
Supplemental Material for
“The Practicality of Stochastic Optimization in Imaging Inverse Problems”

1. Introduction

The goal of this supplemental material is to show that the SA factor we proposed in the main paper plays
the same role in the setting where the restricted strong-convexity (RSC) is present due to sparsity-inducing
regularization as well as in the general convex optimization setting we have considered in the main text.

We present convergence analysis of minibatch SGD on solving exact linear inverse problems where a
convex constraint set is enforced as regularization. One typical example would be the total-variation (TV)
semi-norm constraint in imaging applications such as inpainting and deblurring (Combettes and Pesquet,
2004), using an efficient TV-projection operator such as the one developed by (Fadili and Peyré, 2010). The
convergence rates are derived under an assumption that the constraint induces a restricted strong convexity
(RSC) property which is defined below. By contrasting the derived convergence rate of minibatch SGD with
its deterministic counterpart under the RSC condition, we show that the ratio of iteration complexity for
these two algorithms is also dominated by the SA factor proposed in the paper. This result suggests that the
proposed SA factor is still a reliable metric for predicting whether an inverse problem is a suitable applica-
tion for stochastic gradient methods or not, even in the presence of restricted strong-convexity, since both
stochastic and deterministic gradient methods can benefit equivalently from the restricted strong-convexity.

We restrict ourselves to make the convergence rate comparison of minibatch SGD and deterministic
(projected) gradient descent on constrained least-squares mainly due to the fact that the restricted strong-
convexity (Agarwal et al., 2010, 2012; Negahban et al., 2012; Oymak et al., 2017), which is essential for
showing estimation-error convergence of the iterates, when applicable, is valid globally in this case since
all descent directions are restricted within a tangent cone of the constraint set, as we will see. For generic
regularizers, such necessary restricted strong-convexity condition can only be valid locally (Agarwal et al.,
2012). Note that the analysis in this supplemental material is for the exact recovery case where the mea-
surements are assumed to be noiseless. For the general noisy case with arbitrary convex regularizer, the
analysis of linear convergence rate for SGD under RSC is much more complicated. For noisy case, only
the variance-reduced SGD methods can have linear convergence rate under RSC, and the SOTA theoretical
results in this line of work (Tang et al., 2018) only show local linear convergence up to a statistical accuracy,
which makes the comparison with the rates for deterministic methods unclear and complicated. Hence in
this supplemental material we restrict ourselves on the exact recovery setting for a clearer comparison of
stochastic and deterministic methods.
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2. An in-depth analysis of minibatch SGD for exact recovery

We start by introducing the settings we are studying in this supplemental material. We consider here the
exact linear measurement system:

b = Ax†, (1)

where the measurements are assumed to be exact (noiseless), and we have the prior knowledge that the
ground truth vector x† lives in a convex constraint set K. In this case we seek to use the constrained least-
squares estimator to recover the ground truth x†. The constrained least-squares objective is written as the
following:

x? ∈ arg min
x∈Rd

{
f(x) + ĝ(x)

}
, f(x) :=

1

2n
‖Ax− b‖22, ĝ(x) = ιK(x), (2)

where the constraint set K is enforced by regularization, and the indicator function is used as the regulariza-
tion function, ĝ(x), to utilize the prior knowledge for better estimation:

ιK(x) =

{
0 if x ∈ K.

+∞ if x /∈ K.
(3)

We denote PK as the orthogonal projection on to the set K and η denotes the step size. We write down
the minibatch SGD algorithm using partition minibatch scheme as the solver for (2):

Minibatch SGD− Initialize x0 ∈ Rd

For i = 0, 1, 2, ...,K⌊
xi+1 = PK[xi − ηOfSi(x

i)]

where OfSi(x
i) = 1

m(SiA)T (SiAxi−Sib), and Si ∈ Rm×n are random subsampling matrices for partition
minibatches.

2.1 Preliminaries for the analysis of minibatch SGD

We next present a general theoretical framework for the analysis of minibatch SGD with the restricted strong
convexity following (Oymak et al., 2017) for constrained Least-squares objectives, which is a special case
of the generic RSC condition (Agarwal et al., 2012).

