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Rational equivalence and Lagrangian tori on K3 surfaces

NICK SHERIDAN AND IVAN SMITH

ABSTRACT: Fix a symplectic K3 surface X homologically mirror to an algebraic K3 surface Y by an

equivalence taking a graded Lagrangian torus L ⊂ X to the skyscraper sheaf of a point y ∈ Y . We

show there are Lagrangian tori with vanishing Maslov class in X whose class in the Grothendieck

group of the Fukaya category is not generated by Lagrangian spheres. This is mirror to a statement

about the “Beauville–Voisin subring” in the Chow groups of Y , and fits into a conjectural relationship

between Lagrangian cobordism and rational equivalence of algebraic cycles.

1 Introduction

1.1 Context

Let X = (X, ω) be a symplectic Calabi–Yau manifold which is homologically mirror to a smooth

algebraic variety Y over the Novikov field Λ = C
((

qR
))

, in the sense that there is a quasiequivalence

F(X)perf ≃ D(Y)

between the splitclosed derived Fukaya category of X and a DG enhancement of the derived category

of coherent sheaves on Y . Then there is an induced isomorphism of Grothendieck groups

(1) K
(

F(X)perf
)

≃ K(D(Y)),

and the righthand side is isomorphic to the algebraic K theory K(Y). This can be studied via the

following twisted version of the Chern character (introduced by Mukai):

vCH : K(Y) → CH∗(Y)Q(2)

vCH(E) := ch(E)
√

td(Y),

which becomes an isomorphism after tensoring with Q .

On the other hand, Biran–Cornea construct a natural map

(3) η : Cobunob(X) −→ K
(

F(X)perf
)

,

from the unobstructed Lagrangian cobordism group of X to the Grothendieck group of the Fukaya

category [BC14] (its image is the subgroup K(F(X)tw)). There are numerous open questions concerning

the map η , in particular whether it is injective. By composing it with the isomorphism (1) and the map

vCH , these questions can be related to ones about rational equivalence of algebraic cycles on Y .

For the rest of this paper we assume that X and Y are K3 surfaces, so the denominators can be removed

from the map vCH , which defines an isomorphism K(Y) ≃ CH∗(Y) (see [Huy16, Chapter 12, Corollary

1.5]). Thus we have maps

Cobunob(X)
η
−→ K

(

F(X)perf
)

≃ CH∗(Y),

which are our main focus.

Remark 1.1 Relations between Lagrangian cobordism and the Grothendieck group of the mirror

were first explored for elliptic curves in [Hau15]; the relation to rational equivalence of cycles was

made explicit, more generally for symplectic manifolds X(B) = T∗
RB/T∗

ZB associated to tropical affine

http://arxiv.org/abs/1809.03892v2


2 Sheridan and Smith

manifolds B , in [SS18]. In that setting, cylindrical cobordisms in C∗ × X(B) were closely related to

tropical curves in R×B . In this paper we again focus on Lagrangian tori, and intuition comes from the

SYZ viewpoint, but we use different techniques – partly because we do not require our tori to be fibres

of a global SYZ fibration, and partly because even if such a fibration existed it would necessarily have

singularities.

1.2 Spherical objects

Let Y be an algebraic K3 surface over an algebraically closed field K of characteristic zero (such as

the Novikov field). Whereas CH2(Y) = Z · [Y] and CH1(Y) ≃ Pic(Y) have finite rank, the behaviour

of CH0(Y) is more mysterious: in particular, when K is uncountable Mumford [Mum68] proved that

CH0(Y) is infinitedimensional. Nevertheless, Beauville and Voisin [BV04] showed that any point y

lying on a rational curve in Y has the same class [y] = cY ∈ CH0(Y), and considered the finiterank

subgroup

R(Y) := Z · cY ⊕ CH1(Y) ⊕ CH2(Y) ⊂ CH∗(Y).

The corresponding subgroup R(Y) ⊂ K(D(Y)) can be given a purely categorical interpretation. Namely,

let S(Y) ⊂ K(D(Y)) be the subgroup generated by spherical objects; Huybrechts [Huy10] and Voisin

[Voi15] have shown that S(Y) ⊂ R(Y), and in fact R(Y) is the saturation of S(Y) (see Appendix A).

We introduce the corresponding subgroup S(X) ⊂ K
(

F(X)perf
)

generated by spherical objects, and its

saturation R(X). When X and Y are homologically mirror, the resulting isomorphism of Grothendieck

groups (1) clearly identifies the subgroups S(X) and S(Y), and therefore their saturations R(X) and

R(Y). In particular, since R(Y) has finite rank, so do R(X) and S(X). It follows that the subgroup of

K(F(X)perf ) generated by Lagrangian spheres also has finite rank, since it is obviously contained in

S(X) (indeed in some cases the two are known to be equal [SS17b]).

Remark 1.2 Beauville and Voisin proved that R(Y) is closed under the intersection product, hence

is a subring, and it is usually referred to as the Beauville–Voisin ring. However we will treat it as a

subgroup of K(D(Y)), rather than as a subring. That is because the ring structure on K(D(Y)) comes

from the tensor product structure on D(Y), which we do not want to use (e.g., because existing proofs

of homological mirror symmetry for K3 surfaces are not known to respect such a structure). Indeed, if

we were allowing ourselves to use the ring structure, it would be simpler to characterise R(Y) as the

subring generated by S(Y), rather than as the saturation of S(Y).

Remark 1.3 Some of the references quoted in this section assume that K = C , but this assumption

can be removed using the Lefschetz principle, since rational curves and spherical objects on K3 surfaces

in characteristic zero are rigid (cf. [Huy16]).

1.3 Pointlike objects

Next we consider 0cycles on Y , in particular closed points of Y (which correspond to pointlike objects

of the derived category, the nextsimplest objects after spherical objects). For any subset H ⊂ CH0(Y),

we consider the locus LH(Y) ⊂ Y consisting of closed points y ∈ Y such that [y] ∈ H . The following

result is due to Mumford:
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Lemma 1.4 (Mumford [Mum68]) Suppose that the field of definition K of Y is uncountable. If

H ⊂ CH0(Y) is countable, then the set LH(Y) is a countable union of subvarieties of dimension ≤ 1.

Proof Given a class h ∈ K(Y), Mumford [Mum68] proved that the locus L{h}(Y) is a countable union

of algebraic subsets; he also showed that CH0(Y) is “infinitedimensional”, and in particular has rank

> 1, so none of these subvarieties can be fulldimensional. One then takes the union over all h ∈ H .

We use this observation to prove the following:

Theorem A Let X be a symplectic K3 surface and T ⊂ X a Maslovzero Lagrangian torus. Suppose

there is an algebraic K3 surface Y over Λ and a closed point y ∈ Y , such that there exists a homological

mirror equivalence

F(X)perf ≃ D(Y)

taking T to the skyscraper sheaf Oy . Then for any countable subset H ⊂ K
(

F(X)perf
)

, any open

neighbourhood of T in X contains a Maslovzero Lagrangian torus T ′ with [T ′] /∈ H .

We note that there are examples in which the hypotheses of Theorem A are satisfied. The mirror quartic

and mirror double plane are particular K3 surfaces arising from the Greene–Plesser mirror construction,

for which we have:

Theorem 1.5 ([SS17b]) If X is the mirror quartic or mirror double plane, equipped with an ambient

irrational Kähler form ω , and T ⊂ X a Maslovzero Lagrangian torus, then (X, ω) is mirror to an

algebraic K3 surface Y over Λ by an equivalence taking T to a skyscraper sheaf Oy over a closed point

y ∈ Y .

Proof [SS17b] shows that (X, ω) is homologically mirror to an algebraic K3 surface Y with Pic(Y) ≃
〈4〉 (for the mirror quartic) or 〈2〉 (for the mirror double plane). It follows from the proof of [SS17b,

Lemma 4.10] that the mirror equivalence can be composed with an autoequivalence so that it takes T

to a skyscraper sheaf Oy .

Remark 1.6 One “geometrically meaningful” example of a countable subset of K
(

F(X)perf
)

is the

subgroup generated by Lagrangian spheres; another is its saturation. Both of these have finite rank

by the previous section, and are therefore countable. For the examples of Theorem 1.5, whilst (X, ω)

contains Lagrangian spheres, the fact that [T ′] ∈ K(F(X)perf ) is not generated by Lagrangian spheres

for any torus T ′ near T actually holds for homological reasons (see Remark A.6). However the fact that

no nonzero multiple of [T ′] is generated by Lagrangian spheres seems to have no elementary proof.

Combining Theorem A with the existence of the homomorphism η , we immediately obtain:

Corollary 1.7 In the situation of Theorem A, suppose we are furthermore given a countable set of

Lagrangians {Li}. Then any neighbourhood of T contains a Maslovzero Lagrangian torus T ′ which

is not contained in the subgroup of Cobunob(X) generated by the Li .

However this also holds for elementary reasons of flux, see Corollary 7.8. We remark that the proof via

flux exhibits intriguing parallels with Mumford’s argument proving infinitedimensionality of CH0(Y),

cf. Lemma 7.9. In view of such analogies, Theorem A provides modest evidence for the expectation

that the map η : Cobunob(X) → K(F(X)tw) is a (rational) isomorphism when X has projective mirror.
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Remark 1.8 All of our arguments crucially use the uncountability of R , and in particular the impossi

bility of covering a positivedimensional real vector space with countably many hyperplanes. The real

numbers enter the story via the Novikov field Λ = C
((

qR
))

. However we recall that if [ω] ∈ H2(X;Q)

is rational, then it is possible to define the rational Fukaya category Frat(X) over Q
((

qQ
))

by restricting

the objects to be “rational” Lagrangians, and to prove versions of homological mirror symmetry over

this field (see [Sei15]). Our proof of Theorem A does not work in this case, and nor does our elemen

tary proof of Corollary 1.7 (fundamentally because you can cover a finitedimensional rational vector

space with countably many hyperplanes). The coefficient field Q
((

qQ
))

is uncountable, so one still

expects the Grothendieck group of the Fukaya category to be “large” by mirror symmetry, but the large

number of objects of the Fukaya category really has to do with the large number of local systems on

a single Lagrangian rather than a large number of geometrically distinct rational Lagrangians. Thus it

is interesting to consider whether the cobordism group of rational Lagrangians (without local systems)

should be very large, in analogy with CH0(Y) for a K3 surface over an uncountable field, or very small,

in analogy with the Bloch–Beilinson conjecture which says that CH0(Y) ≃ Z for a K3 surface over Q .

1.4 Comments on proof of Theorem A

The idea of the proof of Theorem A is, roughly, to show that homological mirror symmetry matches

tori T ′ near T with skyscraper sheaves Oy′ for points y′ near y. Then it suffices to show that some

nearby torus T ′ gets matched with a point y′ which misses LH(Y) (we identify H with a subgroup of

K(Y) via the isomorphism K
(

F(X)perf
)

≃ K(Y) induced by mirror symmetry).

It is already clear that we will need to use some notion of topology on Y : the relevant notion is not the

Zariski topology, but rather the analytic topology arising from the nonArchimedean valuation on the

Novikov field, val : Λ → R∪{∞}. We take the opportunity to introduce the notation |·| = exp(−val(·))
for the corresponding norm, UΛ := val−1(0) = | · |−1(1) for the unitary group of the Novikov field, and

Λ>0 := val−1(R>0) for the subring of elements with positive valuation.

