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Abstract

We introduce a noncooperative coalitional bargaining model, in which
each player can buy out other players with upfront transfers. The model
enables us to investigate players’ strategic alliance behavior and gradual
agreement phenomena. The main theorem characterizes conditions for a
strategic delay: If there is both a strict subcoalition with a strictly positive
worth and a player with a strictly positive marginal contribution to the
grand-coalition, then forming an efficient coalition is delayed with positive
probability for a sufficiently high discount factor. Two special results are
established. First, in a general transferable utility environment, a grand-
coalition equilibrium is impossible when players are sufficiently patient, un-
less it is a unanimity game. Second, in legislative bargaining, allowing vote
buying causes a non-minimal winning coalition, if both a veto player and a
non-veto player coexist. As an application, we characterize an equilibrium
payoff vector in three-player simple games.
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1 Introduction

When three or more players bargain over their joint surplus, an intermediate

subcoalition occasionally forms though it is inefficient. Rather than immediately

forming an efficient coalition, players may increase their bargaining power by form-

ing an inefficient coalition as a transitional state. In wage bargaining, for instance,

workers form a labor union even though the union itself produces nothing. Simi-

larly, in legislative bargaining, minor parties form a coalition though the coalition

is still minor. In most of coalitional bargaining models, however, an efficient coali-

tion tends to form immediately.

To investigate players’ strategic alliance behavior and gradual agreement phe-

nomena, we introduce a new noncooperative bargaining model in which a player

can buy out other players’ resources and rights. In practice, such a transaction

among players appears in various forms in many societies, economies, and orga-

nizations. For simple game1 environments, vote buying in legislatures, unifying

candidates in elections, logrolling among political parties, and proxy voting for cor-

porate control and takeover battles are some examples. For general transferable

utility environments, as in Gul (1989), we interpret a transaction among players

1In a simple game, each coalition is either all-powerful, called a winning coalition, or com-
pletely ineffectual. Simple games are introduced by von Neumann and Morgenstern (1944). See
Shapley (1962) for mathematical properties of simple games.
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as a coalition formation. That is, a player who buys out some other players forms

a coalition with them and controls the coalition thereafter.

Given a transferable utility environment, which is represented by a character-

istic function defined on the set of possible coalitions, a noncooperative coalitional

bargaining game proceeds as follows in discrete time. In each period, a proposer

is randomly selected. The proposer makes an offer specifying a coalition to bar-

gain with and monetary transfers to each member in the proposed coalition. If

all the members in the coalition accept the offer, then the proposer inherits other

respondents’ resources and rights and controls the coalition thereafter. If any of

the respondents rejects the offer, then it dissolves without changing the coalitional

state. At the end of each period, each remaining player derives a per-period payoff

from her coalition according to the given characteristic function. We assume that

all the players have a common discount factor.

Vote Buying in Legislatures – A Motivating Example

As an example, consider a voting game with three parties: One big party has two

votes, and two small parties have one vote apiece. They are supposed to divide

a dollar by supermajority rule, that is, at least three votes are needed to pass

a certain division. In the existing noncooperative legislative bargaining model,

for instance, Baron and Ferejohn (1989) and Winter (1996), a randomly selected

proposer proposes a division of the dollar, and then all the parties vote for the

proposal. Since the big party’s agreement is essential to implement any division,

the small parties must compete with each other to attract the big party, but they

have no reason to cooperate. Due to the lack of strategic alliances, it turns out

the big party takes all the surplus as the discount factor converges to 1 in any

stationary subgame perfect equilibrium.

In order to model strategic alliance behaviors, we allow vote buying. Suppose

a party who obtains more than three votes wins a dollar. Now small parties may

want to buy out each other’s vote and form an intermediate coalition, rather than

directly bargaining with the big party. Once the small parties form a coalition,

the coalition with two votes and the big party play a standard two-player bargain-

ing game, in which the small parties get a substantial amount of payoff. Thus, if

the discount factor is greater than a certain level, each small party plays a mixed

strategy in any stationary subgame perfect equilibrium: with some positive prob-

ability, a small player buys out the big party and the game ends immediately; but

with some other positive probability small parties form a coalition. That is, they
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not only compete but also cooperate with each other. In this particular example,

if each party is recognized as a proposer proportionally to its votes, then the pay-

off in any stationary subgame perfect equilibrium coincides to the Shapley value,

(2
3
, 1

6
, 1

6
), as the discount factor converges to 1.

Through this paper, we extend the idea of vote buying to general transferable

utility environments. Then we characterize conditions for a delay and investigate

the effect of allowing strategic alliances both on efficiency and equality. The equi-

librium payoff vector is also compared to some well-known cooperative solution

concepts.

Delay and Inefficiency – Main Results

When players have buyout options, they not only consider the surplus from the

current coalition, but also take into account their future bargaining power in the

subsequent game. This additional strategic consideration may hinder efficiency.

