocity maps for both the fun-
damental mode and the first overtone using Eikonal tomography. In section 5 we first review the standard
two-step method and the new 3-D method, then apply them to estimate the shear-wave velocity structure
over the Grane field. For the two-step inversion, the phase velocity maps in section 3 are used as data. To
further understand the limitation of independent 1-D inversions, we also performed a 2-D inversion using
a 2-D parameterization of a 2-D cross section using the same data as in the 1-D depth inversions. We then
compare all results across the 2-D section. We conclude that the 3-D Monte Carlo inversion method pro-
duces more realistic results and achieves this with comparable computation cost compared to the standard
two-step Monte Carlo method.

2. Ambient Noise Interferometry at Grane Field
2.1. Noise Data Recorded by the Permanent Monitoring System at Grane Field
Figure 1 shows the locations of all 3,458 sensors over the Grane field, each of which records samples at
500 Hz. The depth of the sea floor is around 127 m, becoming slightly shallower in the northeast (120 m). The
sensors are organized along linear cables and consequently have inline and cross-line spacings of approxi-
mately 50 and 300 m, respectively. This permanent and continuously recording array provides the potential
to use passive seismic interferometry for daily monitoring of the field. In this study, we therefore analyzed
only 6 hr and 36 min of continuous data extracted from recordings in November 2014.

We analyzed spectrograms of 1-hr intervals of vertical component data extracted from those 6.5 hr of data.
Figure 2a shows an example of one such data set from one receiver. Figure 2b shows the spectrogram of
energy across frequency as a function of time computed using 1-min windows with 50% overlap between
windows. The spectrogram is cut off below 0.3 Hz due to the roll-off in receiver sensitivity. The typical fre-
quency response of the receivers is from 3 Hz to 15 KHz. However, it has been shown that lower frequency
data can still be used for ambient noise studies (de Ridder and Dellinger, 2011; Mordret, Landès, Shapiro,
Singh, Roux, & Barkved, 2013; Mordret, Landès, Shapiro, Singh, & Roux, 2014). For example, between 0.3
and 1.5 Hz the data are dominated by the tail of the secondary microseismic peak (Webb, 1998) and can be
used to estimate Scholte waves from noise cross correlations. Above 1.5 Hz, field-operation noise sources
and active seismic sources dominate the data. While it is also possible to obtain useful information about
the subsurface using high frequency data (Mordret, Landès, Shapiro, Singh, Roux, & Barkved, 2013), in this
study we focus on the frequency band between 0.3 and 1.5 Hz to obtain Scholte waves and use them to study
the near-surface structure.
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Figure 3. The beamforming results of two narrow frequency bands: 0.4–0.6 Hz (left) and 0.6–0.8 Hz (right) calculated
using half-hour data segments.

The Scholte waves obtained from noise cross correlations can be biased in the case of an inhomogeneous
distribution of noise sources (Wapenaar, 2004; Curtis and Halliday, 2010). Therefore, we used the beam-
forming technique (Cole, 1995; Rost and Thomas, 2002) to characterize the noise distribution of Grane field.
The recordings were first band filtered into narrow bands (e.g., 0.4–0.6 Hz) to avoid possible blurring of the
beamforming results caused by velocity dispersion. The data were then transformed to 𝜏 − p domain by
slant stacking (Yilmaz, 2001). Here we carried out beamforming analysis using half-hour segments for all
receivers together. Figure 3 shows results for two frequency bands: 0.4–0.6 Hz and 0.6–0.8 Hz. Both results
show two circles with different phase velocities, which are associated with different Scholte waves modes.
The fundamental mode has a phase velocity of ∼580 m/s at the lower band (0.4–0.6 Hz) and a phase velocity
of ∼520 m/s at the higher band (0.6–0.8 Hz) while the corresponding phase velocity of the first overtone is
∼910 and ∼830 m/s, respectively, in each band. Note that the energy of either side of the 0.6–0.8 Hz result
is spatial aliasing due to the cross-line sparsity of receivers (Yilmaz, 2001). Although there is residual inho-
mogeneity, for example, at the lower frequency band the energy in the west is slightly higher than in the
east; in both cases the noise sources are nearly omnidirectional for both modes, which implies that we have
sufficiently equidistributed noise sources for noise-based interferometry and tomography.

2.2. Cross Correlations of Ambient Noise
Seismic ambient noise interferometry refers to the construction of Green's functions from virtual sources
by noise cross correlations (Campillo and Paul, 2003; Wapenaar, 2004; Curtis et al., 2006). The data are first
bandpass-filtered to 0.35–1.50 Hz using a frequency domain taper and down-sampled to 5-Hz sampling rate.
Spectral whitening is then applied to create data with a uniform amplitude spectrum. This process is car-
ried out using half-hour recording segments with a 50% overlap. Finally, the data from every station pair
are cross correlated segment by segment, and results are stacked over the 6.5-hr interval. We did not remove
instrument responses because they are identical for all receivers. In this study, we only obtained cross cor-
relations using vertical (Z) components and hydrophone components (H) to construct Rayleigh-type waves,
but it would be possible to construct Love waves using north (N) and east (E) components in future (Mordret,
Landès, Shapiro, Singh, Roux, & Barkved, 2013).

Figures 4a and 4d show virtual shot gathers along a receiver line indicated in Figure 1 (yellow line) con-
structed using pairs of vertical components and pairs of hydrophone components, respectively. At long
distances the wave packet spreads out in time due to dispersion. The negative time part has smaller energy
than the positive time part, especially at long distances. This may be caused by some residual inhomogeneity
in the distribution of noise sources (Figure 3) or some deviation of the noise sources from the ideal sources
assumed in theory (mutually uncorrelated point sources).

To analyze the Scholte wave dispersion, we carried out frequency-phase velocity (f−c) analysis for the virtual
shot gathers in Figures 4a and 4d. The f − c spectrum U(c, f) of gather u(x, t) is computed using
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Figure 4. Examples of virtual shot gathers constructed using (a) vertical components and (d) hydrophone components.
The receivers used are shown in Figure 1. (b) and (e) show the associated phase velocity dispersion analysis using f − c
analysis where c is phase velocity, and (c) and (f) show the associated group velocity dispersion analysis. The black
dashed lines indicate the picked phase velocity for the fundamental mode and first overtone.

U(c, 𝑓 ) =

+∞

∫
−∞

u(x, t)e𝑗2𝜋𝑓 (t− x
c ) dx dt, (1)

where x is distance along the virtual shot gather, t is time, f is frequency, c is phase velocity, and 𝑗 =
√
−1.

For this research we used the symmetric part of the correlation results u(x, t) (the mean of the positive and
negative time results) after testing that this at least did not appear to be detrimental to results and appeared
to increase stability of results. The results (Figures 4b and 4e) clearly show the two modes that we observed
using beamforming analysis (Figure 3). Phase velocity varies from 420 to 660 m/s for the fundamental mode
and from 660 to 1,150 m/s for the first overtone. The fundamental mode dominates the signal in the vertical
component cross correlations while in the hydrophone components the first overtone dominates, which has
been observed before (Savage et al., 2013; Tomar et al., 2018) and has been shown to be related to a few
hundred meters of low velocity sediments below the sea floor (Tomar et al., 2018).

We also analyze group velocity dispersion. Group velocities can be obtained by using the traditional
frequency-time analysis method (Dziewonski et al., 1969; Levshin et al., 1972; Levshin et al., 1992; Her-
rin and Goforth, 1977; Russell et al., 1988; Ritzwoller and Levshin, 1998; Levshin and Ritzwoller, 2001;
Yanovskaya et al., 2012). For each seismic trace, a frequency-time domain envelope image can be obtained
by applying a Hilbert transform for a set of narrow frequency bands (e.g., by narrow-band Gaussian filters).
To estimate the group velocities for possible different modes, we stacked all those envelope images across
the receiver line in Figure 1 to improve signal-to-noise ratio (SNR; Figures 4c and 4f). Similarly to the phase
velocity dispersion analysis, the two modes can be observed in the stacked envelope image. The group veloc-
ity of the fundamental mode decreases from 480 to 350 m/s from 0.35 to 0.8 Hz and then shows very little
variations after 0.8 Hz. By contrast, the group velocities of the first overtone varies only slightly from 610 to
590 m/s over the frequency range from 0.35 to 1.3 Hz.

3. Mode Separation
Although it is often the case that only one mode dominates the signal in a wave (the energy of the first
overtone is usually lower than the fundamental mode in vertical component recordings—Figures 4b and
4c), energy from other modes will still cause bias in the phase or group velocity of each seismic trace (e.g., Xia
et al., 2003). For example, at low frequencies (<0.5 Hz) the group velocities of the two modes are very close
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and probably cannot be identified individually easily, which may cause biases in phase or group velocity
picking (see below). This could produce errors in subsequent tomography results. Therefore, in order to
obtain accurate phase or group velocity picks for each trace and for each mode, we first need to separate the
modes.