We recall how rigid analytic geometry arises on the symplectic side, following [Fuk10]. Lagrangian

perturbations of T , modulo Hamiltonian isotopy, are parametrized by a neighbourhood A of 0 ∈
H1(T;R). Perturbations equipped with a UΛ local system are parametrized by LS(A) = A×H1(T; UΛ).

We denote the object of F(X) corresponding to a ∈ LS(A) by T ls
a . Assuming for simplicity that A is

a polytope, LS(A) can be naturally endowed with the structure of an affinoid subdomain val−1(A) ⊂
H1(T;Λ∗).

We consider the locus LSH(A) ⊂ LS(A) of all points a such that [T ls
a ] ∈ H . Suppose for the moment

that there were an analytic map ψ : LS(A) → Y identifying LS(A) with an analytic neighbourhood of

y, such that the homological mirror functor identified T ls
a with Oψ(a) . Then LSH(A) = ψ−1(LH(Y))

would be contained in a countable union of analytic curves in LS(A) by Lemma 1.4. The projection of

an analytic curve under the “tropicalization map” val : LS(A) → A is a tropical curve; the complement

of a countable union of tropical curves in A is everywhere dense, and in particular nonempty. A point

in this complement corresponds to a Lagrangian torus T ′ such that [(T ′, ξ)] is not generated by objects

with K class in H ⊂ K
(

F(X)perf
)

for any unitary local system ξ . This holds in particular for the trivial

local system, which would complete the proof of Theorem A assuming the existence of the map ψ .

If homological mirror symmetry had been proved via family Floer theory [Fuk10, Abo14], and the

torus T were a fibre of the SYZ fibration, then the map ψ would exist by construction. However

the existing proofs of homological mirror symmetry for K3 surfaces, at least in [Sei15, SS17a], are
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different: they identify the categories via deformation theory (and even if one had proved homological

mirror symmetry via family Floer theory, one may want to consider tori T which are not fibres of the

SYZ fibration). In particular, the fact that the homological mirror functor matches T with Oy does not

immediately imply that nearby tori get matched with skyscraper sheaves of nearby points: this requires

an argument involving the deformation theory of these objects.

It is natural to study the deformation theory of objects of the Fukaya category using the framework

of bounding cochains, rather than local systems. We consider the set BC = H1(T;Λ>0) of positive

energy bounding cochains on T , whose points a ∈ BC parametrize objects Tbc
a of F(X). Using

formal deformation theory, together with Artin’s approximation theorem [Art68] to guarantee a finite

radius of convergence, we prove that there exists an analytic map ϕ from an analytic neighbourhood

BC′ ⊂ BC of the zero bounding cochain to an analytic neighbourhood of y, having the property that

the homological mirror functor takes Tbc
a to Oϕ(a) .

We recall that the object Tbc
a , corresponding to the torus T equipped with a bounding cochain a ∈ BC,

is quasiisomorphic in F(X) to the object T ls
exp(a) , corresponding to the torus T equipped with the

local system exp(a) [Fuk10]. The exponential map identifies BC′ with an analytic neighbourhood

LS′(A) ⊂ LS(A) of the trivial local system on T , so we obtain an analytic map ψ = ϕ ◦ exp−1 from

LS′(A) to an analytic neighbourhood of y such that the homological mirror functor takes T ls
a to Oψ(a) .

This is still not quite enough to implement the proof of Theorem A outlined above, because the analytic

neighbourhood LS′(A) ⊂ LS(A) is not ‘large enough’: its points correspond to local systems on the

single torus T which are sufficiently close to the trivial local system in the analytic topology, so cannot

give us information about the other tori T ′ . A further argument is needed: we prove that the subset

LSH(A) ⊂ LS(A) is a countable union of differences of analytic sets, without reference to mirror

symmetry. This relies on a general result that we can parametrize the quasiisomorphism classes of

objects with K class in H by a countable set of affine varieties, together with a careful application of

Chevalley’s theorem. The intersection LSH(A)∩LS′(A) coincides with ψ−1(LH(Y)), which is contained

in a countable union of curves. It follows that no component of LSH(A) is fulldimensional, which

implies that this set is contained in a countable union of curves, which allows us to conclude.

1.5 Plan

We summarize wellknown background on the formal deformation theory of objects in A∞ categories

in Section 2, and on constructions of algebraic families of objects in Section 3. In Section 4 we recall

the construction of the affinoid domains BC and LS(A) and the relationship between them, and prove

that LSH(A) ⊂ LS(A) is a countable union of differences of analytic sets. In Section 5 we show how to

construct the map ϕ relating points on Y to tori with local systems in X . The proof of Theorem A is

completed in Section 6. We explain the alternative proof of Corollary 1.7 via flux in Section 7, together

with some interesting analogies between flux arguments and Mumford’s proof of infinitedimensionality

of CH0 . We conclude with the speculative Section 8, concerning the mirror to the O’Grady filtration

[O’G13], which is a filtration S0(Y) ⊂ S1(Y) ⊂ . . . ⊂ CH0(Y) whose first part is S0(Y) = Z · cY .

Acknowledgements. Denis Auroux pointed out the elementary proof of Corollary 1.7 via flux con

siderations. Paul Seidel suggested a different route to proving Theorem A; we found that technically

harder to implement, but it influenced our understanding. Thanks to both of them, to Daniel Huybrechts

for helpful conversations, and to the anonymous referee for useful queries.
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2 Deformations of objects in A∞ categories

The purpose of this section is to summarize some basic results about deformation theory of objects in

A∞ categories, following e.g. [FOOO09, Fuk03, ELO09, ELO10, ELO11]. We prove only the results

we will need, and make no attempt at generality.

Let C be an A∞ category defined over a field K . We use the conventions of [Sei08b], in which the

cochainlevel morphism spaces are denoted hom•(C0,C1) and the cohomological morphism spaces are

Hom•(C0,C1) := H•(hom•(C0,C1), µ1).

2.1 Maurer–Cartan equation

Let C be an object of C . An element δ ∈ hom1(C,C) satisfies the Maurer–Cartan equation if

(4)
∑

µ∗(δ, . . . , δ) = 0.

The lefthand side is an infinite sum, so needs a reason to converge. We assume the morphism spaces

of C come equipped with exhaustive complete decreasing filtrations F≥∗ hom•(C0,C1), respected by

the A∞ structure maps in the obvious way, and we only consider the Maurer–Cartan equation for

δ ∈ F≥1 hom1(C,C). The sum then converges by completeness.

One can define a new A∞ category whose objects are pairs (C, δ) and whose A∞ structure maps are

deformed by the Maurer–Cartan solutions. For example, the formula for the deformed differential is

µ1
δ0,δ1

: hom•((C0, δ0), (C1, δ1)) → hom•+1((C0, δ0), (C1, δ1))

µ1
δ0,δ1

(c) =
∑

µ∗(δ0, . . . , δ0, c, δ1, . . . , δ1).(5)

Once again, the infinite sum converges by completeness of the filtration. See, e.g., [Sei08b, Equation

(3.20)] for the general formula.

2.2 Obstructions

Let C be an object of C , and F≥∗ hom•(C,C) a decreasing filtration which is degreewise finite (i.e.,

F≥∗ hom•(C,C) is a finite filtration for each •). A family of deformations of C parametrized by an

affine variety A is an element δ ∈ F≥1 hom1(C,C) ⊗O(A) satisfying the Maurer–Cartan equation (4)

(which converges because the filtration on hom•(C,C) ⊗ O(A) is degreewise finite and in particular

complete in the graded sense). In particular, δ(a) ∈ hom1(C,C) is a Maurer–Cartan solution for any

a ∈ A . We denote the corresponding deformed object by Ca := (C, δ(a)).

For any Zariski tangent vector v ∈ TaA , we have an element v(δ) ∈ hom1(Ca,Ca). Taking the derivative

of the Maurer–Cartan equation along v shows that v(δ) is µ1
δ(a),δ(a) closed.
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Definition 2.1 The obstruction map of the family δ at the point a ∈ A is

o : TaA → Hom1(Ca,Ca)

o(v) := [v(δ)].

Now suppose we have families δi of deformations of objects Ci parametrized by the same affine variety

A , and a family of morphisms f ∈ hom•(C0,C1) ⊗O(A) which is closed in the sense that

(6) µ1
δ0(a),δ1(a)(f ) = 0

in hom•(C0,C1) ⊗O(A).

Lemma 2.2 For any v ∈ TaA , we have

µ2
δ0(a),δ0(a)(o0(v), f ) + µ2

δ1(a),δ1(a)(f , o1(v)) = 0

in Hom•(C0,a,C1,a), where oi is the obstruction map of δi .

Proof Differentiating (6) along v, we find that the sum of these two terms is equal to −µ1
δ0(a),δ1(a)(v(f ))

on the cochain level, and in particular is exact.

We can also consider formal deformations of an object, which can be defined without reference to an

auxiliary filtration. Let (R,m) be a complete local ring. A family of deformations of C parametrized

by Spec(R) is a solution of the Maurer–Cartan equation δ ∈ hom1(C,C)⊗̂m , where the hat denotes

the madic completion of the tensor product. The completeness of the madic filtration guarantees

convergence of the Maurer–Cartan equation. The obstruction map is defined at the unique maximal

ideal:

(7) o : (m/m2)∗ → Hom1(C,C),

and the analogue of Lemma 2.2 holds.

2.3 Versality

Let R = K Jx1, . . . , xjK be a formal power series ring, and m ⊂ R the maximal ideal. We say that

a family δ of deformations of C parametrized by Spec(R) is versal if the obstruction map (7) is an

isomorphism.

Remark 2.3 The versal deformation space of an object in an A∞ category may in general be some

more complicated formal scheme, but we will only consider pointlike objects whose versal deformation

space takes this particularly simple form.

Note that if S = K Jy1, . . . , ykK is another power series ring, and η : R → S a homomorphism, we

obtain a pullback family η(δ) of deformations parametrized by Spec(S). The word ‘versal’ suggests

that any family of deformations of C should be pulled back from the family δ . We now prove a result

of this flavour, which we will use later.

Let D be another object of C , quasiisomorphic to C , and consider a family of deformations of D

parametrized by Spec(S) where S = K Jy1, . . . , ykK. This corresponds to a solution of the Maurer–

Cartan equation ǫ ∈ hom1(D,D)⊗̂n , where n ⊂ S is the maximal ideal.
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Lemma 2.4 In the above situation, suppose that δ is versal. Then there exists a homomorphism

η : R → S, and a morphism f ∈ hom0(C,D)⊗̂S which is µ1
η(δ),ǫ closed, such that f (0) ∈ hom0(C,D)

is a quasiisomorphism.

If ǫ is also versal, then η is necessarily an isomorphism.

Proof We expand in multiindices m:

δ(x) =
∑

m

δm xm, η(xi) =
∑

m

ηi
m ym, f (y) =

∑

m

fm ym,

and solve the equation

µ1
η(δ),ǫ(f ) = 0

for η and f , orderbyorder in |m|. The first step of the induction is to set f0 ∈ hom0(C,D) equal to

a quasiisomorphism between C and D . This is µ1 closed by definition, so the equation is solved for

|m| = 0. Having solved to a certain order |m| < k , the equation at next order yields

(8) µ2

(

∑

i

δi η
i
m, f0

)

+ µ1(fm) = (known)m for all |m| = k .

The RHS is µ1 closed, using the fact that µ1
η(δ),ǫ ◦ µ

1
η(δ),ǫ(f ) = 0 for any η and f . In addition, since

f0 is a quasiisomorphism, composition with f0 is a quasiisomorphism of chain complexes. Finally,

any class in Hom1(C,C) can be represented by a linear combination of the δi , because δ is versal. It

follows that (8) admits a solution for all m , which completes the inductive step.