Definition 1 Cone C is the smallest cone at point x? which contains the shifted set K − x?:

C :=
{
v ∈ Rd| v = c(x− x?),∀c ≥ 0, x ∈ K

}
. (4)

Definition 2 (Restricted Strong-Convexity) The restricted strong-convexity constant µc is the largest non-
negative value which satisfies:

1

n
‖Az‖22 ≥ µc‖z‖22, ∀z ∈ C (5)

The RSC is a weaker condition than the strong-convexity. If the objective (2) is strongly-convex with pa-
rameter µ, then we have 1

n‖Az‖
2
2 ≥ µ‖z‖22 which requiresA being full-rank which is in general not satisfied

for inverse problems. The RSC condition essentially means that the objective (2) to be effectively strongly-
convex only in the descent directions towards the solution x?. If the measurement system is noiseless as
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assumed, we expect the estimator (2) to be exact: x? = x†. The success of exact/robust estimation is com-
pletely dependent on the null-space property of A and the tangent cone C ∈ K − x? on x?. In short, the
necessary condition for exact recovery is ‖Az′‖2 > 0 for any normalized vector z′ ∈ C (Chandrasekaran
et al., 2012, Proposition 2.1). This relationship between the null space property of A and the constraint on
x? is fully captured by the restricted strong convexity property. If the restricted strong convexity condition
is valid for (2), we know that x? provides reliable and robust estimation for x†.

2.2 Convergence results of minibatch SGD

Now we present a convergence result on minibatch SGD. Using astep size for minibatch SGD of 1/Lb

(where Lb is as defined in the main paper) we have the following linear convergence result:

Theorem 3 (Convergence for minibatch SGD) If we set the step size of the minibatch SGD algorithm
η = 1

Lb
, then the expected error of the update by the i-th iteration obeys:

E(‖xi − x?‖2) ≤
(

1− µc
Lb

) i
2

‖x0 − x?‖2, (6)

for solving the exact linear inverse problem (2).

We include the proof of this convergence theorem in the next section. The convergence result of the deter-
ministic projected gradient descent under restricted strong-convexity is well-studied in the literature, and we
state it here for comparison, while the proof is simple, following a similar procedure to that in, e.g. (Oymak
et al., 2017; Tang et al., 2017):

Theorem 4 (Convergence for deterministic projected gradient descent) If we set the step-size of pro-
jected gradient descent algorithm be η = 1

LOf
, the estimation error of the update by the i-th iteration

obeys:

‖xi − x?‖2 ≤

(
1− µc

LOf

)i

‖x0 − x?‖2. (7)

Remark 5 We can compare our convergence result of minibatch SGD in Theorem 3 with that of determin-
istic projected gradient descent in Theorem 4. To guarantee an estimation accuracy ‖xN − x?‖2 ≤ ε, the
deterministic proximal gradient descent needs:

Nfull = O

(
LOf

µc
log

1

ε

)
(8)

iterations, while the minibatch SGD needs:

Nstoc = O

(
Lb

µc
log

1

ε

)
. (9)

Hence the iteration complexity of minibatch SGD is O(Υe)-times smaller than the projected gradient de-
scent, where:

Υe =
n
mNfull

Nstoc
=

n
mLOf

Lb
=
KLOf

Lb
, (10)

which demonstrates that the acceleration minibatch SGD can offer over its deterministic counterpart is
dominated by the SA factor proposed in the paper.

3



3. The proof of Theorem 3: convergence of minibatch SGD on constrained Least-squares

We first present the following lemma:

Lemma 6 For exact linear inverse problems, we have:

ES(‖ 1

m
ATSTSA(x− x?)‖22) ≤

Lb

n
‖A(x− x?)‖22, (11)

Proof Following (Gower et al., 2019) for the case where data-partition minibatch scheme is used, we have:

ES(‖ 1

m
ATSTSA(x− y)‖22) ≤ 2Lb(

1

2n
‖Ax− b‖22 −

1

2n
‖Ay − b‖22 − 〈Of(y), x− y〉). (12)

Now set y = x?, and since 〈Of(x?), x− x?〉 = 0 at the noiseless case, we have:

ES(‖ 1

m
ATSTSA(x− x?)‖22) ≤ 2Lb(

1

2n
‖Ax− b‖22 −

1

2n
‖Ax? − b‖22). (13)

Note that by definition b = Ax† = Ax?, we have:

ES(‖ 1

m
ATSTSA(x− x?)‖22) ≤

Lb

n
‖A(x− x?)‖22. (14)

Thus finishes the proof of this Lemma.

Now we present the complete proof of Theorem 3:
Proof For iteration index i of minibatch SGD we have the following:

‖xi+1 − x?‖2 ≤ ‖PK(xi − η · 1

m
ATSiTSi(Axi − b))− x?‖2

(a) = ‖PK−x?(xi − x? − η · 1

m
ATSiTSi(Axi − b))‖2

= ‖PK−x?(xi − x? − η · 1

m
ATSiTSi(Axi −Ax?))‖2

(b) ≤ ‖PC(xi − x? − η ·
1

m
ATSiTSi(Axi −Ax?))‖2

(c) = sup
v∈C∩Bn

vT (xi − x? − η · 1

m
ATSiTSi(Axi −Ax?))