Our main theorem shows that an efficient equilibrium is generically impossible

when players are sufficiently patient. Suppose a characteristic function form game

has the following two properties: 1) it is not a unanimity game, that is, there is a

strict subcoalition that generates a strictly positive worth, and 2) it has an essen-

tial player, that is, at least one player has a strictly positive marginal contribution

to the grand-coalition. Then the corresponding noncooperative bargaining game

has no efficient stationary subgame perfect equilibrium if the discount factor is

sufficiently high.

The source of inefficiency is strategic delay in forming an efficient coalition.

In any equilibrium, at least one player forms an inefficient coalition with pos-

itive probability as an intermediate bargaining step. Strategic delay has been

a central issue in bargaining literature. Under incomplete information, delay in

equilibrium is common even in a two-player bargaining game2, but we assume

complete information. Under complete information, Chatterjee et al. (1993) and

Cai (2000) provided examples of a delayed equilibrium, rely on a specific charac-

teristic function or a restrictive bargaining protocol, while our model shows that

delay generically occurs. Gomes (2005) investigated delay in a partition function

form game with externalities, but our result does not rely on explicit externalities.

In our model, inefficiency emerges when the discount factor is sufficiently high

but strictly less than 1. If the discount factor is very low so that each player only

2For instance, Myerson (1997), Abreu and Gul (2000), and Compte and Jehiel (2002) among
many.
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considers the current payoff and does not take into account the future bargaining

power, then a proposer immediately forms an efficient coalition and each respon-

dent accepts any offer. On the other hand, as the discount factor converges to 1,

delay is more likely to occur, but it becomes less and less costly. Since an efficient

coalition eventually forms within finite periods, an equilibrium is asymptotically

efficient so that inefficiency disappears as the discount factor converges to 1.

As a first special case, the main theorem establishes an impossibility result

of a grand-coalition equilibrium. That is, for any transferable utility game other

than a unanimity game, a strict subcoalition forms with positive probability if the

discount factor is sufficiently high. This shows the pervasiveness of gradualism in

coalition formation. Recall that in standard coalitional bargaining models includ-

ing Chatterjee et al. (1993) and Okada (1996), the grand-coalition always forms

immediately for a sufficiently high discount factor, if the grand-coalition has the

largest per-capita worth among all coalitions.3 Our main result implies, however,

a grand-coalition equilibrium is impossible when each player has a buyout option,

no matter how large the worth of the grand-coalition is, as long as there is a strict

subcoalition whose worth is strictly positive.

One of the novel aspects of our model is allowing multiple efficient coalitions.

If a grand-coalition is the unique efficient coalition, then an efficient equilibrium

must be a grand-coalition equilibrium. However, when there is a strict subcoalition

that generates a surplus as much as the grand-coalition does, the grand-coalition

may not form even in an efficient equilibrium. In such cases, the existence of

an essential player is a necessary condition for delay in an equilibrium. For any

characteristic function form game with an essential player and multiple efficient

coalitions, if the discount factor is sufficiently high, then at least one player forms

an inefficient coalition with positive probability and hence an efficient equilibrium

is impossible.

The most well-known and practically important class of characteristic function

form games with multiple efficient coalitions is a set of simple games. As a second

special result, we investigate players’ strategic alliance behavior in simple games.

For a simple game with a veto player, a non-winning coalition may form as a

transitional state and the final winning coalition is not necessarily minimal, unless

all the players are veto. However, in most of noncooperative legislative bargain-

ing models, including Baron and Ferejohn (1989), Winter (1996), Montero (2002),

Morelli and Montero (2003), Montero (2006) and Montero and Vidal-Puga (2011),

3Also see Proposition 12 in Ray and Vohra (2013).
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only a minimal winning coalition occurs in stationary subgame perfect equilibria.4

Bargaining with Buyout – Literature

The notion of buyout in multi-player bargaining is introduced by Gul (1989).5 In

his model, however, a player cannot choose the partners to bargain with and her

strategic decision is limited on splitting the joint surplus in a randomly selected

bilateral meeting. As Hart and Mas-Colell (1996) pointed out, a random-meeting-

model does not entirely capture players’ strategic behavior. We allow players to

strategically choose their bargaining partners instead of imposing random meet-

ings.

Vote buying has been studied in formal theory of political economics to explain

the prevalence of non-minimal winning coalitions in practice, for instance, Grose-

close and Snyder Jr (1996); Banks (2000); Dal Bo (2007); Dekel et al. (2008, 2009)

among many. In those models, however, only two lobbyists or parties compete

with each other to buy non-strategic voters in a specific political environment. To

the best of our knowledge, our model is the first attempt to allow vote buying

in an abstract legislative bargaining model like Baron and Ferejohn (1989). Our

model also provides a general occurrence of non-minimal winning coalitions as a

special result for simple games.