3.1. Method
We use a dispersion compensation method to separate different modes (Xu et al., 2012). For seismic surface
waves we assume that two modes S and A are excited by a broadband source excitation F(w) and that the
phase velocity of the modes is constant across the area. In the frequency domain the recorded surface wave
at distance x0 can then be expressed as

GSA(w) =
[
AmpSHS(w) + AmpAHA(w)

]
F(w), (2)

where HS(w) = exp(−jkS(w)x0) and HA(w) = exp(−jkA(w)x0), kS(w) and kA(w) are dispersion relations of
mode S and mode A, respectively, and AmpS and AmpA are their amplitudes. If kS(w) and kA(w) are known,
the process of dispersion can be reversed by back-propagation or dispersion compensation. For example,
multiplying equation (2) by H−1

S (w) = exp( 𝑗kS(w)x0) gives

G∗
SA(w) = H−1

S (w)GSA(w)
= AmpSF(w) + AmpAH−1

S (w)HA(w)F(w),
(3)

where G∗
SA(w) is the surface wave after dispersion compensation. The first term AmpSF(w) has no dispersion

(propagation) term so will be focused to a short-duration pulse f(t) in time domain at zero time, which
can be extracted using a window function. The second term is the residual term from mode A which is
still dispersive. After separating mode S from the other waves, it can be propagated back to distance x0 by
multiplying the extracted signal by HS(w). The result then can be used to estimate more accurate phase or
group velocities for mode S, and a similar operation can be used to extract mode A.

In practice, the dispersion relations kS(w) or kA(w) are usually not constant across the area of study. How-
ever, they often vary smoothly across space at least locally. So equation (3) can still be used for approximate
dispersion compensation. Alternatively, one can integrate along estimated source-to-receiver ray path to esti-
mate the correct dispersion to each receiver if an approximate estimate of the phase velocity map is known.
This dispersion estimate can then be used for kS(w) or kA(w) as appropriate. In this study, we simply applied
equation (3) using estimates of dispersion relations (picked from an initial frequency-wavenumber analysis
such as that shown in Figure 4).

3.2. Application to Grane Field
We used the method above to separate different modes across Grane field. The data were first
back-propagated to time zero in the frequency domain using equation (3) using the dispersion relation of the
fundamental mode picked using f − c analysis (black dashed line in Figure 4b) and then transformed back
to the time domain. Figure 5b shows the results after dispersion compensation for the symmetric part of
the virtual shot gather in Figure 4a. The symmetric gather is shown in Figure 5a. After dispersion compen-
sation, the fundamental mode focuses to an impulsive signal at zero time so that energy in the shot gather
becomes flat. Those waves that exist at negative time and are not flat are higher modes since higher modes
generally travel faster than the fundamental mode. They can be muted using a time domain window func-
tion (Figure 5c). Figure 5d shows the shot gather after windowing out the higher modes and transforming
back to the original propagation time. Figure 5e shows the dispersion image obtained from f − c analysis
using the virtual shot gather after mode separation (Figure 5d). At most frequencies (0.5–1.3 Hz) the energy
of the first overtone disappears, indicating that the higher modes have been removed successfully. However,
at low frequencies (0.35–0.5 Hz) some energy from the first overtone remains. This can be explained by the
fact that at these frequencies (0.35–0.5 Hz) the group velocities of the two modes are very close (Figure 4c)
which leads to the modes overlapping even after back-propagation to time zero.

Similarly to the separation of the fundamental mode, we apply the method to obtain waves containing higher
modes only. Since the first overtone dominates the signal in cross correlations of hydrophone components
(Figures 4e and 4f), we used those cross correlations to retrieve the first overtone. The phase velocity dis-
persion curve picked from the result of f − c analysis (Figure 4e) is used to carry out the phase correction.

ZHANG ET AL. 7 of 32



Journal of Geophysical Research: Solid Earth 10.1029/2019JB018552

Figure 5. An example of the mode separation procedure. (a) The virtual shot gather before mode separation (obtained
from Figure 4a by adding positive and negative times). (b) Flattened virtual shot gather obtained by dispersion
compensation. (c) Filtered flattened virtual shot gather. (d) Virtual shot gather after mode separation. (e) Phase velocity
dispersion analysis after mode separation. (f) Phase velocity dispersion analysis after using a similar method to instead
isolate the first overtone. Arrows show the order of processing steps. Black dashed lines show the associated phase
velocity dispersion curves.

The fundamental mode is then windowed out using a window function, and consequently, waves contain-
ing only the first overtone are obtained (Figure 5f). Finally, after mode separation we obtain Scholte waves
that contain only the fundamental mode or the first overtone, which can be used to pick accurate phase or
group velocities for each mode.

4. Phase Velocity Tomography
4.1. Method
To perform phase or group velocity tomography, we first need to pick phase or group velocities for each cross
correlation between each station pair. There are so many pairs that this process must be automated. Group
velocity can be picked using the frequency-time analysis method (see description in section 2.2). For phase
velocity picking we used an image transformation technique (Yao et al., 2006). First a time period image
(t−T) is constructed by applying a set of narrow-band filters to the data. This can be transformed to a velocity
period image (c − T) by transforming time to phase velocity, for the moment assuming a straight-ray path
between each station pair (Figure 6). Finally, the phase velocity dispersion curve can easily be identified and
automatically picked on the c−T image. The 2𝜋 ambiguity of phase velocity measurements can be resolved
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Figure 6. An example of the c − T image used to pick phase velocities. The dashed black line shows the maximum
period allowed by the far-field approximation (the offset must be larger than twice the wavelength). The black dots
denote the picked phase velocity for the whole period range, and the red stars show phase velocities that are actually
used. The white line shows the phase velocity dispersion curve obtained using f − c analysis.

using our initial estimate of the average phase velocity dispersion curve obtained using f − c analysis (black
line in Figure 4b; white line in Figure 6).

To improve the quality of dispersion data, we applied a series of data selection criteria. A minimum SNR of
5 is used for the fundamental mode and 2.5 is used for the first overtone. The SNR is calculated using the
spectrum of the signals of interest and the spectrum of an interval of noise extracted from the end of the
virtual source records. Due to the far-field approximation that is implicit in the ambient noise interferometry
method, those station pairs whose distances are smaller than twice the wavelength at any frequency are
discarded (Yao et al., 2006; Lin et al., 2009). Considering the possible biases introduced by mode separation
in the frequency range of 0.35–0.5 Hz (2- to 2.85-s period)—see Figure 5e—in phase velocity tomography
we only used phase velocities at frequencies larger than 0.5 Hz (<2-s period).

We picked phase velocities and group velocities for each station pair, which can then be used to perform
phase or group velocity tomography. Group velocity tomography can be conducted using straight-ray tomog-
raphy since the data accuracy usually does not merit a more sophisticated approach and since an accurate
phase velocity map is not available in order to trace rays to allow group velocity to be calculated along rays
(de Ridder and Dellinger, 2011; Mordret, Landès, Shapiro, Singh, Roux, & Barkved, 2013; Allmark et al.,
2018). However, since that the phase velocity measurements are more accurate than group velocities (Yao
et al., 2006) and since Eikonal tomography is more efficient and more accurate than straight-ray tomography
(Lin et al., 2009), we performed phase velocity tomography using the Eikonal method as we now describe.

In a smoothly heterogeneous medium, the propagation of a single surface wave mode can be expressed using
the Eikonal equation (Aki and Richards, 1980; Biondi, 1992; Wielandt, 1993; Shearer, 1999):

1
ci(w, r)2 = |∇τi(w, r)|2 − ΔAi(w, r)

Ai(w, r)w2 , (4)

where c is the phase velocity, τ is the travel time, A is the spectral amplitude, w is the angular frequency, r is
the location, and subscript i denotes the ith source. If the second term on the right-hand side can be ignored
(see discussion in Lin et al., 2009), this equation becomes:

1
ci(w, r)

= |∇τi(w, r)|. (5)

In this case the local phase slowness at location r is simply related to the magnitude of the gradient of the
travel time field. Therefore, the local phase velocity can be determined using equation (5) by calculating the
gradient of the travel time field from each virtual source (Lin et al., 2009).
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Figure 7. (a) Phase velocity maps of the fundamental mode and (b) their associated standard deviation maps at periods
0.7, 1.0, 1.3, and 1.6 s. The boxes show locations of features discussed in the text. Gray lines show the distribution of
receivers.

In order to determine the gradient of the travel time field, we first interpolate the travel time field to a
regular grid (Lin et al., 2009). Here we used the biharmonic spline interpolation to interpolate the field to
a 50 m × 50 m grid (de Ridder and Dellinger, 2011). To better control the quality of the interpolated field,
for each location we only use interpolated travel times that are surrounded by four measurements. Due to
small SNR at large offsets we discarded measurements whose offsets are greater than 6 km.