For the second part, observe that we have a diagram

(

m/m2
)∗ [η]∗

//

oδ

��

(

n/n2
)∗

oǫ

��

Hom1(C,C)
•[f0]

// Hom1(C,D) Hom1(D,D)
[f0]•
oo

which commutes up to sign by Lemma 2.2. If both δ and ǫ are versal, then both obstruction maps

are isomorphisms; and since f0 is a quasiisomorphism, left or rightcomposition with [f0] is an

isomorphism. It follows that [η]∗ is an isomorphism, and hence that η is an isomorphism by the inverse

function theorem.

3 Algebraic families of objects

Let C be a proper triangulated A∞ category defined over a field K . The purpose of this section is

to show, using as little technology as possible, how certain families of quasiisomorphism classes of

objects of C can be parametrized by affine varieties (we follow [Sei16, Lemma A.14]). We will assume

that C is strictly proper, i.e. finitedimensional on the cochain level, and that it admits strict units, since

this involves no loss of generality (one can replace C with a strictly unital minimal model) and can be

arranged in appropriate models of the Fukaya category.

Remark 3.1 We are using “parametrizing” in a loose sense here: we mean that to each point in one

of our affine varieties there corresponds an object of C , and every object of C of the relevant flavour

is quasiisomorphic to that represented by a point in one of these affine varieties (but not necessarily a

unique point).
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3.1 Twisted complexes

Recall that an object C of C is said to be generated by the objects {Ci} if it is contained in the smallest

triangulated subcategory of C which contains the objects Ci .

Construction 3.2 Let {Ci} be a countable set of objects of C . We construct a countable set of affine

varieties Atw
j parametrizing all quasiisomorphism classes of objects generated by the Ci .

We recall the definition of the A∞ category Ctw of twisted complexes over an A∞ category C , see

[Sei08b, Chapter 3]. An object is generated by the Ci if and only if it is quasiisomorphic to a twisted

complex built from the Ci .

Let V ⊂ C be the subcategory whose objects are shifts of the Ci . We introduce a category V⊕,f whose

objects are pairs (V, f ) where V = ⊕j∈JVj is a finite formal direct sum of objects of V, and f : J → Z

is a function. The morphisms and structure maps are as in the additive enlargement V⊕ , and we have a

finite filtration

F≥∗ hom•((V, f ), (W, g)) :=
⊕

g(k)≥∗+f (j)

hom•(Vj,Wk).

Then we have a vector space

Apre(V, f ) := F≥1 hom1((V, f ), (V, f ))

parametrizing possible differentials δ in a pretwisted complex (V, δ) respecting the filtration induced

by f (see [Sei08b, Section 3l]). This vector space is finitedimensional, by our assumption that C is

strictly proper.

The subset of twisted complexes consists of those δ satisfying the Maurer–Cartan equation (4), which

is polynomial in δ because the filtration F≥∗ is finite. Thus the subset Atw(V, f ) ⊂ Apre(V, f ) of twisted

complexes is naturally an affine variety. It is clear that all twisted complexes built from the objects Ci

are isomorphic to some (V, δ), where δ ∈ Atw(V, f ). It is also clear that there are countably many such

(V, f ), so this completes the construction.

Remark 3.3 In this case every twisted complex over the Ci is isomorphic to one represented by a

point in one of our affine varieties, but our future use of the word “parametrizing” will not always have

this stronger sense.

3.2 Idempotent summands

Suppose now that C is splitclosed. Recall that an object is said to be splitgenerated by the objects

{Ci} if it is contained in the smallest splitclosed triangulated subcategory of C which contains the

objects Ci .

Construction 3.4 Let {Ci} be a countable set of objects of C . We construct a countable set of affine

varieties Aπj parametrizing all quasiisomorphism classes of objects splitgenerated by the Ci .

We recall the definition of a homotopy idempotent ℘ in an A∞ category C , and its abstract image in

Cmod (see [Sei08b, Chapter 4]). An object is splitgenerated by the Ci if and only if its Yoneda image is

quasiisomorphic to the abstract image of a homotopy idempotent ℘ of a twisted complex (V, δ) over

the Ci .
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A homotopy idempotent ℘ of a twisted complex (V, δ) consists of elements ℘d ∈ hom1−d
Vtw (V,V),

d ≥ 1, satisfying

(9)
∑

r

∑

s1,...,sr

µr
Vtw

(

℘s1 , . . . , ℘sr
)

=

{

℘d−1 d even

0 d odd.

Explicitly, the equation r = 1 says that the endomorphism ℘1 is closed, and the equation r = 2 says that

it is idempotent up to the coboundary of ℘2 . Note that hom1−d
Vtw (V,V) vanishes for d sufficiently large

(since the total rank of hom•

Vtw(V,V) is finite). It follows that we again have a finite set of polynomial

equations in the finite set of variables δ, ℘d , whose common zeroset yields an affine variety Aπj .

Remark 3.5 Note that, as in Remark 3.3, every homotopy idempotent of a twisted complex over the

Ci is in fact isomorphic to one represented by a point in one of the affine varieties Aπj .

Let us explain how homotopy idempotents fit into the Maurer–Cartan framework of the previous section.

Let eC denote the strict unit of an object C ∈ C . Following [Sei08b, Remark 4.10], we consider a

category Σ−C of infinite twisted complexes C = (C0,C−1,C−2, . . .) with Ci ∈ Ob C , and with an

element a ∈ homk
Σ−C

(C,D) comprising an essentially lowertriangular matrix

a = (aij), aij ∈ hom
k+j−i

C
(Ci,Dj), ∃N such that aij

= 0 for j < i − N.

There is an exhaustive complete filtration on the morphism spaces of Σ−C , with F≥∗ hom•

Σ−C
(C,D)

consisting of morphisms with aij = 0 for j < i + ∗. There is then a category C− , whose objects are

pairs (C, δ) with C ∈ Ob Σ−C and δ ∈ F≥1 hom1
Σ−C

(C,C) satisfying the (resultingly convergent)

Maurer–Cartan equation (4).

There is a canonical embedding C →֒ C− realised by taking the A∞ subcategory of objects (C0, 0, 0, . . .).

Furthermore, any homotopy idempotent ℘ for an object C ∈ C defines an object (C, ℘) of C− with

underlying sequence (C,C,C, . . .) and

δij
℘ =























℘1 i = 2k, j = i + 1 ≤ 0

℘1 − eY i = 2k + 1, j = i + 1 ≤ 0

℘j−i i + 1 < j ≤ 0

0 else;

The homotopy idempotent equation (9) is equivalent to the Maurer–Cartan equation for δ℘ . We denote

the subcategory of C− consisting of objects of these two types by Cπ . The category Cperf := (Ctw)π is

a model for the splitclosure of C .

Now a point a ∈ Aπj determines a twisted complex (V, δa) equipped with a homotopy idempotent

℘a , and hence an object Va of Cperf . The Maurer–Cartan elements (δa, δ℘a) combine to form a single

Maurer–Cartan element for an element of (C⊕)− . This places us within the framework of Section 2.2,

and in particular we have an obstruction map

o : TaA → Hom1
Cperf (Va,Va).

Remark 3.6 It is worth saying a word about the auxiliary filtration which ensures convergence of the

Maurer–Cartan equation in this context. Because we assume C to be strictly proper, each of its hom

spaces is concentrated in finitely many degrees, and it follows that the filtration F≥∗ on the morphism

spaces of Cperf is degreewise finite. One can combine the degreewisefinite filtration F≥∗ with the finite

filtration G≥∗ arising from the filtration on the twisted complex, to form a degreewisefinite filtration
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F≥∗ := ⊕Mi+Nj≥∗F≥i ∩ G≥j on the endomorphism algebra of Va . The A∞ structure maps respect this

filtration so long as M and N are nonnegative, and by taking them to be sufficiently large we may

ensure that (δa, δ℘a) ∈ F≥1 hom1
Cperf (Va,Va) (using δa ∈ G≥1 ∩ F≥0 , δ℘a ∈ F≥1 , and the finiteness of

G≥∗ ).

3.3 Pointlike objects

For the purposes of this paper (in which all categories considered are 2Calabi–Yau), an object C of C is

called pointlike if its cohomological endomorphism algebra is isomorphic to the cohomology algebra

of a 2torus, H•(T2;Λ) (i.e., an exterior algebra on two generators in degree 1).

Construction 3.7 Let C be splitclosed and admit a countable set of splitgenerators {Ci}. We

construct a countable set of affine varieties A
pt
j parametrizing all quasiisomorphism classes of point

like objects in C .

For each of the affine varieties Aπj from Construction 3.4, we define A
pt
j ⊂ Aπj to be the subset of

points corresponding to pointlike objects. It suffices to show that each A
pt
j carries the structure of an

affine variety.

There is a coherent sheaf E i → Aπj with fibre over P = (V, f , δ, ℘) being the degree i part of the

cohomological endomorphism algebra

Hi(hom∗(P,P)) := [℘1] · Hi(hom∗
Vtw((V, δ), (V, δ))) · [℘1].

The stratification by rank is lowersemicontinuous, so the subset defined by rk E i = rk Hi(T2;Λ) is a

difference of affine subvarieties. Within this subset, the condition that the product H1 ⊗ H1 → H2 is

nonvanishing defines a Zariskiopen subset, which is precisely the set of points in Aπj corresponding

to pointlike objects. A Zariskiopen subset of a difference of affine subvarieties carries the structure

of an affine variety, so we are done.

3.4 Objects representing classes in K theory

The next construction will make use of the following theorem of Thomason [Tho97], or more precisely

its immediate corollary:

Theorem 3.8 (Thomason) Let C be a splitclosed triangulated category. There is a bijection between

the set of splitgenerating triangulated subcategories D ⊂ C and the set of subgroups G ⊂ K(C). The

subgroup corresponding to D ⊂ C is K(D) ⊂ K(C), and the subcategory corresponding to G ⊂ K(C)

consists of all objects C with [C] ∈ G .

Corollary 3.9 Let C be a splitclosed triangulated category, {Si} a set of splitgenerators for C , and

{Cj} a set of objects of C . If C is an object of C such that the class [C] ∈ K(C) lies in the abelian

subgroup generated by the classes [Cj], then C is generated by the objects {Cj} ∪ {Si ⊕ Si[1]}.

Proof The triangulated subcategory generated by the objects {Cj} ∪ {Si ⊕ Si[1]} is splitgenerating,

since it splitgenerates the objects Si . Therefore it coincides with the subcategory of all objects C with

[C] lying in the subgroup generated by the classes [Cj] together with the classes [Si ⊕ Si[1]] = 0, by

Theorem 3.8.
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We now make the following:

Construction 3.10 Let C be splitclosed, {Si} be a countable set of splitgenerators, and H ∈ K(C).

Then we construct a countable set of affine varieties AH
j parametrizing all quasiisomorphism classes

of objects V with [V] = H .

Let C0 be an object with [C0] = H . Then any object V with [V] = H is generated by the objects

{C0} ∪ {Si ⊕ Si[1]} by Corollary 3.9. The set of quasiisomorphism classes of such objects is

parametrized by the countable union of affine varieties from Construction 3.2. The K class is constant

on each of these affine varieties, so a subset of this countable set of affine varieties parametrizes

quasiisomorphism classes of objects with K class H .