Strategic decision on coalition formation has been widely studied in the nonco-

operative coalitional bargaining literature. In most of the models, each player has

at most one chance to form a coalition. For instance, Selten (1981) and Compte

and Jehiel (2010) assume one-stage property, that is, the game is terminated right

after any coalition formation. Other models, including Chatterjee et al. (1993)

and Okada (1996, 2011), assume exclusion property ; once players form a coalition,

all the players in the coalition must exit the game and they are excluded in fur-

ther bargaining. In such environments, when a player chooses bargaining partners,

she only concerns the surplus from the current coalition, but not the coalitional

structure induced by the coalition formation.

Our model is close to Seidmann and Winter (1998), Okada (2000), and Gomes

(2005), which allow renegotiations in coalitional bargaining. In Seidmann and

Winter (1998) a rejector becomes a proposer in the subsequent period; while in

4In our model, a winning coalition may always form immediately if there is no veto player.
For instance, in an apex game or a simple majority game, players may not exercise buyout
options in equilibrium.

5Krishna and Serrano (1996) also use the notion of buyout to refine a unique subgame perfect
equilibrium in unanimity games.
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our model a proposer is randomly selected in each period. Okada (2000) assumes

that, once a subcoalition forms, any other disjoint subcoalition cannot form and

the subsequent bargaining is limited to a renegotiation with the previously formed

coalition. Gomes (2005) developed a coalitional bargaining model for environ-

ments with externalities. Compared to them, our contribution is to allow multiple

efficient coalitions.6 Allowing multiple efficient coalitions is technically involved,

but practically important particularly for legislative bargaining and political party

formation.7

The paper is organized as follows. Section 2 describes a noncooperative coali-

tional bargaining model with buyout options. Section 3 provides formal descrip-

tions of the noncooperative coalitional bargaining model and fundamental results

on stationary subgame perfect equilibria. Section 4 characterizes a condition on

coalitional structure for efficient equilibria. In Section 5, we apply the result to

simple games and characterize the equilibrium payoff vector in three-player sim-

ple games. Section 6 studies an alternative environment, in which players cannot

trade their chances of being a proposer.

2 A Model

2.1 An Environment

Let N be a set of players and v : 2N \ {∅} → RN
+ be a characteristic function.

A tuple (N, v) is an underlying characteristic function form game, or shortly an

underlying game.8 We assume that (N, v) is zero-normalized, essential, and super-

additive that is, v({i}) = 0 for all i ∈ N ; v(N) > 0; and v(S ∪ S ′) ≥ v(S) + v(S ′)

for all S, S ′ ⊆ N such that S ∩ S ′ = ∅. Define v̄ = maxS⊆N v(S), then, due to

superadditivity, v̄ = v(N). An underlying game (N, v) is a unanimity game if

v(S) = 0 for all S ( N and v(N) > 0.

6Seidmann and Winter (1998) assumed semi-strict superadditivity, which is the weakest as-
sumption to imply that a grand-coalition is the unique efficient coalition. Okada (2000) assumed
that one and only one profitable coalition can form. Gomes (2005) also limited his analysis on
a grand-coalition equilibrium in a participation function form game.

7Hyndman and Ray (2007) allow both multiple efficient coalitions and ongoing renegotiation
in real-time framework. To the best of our knowledge, this paper is the first attempt in discrete-
time framework.

8We follows Gul (1989)’s interpretation. Each player initially has a specific resource. Each
coalition represents a combination of resources that initially belong to the players in the coalition
which generates a flow of surplus according to the characteristic function.
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Given (N, v), a coalition S ⊆ N is efficient if v(S) = v̄. Let E be a set of

efficient coalitions.9 A player i ∈ N is essential if v(S) < v̄ for any S ⊆ N\{i}. Let

K be a set of essential players. It is easy to see K = ∩E = {k ∈ N | v(N \{k}) <
v̄}, that is a player is essential if and only if her marginal contribution to the

grandcoalition is strictly positive. Note also that N = K ⇐⇒ E = {N}.
A (coalitional) state π specifies a set of active players Nπ and a partition

{Si}i∈Nπ of N such that Si ∩ Nπ = {i}, representing a distribution of resources.

Abusing notation, π also refers the partition in the state. Let [i]π be a player

i’s partition block in π. Denote π◦ by the initial state, that is, Nπ◦ = N and

[i]π◦ = {i} for all i ∈ N . A state π is efficient if
∑

i∈Nπ v([i]π) = v(N). That is,

in any efficient state, there is no unrealized surplus. Let Π be a set of all states.

For each π ∈ Π and i ∈ Nπ, denote Nπ
i = {S ⊆ Nπ | i ∈ S}. For each

π ∈ Π, i ∈ Nπ, and S ⊆ Nπ
i , player i’s S-formation, or (i, S) formation, yields a

subsequent state π(i, S), where Nπ(i,S) = (Nπ \ S) ∪ {i}, [i]π(i,S) = ∪k∈S[k]π, and

[j]π(i,S) = [j]π for all j ∈ Nπ \ S. For each (π′, π) ∈ Π× Π, π′ succeeds π, if there

exists a sequence of formations {(i`, S`)}L`=1 such that π′ = π(i1, S1) · · · (iL, SL);

i1 ∈ Nπ and S1 ⊆ Nπ
i1

; and i` ∈ Nπ(i1,S1)···(i`−1,S`−1) and S` ⊆ N
π(i1,S1)···(i`−1,S`−1)
i`

for

all ` = 2, · · · , L. Given π ∈ Π, let Π|π be a set of succeeding states of π.