Finally, the average phase slowness s0(x) at location x and its standard deviation 𝜎s0
(x) can be computed

using all virtual sources by

s0(x) =
1
n

n∑
i=1

si(x), (6)

𝜎2
s0
(x) = 1

n(n − 1)

n∑
i=1

(si(x) − s0(x))2, (7)

where n is the number of sources and i denotes the ith source. Thereafter, the phase velocity c0 and its
uncertainty 𝜎c0

can be determined by

c0(x) =
1

s0(x)
, (8)

𝜎c0
(x) = 1

s0(x)2 𝜎s0(x). (9)

4.2. Results
We applied Eikonal tomography for both the fundamental mode and the first overtone in the period range 0.7
to 2 s. The final mean phase velocity map and its standard deviation are averaged over the 3,458 sources for
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Figure 8. Phase velocity maps at (a) 0.7 s and (b) 1.0 s plotted with pockmarks (black dots). (c) The density of
pockmark distribution. The magenta rectangle shows the location of the platform.

each period. Figure 7 shows the results of fundamental mode tomography at periods 0.7, 1.0, 1.3, and 1.6 s. At
short periods (<1.6 s), there is a clear low velocity anomaly in the middle of the field (location delineated by
the blue solid line box in the 1-s period map). At the west edge between Y = 8 km and Y = 10 km, a clear low
velocity anomaly exists at 0.7 s which fades out from 1.0 to 1.3 s. At 0.7 s, a low velocity channel connects this
low velocity anomaly to the middle low velocity anomaly. However, it disappears at longer periods (>0.7 s),
which indicates that this is probably a very near surface structure. Instead at periods of 1 and 1.3 s, there is
a high velocity channel from middle west to north east (location delineated by white solid line box in the
1-s period map) which is interrupted by the low velocity channel at 0.7 s. Next to this high velocity channel
there is a parallel low velocity channel (location delineated by the black dashed line box) existing at short
periods (<1.6 s). In the south, a low velocity anomaly also emerges (location delineated by red solid line
box). However, at period of 1.6 s though there seems to be some degree of similarity in structures with the
shorter periods (<1.6 s), the phase velocity map becomes more complicated. This might be due to the poor
data quality at longer periods or may be caused by complex structure at greater depths.

Overall, the uncertainties are low at periods of 1.0 and 1.3 s (∼10 m/s) and are higher at periods of 0.7 and
1.6 s (∼25 m/s). The high uncertainties at 0.7 s are probably caused by the filtering taper at the lower period
side (0.67–0.74 s) while the high uncertainties at 1.6 s probably indicate higher data uncertainties due to
lower SNR since phase velocities at longer periods must usually be measured at longer offsets which may
also partly explain the complex structure in the mean phase velocity map at 1.6 s. Close to the boundaries
all standard deviation maps show very high uncertainties caused by limited data coverage. At the location
of the middle low velocity anomaly (blue box), the standard deviation map at 0.7 s shows relatively lower
uncertainties; this suggests that the middle low phase velocity anomaly is probably caused by a low velocity
structure near to the surface.

To better understand the phase velocity maps, we compared the phase velocity map at 0.7 and 1.0 s with the
distribution of pockmarks at the seabed of Grane field (Figure 8). Pockmarks are craters in the seabed which
have been shown to be related to the seepage of fluids (gas or liquids) (Kvenvolden, 1989). Figure 8 shows
that there is a dense distribution of pockmarks at the location of the middle low velocity anomaly from the
platform to Y = 11 km, which suggests that the low velocity anomaly might be caused by near-surface fluids.
At the west edge, the two low velocity anomalies between Y = 8 km and Y = 10 km are also consistent with
a higher density of pockmark distribution.

Figure 9a shows the mean phase velocity maps of the first overtone at the same periods as for the funda-
mental mode. We again outline some noticeable features in the phase velocity map at 1-s period. At short
periods (<1.6 s), there is a low velocity anomaly at the west edge (blue line box), with a different shape to that
observed in the fundamental mode phase velocity maps. This might suggest that this anomaly is caused by
a change in shape with depth since higher mode phase velocities usually have higher sensitivities at greater
depths compared to fundamental modes. To the north of this low velocity anomaly there is a low velocity
channel at periods of 0.7 and 1.0 s (red solid line box). At the northern edge, a low velocity channel crosses
the field from west to east (black line box). Similarly, this low velocity channel cannot be clearly observed
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Figure 9. (a) Phase velocity maps of the first overtone and (b) their standard deviation maps at periods 0.7, 1.0, 1.3, and 1.6 s. The boxes in the 1-s period map
show locations of features discussed in the text. Gray lines show the distribution of receivers.

on the fundamental mode phase velocity maps, which indicates that it might be related to deeper structure.
In the south of the field there is a similar low velocity anomaly as observed in the fundamental mode phase
velocity maps (black dashed line box), which may indicate a consistent low velocity structure from shallow
to deeper levels. Overall, at longer periods (i.e., 1.3 and 1.6 s) the phase velocity maps show very compli-
cated structures as we have seen in the fundamental mode phase velocity map at period of 1.6 s. This may
suggest a complicated deeper structure or may simply be due to the low quality of data at longer periods.
Note that the phase velocity maps of the first overtone exhibit much shorter scale structure compared to the
fundamental model because of lower data quality of the first overtone. When these phase velocities are used
to invert for shear velocities, the shorter scale structure may cause lack of coherence between adjacent 1-D
models over depth. To reduce this issue, instead of using Eikonal tomography a regularized inversion might
be used to estimate spatially smoother phase velocity maps.

Overall, the standard deviation maps of the first overtone show higher uncertainties compared to the fun-
damental mode (Figure 9b) due to the fact that the SNR of the first overtone is lower than that of the
fundamental mode. Similarly to the fundamental mode, higher uncertainties are observed at periods of 0.7
and 1.6 s (∼100 m/s) than at periods of 1 s (∼50 m/s) and 1.3 s (∼80 m/s). The uncertainties are significantly
smaller between Y = 8 km and Y = 10 km at periods of 0.7 and 1.6 s, showing that this area is well deter-
mined, so the low velocity anomaly at this area (blue line box) is well determined. Similarly, there is low
uncertainty at the north edge associated with the low velocity channel (black line box) and low uncertainty
in the south associated with the low velocity anomaly (black dashed line box). The standard deviation map
at 0.7 s shows some higher uncertainty areas (∼160 m/s), for example, the western edge between Y = 10 km
and Y = 12 km and between Y = 6 km and Y = 8 km, which is probably caused by low resolution of those
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areas. Similarly, there is a high uncertainty area between Y = 10 km and Y = 12 km at the west edge at period
of 1.6 s.

5. Shear-Wave Velocity Inversion
Although these phase velocity maps can be interpreted for useful information about the subsurface, such
maps cannot provide good indications of the depths of observed structures since Scholte wave phase veloc-
ities are a consequence of the velocity structure over a range of depths. In order to better understand the
subsurface structure it is necessary to estimate subsurface shear-velocity structures with depth in a separate
inversion. Traditionally, a two-step inversion scheme is used to invert for shear-velocity structures where
we use the above phase velocity maps as data and perform 1-D depth inversions independently beneath
each geographical location. However, Zhang et al. (2018) used synthetic data to show that such a scheme
introduces biases in the final 3-D shear-velocity structure because each of the depth inversions is con-
ducted independently, whereas in reality they are strongly correlated spatially. Zhang et al. (2018) therefore
proposed a fully 3-D Monte Carlo inversion method using a 3-D parameterization which preserves these
correlations.

To further understand the limitations of traditional two-step inversion schemes, in this section we compare
results from the two-step method and the 3-D method on real data. We use McMC to perform both the 1-D
depth inversions and the 3-D inversion. To limit the computational cost, we only carried out 1-D depth inver-
sions along a 2-D cross section (the yellow line in Figure 1). In order to study the effects of independent 1-D
inversions, we also carried out a 2-D depth inversion along this cross section using a 2-D parameterization
and the phase velocities along the profile on the above maps as data. This inversion is of interest because it
uses the phase velocity maps as data similarly to the 1-D inversion but preserves spatial correlations similarly
to the 3-D method. It would therefore be expected a priori to exhibit intermediate performance compared
to the other two methods. In this section, we first describe the two-step methods and the 3-D method and
then give an overview of the reversible jump McMC method and the parallel tempering method (which is
used to improve computational efficiency of McMC method). We then apply those methods to the Grane
data and compare their results.