4 Families of tori

Let X be a symplectic K3 surface1 such that F(X) is nondegenerate, which implies that there is a finite

set of Lagrangians {Li} which splitgenerate F(X)perf . Let T ⊂ X be a Maslovzero Lagrangian torus.

In this section we consider “the family of objects near T ”.

4.1 Analytic functions

We start by recalling some basic notions from nonArchimedean analysis, namely the algebras of

convergent functions on polydiscs and polytope domains. Everything we present here is completely

elementary and suffices for our purposes, but the interested reader can find more information about

these algebras and the role they play in rigid analytic geometry in [BGR84, EKL06].

Recall that the field Λ has a nonarchimedean valuation

val : Λ → R ∪ {∞}, val
(

∑

aλqλ
)

= min{λ ∈ R | aλ 6= 0}, val(0) = +∞

with associated norm | · | : Λ → R given by

|x| = e−val(x).

The norm defines the analytic topology on Λ .

A polydisc is a subset P(b) ⊂ Λn of the form {x : val(xi) ≥ bi, i = 1, . . . , n}. A power series

f (x) =
∑

ν

fν · xν ∈ Λ Jx1, . . . , xnK

converges on the polydisc if

lim
‖ν‖→∞

val(fν) + ν · b = ∞

where ‖ · ‖ denotes any choice of norm on Zn . The convergent power series form a subalgebra of the

formal power series (the Tate algebra), and a convergent power series can be evaluated at any point on

1All Lagrangians we consider are implicitly equipped with a brane structure, which consists of an orientation,

grading, spin structure and ω tame almostcomplex structure J such that the Lagrangian bounds no nonconstant

J holomorphic disc and intersects no nonconstant J holomorphic sphere. Any orientable Lagrangian with

vanishing Maslov class admits such a brane structure: in particular, the condition on J is generic for virtual

dimension reasons (see [Sei15, Lemma 8.4]).
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the polydisc. We will call a function from the polydisc to the Novikov field analytic if it is given by

evaluation of a convergent power series.

Next we consider the map

val : (Λ∗)n → Rn,

val(x1, . . . , xn) = (val(x1), . . . , val(xn)).

If P ⊂ Rn is a bounded rational polytope, we define the polytope domain YP := val−1(P). A formal

Laurent series f (x) =
∑

ν∈Zn fν · xν converges on YP if

lim
‖ν‖→∞

val(fν ) + ν · p = +∞ for all p ∈ P.

The convergent Laurent series form an algebra, and can be evaluated at any point on the polytope

domain. We will call a function from the polytope domain to the Novikov field analytic if it is given by

evaluation of a convergent Laurent series.

A subset of a polydisc or polytope domain is called an analytic subvariety if it is the zeroset of a finite

collection of analytic functions. We will call a subset naively constructible if it is a countable union of

differences of analytic subvarieties.

4.2 Bounding cochains

We recall that the morphism spaces of the Fukaya category come equipped with the exhaustive and

complete energy filtration, so the Maurer–Cartan equation (4) converges for positiveenergy δ ; and

a positiveenergy solution of the Maurer–Cartan equation is called a bounding cochain [FOOO09].

We consider the space of bounding cochains on T . Since hom•

F(X)(T,T) ≃ C•(T;Λ) is formal, the

Maurer–Cartan equation is trivial. Therefore the space of bounding cochains is

BC = H1(T;Λ>0).

For any a ∈ BC we denote the corresponding object of F(X) by Tbc
a . Note that for any ε > 0, the

subset BCε = H1(T;Λ≥ε) of bounding cochains with energy ≥ ε is a polydisc.

We will consider the subcategory of the Fukaya category F(X) with the finite set of objects {Li} together

with the objects {Tbc
a }a∈BCε

. It is essentially immediate from the definition that the A∞ structure maps

in this category are analytic in a ∈ BCε , for any ε > 0.

4.3 Local systems

An open neighbourhood U of T ⊂ X is fibred by Lagrangian tori over an open neighbourhood of the

origin A ⊂ H1(T;R), with T corresponding to the fibre F0 over the origin. (It may be helpful to

imagine the case in which X carries a global singular SYZ fibration and A is an open subset of the

base.)

Note that we have an isomorphism

Λ
∗ → R× UΛ

a 7→ (val(a), ua) ,

where ua = q−val(a) · a. This induces an isomorphism

H1(T;Λ∗) ≃ H1(T;R) × H1(T; UΛ),
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where the projection to the first factor is the map

val : H1(T;Λ∗) → H1(T;R)

induced by the valuation map val : Λ∗ → R . We define the subset

LS(A) := val−1(A);

the points a ∈ LS(A) correspond to objects T ls
a of F(X), consisting of the fibre Fval(a) equipped with

the unitary local system with holonomy ua ∈ H1(Fval(a); UΛ).

Abouzaid [Abo14], following Fukaya [Fuk10], proved the following key result.

Theorem 4.1 (Abouzaid, Fukaya) Consider the subcategory of the Fukaya category F(X) with the

finite set of objects {Li} together with the objects {T ls
a }a∈LS(A) . By shrinking A if necessary, and

making appropriate choices of perturbations and bases in the morphism spaces, we can arrange that the

A∞ structure maps are analytic in a ∈ LS(A).

The appropriate choice of basis in the morphism spaces involves some rescaling by flux, see [Abo14,

Lemma 3.2, Equation 3.19].

The relation between bounding cochains and local systems has been established by Fukaya in [Fuk10,

Lemma 13.1]. It involves the map exp : BC → LS(A) induced by the exponential map exp : Λ>0 →
UΛ .

Theorem 4.2 (Fukaya) For any a ∈ BC, the object Tbc
a is quasiisomorphic to the object T ls

exp(a) in

F(X).

4.4 Objects with fixed K class

Now let us fix a class H ∈ K
(

F(X)perf
)

, and consider the subset LSH(A) ⊂ LS(A) (respectively,

BCH ⊂ BC) consisting of objects with [T ls
a ] = H (respectively, [Tbc

a ] = H ).

Lemma 4.3 The subset LSH(A) ⊂ LS(A) (respectively, BCH ⊂ BC) is naively constructible.

We will give the proof for local systems, as the argument for bounding cochains is identical. In order

to prove Lemma 4.3, we observe that the objects T ls
a parametrized by points a ∈ LS(A) are pointlike;

combining Constructions 3.10 and 3.7, we have a countable set of affine varieties parametrizing quasi

isomorphism classes of pointlike objects splitgenerated by the {Li} and having the given K class.

Therefore it suffices to prove the following:

Lemma 4.4 Let A be one of these affine varieties. Then the subset of points a ∈ LS(A) consisting

of objects T ls
a lying in one of the quasiisomorphism classes parametrized by A , is a finite union of

differences of analytic subvarieties.

Proof The points of A parametrize pairs (δ, ℘), where δ is a Maurer–Cartan element for a fixed

V = ⊕Lij[σij ], upper triangular with respect to a fixed filtration, and ℘ is a homotopy idempotent for

the twisted complex (V, δ), satisfying appropriate constraints so that the object (V, δ, ℘) is pointlike.

By Theorem 4.1, we may assume (possibly after shrinking A , and making appropriate choices in the

definition of the Fukaya category) that the vector spaces hom0(V,T ls
a ), hom0(T ls

a ,V) and hom0(T ls
a ,T

ls
a )
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are independent of a, and the A∞ structure maps are analytic in a. Recall that hom•(T ls
a ,T

ls
a ) ≃

C•(Fval(a);Λ) (since the endomorphisms of a rank one local system are trivial). We take a strictly proper

chainlevel model for the Fukaya category, as in [Sei15], in which this cochain complex is concentrated

in nonnegative degrees and has rank one in degree zero. The identity cochain ea = els
a is independent

of the holonomy of the local system and depends on a at most through rescaling by a function analytic

in a.

We consider the subset

Q ⊂ LS(A) ×A× hom0(V,T) × hom0(T,V)

consisting of all (a, (δ, ℘), f , g) such that

µ1
δ,a(f ) = 0

µ1
a,δ(g) = 0

µ2
a,δ(µ

2
a,δ(f , ℘

1), g) = ea is the identity in hom0(T ls
a ,T

ls
a ).

The object T ls
a is a direct summand of the object (V, δ, ℘) if and only if there exist (f , g) such that

(a, α, f , g) lies in Q (using the fact that hom∗(T,T) is concentrated in nonnegative degrees, so any

element cohomologous to ea ∈ hom0(T ls
a ,T

ls
a ) is ea itself). The rank of the degree0 endomorphism

algebra of (V, δ, ℘) is equal to 1, so any nontrivial direct summand is quasiisomorphic to (V, δ, ℘). It

follows that the desired subset of LS(A) is precisely the projection pr1(Q), where pr1 denotes projection

onto the first factor.

The defining equations of Q are linear in f , g and ℘1 , polynomial in δ , and analytic in a by Theorem

4.1. They do not involve ℘≥2 . We now observe that only finitely many analytic functions in a can enter

into these defining equations, as there are finitely many nonzero coefficients in each of the finitelymany

defining polynomials in δ, f , g, ℘1 .

Let us suppose that there are N of these analytic functions. They define an analytic map φ : LS(A) →
ΛN . We have a corresponding set

Q̃ ⊂ Λ
N × A× hom0(V,T) × hom0(T,V)

defined by equations which are linear in f , g and ℘1 , polynomial in δ , and linear in the coordinates

on ΛN standing in for the analytic functions on LS(A), so that Q is the preimage of Q̃ under the map

φ× id × id × id. It follows that pr1(Q) = φ−1
(

pr1

(

Q̃
))

.

Since Q̃ is an algebraic subvariety (and Λ is an algebraically closed field), it follows by Chevalley’s

theorem that pr1

(

Q̃
)

is a finite union of differences of algebraic subsets. Therefore pr1(Q), being its

pullback under the analytic map φ , is a finite union of differences of analytic sets as required.

5 Matching points with tori

Throughout this section we work in the setting of Theorem A: X is a symplectic K3 surface which is

homologically mirror to a K3 surface Y over Λ , and T ⊂ X is a Maslovzero Lagrangian torus which

the homological mirror functor sends to the skyscraper sheaf Oy of a closed point y ∈ Y .

We fix a finite set of objects {Li} of F(X) which splitgenerate F(X)perf , and denote the subcategory

with those objects by V. We denote the corresponding objects of D(Y) by {Ei}, and denote the

subcategory with those objects by W .
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5.1 Families of points near y

Recall that given the splitgenerators {Li} of F(X)perf , Construction 3.7 produces a countable set of

affine varieties A
pt
j parametrizing all quasiisomorphism classes of pointlike objects of F(X)perf .

Lemma 5.1 There exists a Zariskiopen neighbourhood B of y ∈ Y , and a morphism of affine varieties

χ : B → A
pt
j for some j, such that Ob is quasiisomorphic to the image of χ(b) under the homological

mirror functor, for all b ∈ B .

In order to prove Lemma 5.1, it will help to start with a preliminary result about families of modules.

We start with some background. Let B be an affine variety and V a DG category. Recall the notion of

a family of (right) DG Vmodules parametrized by B: it is an OB linear DG functor Vop ⊗OB → C ,

where C is the DG category of cochain complexes of projective OB modules. Note that if M is a family

of DG Vmodules parametrized by B and b ∈ B , the specialization Mb is an ordinary DG Vmodule.

We will say that a family of DG Vmodules M is classified by a morphism f : B → Aπj to one of the

affine varieties from Construction 3.4, if Mb is quasiisomorphic to the abstract image of the homotopy

idempotent ℘f (b) , for all b ∈ B .