2.2 A Noncooperative Game

A noncooperative coalitional bargaining game, or shortly, a bargaining game is a

tuple Γ = (N, v, p, δ), where p ∈ R|N |++ is the initial recognition probability with∑
i∈N pi = 1, and 0 < δ < 1 is the common discount factor. For each π ∈ Π, we

define the induced recognition probability pπ in the following way:

pπi =

{∑
j∈[i]π

pj if i ∈ Nπ

0 otherwise.
(1)

That is, if a player forms a coalition, then the player takes other players’ recogni-

tion probabilities as well.10

A bargaining game proceeds as follows. In each period t = 1, 2, · · · , they begins

with the previous state πt−1. If πt−1 is an efficient state, then only a production

stage occurs without bargaining stages and hence πt = πt−1. Otherwise, the period

consists of three bargaining stages and one production stage. Each stage is defined

as follows:

9We omit (N, v) when there is no danger of confusion.
10This is a generalization of the partnership game in Gul (1989).
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i) Recognition: Nature selects a player i ∈ Nπt−1
as a proposer with probability

pπ
t−1

i .

ii) Proposal: The proposer i chooses a pair (S, y) of a coalition S ⊆ Nπt−1

i and

monetary transfers {yj}j∈S with
∑

j∈S yj = 0.

iii) Response: By a given order, each respondent j ∈ S \ {i} sequentially either

accepts the offer or rejects it. If any j ∈ S \ {i} rejects then the current state

does not change and hence πt = πt−1. If all j ∈ S \ {i} accept the offer, then

the current state transitions to πt = πt−1(i, S), that is, each j ∈ S \{i} leaves

the game with receiving yj from the proposer i.

iv) Production: Each partition block generates a surplus to the owner. That is,

each active player i ∈ Nπt derives (1− δ)v([i]πt).
11

Given a sequence of states π̃ = {πt}∞t=0 and a sequence of transfers among

players ỹ = {yt}∞t=0, player i’s discounted sum of payoffs is

Ui(π̃, ỹ) =
∞∑
t=1

δt−1
(
(1− δ)v([i]πt) + yti

)
1(i ∈ Nπt).

When there is no danger of confusion, we omit π◦ in notations, for instance,

Nπ◦(i,S) = N (i,S), pπ
◦(i,S) = p(i,S), and so on. For notational simplicity, for any

z ∈ Rn and S ⊆ N , denote zS =
∑

j∈S zj. For a characteristic function v, denote

vi = v({i}) and vS =
∑

i∈S vi.

3 Stationary Subgame Perfect Equilibria

A player’s strategy is stationary if it does not depend on the histories of past

periods. Note that even in the class of stationary strategies, players’ decision may

depend on the current state and within-period histories, which involve the identity

of the proposer, the proposed coalition, preceding respondents’ reactions, and so

on.

Our equilibrium concept is a stationary subgame perfect equilibrium (SSPE).

An SSPE consists of each player’s stationary strategy, which is the player’s best

response to other players’ strategies in every subgames. It is worth mentioning that

in an SSPE each player has no incentive to play any other strategies including even

11The coefficient 1− δ normalizes the discounted sum of streams of surplus. Thus, a coalition
S generates (1 − δ)v(S) for each period so that the sum of streams of surplus is v(S) = (1 −
δ)v(S) + δ(1− δ)v(S) + δ2(1− δ)v(S) + · · · .
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non-stationary strategies, as long as other players are supposed to play stationary

strategies. The existence of SSPE is proved by Eraslan (2002), Gomes (2005), and

Eraslan and McLennan (2013).

The notion of SSPE is widely adopted as a focal equilibrium in the coalitional

bargaining literature. Unlike in two-player noncooperative bargaining models, it

is well-known that any feasible allocation can be achieved by a subgame perfect

equilibrium for high discount factors in most of multi-player bargaining models.12

Without the notion of stationarity, therefore, a noncooperative multi-player bar-

gaining model usually fails to provide a sharp prediction.13

To analyze SSPE, we introduce a special form of stationary strategies, so-

called a cutoff strategy. Before defining a cutoff strategy and a cutoff strategy

equilibrium, we state Proposition 1, which provides a payoff equivalence result

between a cutoff strategy equilibrium and a general SSPE. Thus we may focus on

cutoff strategy equilibria instead of all SSPE without loss of generality, when we

are interested in players’ equilibrium payoffs.

Proposition 1. For any SSPE, there exists a cutoff strategy equilibrium which

yields the same payoff vector.