5.1. Methods
5.1.1. Parameterization
As in Bodin and Sambridge (2009) and Zhang et al. (2018), we use Voronoi tessellations to parameterize the
subsurface. A Voronoi cell is defined by a point (called a site) and its volume that consists of all of the points
nearer to this site than to any other. Figure 10 shows examples of Voronoi tessellations in 1-D, 2-D, and 3-D.
Each cell contains its location and its properties (e.g., P-wave velocity, shear-wave velocity, and density).
Note that in 1-D the parameterization with Voronoi cells is inferior to the parameterization with a simple
partition model since the same velocity model can be obtained using different configuration of Voronoi cells
(Green, 1995). However, for comparison purpose in this study we still use a 1-D Voronoi parameterization.
Since seismic surface waves are primarily sensitive to subsurface shear-wave velocity variations, we only
invert for shear-wave velocities. P-wave velocity is linked to the shear-wave velocity via an empirical relation
(Castagna et al., 1985):

Vp = 1.16Vs + 1.36 (10)

and density is computed from the P-wave velocity empirically (Brocher, 2005):

𝜌 = 1.74V 0.25
p , (11)

where Vp and Vs are in km/s and density 𝜌 is in g/cm3. Similar to Zhang et al. (2018), within each Voronoi
cell the velocity is spatially constant.

The specific choice of Voronoi parameterization makes it easy to implement in 1-D, 2-D, and 3-D for compar-
ison. At any point in the model, a velocity profile is a layered model whose phase or group velocity dispersion
curve can be computed using many available codes (e.g., Herrmann, 2013) without resorting to approxima-
tions. However, while the Voronoi parameterization is good at recovery of discontinuities, it can introduce
difficulties to recover a smooth model (Hawkins et al., 2019). The scale length of Voronoi cells in higher
dimensions can cause models to be distorted, and some ad hoc rescaling is generally required (Zhang et al.,
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Figure 10. Examples of (a) a 1-D Voronoi tessellation, (b) a 2-D Voronoi tessellation, and (c) a 3-D Voronoi tessellation
of velocity models. Colors represent seismic velocities in each cell. Black dots are the sites that generated each cell.

2018). It has also been found that Voronoi parameterization can produce multimodalities in the posterior
which makes interpretation of uncertainties difficult. In these cases one could try some other parameteri-
zations, such as wavelets (Hawkins and Sambridge, 2015; Dettmer et al., 2016), Johnson-Mehl tessellation
(Belhadj et al., 2018) and Delaunay and Clouth-Tocher parameterization (Hawkins et al., 2019).
5.1.2. Two-Step Inversion
The shear-wave velocity structure is estimated using a two-step scheme as follows. In the first step a
series of 2-D phase or group velocity maps for different frequencies are estimated tomographically using
source-to-receiver or inter-receiver arrival times as data; then at each geographical point, the local dispersion
curve is used to invert for a 1-D shear-velocity profile beneath that point. For the first step, either linearized
(Nakanishi and Anderson, 1983; Trampert and Woodhouse, 1995; Ritzwoller et al., 2002; Snoke and Sam-
bridge, 2002; Nicolson et al., 2012; Nicolson et al., 2014) or nonlinearized methods (Bodin and Sambridge,
2009; Bodin et al., 2012; Khan et al., 2013; Young et al., 2013; Rawlinson et al., 2014; Zulfakriza et al., 2014;
Saygin et al., 2015; Galetti et al., 2015; Galetti et al., 2017; Zheng et al., 2017) can be used to estimate phase or
group velocity maps. In this study, since we have a very dense station network, we used Eikonal tomography
to determine phase velocity maps (see above).

For the second step, we use a nonlinear McMC method to invert for the 1-D shear-velocity profile beneath
each point (Bodin et al., 2012; Young et al., 2013; Galetti et al., 2017). Generally, those 1-D depth inversions
are run independently at each geographical location without interaction, as this allows perfect paralleliza-
tion of what is a computationally demanding task. We also carried out a 2-D depth inversion along the 2-D
cross section by using the 2-D parameterization described in Figure 10b so as to include lateral spatial corre-
lations in the inversion. The data used for the 2-D inversion are the same as those used in the 1-D inversions
(the local phase velocities from Eikonal tomography). For both the 1-D and 2-D inversions, we used the
same forward modeling method, a modal approximation method (Herrmann, 2013), to calculate the phase
velocity dispersion curves from the velocity-versus-depth profiles beneath each geographical point.
5.1.3. Fully 3-D Inversion
In order to determine a 3-D shear-velocity model and to be able to compare the three different methods
(1-D, 2-D, and 3-D inversions), we also performed a 3-D inversion using the 3-D McMC method of Zhang
et al. (2018). The subsurface is discretized by Voronoi cells (Figure 10c), each of which is defined by the
location of its site and its shear-wave velocity. As in Zhang et al. (2018), the forward modeling method is an
approximate two-step method (Ritzwoller and Levshin, 1998; Stevens et al., 2001; Reiter and Rodi, 2008):
First, a series of phase or group velocity maps at each measurement period are computed by extracting the
shear-velocity profile with depth beneath each geographical point to what the 1-D modal approximation
method of Herrmann (2013) is applied to predict group and phase velocities at each period; then for each
source-to-receiver or inter-receiver pair, the travel times for each period can be determined by tracing rays
through the computed phase velocity map (for which we use the fast marching method—Rawlinson and
Sambridge (2004)).

However, as shown in Galetti et al. (2017), modal approximation methods that are usually used (Herrmann,
2013; Saito, 1988) produce unrealistic dispersion curves when applied to relatively unusual velocity-depth
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models. This is due to the fact that these methods solve the period equation for the minimum phase veloc-
ity solution; unfortunately when the top layer does not have the lowest shear-wave velocity, the dispersion
curve with minimum phase velocity is likely to be one of the trapped modes generated by a low velocity
layer at depth (Chen, 1993; Wu and Chen, 2016). These trapped modes generally oscillate within the low
velocity layer, meaning that they cannot actually be observed on Earth's surface and hence do not corre-
spond to forward model using the recorded data. Therefore, in order to make the modal approximation
modeling package that we used (Herrmann, 2013) valid for our inversion, we added a prior constraint on
our models—that the smallest shear-wave velocity must be in the top layer. The prior is achieved by reject-
ing any proposals of violating models in the Markov chain using a large penalty. Note that this choice of
prior causes shear velocities at the near surface to prefer small values (see supporting information Figure
S1). Considering that this is generally thought to be true for most of the real Earth, we feel that this is an
acceptable and pragmatic solution.
5.1.4. Reversible Jump McMC
McMC is a class of algorithms that generate a set (or chain) of samples from a target probability density
(Sivia, 1996). The Metropolis-Hastings algorithm (Metropolis and Ulam, 1949; Hastings, 1970) is one such
algorithm and was introduced to Geophysics over two decades ago (Mosegaard and Tarantola, 1995; Mal-
inverno et al., 2000; Malinverno, 2002; Malinverno and Briggs, 2004). In this study, we use a generalized
version of the Metropolis-Hastings algorithm called reversible jump McMC (Green, 1995; Green and Hastie,
2009). This algorithm allows a trans-dimensional inversion which means that the number of model param-
eters can change along the chain. Thus, the parameterization of the seismic velocity model can itself be
determined by data and prior information, avoiding fixing the parameterization prior to inversion (Bodin
and Sambridge, 2009; Bodin et al., 2012; Young et al., 2013; Galetti et al., 2015; Galetti et al., 2017; Hawkins
and Sambridge, 2015; Piana Agostinetti et al., 2015; Burdick and Lekić, 2017; Zhang et al., 2018). Note that
the specific choice of parameterization (e.g., Voronoi cells) can impose restrictions on models and may affect
the final results (Hawkins et al., 2019).

In seismic tomography, the target probability density can be expressed as a Bayesian posterior probability
density function (pdf) of the velocity model m given the observed data dobs, written p(m|dobs). According to
Bayes' theorem,

p(m|dobs) =
p(dobs|m)p(m)

p(dobs)
, (12)

where p(dobs|m) is called the likelihood and is the probability of observing the measured data conditional
on a certain model m being true, p(m) describes the prior information about model m (information that
is known independent of data dobs), and p(dobs) is a normalization factor called the evidence. We assume a
Gaussian data error distribution for our likelihood with the data variance as an additional parameter that is
also estimated during the inversion hierarchically (for more information see Malinverno and Briggs, 2004;
Bodin et al., 2012; Galetti et al., 2017; Zhang et al., 2018). For the prior pdf we use an uninformative prior—a
uniform distribution with wide bounds on the values of each parameter.