≤ ‖xi − x? − ηATSTSA(xi − x?)‖2

(d) ≤ ‖(I − η · 1

m
ATSiTSiA)(xi − x?)‖2

Line (a) holds because of the distance preservation of translation (Oymak et al., 2017, Lemma 6.3); line (b)
holds because of the length of the projection onto a convex set which includes 0 is smaller than the length
of projection onto a cone containing the set (Oymak et al., 2017, Lemma 6.4); line (c) follows from the
definition of the cone-projection operator (Oymak et al., 2017, Lemma 6.2). Line (d) holds because of the
non-expansiveness of the cone-projection operator. Now we take the expectation of ‖xi+1 − x?‖2 over the
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randomness of minibatch sampling at iteration i, and consequently:

E(‖xi+1 − x?‖2)

≤ E(‖(I − η · 1

m
ATSiTSiA)(xi − x?)‖2)

(e) ≤
√

E(‖(I − η · 1

m
ATSiTSiA)(xi − x?)‖22)

=

√
E(‖xi − x?‖22 − 2η · 1

m
‖SiA(xi − x?)‖22 + η2‖ 1

m
ATSiTSiA(xi − x?)‖22)

(f) ≤
√
‖xi − x?‖22 − 2η · 1

n
‖A(xi − x?)‖22 + η2(

Lb

n
‖A(xi − x?)‖22)

≤
√
‖xi − x?‖22 − (2η − Lbη2) ·

1

n
‖A(xi − x?)‖22

(g) ≤
√
‖xi − x?‖22 − (2ηµc − Lbµcη2)‖xi − x?‖22

=
√

1− 2µcη + Lbµcη2‖xi − x?‖2

Line (e) uses the Jensen’s inequality, line (f) is due to Lemma 6, while inequality (g) holds because of
the restricted strong-convexity condition (Def. 2), and we choose η ≤ 2

Lb
. Then because the subsampling in

each iteration is independent from the previous error vector, by the tower rule we get:

E(‖xi − x?‖2) ≤ (1− 2µcη + Lbµcη
2)

i
2 ‖x0 − x?‖2.

Thus we finish the proof by choosing η = 1
Lb

.

References

A. Agarwal, S. Negahban, and M. J. Wainwright. Fast global convergence rates of gradient methods for
high-dimensional statistical recovery. In Advances in Neural Information Processing Systems, pages 37–
45, 2010.

A. Agarwal, S. Negahban, and M. J. Wainwright. Fast global convergence rates of gradient methods for
high-dimensional statistical recovery. The Annals of Statistics, 40(5):2452–2482, 2012.

V. Chandrasekaran, B. Recht, P. A. Parrilo, and A. S. Willsky. The convex geometry of linear inverse
problems. Foundations of Computational mathematics, 12(6):805–849, 2012.

Patrick L Combettes and J-C Pesquet. Image restoration subject to a total variation constraint. IEEE trans-
actions on image processing, 13(9):1213–1222, 2004.
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SGD: General analysis and improved rates. In Proceedings of the 36th International Conference on

5



Machine Learning, volume 97 of Proceedings of Machine Learning Research, pages 5200–5209, Long
Beach, California, USA, 09–15 Jun 2019. PMLR.

Sahand N Negahban, Pradeep Ravikumar, Martin J Wainwright, and Bin Yu. A unified framework for
high-dimensional analysis of m-estimators with decomposable regularizers. Statistical Science, pages
538–557, 2012.

Samet Oymak, Benjamin Recht, and Mahdi Soltanolkotabi. Sharp time–data tradeoffs for linear inverse
problems. IEEE Transactions on Information Theory, 64(6):4129–4158, 2017.

Junqi Tang, Mohammad Golbabaee, and Mike Davies. Exploiting the structure via sketched gradient al-
gorithms. In 2017 IEEE Global Conference on Signal and Information Processing (GlobalSIP), pages
1305–1309. IEEE, 2017.

Junqi Tang, Mohammad Golbabaee, Francis Bach, and Mike E davies. Rest-katyusha: Exploiting the solu-
tions structure via scheduled restart schemes. In Advances in Neural Information Processing Systems 31,
pages 427–438. Curran Associates, Inc., 2018.

6


	Introduction
	An in-depth analysis of minibatch SGD for exact recovery
	Preliminaries for the analysis of minibatch SGD
	Convergence results of minibatch SGD

	The proof of Theorem 3: convergence of minibatch SGD on constrained Least-squares