A cutoff strategy profile (x,q) consists of a cutoff value profile x = {{xπi }i∈Nπ}π∈Π

and a coalition formation strategy profile q = {{qπi }i∈Nπ}π∈Π, where xπi ∈ R and

qπi ∈ ∆(2N
π
i ) for each π ∈ Π and it specifies the behaviors of an active player

i ∈ Nπ in any coalitional state π in the following way:

• player i proposes (S, y) with probability qπi (S) such that

yk =


xπk if k ∈ S \ {i}
−xπS\{i} if k = i

0 otherwise;

• player i accepts any proposal (S, y) if and only if i ∈ S and yi ≥ xπi .

Given x, define an active player i’s excess surplus of forming S in π:

eπi (S,x) = x
π(i,S)
i − xπS.

12Shaked (reported by Sutton (1986)) for a multi-lateral unanimity game, Baron and Ferejohn
(1989) for a legislative bargaining, and Chatterjee et al. (1993) for a general transferable utility
game

13A notable exception for a unanimity game is Krishna and Serrano (1996).
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Let Dπi (x) = argmaxS⊆Nπ
i
eπi (S,x) be a demand set of player i in π and mπ

i (x) =

maxS⊆Nπ
i
eπi (S,x) be a net proposal gain of player i in π. Given a cutoff strategy

profile (x,q), player i’s continuation payoff in π is:

uπi (x,q) = pπi
∑
S⊆Nπ

qπi (S)eπi (S,x)+
∑
j∈Nπ

pπj
∑
S⊆Nπ

qπj (S)
[
1(i ∈ S)xπi + 1(i 6∈ S)x

π(j,S)
i

]
.

(2)

If the cutoff strategy profile (x,q) under consideration is fixed, then it is omitted

when there is no danger of confusion. If x
π(i,S)
i = x

π(j,S)
j for all i, j ∈ S, then the

subscript is omitted and the excess surplus is simply written as eπ(S) for all i ∈ S.

The main virtue of a cutoff strategy equilibrium is its tractability. Proposition

2 characterizes a cutoff strategy equilibrium in terms of a value profile and a

coalition formation strategy profile.

Proposition 2. A cutoff strategy profile (x,q) is an SSPE if and only if for all

π ∈ Π and i ∈ Nπ,

i) Optimality: qπi ∈ ∆(Dπi (x)); and

ii) Consistency: xπi = (1− δ)v([i]π) + δuπi (x,q).

We postpone the proofs of Proposition 1 and Proposition 2 to the end of this

section until formally describing the noncooperative bargaining game.

Fix Γ = (N, v, p, δ). Let n be a cardinality of N and define S = {S ⊆ N | S 6=
∅}, Si = {S ⊆ N | i ∈ S}, and X = Rn

+. First, we consider the initial state π◦.

Since a proposer is selected at the beginning of each period, each within-period

history always specifies a current proposer. Let H0 = N × S × X be a set of

within-period histories right after the proposer makes an offer; and for all i ∈ N ,

H i = H i−1×{0, 1} be a set of within-period histories right after player i responses.

The set of all possible within-period histories is

H = N ∪H0 ∪H1 ∪ · · · ∪Hn.

For all h ∈ H, typically denoted by h = (φ, S, y, r1, r2, · · · , ri), the first element

of the history specifies the current proposer, denoted by φ(h) = φ ∈ N . For all h ∈
∪n`=0H

`, the second element and the third element specify the proposed coalition

and the proposed allocation, denoted by S(h) = S ∈ S and y(h) = y ∈ X. For all

i ∈ N and all h ∈ ∪n`=iH`, the (i + 3)th element specifies the player i’s response,

denoted by ri(h) = ri ∈ {0, 1}, where 0 represents i’s rejection and 1 represents

i’s acceptance.
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For a measurable space (Ω,A), let ∆(Ω) be the set of probability measures on

Ω. For a pair of measurable spaces (Ω1,A1) and (Ω2,A2), let ∆(Ω1,Ω2) be the set

of transition probabilities from Ω1 to Ω2. Player i’s (stationary) proposal strategy

in the initial state is αi ∈ ∆(Si × X). Define a proposal transition probability

α ∈ ∆(N,S × X) so that α(i)(S, y) = αi(S, y). Player i’s (stationary) response

strategy in the initial state is βi ∈ ∆(H i−1, {0, 1}) such that βi(h)(1) = 1 if either

φ(h) = i or i 6∈ S(h).

The three stochastic components, the recognition probability p, the proposal

transition probability α, and the response strategy profile β ≡ {βi}i∈N , induce a

unique probability measure on Hn.14 The induced probability measure is denoted

by p⊗ α⊗ β1 ⊗ · · · ⊗ βn.

Let O = (S × X) ∪ {π◦} be the outcome space in π◦. Define an outcome

function o : Hn → O, such that for all h ∈ Hn,

o(h) =

{
(S(h), y(h)) if ×j∈N rj(h) = 1

π◦ otherwise.