In the reversible jump McMC algorithm, a new model m′ in the chain is drawn from a proposal distribution
q(m′ |m) that depends on the current model m and is accepted or rejected with a probability 𝛼(m′ |m) called
the acceptance ratio, given by (Green, 1995)

𝛼(m′|m) = min[1,
p(m′)
p(m)

×
q(m|m′)
q(m′|m)

×
p(dobs|m′)
p(dobs|m)

× |J|], (13)

where J is the Jacobian matrix of the transformation from m to m′ and is used to account for the volume
changes of parameter space during jumps between dimensionalities. In our case, it can be shown that the
Jacobian is an identity matrix (Bodin and Sambridge, 2009). Once a new model is generated via the proposal
distribution, it is accepted or rejected by generating a random number 𝛾 from the uniform distribution on [0,
1] and comparing it with the value of the acceptance ratio 𝛼. If 𝛾 < 𝛼, the new model is accepted; otherwise,
the new model is rejected and the current model is repeated as a new sample in the chain. The form of the
acceptance ratio 𝛼 in equation (13) ensures that the density of samples in the Markov chain converges to
the Bayesian posterior probability distribution p(m|dobs) as the number of samples tends to infinity (Green,
1995).
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In seismic tomography problems five types of model perturbations are possible: adding a new Voronoi cell,
removing a cell, moving a cell, changing the velocities, and changing the data noise hyperparameters. Thus,
our algorithm can be described as

1. Draw an initial model randomly from the prior pdf.
2. Generate a new model m′ by randomly choosing one of the five possible perturbation types listed above

and then perturbing the current model according to the proposal probability.
3. Calculate the acceptance ratio 𝛼 and accept the proposed model to be the new sample with probability 𝛼;

otherwise, use the current model as the new sample.
4. Repeat from (2).

We use a Gaussian proposal distribution for the fixed-dimensional perturbations of moving a cell, changing
velocities, and changing data noise hyperparameters (Bodin and Sambridge, 2009; Zhang et al., 2018). For
trans-dimensional perturbations (adding or deleting a cell) we choose to use the prior pdf as the proposal
probability since that leads to a higher acceptance ratio compared to using a Gaussian distribution (Dosso
et al., 2014; Zhang et al., 2018). It is a property of McMC methods that in principle the choice of proposal
distribution does not affect the fact that the final distribution of samples tends to the posterior pdf as the
number of samples tends to infinity, although Galetti and Curtis (2018) show that in practice improper
Gaussian steps can lead to nonconvergence of the chain.

To make the ensemble of Markov chains more manageable in size, we only retain every 100th sample of
the chain. Monitoring of McMC convergence can be difficult and is always subjective (Green and Hastie,
2009; Bodin and Sambridge, 2009). In this study, we monitored several scalar statistics such as the absolute
residual and the number of cells to diagnose apparent convergence (Bodin and Sambridge, 2009; Hawkins
and Sambridge, 2015; Piana Agostinetti et al., 2015; Galetti et al., 2017; Zhang et al., 2018). However, we
note that this is still an open problem.
5.1.5. Parallel Tempering
Parallel tempering is a technique that mixes information between parallel tempered Markov chains to
improve efficiency of McMC methods (Earl and Deem, 2005; Dettmer and Dosso, 2012; Dosso et al., 2012;
Sambridge, 2013). First, a set of chains are scaled using different temperatures, such that their target
probability can be denoted as

𝜋(m|Ti) = p(m|d)1∕Ti , (14)

where Ti is the ith temperature, p(m|d) is the posterior probability density, and 𝜋(m|Ti) is called the tem-
pered posterior pdf. Those tempered Markov chains are then run in parallel. Models can be swapped between
chains randomly based on an acceptance ratio called detailed balance (Earl and Deem, 2005; Sambridge,
2013):

𝛼(i, 𝑗) = min

{
1,
[p(m𝑗 |d)

p(mi|d)
]1∕Ti[ p(mi|d)

p(m𝑗 |d)
]1∕T𝑗

}
, (15)

where 𝛼(i, j) is the acceptance ratio of a swap between model mi and mj at temperature Ti and Tj, respec-
tively. By doing so, one can sample the combined posterior distribution 𝜋(m|Ti), (i = 1, ...,n). At higher
temperatures the posterior pdf becomes flatter, which improves the ability of McMC to escape local minima
and to explore parameter space more globally. By enabling exchange between different temperatures, the
method thus improves the explorative performance of the Markov chain at T = 1, which (still) samples our
target posterior probability.

The choice of temperature ladder of the parallel chains strongly affects the efficiency of parallel temper-
ing. It has been shown that a power-law temperature schedule is generally more efficient than a uniformly
distributed schedule (Calderhead and Girolami, 2009; Sengupta et al., 2015), so here we used a power-law
schedule. Given a total of N chains, the temperatures can be distributed as

1∕Ti = 1 −
( i

N

)p
, (16)

where Ti is the ith temperature and p is the power coefficient which can be chosen accordingly. To reduce
the overhead introduced by synchronization and communication of parallel chains, we only swap models
every 50th iteration.
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Figure 11. Local phase velocity dispersion curves at points along a 2-D
cross section (yellow line in Figure 1) extracted from phase velocity maps.
These were used as data for our two-step inversions (1-D and 2-D
inversions).

Usually only samples from those chains with T = 1 are stored for later
inference (Sambridge, 2013; Ray et al., 2017; Galetti and Curtis, 2018).
However, for sophisticated problems, parallel tempering often demands
a large number of tempered chains to improve the efficiency of McMC
methods, which leads to a high computational cost. Those chains with
T > 1 can also be used for Bayesian inference via an importance resam-
pling scheme (Geyer, 1994; Dosso et al., 2012). Suppose that we have sam-
ples from an unnormalized density h and want to calculate an integration
with respect to another unnormalized density h𝜃 . This is important since
most of the statistics that we usually wish to calculate (the mean model,
variance, etc.) are integrals. Such integrals can be computed by using the
importance sampling formula as weighted averages:

E𝜃g(X) =
n∑

𝑗=1
w𝜃(X𝑗)g(X𝑗), (17)

where 𝜃 denotes that the expectation is calculated with respect to prob-
ability density h𝜃 , g is the function of which we want to calculate
expectation, and

w𝜃(x) =
h𝜃(x)∕h(x)

n∑
𝑗=1

h𝜃(X𝑗)∕h(X𝑗)

. (18)

Substituting h𝜃(x) with 𝜋(m|T0), and h(x) with 𝜋(m|Ti), the weight wT0
(m) can be expressed as

wT0
(m) =

𝜋(m|T0)∕𝜋(m|Ti)
n∑

𝑗=1
𝜋(m𝑗 |T0)∕𝜋(m𝑗 |Ti)

, (19)

where mj is the jth sample from the chain with T = Ti, T0 = 1, and 𝜋(m|T0) is the density in which we are
interested. Combining equation (19) with equation (14), wT0

will be

wT0
(m) = 𝜋(m)1− 1

Ti

n∑
𝑗=1

𝜋(m𝑗)
1− 1

Ti

, (20)

where 𝜋(m) = p(m|d) is the target posterior at T = 1. Using this equation and equation (17), one can
calculate any expectations using samples from the tempered chain with T = Ti with respect to the target
density 𝜋(m).

5.2. Application to Grane Field
We applied the above suite of methods to the Grane field data to estimate shear-wave velocity structures
and compared the results. In this section, we used phase velocity dispersion data of fundamental mode
Rayleigh-type Scholte waves to invert for the shear-wave velocity structure. For two-step inversions (the
1-D and 2-D inversions described above) we extracted those local phase velocities that lie along the top
of a 2-D cross section (see Figure 1) from the phase velocity maps. This produces 257 dispersion curves,
one for each geographical location (Figure 11). Since the computational cost scales with the minimum of
the number of virtual sources and receivers, for the 3-D inversion we only used a subset of 36 receivers as
virtual sources (Figure 12a), each recorded on all 3,458 receivers and picked phase velocities for each virtual
source-to-receiver pair. This generates 41,842 dispersion curves which constitute our 3-D inversion data set.
Figure 12b shows a density map of straight-ray paths for those picked phase velocities at 1.0 s. Similarly to the
above phase velocity tomography, we only used periods from 0.7 to 2.0 s with a spacing of 0.1 s (Figure 12c).

For 1-D depth inversions, the prior pdf of the number of layers is chosen to be a discrete uniform distribution
between 2 and 20 layers, and the prior of shear velocity is set to be a uniform distribution between 200 and
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Figure 12. (a) Receivers used as virtual sources (red dots) for the 3-D inversion. Phase velocity dispersion curves are
picked from those virtual sources to all 3,458 receivers. (b) Density of ray paths of phase velocity at 1.0 s and (c) phase
velocity (travel time) dispersion curves.

1,400 m/s. The noise level of the likelihood is parameterized using a hyperparameter 𝛾 which serves as a
scaling factor of a prior Gaussian uncertainty that has standard deviation which comes from the results
of Eikonal tomography above (Galetti et al., 2017). The prior of this hyperparameter is simply chosen to
be a uniform distribution between 0.001 and 1.0. Since the sea floor depth varies smoothly across Grane
field, we assumed an averaged water depth of 127 m everywhere. For the proposal distribution we use a
Gaussian distribution: The width of the Gaussian for fixed-dimensional steps (velocity change, moving a
cell site, and hyperparameter change) is chosen by trial and error to ensure the acceptance ratio is between
20% and 50% (Hawkins and Sambridge, 2015; Zhang et al., 2018); the width for the trans-dimensional step
(birth and death) is selected to produce the maximum possible acceptance ratio. For each inversion at each
geographical location we used eight chains, and each chain is run for 3,000,000 iterations with a burn-in
period of 1,000,000 during which all samples are ignored for subsequent inference of the posterior pdf. Each
chain is thinned by retaining every 100th sample after burn-in, and those samples are used to estimate the
posterior pdf's mean and standard deviation.