We will call a family of DG Vmodules strictly proper if the corresponding functor lands inside Cfin ,

the cochain complexes which are free and finitelygenerated on the cochain level.

Lemma 5.2 Suppose that V is a homologically smooth DG category, and M a strictly proper family of

DG Vmodules parametrized by the affine variety B . Then M is classified by a morphism f : B → Aπj .

Proof All functors, modules and categories in the proof are assumed to be DG. We start by considering

the case that B = SpecK is a point, so M is simply a Vmodule. We recall some background on

categories of DG modules, cf. [Sei08a] and [Gan13, Section 2].

The category of left Vmodules is denoted Vmod, the category of right Vmodules is modV, and the

category of VVbimodules is VmodV (the notation follows [Gan13, Section 2], but note that we only

consider DG modules – these form a quasiequivalent full subcategory of the category of A∞ modules

considered in op. cit.). We have left and right Yoneda functors

Yr : V → modV, Yℓ : Vop → Vmod,

a tensor product functor

Vmod ⊗ modV → VmodV,

convolution functors given by tensoring with a (bi)module, e.g.

M⊗V (−) : VmodV → modV

(cf. [Sei08a, Section 2] – note that the bar resolution provides a canonical way of taking an appropriately

derived tensor product, but this remains a DG rather than A∞ functor), and a quasiisomorphism of

functors

M⊗V Yℓ(−)
∼
−→ M(−)

(given by the augmentation M(Y) ⊗ hom(X,Y) → M(X) of the bar resolution).

Combining these pieces, we obtain a homotopycommutative diagram of functors

Vop ⊗ V
Yℓ⊗Y r

//

M⊗id

��

VmodV

M⊗V(−)

��

C ⊗ V
⊗K◦(id⊗Y r)

// modV.
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We now take twisted complexes in this diagram. We also observe that there is a ‘tensor with a

finitedimensional cochain complex’ functor

Cfin ⊗ V → V
tw

(however note that the functor does not exist if we replace Cfin with C due to the finiteness constraint on

twisted complexes). Using the fact that M is strictly proper, we obtain another diagram of DG functors

(Vop ⊗ V)tw //

��

(VmodV)tw

��

Vtw // (modV)tw ,

commutative up to homotopy.

Now by the definition of homological smoothness of V, there exists a twisted complex (C, δ) ∈
(Vop ⊗ V)tw , together with a homotopy idempotent ℘ , whose image in (VmodV)tw represents the

diagonal bimodule V∆ . Since M ⊗V V∆ ≃ M, it follows by commutativity that the image of this

homotopy idempotent in Vtw represents M.

Thus, given a resolution of the diagonal, we obtain a natural way of forming a twisted complex together

with a homotopy idempotent representing a given strictly proper Vmodule. We now apply this to a

strictly proper family of Vmodules M over an arbitrary affine variety B . We obtain a family of twisted

complexes with homotopy idempotents representing the fibres; and this family must be pulled back

from one of the affine varieties Aπj by the universality of the construction of the latter (see Remark

3.5).

Proof of Lemma 5.1 Since Y is a smooth variety, we may assume that the splitgenerators Ei are

bounded complexes of locally free sheaves of finite rank.

To define our DG enhancement D(Y) of the bounded derived category DbCoh(Y), we use a Čech model

following [Sei15, Section 5], i.e., we choose a finite affine open cover U of Y and set

hom•

D(Y)(E ,F) := Č•(U,Hom(E ,F)).

We may assume that y lies in the common intersection of the affine open sets in our cover. The

complexes E∨
i are locally free of finite rank, so their restrictions to a sufficiently small open affine

neighbourhood B of y are free. Shrinking B further, we may assume that it is contained in the common

intersection of the sets in our cover. If ι : B →֒ Y is the inclusion, then the complexes Č•(U, ι∗ι
∗E∨

i )

are free OB modules of finite rank, whose fibres over a point b ∈ B coincide with hom•

D(Y)(Ei,Ob).

Thus, we have constructed a strictly proper family of right DG Wmodules parametrized by B ,

representing the Yoneda images of the skyscraper sheaves Ob for b ∈ B . Since W is a homologically

smooth DG category we may apply Lemma 5.2, to obtain a family of homotopy idempotents of

twisted complexes over W parametrized by B . Twisted complexes and homotopy idempotents are

functorial under A∞ functors (see [Sei08b, Section 3m] for twisted complexes; homotopy idempotents

are functorial because they can be regarded as nonunital A∞ functors from the ground field [Sei08b,

Section 4b], which can be postcomposed with any A∞ functor), so applying the homological mirror

functor we obtain a corresponding family of homotopy idempotents of twisted complexes over V. The

objects represented by points b ∈ B are all clearly pointlike, so this family is classified by a morphism

B → A
pt
j , by the universality of the construction of the latter (see Remark 3.5).
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5.2 Versality of the family of points

It is wellknown that the family of skyscraper sheaves of points is a versal family, cf. [ELO11, Section

5]. In particular we have:

Lemma 5.3 The resulting obstruction map

TyB
o
−→ Hom1

F(X)perf (χ(y), χ(y))

is an isomorphism.

Proof This is a reflection of the fact that the homomorphism

(10) TyY → Ext1(Oy,Oy),

arising from the connecting homomorphism for the short exact sequence of coherent sheaves

(11) 0 → T∗
y Y ⊗Oy → OY/I

2
y → Oy → 0,

is an isomorphism.

To make the connection we use the notion of a naive short exact sequence of Wmodules

0 → P → Q → R → 0,

which consists of the inclusion P ⊂ Q of a submodule, i.e. a subspace P(W) ⊂ Q(W) for each

object W preserved by all structure maps, together with the projection to the quotient module R . A

choice of splittings of the short exact sequences of vector spaces determines a connecting morphism in

hom1
modW(R,P), whose cone is strictly isomorphic to Q, cf. [Sei08a, Section 2] and [Sei08b, Section

3p].

Let M denote the strictly proper family of Wmodules parametrized by B that was constructed in the

proof of Lemma 5.1, representing the Yoneda images of skyscraper sheaves of points b ∈ B . Taking

the tensor product of M with the short exact sequence of OB modules

(12) 0 →
(

m/m2
)

⊗OB/m → OB/m
2 → OB/m → 0,

we obtain a naive short exact sequence of Wmodules representing the Yoneda image of the short exact

sequence of coherent sheaves (11).

The connecting homomorphism is an element of Hom1
modW(My,m/m

2 ⊗My), which can be regarded

as a homomorphism

TyB → Hom1
modW(My,My).

It is routine to verify that this coincides with the Yoneda image of the isomorphism (10), and hence is an

isomorphism. On the other hand, there is a canonical splitting for the short exact sequence (12) given

by the map OB/m → OB/m
2 sending f 7→ f (y); this determines a splitting of the short exact sequence

of Wmodules, and it is routine to verify that the corresponding connecting morphism coincides on the

chain level with the obstruction map for the family of modules M. Hence the latter is an isomorphism,

and therefore so is the obstruction map for the corresponding family of objects of Wperf .

5.3 Families of bounding cochains on T

The next result uses Artin’s approximation theorem [Art68, Theorem 1.2], which says roughly that if

an analytic system of equations admits a formal solution, then it admits an analytic solution. Precisely,

consider a finite collection {fi(x, y)}1≤i≤N of convergent analytic functions in variables x ∈ Λn , y ∈ Λm .

Then we have:
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Theorem 5.4 (Artin) If there is a formal (power series) solution q(x) of {fi(x, q(x)) = 0}1≤i≤N , with

q(0) = 0, then there is a convergent solution Q(x). Moreover, for any k , there exists a convergent

solution whose kjet coincides with that of the formal solution.

We combine Artin’s theorem with the formal deformation theory from Section 2.3 to prove:

Lemma 5.5 There exists an analytic neighbourhood Bǫ of y ∈ B , together with an analytic map

η : Bǫ → BC sending y to 0, which is an analytic isomorphism onto a neighbourhood of 0 ∈ BC, such

that the object Oz is quasiisomorphic to the image of Tbc
η(z) under the homological mirror functor, for

all z ∈ Bε .

In order to prove the Lemma we will work with the category Q ⊃ V whose objects are the chosen finite

set of splitgenerators {Li} for F(X), together with the objects Tbc
a for a ∈ BC. Using homotopy units

as in [FOOO09], there is a strictly unital chainlevel model for Q. We remark that we work with a

slightly different construction of the Fukaya category from [FOOO09], following [Sei15], which has

the advantage that it is strictly proper (as is required for our constructions). Homotopy units have been

constructed in this framework in [Gan13].

Since Q admits strict units, we may consider the splitclosure Qperf constructed in Section 3.2. Even

though Q is strictly proper, Qperf need not be. Nevertheless, it has a weaker finitedimensionality

property. Namely, we recall that Qperf has two types of objects: objects X of Qtw , and objects (Y, ℘)

corresponding to a homotopy idempotent of an object Y of Qtw . Using the fact that Q is strictly

proper, one easily verifies that the morphism groups homk
Qperf (X, (Y, ℘)) and homk

Qperf ((Y, ℘),X) are

finitedimensional in each fixed degree k .

In particular, the category Qperf contains both the objects Tbc
a and objects quasirepresenting idempotents

up to homotopy as parametrized by the affine varieties A
pt
j , and morphisms between objects of the

respective types are finitedimensional in each degree. (One can also construct a splitclosure for Q as a

subcategory of the category of modules Qmod , which however does not satisfy this finitedimensionality

condition; in the application below, this could lead to infinite systems of analytic equations, for

which Artin’s theorem would not guarantee convergent solutions with a common positive radius of

convergence.)

Proof of Lemma 5.5 The proof is structurally somewhat similar to that of Lemma 4.4. Let χ : B →
A = A

pt
j be the map of Lemma 5.1, given explicitly as

χ(z) = (V, δ(z), ℘(z)).

Note that χ(z) determines an object of the category Qperf . The vector spaces Ei = homi
Qperf (χ(z),Tbc

a )

do not depend on a or z, and we have a map

Φ : BC × B× E0 → E1, Φ(a, z, r) = µ1
Qperf (r).

Schematically,

(13) Φ(a, z, r) =
∑

±µ∗(a, . . . , a, r, δ, . . . , δ, δ℘, δ, . . . , δ, δ℘, . . . , δ℘, δ, . . . , δ)

where δ and δ℘ are algebraic functions of z. Using the fact that Q is strictly proper and hence its

homspaces are degreebounded, there is a fixed N such that rij = 0 for all j < i−N , for all r ∈ E0 . It

follows that we have an upper bound on the number of times that δ℘ can appear in (13). We also have

an upper bound on the number of times that δ can appear between consecutive appearances of δ℘ , by

the strict lower triangularity of δ , and therefore we obtain an upper bound on the total number of times
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that δ can appear. Thus Φ(a, z, r) is a polynomial in z whose coefficients are convergent power series

in a ∈ BCε′ for any ε′ > 0, and linear in r , so it is analytic on BCε′ × B× E0 .

Now the restriction of the family of objects Tbc
a to a formal neighbourhood of a = 0 is clearly versal;

similarly the restriction of the family of objects χ(z) to a formal neighbourhood of z = y is versal

by Lemma 5.3. Therefore, there exists a formal solution (a(z), r(z)) to Φ(a(z), z, r(z)) = 0 by Lemma

2.4, with a(0) = 0 and r(0) = r0 equal to the quasiisomorphism between T = Tbc
0 and χ(y), and

the function z 7→ a(z) is an isomorphism of formal neighbourhoods. Artin’s theorem then yields a

convergent analytic solution, whose 1jet at the origin coincides with that of the formal solution, and

it follows by the inverse function theorem [Abh64, Theorem 10.10] that z 7→ a(z) is a local analytic

isomorphism.