Let (p⊗ α⊗ β1 ⊗ · · · ⊗ βn) ◦ o−1 be the induced measure on O by (p, α, β). We

also define the induced measure κ on O by any history h ∈ H and the initial-state

stationary strategy profile (α, β):

κ(h, α, β) =

{
(δh ⊗ α⊗ β1 ⊗ · · · ⊗ βn) ◦ o−1 if h ∈ N
(δh ⊗ β`+1 ⊗ · · · ⊗ βn) ◦ o−1 if h ∈ H` ` = 0, 1, · · · , n,

where δh is the Dirac probability measure on H.

Let x be a value profile, that is, x = {{xπj }j∈Nπ}π∈Π. Given an initial-state

stationary strategy profile (α, β) and a value profile x, player i’s expected payoffs

at h ∈ H is:

wi(h, α, β,x) = κ(h, α, β)(π◦)xi

+
∑
S∈Si

∫
y∈X

(
yi +

(
x

(i,S)
i −

∑
j∈S

yj

)
1(i = φ(h))

)
κ(h, α, β)(S, dy)

+
∑

S∈S\Si

x
(φ(h),S)
i

∫
y∈X

κ(h, α, β)(S, dy).

Then an initial-state stationary strategy profile (α, β) is an initial-state stationary

subgame perfect x-equilibrium if, for all h ∈ H, all i ∈ N , and i’s all possible

initial-state stationary strategies α̂i and β̂i,

wi(h, α, β,x) ≥ wi(h, (α̂i, α−i), (β̂i, β−i),x). (3)

14This is known as a generalized Fubini Theorem. See Eraslan and McLennan (2013).
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A stationary strategy profile specifies all the active players’ initial-state sta-

tionary strategies for each subgame. Let (α,β) be a stationary strategy pro-

file, where α ≡ {απ}π∈Π and β ≡ {βπ}π∈Π. Given x, for each π ∈ Π, denote

x|π = {xπ′}π′∈Π|π and xπ = x|π ∪ {xπ}. The studies about stationary discounted

dynamic programming characterize an SSPE as a collection of initial-state sta-

tionary subgame perfect equilibria with respect to a specific value profile. The

proof is omitted.

Proposition 3.

i) If (α,β) is an SSPE, then it induces a value profile x, and for all π ∈ Π a

partial strategy profile (απ, βπ) is an initial-state stationary subgame perfect

xπ-equilibrium of the subgame starting with π.

ii) If there exist a stationary strategy profile (α,β) and a value profile x such

that for all π ∈ Π, (απ, βπ) is an initial-state stationary subgame perfect

xπ-equilibrium of the subgame starting with π, then (α,β) is an SSPE.

In order to prove Proposition 1 and Proposition 2, some lemmas are presented.

Lemma 1. Let (α,β) be an SSPE and x be the induced value profile. For all

π ∈ Π,
∑

j∈Nπ xπj < v(N).

Proof. Fix π ∈ Π. (απ, βπ) is an initial-state stationary subgame perfect xπ-

equilibrium of the subgame starting with π. Thus, for all j ∈ Nπ, it must be

wj(h, α
π, βπ,xπ) ≥ xπj and hence we have∑

j∈Nπ

wj(h, α
π, βπ,xπ) ≥

∑
j∈Nπ

xπj .

The left-hand side, the sum of expected payoffs of all the active players must be less

than or equal to v(N). Suppose, for contradiction,
∑

j∈Nπ xπj ≥ v(N). This yields

that
∑

j∈Nπ wj(h, α
π, βπ,xπ) = 1, and hence we have wj(h, α

π, βπ,xπ) = xπj for

all j ∈ Nπ, since wj(h, α
π, βπ,xπ) ≥ xπj for all j ∈ Nπ. However, this contradicts

that π is inefficient.

Lemma 2. For all π ∈ Π, i ∈ N , and h ∈ H i(π) such that

i) X
1≤`≤i−1

r`(h) = 1; and

ii) (∀` ∈ S(h) \ {φ(h)}) ` ≥ i =⇒ y`(h) > xπ` ,

13



the current proposal (S(h), y(h)) will be implemented for sure in any SSPE.

Proof. Fix π ∈ Π and we divide the proof into two cases.

Case 1: i = n.

subcase 1-1: Suppose that n 6∈ S(h) \ {φ(h)}. It must be βπn(h) = 1 no matter

what yn(h). Thus, the outcome at the history of h′ = (h, rn) must be

o(h′) = (S(h), y(h)), that is, (S(h), y(h)) will be implemented for sure.

subcase 1-2: Suppose that n ∈ S(h)\{φ(h)}. If βπn(h) = 1, then the outcome at

the history of h′ = (h, rn) is o(h′) = (S(h), y(h)), and hence the player n’s

payoff at the state is yn(h). If βπn(h) < 1, then the outcome at the history of

h′ = (h, rn) will be o(h′) = π with positive probability, and hence they face

the same state π in which the player n’s value is xπn. Thus, for the player n,

βπn(h) = 1 is optimal at the history h and hence (S(h), y(h)) is implemented.