For the 2-D inversion we used a discrete uniform distribution between 100 and 400 as the prior on the
number of cells and the same prior distribution for shear velocity as in 1-D inversions. For the noise param-
eterization we used only one hyperparameter for each period across the section as a scaling factor for
uncertainties from Eikonal tomography. Thus, we maintain the relative uncertainty structures from Eikonal
tomography across the 2-D section. The prior for this hyperparameter is chosen to be a uniform distribu-
tion between 0.01 and 1. Similarly to above, the proposal distribution for fixed-dimensional steps (velocity
change, moving a cell, and hyperparameter change) is selected to give an acceptance ratio between 20% and
50%. For the trans-dimensional step (birth and death) we used the prior pdf as the proposal distribution
(Dosso et al., 2014; Zhang et al., 2018). As shown in Zhang et al. (2018), the high lateral-to-vertical spa-
tial aspect ratio for the cross section can affect the efficiency of McMC sampling when using Voronoi cells.
Therefore, we applied a scaling factor of 8 for the vertical dimension to reduce the aspect ratio. We used
a total of 16 chains for the 2-D inversion and collected 4,000,000 samples from each chain with a burn-in
period of 2,000,000. Each chain is thinned by a factor of 100.

For the 3-D inversion, the prior of the number of cells is set to be a discrete uniform distribution between 400
and 1,500 since the Grane field has a relatively complex structure as indicated by the complex phase velocity
maps. We used the same prior for the shear velocity as in 1-D and 2-D inversions. The noise level is derived
from two parameters 𝜎0 and 𝜎1 using equation 𝜎 = 𝜎0 ∗ traveltime + 𝜎1 as in Zhang et al. (2018). The prior
density of the two noise hyperparameters are set to be a uniform distribution between 0.0001 and 0.02 and
a uniform distribution between 0.0 and 0.1, respectively. The proposal distribution for fixed-dimensional
steps are chosen in a similar way to those in the 1-D and 2-D inversions. For trans-dimensional steps the
prior is used as the proposal distribution. As in the 2-D inversion, the vertical aspect ratio is scaled by 8 to
compensate for the high lateral-to-vertical difference in scaling. To improve the efficiency of 3-D McMC we
applied parallel tempering. A total of 24 chains are used with 16 chains at temperature 1. The temperatures
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Figure 13. (a) Mean and (b) standard deviation of shear-velocity Vs along the 2-D cross section (see Figure 1) from
independent 1-D Monte Carlo depth inversions. The white top layer represents the water layer which has zero shear
velocity.

of the other chains are chosen using equation (16) with p = 3 and N = 8. For each chain we generated
2,700,000 samples with a burn-in period of 1,000,000 and maintained only every 100th sample after burn-in.

5.3. Results of Shear-Velocity Tomography
Figure 13 shows the shear-velocity mean and standard deviation from 1-D inversions. In the near surface
(<250 m), the model has a relatively low velocity layer (∼400 m/s, see Figure 16a). Between 250 and 600 m
the velocity is slightly higher (∼650 m/s) and shows complicated structures which are likely caused by the
independence of each 1-D inversion. This latter effect is also reflected by some laterally sharp discontinu-
ities across the section. Below 600 m the model shows a high velocity layer (∼900 m/s) between Y = 6 km
and Y = 9.5 km down to 800 m. At each side (Y < 6 km and Y > 9.5 km), parallel, dipping, alternating high
and low velocity anomalies are observed across the section. At the bottom (>800 m) there exists alternat-
ing vertical high and low velocity anomalies. These high and low velocity anomalies are possibly related to
similar structures observed in the phase velocity maps at longer periods (Figures 7 and 9). However, due
to high uncertainties (>200 m/s) at greater depths (>600 m, see Figure 16), those complicated structures
are probably not interpretable. The standard deviation map (Figure 13b) shows that the near-surface struc-
ture (<500 m) is apparently well constrained since surface waves are more sensitive to shallower depths
(Figure 16a). Note however that there are also lateral discontinuities in the uncertainty map caused by the
independence of each 1-D inversion; these generally show that the corresponding phase velocity discontinu-
ities are not well resolved (they have very high uncertainty). Note that in this study the phase velocity maps
are obtained using Eikonal tomography in which no explicit regularization is imposed. As a result the phase
velocity maps show some short-scale structures which may cause some roughness in the shear-velocity
model estimated by independent 1-D inversions. To reduce this issue the conventional regularized tomog-
raphy may be used to produce smoother phase velocity maps and consequently to produce a smoother
shear-velocity model.

For comparison, Figure 14 shows the results from the 2-D inversion. Overall, the mean velocity model is
smoother because of lateral interactions that are included in the 2-D parameterization. The near-surface
structure is generally similar to that from 1-D inversions: a low velocity layer at depths <250 m. However,
between 250 and 600 m, the 2-D result shows far smoother structures compared to the discontinuous struc-
tures in the 1-D result. Below 600 m the two results show very different structures. Instead of the clear high
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Figure 14. (a) Mean and (b) standard deviation of shear velocity along the 2-D cross section (see Figure 1) from the 2-D
Monte Carlo inversions. The white top layer represents the water layer which has zero shear velocity. Black pluses
indicate locations of which marginal distributions are shown in Figure S3.

velocity anomalies and dipping structures that appeared between 600 and 800 m in the 1-D result, the 2-D
result exhibits smoother structures. Below 800 m the structure becomes more complicated, and at greater
depths (>1,000 m) we also observe some vertical high and low velocity anomalies similar to the 1-D results.
The standard deviation map shows that uncertainties are relatively small (<100 m/s) from the surface down
to 800 m (Figure 16b), which is significantly deeper than for the 1-D inversions (500 m). This is probably
because by including lateral spatial correlations and because the near-surface structure is better determined
which further improves the resolution at greater depths. Below 800 m we have very high standard deviations
(∼350 m/s) as expected.

Note that in the 2-D results, there are artifacts caused by Voronoi cells at greater depths (>500 m). To evalu-
ate convergence of Markov chains, Figure S2 shows the history of misfits and averaged noise level, and the
histogram of number of cells. We also show marginal distributions of shear velocity at points in the cross
section (black pluses in Figure 14) in Figure S3. To further study the convergence and the results of the
2-D inversion, we conducted another independent inversion with the same number of chains and the same
number of samples as in the previous 2-D inversion. The results (Figure S4) show similar results to those in
the previous 2-D results. We therefore conclude that the 2-D Markov chains have almost converged. How-
ever, because errors in the phase velocity maps obtained using Eikonal tomography may produce a complex
posterior distribution of shear-velocity models, it is certainly possible that Markov chains got stuck at local
modes. This may be the reason for the Voronoi cell shaped artifacts.

Note that there is a low velocity anomaly with small standard deviations at Y = 6 km at the bottom of the
cross section, which also exists in the 1-D inversion results (Figure 13) and in another 2-D inversion result
(Figure S4). Therefore, the anomaly may be caused by errors in the phase velocity maps which requires
a low velocity value at greater depths. Since the bottom layers of models are assumed to be a half-space,
these aggregated the resolution of velocity at all greater depths, which explains why the anomaly shows a
low standard deviation (this is a common problem for such trans-dimensional depth inversion – see Zhang
et al., 2018). Note that smoother velocity and uncertainty models can be obtained by explicitly smoothing
the results (Young et al., 2013; Chmiel et al., 2019). For fair comparison of our various models, and to try to
avoid ad hoc steps in processing, we do not apply any smoothing in this study.
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Figure 15. (a) Mean and (b) standard deviation of shear velocity along the 2-D cross section (see Figure 1) from the 3-D
Monte Carlo inversion. The white top layer represents the water layer which has zero shear velocity.