We have an analytic family of cochain complexes over an analytic neighbourhood of y ∈ B , finite

dimensional in each degree and with acyclic fibre at z = 0, given by the mapping cones

Cone

(

homi
Qperf

(

Tbc
a(z), χ(z)

) µ2

Qperf (·, r(z))
// homi

Q

(

Tbc
a(z),T

bc
a(z)

)

)

.

Since the rank of cohomology is upper semicontinuous, for any i there exists an analytic neighbourhood

of 0 on which the degreei cohomology vanishes. It follows that there exists an analytic neighbourhood

Bε of the origin such that the cohomological unit lies in the image of µ2
Qperf (·, r(z)) for each z ∈ Bε , which

implies that Tbc
a(z) is an idempotent summand of χ(z). However, both objects are pointlike, in particular

have rank one endomorphisms in degree zero so admit no nontrivial idempotent decomposition,

therefore r(z) is a quasiisomorphism for z ∈ Bε .

Since analytic maps are continuous, the cocycle a(z) belongs to BC in some analytic neighbourhood

of z = 0. Shrinking Bε if necessary, we obtain a bounding cochain a(z) on T quasiisomorphic to Oz

for each z ∈ Bε , and this defines the required map η(z) := a(z) from Bε to BC.

6 Proof of Theorem A

6.1 Naively constructible subsets

Let Y be a polydisc or a polytope domain over a bounded convex rational polytope. We will say that a

naively constructible subset V = ∪i(Di \ Ei) in Y has codimension ≥ 1 if we may take Di 6= Y for all

i.

Lemma 6.1 Let Y be as above. If V ⊂ Y is a naively constructible subset whose intersection with an

open set (in the analytic topology) has codimension ≥ 1, then V itself has codimension ≥ 1.

Proof Suppose to the contrary that some Di = Y , with Ei 6= Y . Then V would contain a set of the

form Y \Ei where Ei is a proper analytic subvariety. It would follow that the open set could be covered

by Ei together with a countable set of proper analytic subvarieties, which is impossible.

6.2 Bounding cochains

We now consider the locus BCH ⊂ BC consisting of all a such that [Tbc
a ] is contained in the countable

subset H ⊂ K
(

F(X)perf
)

.
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Lemma 6.2 The locus BCH is naively constructible of codimension ≥ 1.

Proof We know that BCH is naively constructible by Lemma 4.3. By Lemma 1.4, the locus of points

y ∈ Bε such that [y] is contained in the corresponding subset H ⊂ CH∗(Y) is naively constructible

of codimension ≥ 1. It follows that the intersection of BCH with the image of the local isomorphism

χ : Bε → BC provided by Lemma 5.5 has the same property, and therefore that BCH has the same

property by Lemma 6.1.

6.3 Local systems

We now consider the locus LSH(A) ⊂ LS(A) consisting of all a such that [Tbc
a ] ∈ H .

Lemma 6.3 The locus LSH(A) is naively constructible of codimension ≥ 1.

Proof We know that LSH(A) is naively constructible by Lemma 4.3. The exponential map defines

an isomorphism from BCε to an open subset of LS(A), for any ε > 0. It identifies BCH with the

intersection of LSH(A) with this open subset, by Theorem 4.2. Since BCH is naively constructible of

codimension ≥ 1 by Lemma 6.2, it follows that LSH(A) is naively constructible of codimension ≥ 1

by Lemma 6.1.

6.4 Valuation image

Let P be a bounded convex rational polytope, and YP the corresponding polytope domain. Any analytic

subvariety Z ⊂ YP admits a decomposition into finitely many irreducible components, each of which

has a welldefined (Krull) dimension (see [BGR84, Section 7] for background).

The next result describes the image of an irreducible analytic subvariety of a polytope domain YP under

the valuation map val : YP → P . It dates back to [BG84] (see also [EKL06]). A proof in the present

setting follows from [Ber04, Corollary 6.2.2] (see also [Gub07, Proposition 5.4], or [Rab12, Section 8]

for the special case of an algebraic hypersurface in YP in the language of rigid analytic spaces).

Theorem 6.4 Let Z ⊂ YP be an irreducible analytic subvariety of dimension k . Then the image

val(Z) ⊂ P is a locally finite rational polyedral complex of dimension k .

We can now complete the proof of Theorem A:

Proof of Theorem A By Lemma 6.3, LSH(A) is contained in a countable union of proper analytic

subvarieties, each of which has dimension ≤ 1 by Krull’s principal ideal theorem. Therefore Theorem

6.4 implies that the image val(LSH(A)) ⊂ A is contained in a countable union of locally finite rational

polyhedral complexes of dimension ≤ 1. In particular there exists a point a ∈ A that does not lie in the

image. This means that the torus T ′ = Fa has the property that no unitary local system on T ′ defines

an object with K class lying in H . This holds in particular for the trivial local system, which completes

the proof.

7 Cobordisms and flux

In this section we describe the most basic obstructions to the existence of a cobordism, which arise

from flux. Related ideas appear in [Rez97] and [Mik, Proposition 4.6].
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7.1 Cobordism groups

Let X = (X, ω) be a closed symplectic manifold equipped with an ∞fold Maslov cover of its oriented

Lagrangian Grassmannian. We define a Lagrangian brane to be a Lagrangian submanifold L ⊂ X

equipped with a grading relative to this Maslov cover, and a spin structure.

A cobordism between Lagrangian branes L,L′ ⊂ X is a Lagrangian brane V ⊂ (C × X, ωC ⊕ ω)

which projects properly to C , and which outside a compact set coincides with the Lagrangian branes

(L′ × (−∞,−1)) ∪ (L × (1,∞)). There is an obvious notion of Lagrangian cobordism between tuples

L− = {L−
j } and L+ = {L+

k } by allowing the cobordism to have more ends at either or both of positive

and negative real infinity, or of a Lagrangian nullcobordism if one of the sets of ends is empty. See

[BC13, BC14] for background.

We let Cob(X) denote the Lagrangian (brane) cobordism group, i.e. the abelian group generated by

Lagrangian branes modulo relations from brane cobordisms. The ‘Uturn’ cobordism shows that shifting

the grading of a Lagrangian by [1] changes the sign of the corresponding class in Cob(X). (The group

Cobunob(X) appearing in the Introduction, in which relations are imposed only when they arise from

Floertheoretically unobstructed cobordisms, comes with a canonical map Cobunob(X) → Cob(X).)

Remark 7.1 A variant on the definition, introduced in [SS18], is to consider cobordisms over C∗ , i.e.

Lagrangian branes in (C∗ × X, ωC∗ ⊕ ω) which carry L± over radial halflines in a neighbourhood of

the ends of C∗ . Any cobordism over C yields a cobordism over C∗ by quotienting the plane C by a

large imaginary translation. Cylindrical cobordisms play no specific role here, but are more directly

comparable to the Chow group of 0cycles on the mirror as explained in [SS18].

Traces of Hamiltonian isotopies, and of Lagrange surgeries which respect brane structures appropriately,

both yield cobordisms. The construction extends to Morse–Bott Lagrange surgeries, i.e. surgeries along

clean intersections.

Example 7.2 Let X be a symplectic Calabi–Yau surface which contains Lagrangian spheres S, S′

which meet transversely at two points {p, q} of the same Maslov grading. There is a shift ℓ and a

graded Lagrange surgery T = S[ℓ]
p+q
−→ S′ which is a Lagrangian torus graded cobordant to S[ℓ] ⊔ S′ .

Varying the surgery parameters, one obtains a oneparameter family of Hamiltonian isotopy classes of

such tori T , all of which have the same class S[ℓ] + S′ in Cob(X).

Example 7.3 Let X be a symplectic Calabi–Yau surface which contains a Lagrangian sphere S which

meets a Lagrangian torus T cleanly in a circle γ = S ∩ T ⊂ T . There is a oneparameter family Tt

of Hamiltonian isotopy classes of Lagrangian tori obtained as the images of T by isotopies of flux tα ,

where α ∈ H1(T;R) vanishes on the class of the loop γ , which one can arrange to also meet S cleanly

in a family of parallel circles γt . The Morse–Bott Lagrange surgery of Tt and S is a Lagrangian sphere

St , whose Hamiltonian isotopy class S′ is independent of t . It follows that the oneparameter family of

tori Tt all have the same class S−S′ in Cob(X). (This example has a tropical interpretation, considering

the family of SYZ fibres lying over interior points in an edge of the tropicalization of a rational curve.)

7.2 Flux constraints

If L ⊂ X is a Lagrangian, we recall that the flux homomorphism

{small deformations of L}/Ham. isotopy
ϕL
−→ H1(L;R)
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is given by integrating the symplectic form over the cylinders swept by loops in L under the deformation.

It is an isomorphism onto a neighbourhood of the origin UL ⊂ H1(L;R): the inverse takes a class α ∈ UL

to the graph of a closed oneform representing α in de Rham cohomology, in a Weinstein neighbourhood

of L . We denote this Hamiltonian isotopy class by L(α) := ϕ−1
L (α).

Similarly, if V ⊂ C × X is a cobordism with (positive and negative) ends L = {Li}, there is a flux

homomorphism ϕV fitting into a commutative diagram

(14) {small deformations of V}/Ham. isotopy
ϕV //

��

H1(V;R)

��

{small deformations of L}/Ham. isotopy
ϕL // H1(∂V;R),

where ϕL is the direct sum of all of the flux homomorphisms ϕLi , mapping to
⊕

i

H1(Li;R) ≃ H1(∂V;R).

The only difference from the standard case of a single Lagrangian recalled above is in the construction

of the inverse to the flux homomorphism ϕV : one chooses the Weinstein neighbourhood of V , and the

closed oneforms representing classes in H1(V;R), to respect the product structure near ∂V . To prove

that the diagram (14) commutes, one observes that ωC vanishes over a neighbourhood of ∂V because

the projection of the neighbourhood to C is contained in a onedimensional subset.

Now let L = {Li} be a finite tuple of Lagrangian branes in X , and let UL :=
∏

i ULi . We consider the

map

fL : UL → Cob(X)

fL(α) :=
∑

i

Li(αi).

Note that each Hamiltonian isotopy class Li(αi) gives a welldefined element of Cob(X) because

Hamiltonianisotopic Lagrangians are cobordant.

Lemma 7.4 Let L+,L− be finite tuples of Lagrangians. Then
{(

α+, α−
)

∈ UL+ × UL− : fL+

(

α+
)

= fL−

(

α−
)}

=
⋃

V∈V

ZV,

where the indexing set V is countable, and to each V ∈ V there is associated an oriented manifold

V with oriented boundary ∂V = ∂+V ⊔ ∂−V , and an identification ∂±V ≃ ⊔iL
±
i , such that ZV is

identified with an open subset of an affine subspace parallel to im(H1(V;R) → H1(∂V;R)).

Proof We define a topological cobordism between L− and L+ to be a smooth map i : V → C × X

which is asymptotic to the Lagrangians outside a compact set (in the same way that a Lagrangian

cobordism is); we require V to be oriented, compatibly with the boundary. We say two topological

cobordisms are homotopic if they are homotopic relative to a neighbourhood of ∂V . By choosing each

UL to be simply connected, we may ensure that the set of homotopy classes V of topological cobordisms

between L− and L+ can be canonically identified with those between L−(α−) and L+(α+), for any

α± ∈ UL± . The set V of such homotopy classes is countable, by the simplicial approximation theorem.