Case 2: i ≤ n− 1.

As induction hypothesis, suppose that, for all j > i and all h ∈ Hj(π) if

[
X

1≤`≤j−1
r`(h) = 1

]
and

[
(∀` ∈ S(h) \ {φ(h)}) ` ≥ j =⇒ y`(h) > xπ`

]
, then (S(h), y(h)) is implemented

for sure.

subcase 2-1: Suppose that i 6∈ S(h) \ {φ(h)}. It must be βπi (h) = 1 no matter

what yi(h). Thus, the outcome at the history of h′ = (h, ri, · · · , rn) must be

o(h′) = (S(h), y(h)), that is, (S(h), y(h)) will be implemented for sure.

subcase 2-2: Suppose that i ∈ S(h) \ {φ(h)}. If βπi (h) = 1, then the outcome

at the history of h′ = (h, ri, · · · , rn) is o(h′) = (S(h), y(h)), and hence the

player i’s payoff at the state is yn(h). If βπi (h) < 1, then the outcome at the

history of h′ = (h, ri, · · · , rn) will be o(h′) = π with positive probability, and

hence they face the same state π in which the player i’s value is xπi . Thus,

for the player i, βπi (h) = 1 is optimal for the player i at the history h and

hence (S(h), y(h)) is implemented.

Lemma 3. For all π ∈ Π, i ∈ N , and h ∈ H i(π) such that

i) X
1≤`≤i−1

r`(h) = 1; and

ii) (∃` ∈ S(h) \ {φ(h)}) ` ≥ i and y`(h) < xπ` ,

the current proposal (S(h), y(h)) will never be implemented in any SSPE.
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Proof. Fix π ∈ Π and we divide the proof into two cases.

Case 1: i = n ∈ S(h) \ {φ(h)} and yn(h) < xπn.

If βπn(h) < 1, then the outcome at the history of h′ = (h, rn) will be o(h′) =

(S(h), y(h)) with positive probability, and hence the player n’s payoff at the state

is yn(h), which less than the stationary value xπn. Thus, βπn(h) = 0 is optimal for

the player n and the current proposal (S(h), y(h)) is not implemented.

Case 2: i ≤ n−1. As induction hypothesis, suppose that, for any h ∈ H i+1(π), if

X
1≤`≤i

r`(h) = 1 and there exists j ∈ S(h)\{φ(h)}∩{j ≥ i+1} such that yj(h) < xπj ,

then the proposal (S(h), y(h)) will not be implemented.

subcase 2-1: If there exists j ∈ S(h) \ {φ(h)} ∩ {j ≥ i + 1} such that yj(h) <

xπj , then by the induction hypothesis, the proposal (S(h), y(h)) will not be

implemented no matter what βπi (h) is.

subcase 2-2: Suppose that yj(h) ≥ xπj for all j ∈ S(h) \ {φ(h)} ∩ {j ≥ i+ 1}. It

must be i ∈ S(h) \ {φ(h)} and yi(h) < xπi . For all continuation histories of

(h, ri = 1), (h, ri = 1, ri+1 = 1), · · · , (h, ri = 1, · · · , rn−1 = 1), if βπ` (h, ri =

1, · · · , r`−1 = 1) > 0 for all ` = i+ 1, i+ 2, · · · , n, then βπi (h) = 0 is optimal

for the player i and the proposal (S(h), y(h)) will not be implemented. If

there exists ` = i+ 1, i+ 2, · · · , n, such that βπ` (h, ri = 1, · · · , r`−1 = 1) = 0,

again the proposal (S(h), y(h)) will not be implemented no matter what

βπi (h) is.

For any S ∈ 2N , define an allocation ȳS ∈ X as ȳSj = xπj for all j ∈ S and

ȳSj = 0 otherwise.

Lemma 4. Let (α,β) be an SSPE and x be the induced value profile. For all π ∈ Π

and h ∈ H(π), if απφ(h)(S, y) > 0 then S ∈ Dπφ(h)(x) and y = ȳS. Furthermore,

every proposal is implemented for sure and the proposal gain of φ(h) is mπ
φ(h)(x).

Proof. Fix π ∈ Π and h ∈ H(π). First, by Lemma 3, the proposal gain of φ(h) in

an SSPE (α,β) is less than or equals to mπ
φ(h)(x). Suppose, for contraction, that

the proposal gain of φ(h) in an SSPE (α,β) is strictly less than mπ
φ(h)(x) and let

απφ(h) be the proposal strategy. There must exist (S, y) such that απφ(h)(S, y) > 0

and yj ≥ xπj for all j ∈ S and yj′ > xπj′ for some j′ ∈ S. By Lemma 2, φ(h)

can be strictly better off by slightly decreasing j′ share in the proposal, which is

a contradiction. Thus, for all player i ∈ Nπ, the proposal gain of the player i

in an SSPE (α,β) equals to mπ
i (x). For the proposal gain mπ

i (x) in order to be
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obtained, the player i must make a proposal (S, ȳS) for any S ∈ Pi(Nπ), that is,

the player i chooses S in Dπi (x).