We show the results from the 3-D inversion in Figure 15. In the near surface (<250 m), the structure is
very similar to the 2-D result, showing a clear low velocity layer (Figure 16c). Between 250 and 800 m
the structure is smoother compared to both the 2-D and 1-D results and does not show the high velocity
anomalies and dipping structures that exist in the 1-D result. Around 800 m there is a possible high velocity
layer from Y = 8 km to Y = 12 km, and beneath it there are some isolated low velocity anomalies at around
1,000-m depth (red box in Figure 15). At the west (Y < 8 km), the model shows some high and low veloc-
ity anomalies between 800 and 1,000 m. Though the structure beneath 1,000 m is relatively smooth and
shows high velocities (>900 m/s), there are still some vertical structures similar to those in the 2-D and 1-D
results. This suggests that these structures are probably related to the similar structures in the phase veloc-
ity maps and might indicate useful information about the subsurface or may be caused by poor-quality data
at longer periods. Similarly to the 2-D results, we have low uncertainties from the surface down to 800 m
(Figure 16c). Therefore, by including lateral spatial correlations in the 2-D and 3-D inversions, we can have
greater confidence at larger depths than in the 1-D inversion. Compared to the 2-D uncertainty result, the
3-D result shows lower uncertainties between 400 and 800 m (Figures 16b and 16c), and they are also spa-
tially smoother. This difference might be caused by errors introduced in the phase velocity maps in the initial
2-D Eikonal tomography step (Zhang et al., 2018) since this produces the data used in the 2-D McMC inver-
sion. Due to the fact that surface waves are mainly sensitive to the near-surface structure, small errors in the
phase velocity maps will affect the deeper structure more than the shallow structure—it might be that large
velocity variations at greater depths are needed to fit biased data. This may also be the reason why the results
of 2-D and 3-D inversions show different results at depth: Since the 3-D inversion uses the phase velocity
travel time picks directly, it naturally avoids any errors in the phase velocity maps (Zhang et al., 2018). Note
that the two sides of the cross section have higher uncertainties which is caused by lower ray path coverage
at the two sides (Figure 15b).

To further validate our results and to better understand the three methods, we compare the results with
the shear-wave velocity model in Figure 17 which was derived from PP-PS simultaneous joint tomography
using active source seismic data (Bullock et al., 2015). Overall, the PP-PS tomography model is smoother
compared to those from ambient noise dispersion inversions, which might be caused by regularization in the
PP-PS tomography (which is not added explicitly in the McMC inversion). In the near surface (<400 m), the
PP-PS tomography model is very similar to the results from 2-D and 3-D inversions which again suggests that
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Figure 16. 1-D marginal mean (red line) and standard deviation (blue area) at the middle (Y = 6.7 km) of the 2-D cross
section (see Figure 1) obtained using (a) the 1-D Monte Carlo inversion, (b) the 2-D Monte Carlo inversion, and (c) the
3-D Monte Carlo inversion.

including lateral spatial correlations in the inversion solution improves results. Between 400 and 800 m the
PP-PS tomography model shows a high velocity layer around 500 m, which cannot be observed in any of the
three models from surface wave dispersion inversion. This is probably because that the frequency content of
the two inversions is very different and small-scale anomalies present in the PP-PS tomography are unlikely
to be resolvable by Scholte wave data. Below 800 m, the PP-PS tomography model is much smoother and does
not show the relatively complicated structures of the 2-D and 3-D results. However, even though we have
limited resolution below 800 m, there still seems to be some similarities in the PP-PS tomography model and
the 3-D results, for example, higher velocities below 1,000 m and relatively smoother structure compared to
the 1-D and 2-D results. In conclusion, the 3-D inversion seems to produce a shear-velocity model that is
more consistent with PP-PS tomography than do 1-D and 2-D inversions. Note also that the frequency range
used in this study is limited to 0.7–2.0 Hz, and we only used fundamental mode surface waves. If we use a
larger frequency range and include higher mode data, the results may be improved further.

Figure 18 shows horizontal slices of the pointwise mean and standard deviation of the 3-D shear-velocity
model estimated using the 3-D Monte Carlo method at depths of 156, 231, 306, and 426 m. The blue line boxes

Figure 17. Shear-wave velocity Vs model from reflection tomography obtained using active source seismic data. The
white top layer represents the water layer which has zero shear velocity.
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Figure 18. Horizontal slices of (a) the mean and (b) standard deviation of the shear-velocity model from 3-D Monte
Carlo inversion at depths of 156, 231, 306, and 426 m from left to right across the figure.

denote the locations of features in the fundamental mode phase velocity maps discussed above, and the black
dashed line boxes show the locations of features discussed about the phase velocity maps of the first overtone.
In the near surface (<250 m), the shear-velocity model has similar structures to those in the fundamental
mode phase velocity maps at short periods, for example, the central low velocity anomaly which might
be caused by near-surface fluids and the low velocity anomaly in the south. This suggests that the phase
velocities at short periods are mostly determined by the near-surface structure. Due to possible interpolation
errors in the Eikonal tomography step, the edges of phase velocity maps are not as well determined as in
the shear-velocity model, which is probably the reason why the low velocity anomaly and the high velocity
anomaly in the northwest are extended in the shear-velocity model compared to the phase velocity maps. In
the deeper part (>250 m), as in the phase velocity maps at longer periods, the velocity structures are more
complicated than in the shallow part. However, although the phase velocity maps of the fundamental mode
and the first overtone show completely different structures, the shear-velocity model inverted using only
the fundamental mode indicates some similar features as observed in the first overtone phase velocity maps
(black dashed line boxes in Figure 18). For example, at the depth of 306 m there is a low velocity anomaly at
the western edge between Y = 8 km and Y = 10 km and a low velocity anomaly at the south around Y = 2 km
which also appear in the first overtone phase velocity maps. The low velocity channel existing in the first
overtone phase velocity maps (red line box in Figure 9) can also be clearly observed at a depth of 426 m in
the shear-velocity model. This further suggests that the complicated features in the phase velocity maps at
longer periods could provide useful information about the subsurface.

At the depth of 306 m there is a low velocity channel feature between Y = 3.5 km and Y = 7.5 km (black
box in Figure 19). This channel-like feature indicates the presence of a possible palaeoriver channel at the
seabed. Note that this feature cannot be observed in either fundamental mode or first overtone phase velocity
maps. This suggests that the feature might be averaged out in phase velocity maps since phase velocities are
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Figure 19. The horizontal slice at depth of 306 m with a detailed structure highlighted in the magnified plot.

a consequence of structures over a range of depths, a process that our inversion procedures are designed
to undo.

Overall, the standard deviation maps suggest relatively low uncertainties (<50 m/s) at all depths, and uncer-
tainties generally increase with depth due to the fact that surface waves have lower sensitivities at greater
depth. The standard deviation map at the depth of 231 m shows relatively lower uncertainties at the loca-
tions of the velocity anomalies outlined by blue boxes, suggesting that these features are well determined.
However, due to the insufficient data coverage at the edges, there is a relatively higher uncertainty area at
the western edge around Y = 8 km at the depth of 156 m associated with a low velocity anomaly. Similarly,
at the western edge between Y = 8 km and Y = 10 km the standard deviation map at a depth of 426 m shows
high uncertainties.

5.4. Analysis of Noise Level
In this study the data noise level is estimated within the McMC method. Tomographic results are generally
sensitive to the noise level as it directly affects the complexity of the model that is needed to fit the data
adequately (Bodin et al., 2012). Figure 20 shows examples of the data noise level at periods of 0.7, 1.0, 1.3, and
1.6 s estimated using the three inversion methods. Figures 20a and 20b show the noise distribution of all of
the local phase velocities estimated using the mean scaling factor for the 1-D and 2-D inversions, respectively,
and Figure 20c shows the noise distribution of all of the used phase velocities in the 3-D inversion estimated
using the mean hyperparameters. Note that the noise estimated in the 3-D inversion is different from those
in the 1-D and 2-D inversions—the 3-D inversion estimates the noise level of travel times between each
source-receiver pair; this is transformed to noise on velocities using straight-ray source-to-receiver distances.
Overall, the noise levels from the three methods are relatively consistent with each other—all of them are
around 2 to 4 m/s. The noise levels from the 3-D inversion are slightly higher than those from the 1-D and
2-D inversions since they are essentially different quantities. The noise estimated from the 1-D and 2-D
inversions is highly consistent, except at the shortest period of 0.7 s. However, from the Eikonal tomography
we observed that the phase velocity map at 0.7 s itself has higher uncertainties than the others. Therefore,
it is possible that the 1-D inversion overestimated the noise level since the method might also account for
consistency with the prior range of models (Zhang et al., 2018).
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Figure 20. Noise distribution of phase velocities from the (a) 1-D, (b) 2-D, and (c) 3-D inversions. For each case the
distribution is shown at periods of 0.7, 1.0, 1.3, and 1.6 s from left to right.

To better understand the effects of the noise level on results, we performed the 1-D inversions by fixing the
noise level at that estimated using Eikonal tomography (Figure 21). Though there are still some discontinu-
ities in the results due to the independence of each 1-D inversion, this cross section has a smoother structure
than that in Figure 13 and does not show the complicated and dipping structures observed previously. How-
ever, by doing this we inevitably sacrifice the resolution at greater depths. For example, below 550 m the
velocity model is simply equal to the prior. Therefore, the hierarchical Bayesian inversion runs the risk of
overfitting data for 1-D inversions, while a fixed improper noise estimate might lose resolution (Bodin et al.,
2012). In 1-D inversions, the model is generally determined by data at tens of discrete frequency points,
which might lead the inversion problem to be underdetermined when complex models are used. As a result,
the McMC result is very sensitive to the noise level since that determines the complexity of the model.