Associated to a homotopy class of topological cobordisms is a cohomology class [i∗(ωC ⊕ ω)] ∈
H2(V, ∂V;R), whose nonvanishing obstructs the existence of a Lagrangian representative. Moving
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the ends L± of the cobordism by flux α± changes this class by the image of α± under the map

H1(∂V;R) → H2(V, ∂V;R). Applying the long exact sequence for the pair (V, ∂V), we see that the

set of fluxes α± for which the obstruction vanishes is (the intersection of UL+ × UL− with) an affine

subspace Z ′
[V] parallel to im(H1(V;R) → H1(∂V;R)).

Now, any relation
∑

i L+
i (α+

i ) =
∑

i L−
i (α−

i ) is generated by a finite set of Lagrangian cobordisms {Vj}.

Gluing the ends of the Vj together we obtain a (possibly immersed) Lagrangian cobordism V between

L−(α−) and L+(α+); thus (α+, α−) lies in the affine subspace Z ′
[V] . Furthermore, deformations of V

give rise to deformations of the Vj by restriction, so the cobordism relation can be deformed precisely

in the directions corresponding to im(H1(V;R) → H1(∂V;R)), by (14). It follows that the subset

Z[V] ⊂ Z ′
[V] represented by Lagrangian cobordism relations is open, completing the proof.

Now suppose that dim(X) = 2n. We have an nform Ω on UL , given by

(15) Ω(α1, . . . , αn) :=

∫

⊔iLi

α1 ∪ . . . ∪ αn

for αi ∈ TUL ≃ H1(⊔iLi;R). When n = 2 this is a symplectic form.

Lemma 7.5 The restriction of Ω to each of the subspaces ZV from Lemma 7.4 vanishes. When n = 2,

the subspaces ZV are furthermore Lagrangian.

Proof If αi ∈ TUL ≃ H1(∂V;R) lie in the tangent space to Z[V] , then they are the image of some

βi ∈ H1(V;R) under the restriction map H1(V;R) → H1(∂V;R) by Lemma 7.4. Thus

Ω(α1, . . . , αn) =

∫

∂V

β1 ∪ . . . ∪ βn = 0,

because [∂V] vanishes in Hn(V;R).

In the case n = 2, this means each ZV is isotropic for the symplectic form Ω . The additional fact

that the image of H1(V;R) → H1(∂V;R) is halfdimensional, and hence Lagrangian, is proved by a

wellknown argument using Poincaré–Lefschetz duality.

7.3 Infinitedimensionality

We use the results of the previous section to analyse the fibres of the maps fL : UL → Cob(X).

Lemma 7.6 Let L be a finite tuple of Lagrangian branes. Then for any z ∈ Cob(X) we have

f−1
L (z) =

⋃

V

KV

where the union is countable, and each KV is an open subset of an affine subspace on which Ω vanishes.

Proof It is immediate from Lemma 7.4 that

f−1
L (fL(α)) ≃

⋃

V

KV

where KV := ZV ∩
(

UL × {α}
)

⊂ UL . Furthermore, Ω vanishes on each ZV ⊂ UL × UL by Lemma

7.5, and hence on its intersection with UL × {α}.
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Remark 7.7 Examples 7.2 and 7.3 exhibit onedimensional families of Lagrangian tori in symplectic

K3 surfaces, whose class in Cob(X) is constant. On the other hand, the n = 2 case of Lemma 7.6

shows that there is no twodimensional family of Lagrangian tori whose class in Cob(X) is constant,

because an isotropic subspace is at most halfdimensional.

For the next Corollary, we will apply Lemma 7.6 in the case that L = {L} is a singleton, so UL =

UL ⊂ H1(L;R) is a neighbourhood of 0 ∈ H1(L;R). Note that if L is a torus or an oriented surface of

strictly positive genus, then the nform Ω defined in (15) is nonvanishing on UL .

Corollary 7.8 Let {Li} be a countable set of Lagrangian branes, and L a Lagrangian brane such that

Ω is nonvanishing on UL . Then there is a deformation L′ of L whose class in Cob(X) is not generated

by the {Li}.

Proof Note that any subspace of UL on which Ω vanishes must have positive codimension, and UL

cannot be covered by a countable set of such subspaces. Since the set of classes in Cob(X) generated

by the set {Li} is countable, the result follows immediately from Lemma 7.6.

Corollary 7.8 shows that, if X contains a Lagrangian brane L as in the statement, then Cob(X) is not

countably generated. When X is four dimensional, this simply means that L contains a Lagrangian of

genus ≥ 1. In fact the following result shows that in this case, Cob(X) is not even ‘finitedimensional’:

Lemma 7.9 Suppose X is four dimensional, and contains a Lagrangian brane L of genus ≥ 1. Then

Cob(X) cannot be covered by the images of maps fLi , for any countable set of finite tuples {Li} such

that the dimensions of the ULi are bounded above.

Proof Suppose to the contrary that Cob(X) is covered by the images of such maps fLi ; then in

particular, im(fL+ ) is covered by these images for any L+ . This implies that the projections of the

sets ∪ViZVi ⊂ UL+ × ULi from Lemma 7.4 to UL+ cover all of UL+ . Since there are countably many

ZVi , and they are Lagrangian and in particular halfdimensional by Lemma 7.5, this can only be true

if dim(UL+ ) ≤ dim(ULi ) for some i. However the dimension of UL+ can be made arbitrarily large

by taking sufficiently many copies of L , so we have a contradiction to the bound on the dimension of

ULi .

Remark 7.10 In the loose analogy between cobordism and Chow groups, Lemma 7.9 is mirror to

Mumford’s theorem [Mum68] that CH0(S) is infinite dimensional for a K3 surface S over Λ . Our

proof bears striking similarities with Mumford’s, both obtaining a dimension bound from the isotropic

condition.

Remark 7.11 Observe that there are countably many Hamiltonian isotopy classes of Lagrangian

spheres in any symplectic manifold of dimension ≥ 4. Thus Corollary 7.8 shows that for any Lagrangian

L as in the statement, there exists a deformation L′ of L which is not generated by Lagrangian spheres.

In fact, Corollary 7.8 can be strengthened to show there exists a deformation L′ , no nonzero multiple

of which is generated by the Li ; so there exists a deformation L′ , no nonzero multiple of which is

generated by Lagrangian spheres. We mention this slight strengthening because of the relationship

with the categorical characterisation of the Beauville–Voisin subring as the saturation of the subgroup

generated by spherical objects, cf. Section 1.2.
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8 The O’Grady filtration

Let Y be an algebraic K3 surface over C . There is a filtration

Z · cY = S0(Y) ⊂ S1(Y) ⊂ · · · ⊂ Sg(Y) ⊂ · · · ⊂ CH0(Y),

introduced by O’Grady [O’G13] and further studied in [Voi15], with lowestorder part generated by

the Beauville–Voisin class cY (see Section 1.2). In this final section we discuss a possible symplectic

counterpart. Recall from the Introduction that Z · cY ⊂ S(Y) ⊂ K(Y) lies in the saturation of the group

generated by spherical objects, so one expects the mirror to S0(Y) to involve Lagrangians (a multiple

of) whose cobordism class is generated by Lagrangian spheres.

8.1 Configurations in symmetric products

Let Y be an algebraic K3 surface over C . By definition, O’Grady sets

Sg(Y) :=
{

z ∈ CH0(Y) | z = z′ + acY , with z′ effective of degree g and a ∈ Z
}

.

This has a number of equivalent and more geometric characterisations; for instance O’Grady proves that

Sg(Y) comprises the cycles z ∈ CH0(Y) for which there is some curve C ⊂ Y with normalisation C+ ,

with the sum of genera of components of C+ being at most g, and with z ∈ Im(CH0(C) → CH0(Y))

(see [O’G13, Corollary 1.7] and [Voi15, Proposition 2.7]).

Voisin [Voi15] has given another characterisation of the induced finite filtration

Sk
0(Y) ⊂ Sk

1(Y) ⊂ Sk
2(Y) ⊂ · · · ⊂ Sk

k(Y) ⊂ CH0(Y) ∩ deg−1(k),

where deg : CH0(Y) → Z is the degree homomorphism and k ≥ 0. Let

Zk(Y, z) :=
{

(x1, . . . , xk) ∈ Symk(Y) |
∑

[xi] = z ∈ CH0(Y)
}

be the orbit of the 0cycle z under rational equivalence; this is a union of algebraic subsets, and its

dimension is by definition the supremum of the dimensions of its irreducible components. Mumford

[Mum68] showed the components of Zk(Y, z) to be isotropic for the holomorphic symplectic form

induced on (the smooth locus of) the symmetric product by the holomorphic symplectic form on Y ,

hence of dimension ≤ k .

Theorem 8.1 (Voisin) For g ≤ k ,

Sk
g(Y) =

{

z ∈ CH0(Y) ∩ deg−1(k) | Zk(Y, z) 6= ∅, dim(Zk(Y, z)) ≥ k − g
}

.

In particular, Zk(Y, z) is Lagrangian if and only if z = k · cY .

The dimension constraint dim(Zk(Y, z)) ≤ k , arising from the isotropic condition, is analogous to

Lemma 7.6. Thus it is natural to wonder if Theorem 8.1 has a similar analogue.

8.2 Target genus of a cobordism

Fix a symplectic K3 surface X containing a Maslovzero Lagrangian torus L , and let U := UL . For any

k ∈ Z>0 , let Lk := {k copies of L}, so ULk = U k . For z ∈ Cob(X) we define

Zk(X, z) := f−1
Lk (z),

which is an isotropic subset of U k and therefore has dimension ≤ k , by Lemma 7.6.
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Remark 8.2 In view of Theorem 8.1, and the fact that Z · cY lies in the saturation of the subgroup

generated by spherical objects, it is natural to ask if dim(Zk(X, z)) = k if and only if some multiple of z

is generated by Lagrangian spheres. Note that Examples 7.2 and 7.3 give oneparameter families of tori

with constant class in Cob(X), so dim(Z1(X, z)) = 1; in both of these examples the tori are generated

by Lagrangian spheres by construction.

Let Cobk(X,U ) ⊂ Cob(X) denote the image of fLk . We define a filtration by minimal possible “target

genus” of a cobordism with given input:

Cobk(X,U )g := {ktuples which are cobordant to a union of Lagrangians of total genus ≤ g} .

Then

Cobk(X,U )0 ⊂ Cobk(X,U )1 ⊂ Cobk(X,U )2 ⊂ · · · ⊂ Cobk(X,U )k = Cobk(X,U ),

and the lowest order piece Cobk(X,U )0 comprises exactly the ktuples of elements of U whose sum is

generated by Lagrangian spheres. This filtration should be compared with [SY17, Speculation 0.1 (b)].

Lemma 8.3 If z ∈ Cobk(X,U )g , then Zk(X, z) has dimension ≥ k − g.

Proof Let z =
∑

i Li where Li have total genus g. Setting L− = {Li} and L+ = Lk , we have

Zk(X, z) = f−1
L+ (fL−(0)) .

Lemma 7.5 then implies that Zk(X, z) is the intersection of a countable union of subsets ZV ⊂ UL−×UL+

(which are Lagrangian, hence of dimension g + k) with the subset {0} × U k (which has codimension

2g). Therefore it has dimension at least g + k − 2g = k − g.

Suppose now that we have a homological mirror equivalence F(X)perf ≃ D(Y) with an algebraic K3

surface Y over Λ , taking T to Oy . Suppose furthermore that the O’Grady filtration is welldefined and

satisfies the previously discussed properties for Y , even though it is defined over Λ rather than C . Then

we expect that Cobunob,k(X,U )g corresponds, under mirror symmetry, to a subset of Sk
g(Y). In light of

Theorem 8.1, Lemma 8.3 provides some modest evidence for this expectation.

However it is also clear that Cobunob,k(X,U )g needs to be enlarged in order to be mirror to all of Sk
g(Y).

For example, the pieces Sg(Y) of the O’Grady filtration are invariant under multiplication by Z [O’G13,

Corollary 1.7]. The filtration Cobk(X,U )g introduced above need not have this property (for example,

there exist symplectic K3 surfaces X which contain Maslovzero Lagrangian tori, but only in primitive

homology classes [SS17b], in which case it is clear that k · Cob1
1 6⊆ Cobk

1 for any k > 0). The most

naive modification would be to allow repeated copies of the same Lagrangian to only contribute once

to the total genus; however the proof of Lemma 8.3 would become much harder with this modified

version and we will not pursue it further.

A The Beauville–Voisin ring and spherical objects

Let Y be an algebraic K3 surface over an algebraically closed field K of characteristic zero, R(Y) ⊂
CH∗(Y) the Beauville–Voisin subring, and S(Y) ⊂ CH∗(Y) the subgroup generated by Mukai vectors

of spherical objects in D(Y). The aim of this appendix is to prove the following:

Theorem A.1 The subgroup R(Y) ⊂ CH∗(Y) is the saturation of the subgroup S(Y) ⊂ CH∗(Y).
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(We recall that a subgroup A of an abelian group B is saturated if the quotient B/A is torsion free, and

the saturation Asat of a subgroup A is the smallest saturated subgroup containing A .)

The hard part of the proof is to show that S(Y) ⊂ R(Y), which was proved by Huybrechts and Voisin

[Huy10, Voi15]. To finish the proof, we start by showing:

Lemma A.2 The subgroup R(Y) ⊂ CH∗(Y) is saturated.

Proof Observe that the inclusion Z · cY ⊂ CH0(Y) is split by the degree map, and this induces a

splitting of the inclusion of the Beauville–Voisin ring R(Y) ⊂ CH∗(Y):

CH∗(Y) ≃ R(Y) ⊕ CH0(Y)hom.

The result now follows from the fact that CH0(Y)hom is torsion free [Roj80, Blo79].

The proof of Theorem A.1 is now completed by the following:

Lemma A.3 The saturation of S(Y) ⊂ R(Y) is all of R(Y).

Proof We equip CH∗(Y) with the Mukai pairing, which has the property that

(16) χ(E,F) = −〈vCH(E), vCH(F)〉

for objects E,F of D(Y) (see [Huy16, Chapter 9]). It is clear from (16) that the Mukai vector vCH(E)

of a spherical object E has square −2, and we know that it lies in R(Y) by the aforementioned result

of Huybrechts and Voisin.

In fact conversely, every element of R(Y) of square −2 is the Mukai vector of a spherical object: this

follows for K = C by a result of Kuleshov [Kul89], and thus for general K by the Lefschetz principle.

In particular the subgroup S(Y) ⊂ R(Y) is generated by the elements of square −2. Observing that

R(Y) ≃ U ⊕ Pic(Y) where U denotes the hyperbolic lattice
(

0 1
1 0

)

, the result now follows from Lemma

A.4 below.

Lemma A.4 Let L be a lattice with nonzero pairing, and S ⊂ U ⊕ L the sublattice spanned by

elements of square −2. Then the saturation of S ⊂ U ⊕ L is all of U ⊕ L .

Proof For any ℓ ∈ L , the class (1, (−ℓ2 −2)/2, ℓ) has square −2 so lies in S. Subtracting (1,−1, 0) ∈
S, we see that (0,−ℓ2/2, ℓ) ∈ S. It follows that

(0,−m2ℓ2/2,mℓ) − m · (0,−ℓ2/2, ℓ) = (m − m2) · ℓ2/2 · (0, 1, 0) ∈ S.

We may choose (m − m2) · ℓ2/2 6= 0, so (0, 1, 0) ∈ Ssat . Similarly (1, 0, 0) ∈ Ssat . Subtracting

appropriate multiples of these classes from (1, (−ℓ2 − 2)/2, ℓ) shows that (0, 0, ℓ) ∈ Ssat , so Ssat =

U ⊕ L .

We conclude with an example, showing that the inclusion S(Y) ⊂ R(Y) may be strict:

Example A.5 If L = 〈2n〉 where n 6≡ 3 (4), then the class (1, 0, 0) ∈ U ⊕ L does not lie in S.

Proof Let (a, b, c) be a class of square −2, so ab+nc2 = −1. If n is even, this implies a+b ≡ 0 (2);

if n ≡ 1 (4), this implies a + b + c ≡ 0 (2); hence the same is true of any element of S. Since (1, 0, 0)

does not satisfy either of these equations it cannot lie in S.

Remark A.6 Example A.5 shows that if Pic(Y) ≃ 〈2n〉 with n 6≡ 3(4), then the Beauville–Voisin

class cY is not spanned by Mukai vectors of spherical objects. This implies that on the mirror, the

homology class of a fibre of the SYZ fibration is not spanned by Lagrangian spheres.



Rational equivalence and Lagrangian tori on K3 surfaces 29

References

[Abh64] Shreeram Shankar Abhyankar, Local analytic geometry, Pure and Applied Mathematics, Vol. XIV,

Academic Press, New YorkLondon, 1964. MR 0175897

[Abo14] Mohammed Abouzaid, Family Floer cohomology and mirror symmetry, Proceedings of the Interna

tional Congress of Mathematicians—Seoul 2014. Vol. II, Kyung Moon Sa, Seoul, 2014, pp. 813–836.

MR 3728639

[Art68] M. Artin, On the solutions of analytic equations, Invent. Math. 5 (1968), 277–291. MR 0232018

[BC13] Paul Biran and Octav Cornea, Lagrangian cobordism. I, J. Amer. Math. Soc. 26 (2013), no. 2, 295–340.

MR 3011416

[BC14] , Lagrangian cobordism and Fukaya categories, Geom. Funct. Anal. 24 (2014), no. 6, 1731–

1830. MR 3283928

[Ber04] Vladimir G. Berkovich, Smooth padic analytic spaces are locally contractible. II, Geometric aspects

of Dwork theory. Vol. I, II, Walter de Gruyter, Berlin, 2004, pp. 293–370. MR 2023293

[BG84] Robert Bieri and John R. J. Groves, The geometry of the set of characters induced by valuations, J.

Reine Angew. Math. 347 (1984), 168–195. MR 733052

[BGR84] S. Bosch, U. Güntzer, and R. Remmert, NonArchimedean analysis, Grundlehren der Mathematischen

Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 261, SpringerVerlag, Berlin,

1984, A systematic approach to rigid analytic geometry. MR 746961

[Blo79] Spencer Bloch, Torsion algebraic cycles and a theorem of Roitman, Compositio Math. 39 (1979), no. 1,

107–127. MR 539002

[BV04] Arnaud Beauville and Claire Voisin, On the Chow ring of a K3 surface, J. Algebraic Geom. 13 (2004),

no. 3, 417–426. MR 2047674

[EKL06] Manfred Einsiedler, Mikhail Kapranov, and Douglas Lind, NonArchimedean amoebas and tropical

varieties, J. Reine Angew. Math. 601 (2006), 139–157. MR 2289207

[ELO09] Alexander I. Efimov, Valery A. Lunts, and Dmitri O. Orlov, Deformation theory of objects in homotopy

and derived categories. I. General theory, Adv. Math. 222 (2009), no. 2, 359–401. MR 2538013

[ELO10] , Deformation theory of objects in homotopy and derived categories. II. Prorepresentability

of the deformation functor, Adv. Math. 224 (2010), no. 1, 45–102. MR 2600992

[ELO11] , Deformation theory of objects in homotopy and derived categories III: Abelian categories,

Adv. Math. 226 (2011), no. 5, 3857–3911. MR 2770436

[FOOO09] K. Fukaya, Y.G. Oh, H. Ohta, and K. Ono, Lagrangian intersection Floer theory: anomaly and

obstruction. Part I, AMS/IP Studies in Advanced Mathematics, vol. 46, American Mathematical Society,

Providence, RI; International Press, Somerville, MA, 2009. MR 2553465 (2011c:53217)

[Fuk03] Kenji Fukaya, Deformation theory, homological algebra and mirror symmetry, Geometry and physics

of branes (Como, 2001), Ser. High Energy Phys. Cosmol. Gravit., IOP, Bristol, 2003, pp. 121–209. MR

1950958

[Fuk10] , Cyclic symmetry and adic convergence in Lagrangian Floer theory, Kyoto J. Math. 50 (2010),

no. 3, 521–590. MR 2723862

[Gan13] Sheel Ganatra, Symplectic Cohomology and Duality for the Wrapped Fukaya Category, Preprint,

available at arXiv:1304.7312, 2013.

[Gub07] Walter Gubler, Tropical varieties for nonArchimedean analytic spaces, Invent. Math. 169 (2007),

no. 2, 321–376. MR 2318559

[Hau15] Luis Haug, The Lagrangian cobordism group of T2 , Selecta Math. (N.S.) 21 (2015), no. 3, 1021–1069.

MR 3366925



30 Sheridan and Smith

[Huy10] Daniel Huybrechts, Chow groups of K3 surfaces and spherical objects, J. Eur. Math. Soc. (JEMS) 12

(2010), no. 6, 1533–1551. MR 2734351

[Huy16] , Lectures on K3 surfaces, Cambridge Studies in Advanced Mathematics, vol. 158, Cambridge

University Press, Cambridge, 2016. MR 3586372

[Kul89] Sergej A. Kuleshov, A theorem on the existence of exceptional bundles on surfaces of type K3, Izv.

Akad. Nauk SSSR Ser. Mat. 53 (1989), no. 2, 363–378. MR 998301

[Mik] Grigory Mikhalkin, Examples of tropicaltolagrangian correspondence, Preprint, available at

arXiv:1802.06473.

[Mum68] D. Mumford, Rational equivalence of 0cycles on surfaces, J. Math. Kyoto Univ. 9 (1968), 195–204.

MR 0249428

[O’G13] Kieran G. O’Grady, Moduli of sheaves and the Chow group of K3 surfaces, J. Math. Pures Appl. (9)

100 (2013), no. 5, 701–718. MR 3115830

[Rab12] Joseph Rabinoff, Tropical analytic geometry, Newton polygons, and tropical intersections, Adv. Math.

229 (2012), no. 6, 3192–3255. MR 2900439

[Rez97] Alexander G. Reznikov, Characteristic classes in symplectic topology, Selecta Math. (N.S.) 3 (1997),

no. 4, 601–642, Appendix D by Ludmil Katzarkov. MR 1613528

[Roj80] A. A. Rojtman, The torsion of the group of 0cycles modulo rational equivalence, Ann. of Math. (2)

111 (1980), no. 3, 553–569. MR 577137

[Sei08a] Paul Seidel, A∞ subalgebras and natural transformations, Homology Homotopy Appl. 10 (2008),

no. 2, 83–114. MR 2426130

[Sei08b] , Fukaya categories and Picard–Lefschetz theory, Zurich Lectures in Advanced Mathematics,

European Mathematical Society, Zürich, 2008. MR 2441780
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