To better constrain the model, we carried out another inversion including the first overtone dispersion data
(Figure 22). The noise level is fixed at the uncertainties estimated using Eikonal tomography. The mean
velocity model (Figure 22a) has fewer discontinuities than the result from inversion using only the funda-
mental mode, and the layer boundaries are also better constrained in depth. The standard deviation model
(Figure 22b) shows that the near-surface layer has smaller uncertainties compared to the previous result. At
deeper levels (500–700 m), the model is also better determined since it has smaller uncertainties (∼180 m/s).
However, compared to the results from 2-D or 3-D inversion, at greater depths (700–1,000 m) the detailed
structure that appeared in the 2-D and 3-D results cannot be observed and the uncertainty is also higher
(∼300 m/s); therefore, we still lose some resolution.

To conclude, for 1-D inversions it is possible that hierarchical Bayesian inversion can overfit the data and
produce biased results. However, the noise is generally not easy to estimate and an improper noise level
might also cause model resolution to be lost. By including more data (e.g., higher modes dispersion data),
this issue can be partly compensated. Alternatively, we have shown that this issue can also be resolved by
including lateral spatial correlations in the inversion using 2-D and 3-D parameterization.
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Figure 21. (a) Mean and (b) standard deviation of shear-velocity Vs from independent 1-D Monte Carlo inversions
using only fundamental mode Rayleigh-type Scholte wave phase velocities with noise levels fixed to be uncertainties
estimated from Eikonal tomography. The white top layer represents the water layer which has zero shear velocity.

6. Discussion
We observed two modes in the cross correlations of ambient noise data and used a dispersion compensa-
tion method to separate those modes. However, we have shown that even after mode separation there is still
some higher mode energy left in the fundamental mode estimate at low frequencies, which limits the fre-
quency range used for tomography. Further research needs to be done in order to find methods to use the
full frequency range of the data and thus to obtain more information from ambient noise cross correlations.
What is more, there is a concern that the higher mode causes errors in the correlation at the fundamental
mode (and vice versa) due to cross-talk in the correlation performed in our initial seismic interferometry
(Halliday and Curtis, 2008). Unfortunately, there is little we can do about this as mode separation in the
original ambient noise remains a largely unsolved problem.

Our method of dispersion analysis needs an estimate of the phase velocity dispersion to resolve the 2𝜋 ambi-
guity in signal phase. This estimate can be obtained using f− c analysis in our case; however, it is not always
possible to obtain an estimate of the phase velocity dispersion (e.g., if only a sparse array is available). In such
cases some other mode separation methods based on single station measurements might be used (Trampert
and Woodhouse, 1995; van Heijst and Woodhouse, 1997; Kritski et al., 2006).

We used Eikonal tomography to determine phase velocity maps by ignoring the amplitude term in
equation (4). This is justified when the phase velocity map is sufficiently smooth so that the spatial variation
of amplitude is small (Lin et al., 2009). However, Mordret, Shapiro, Singh, Roux, and Barkved (2013) have
shown that this could cause some bias in phase velocity maps, especially at long periods (roughly >1.0 s).
According to their study the bias introduced by ignoring the amplitude term is, on average, about 1 m/s
which is far smaller than our uncertainties. Our results therefore remain valid.

In this study, we only used the fundamental mode data when we compared the three different methods
to estimate a 3-D shear-velocity model. However, we have also shown that by including the first overtone
dispersion data in 1-D inversions, the subsurface structure can be better constrained, as has been observed
previously (Gabriels et al., 1987; Xia et al., 2000; Xia et al., 2003). Therefore, future work will be to include
those first overtone dispersion data in the 3-D inversion to better constrain the subsurface structure and to
further improve the resolution of greater depths.
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Figure 22. (a) Mean and (b) standard deviation from independent 1-D Monte Carlo inversions using both the
fundamental mode and the first overtone Rayleigh-type Scholte wave phase velocities, with noise levels fixed to be
those uncertainties estimated from Eikonal tomography. The white top layer represents the water layer which has zero
shear velocity.

We observed a low velocity anomaly at the center of the field both on the fundamental mode phase velocity
maps at short periods (<1.6 s) and on the shear-velocity model at shallow depths (<250 m), which is corre-
lated with a high density region of pockmark distribution, suggesting that it might be caused by near-surface
fluids. Therefore, such near-surface low velocity anomalies might be used as indicators of fluid leakage from
the subsurface reservoirs. This suggests that ambient noise tomography might be used to monitor subsurface
fluid storage reservoirs, for example, in CO2 capture and storage scenarios.

Note that in this study we did not take into account any strong anisotropy which might exist in the shallow
subsurface (Barkved and Kristiansen, 2005; Barkved et al., 2005; Hatchell et al., 2009). This may introduce
some bias in our final results and may explain the complicated phase velocity structures that we observed
at long periods (>1.3 s) and the complicated shear-velocity structures at greater depths (>250 m). However,
our results should at least remain qualitatively valid, and in future it is possible to include anisotropy in 3-D
Monte Carlo inversions to further improve the results.

The McMC methods are generally very computationally expensive. We now compare the computational
cost for the three methods used in this study. For one chain, the 1-D depth inversion along the 2-D section
takes ∼186.1 cpu hours while the 2-D inversion needs ∼206.8 cpu hours; 3-D inversion costs ∼4,824.3 cpu
hours for one chain (but of course this produces a complete 3-D velocity model across the entire area).
Thus, the 1-D and 2-D inversions require almost the same cpu hours which makes sense since they are
essentially the same apart from the different parameterization. Note that the 1-D inversion and the 2-D
inversion are performed only along one vertical section. If we assume that we conduct the 1-D inversion and
the 2-D inversion along all vertical sections in the 3-D grid (i.e., across all 100 cross sections included in the
grid used in Eikonal tomography), the cpu hours they consumed would be ∼18,610 and 20,680 cpu hours,
respectively—significantly more than for the 3-D inversion. However, the computational cost in each case
strongly depends on the methods used to assess convergence, which in turn depend on subjective choices.
This therefore introduces some subjectivity to the comparison. However, in our experience it is at least true
that the cost of the 3-D inversion is comparable to that of the 1-D or 2-D inversions, which has also been
shown by Zhang et al. (2018). To provide an overall idea of the computational cost needed for 3-D inversion,
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the 3-D inversion herein takes approximately 22 days with each chain running on nine CPU cores, so for all
24 chains it requires 216 CPU cores.

Note that in the 3-D inversion we used an approximation forward modeling method which involves a 1-D
modal approximation and a 2-D fast marching method. Although the method improves the accuracy of
the results, the use of 1-D forward modeling and 3-D parameterization could fail to accurately capture the
underlying properties and structures. For example, Yang and Oldenburg (2012) showed that 1-D inver-
sion can cause artifacts in the final results compared to a 3-D inversion when using airborne time domain
electromagnetic data. Thus, in the future we hope to use a more accurate forward modeling method.

7. Conclusion
We cross correlated about 6.5 hr of ambient noise data from the Grane field, North sea, and observed two
modes in the constructed seabed Scholte waves. The fundamental mode dominates the signal in the cross
correlations of vertical component displacement data while the first overtone dominates in the cross correla-
tions of hydrophone components. We used a dispersion compensation method to separate the fundamental
mode and the first overtone. For each mode, we determined phase velocity maps at different periods using
the Eikonal tomography method. The fundamental mode phase velocity maps show a low velocity anomaly
at the center of the area at short periods (<1.6 s), which might be caused by near-surface fluids. At longer
periods both modes show complicated phase velocity structures, suggesting that the Grane field might have
a complicated geological subsurface.

We then applied three different methods, 1-D, 2-D, and 3-D Monte Carlo inversions, to obtain shear-wave
velocity models of the subsurface using dispersion data of the fundamental mode as data and compared
the results. The 1-D results show complicated structures at deeper depths (>250 m) which are probably
caused by the independence of individual 1-D inversions since the discontinuous structures do not appear
in the 2-D and 3-D results. By including the lateral spatial correlations in the 2-D and 3-D inversions, we
may estimate a more realistic model. The 2-D inversion and the 3-D inversion show lower uncertainties
at greater depths (500–750 m), which suggests that the 2-D and 3-D inversions allow greater confidence at
larger depths than the 1-D inversion. The 3D inversion results better match a model obtained from reflection
tomography than do the results from 2-D or 1-D inversions. This is probably due to the fact that the 3-D
inversion uses the measured source-to-receiver travel times directly and therefore naturally avoids possible
errors introduced in the initial (Eikonal) phase velocity tomography step required by the other methods.
Though the 3-D velocity model is determined using only the fundamental mode dispersion data, it shows
some similar features to those which appear in the phase velocity maps of the first overtone. This provides a
validation of our 3-D results and may suggest that the complex phase velocity maps at longer periods could
provide some useful information of the subsurface structure. Overall, the 3-D McMC method provides an
accurate way to study the subsurface structure using surface wave dispersion data, and it is also roughly as
computationally efficient as similar 1-D and 2-D two-step McMC inversions.
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