Now we are ready to prove Proposition 1 and Proposition 2.

Proof of Proposition 1: We will show that for any SSPE (α,β) that induces

a value profile x, there exists a cutoff strategy equilibrium (x,q). Let x be the

value profile induced by an arbitrary SSPE (α,β).

Case 1: For π ∈ Π with n(π) = 2, Γπ = (Nπ, v, pπ, δ) has a unique subgame

perfect Nash equilibrium, in which the active players play cutoff strategies.

Case 2: Consider π ∈ Π with n(π) ≥ 3. As induction hypothesis, suppose for

all the succeeding states π′ ∈ Π|π, there exists a cutoff strategy SSPE (xπ
′
,qπ

′
)

of Γπ
′

= (Nπ′ , v, pπ
′
, δ). Now we show that (xπ,qπ) is a cutoff strategy SSPE of

Γπ. By Lemma 4, since the proposed allocation is determined by x, a player i’s

proposal strategy in π can be represented by qπi ∈ ∆(Dπi (x)), which is a proposal

cutoff strategy. Since this proposal must be implemented for sure by Lemma 4, an

active player i’s expected payoff when i is not selected as a proposer must equal to

the value of current state, that is, xπi = (1− δ)v([i]π) + δuπi (xπ,qπ). Since all the

active proposer plays a cutoff proposal strategy, for all i ∈ Nπ and all h ∈ H i−1(π)

such that i ∈ S(h) \ {φ(h)}, player i’s optimal response strategy is βπi (h) = 1 if

yi(h) ≥ xπi and otherwise βπi (h) = 0. Thus all the respondents follows the cutoff

strategies.

Proof of Proposition 2:

(only-if part) Suppose (x,q) is an SSPE. Consider π ∈ Π and i ∈ Nπ. By

Lemma 4, the player i’s equilibrium proposal strategy must maximizes the pro-

posal gain x
π(i,S)
i −

∑
j∈S

xπj , and hence it must be qπi ∈ ∆(Dπi (x)). When i is

supposed to response, i can get at most (1− δ)v([i]π) + δuπi (x,q) by rejecting any

proposal. Thus in equilibrium, each respondent must indifferent between accept-

ing and rejecting, which requires that xπi = (1− δ)v([i]π) + δuπi (x,q).

(if part) Suppose all the players except i follow the given cutoff strategies

(x−i,q−i). For any π such that i ∈ Nπ, if xπi = (1− δ)v([i]π)+ δuπi (x,q), then it is

impossible for i to deviate profitably from the given response strategy. When i is

supposed to propose, forming a subcoalition which is not in Dπi (x) is not optimal

for i. On the other hand, a proposer i can propose a grand coalition, in which i’s
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proposal gain is

x
π(i,Nπ)
i −

∑
j∈Nπ

xπj = v(N)−
∑
j∈Nπ

xπj > v(N)− v(N) = 0,

where the first equality is from the fact π(i, Nπ) is efficient; and the inequality is

from Lemma 1. Thus, given x, we have mπ
i (x) > 0 and the proposer i always has

a strictly positive proposal gain as long as the current state is inefficient. That

is, making an acceptable proposal is strictly better than a proposal which will

be rejected. Therefore, in an SSPE, a proposal i makes a proposal (S, ȳS) with

S ∈ ∆(Dπi (x)), which is the proposal cutoff strategy.

4 Strategic Delay and Inefficiency

Given Γ = (N, v, p, δ), a cutoff strategy profile (x,q) is efficient if
∑

i∈N ui(x,q) =

v̄. Since any proposal is always accepted under a cutoff strategy profile, (x,q) is

efficient if and only if, for all i ∈ N and S ⊆ N , qi(S) > 0 implies v(S) = v̄. The

main theorem shows that an efficient equilibrium is generically impossible.

Theorem 1.

i) Let (N, v) be a unanimity game. For any p and δ, any stationary subgame

perfect equilibrium of (N, v, p, δ) is efficient.

ii) Suppose (N, v) has an essential player. For any p there exists δ̄ < 1 such

that for all δ > δ̄, (N, v, p, δ) has no efficient stationary subgame perfect

equilibrium, unless (N, v) is a unanimity game.

Remark. As long as the current state is inefficient, the remaining players continue

to bargain over the remaining surplus and hence any inefficient state transitions

into an efficient state in a finite period. Thus, as the discount factor increases,

two different effects on efficiency are intertwined: a strategic delay occurs more

and more frequently, but it becomes less and less costly. Inefficiency occurs for

a sufficiently high discount factor; however it eventually disappears as a discount

factor converges to 1. That is, any equilibrium must be asymptotically efficient.

Theorem 1 provides three necessary conditions for strategic delay. That is, a

strategic delay occurs with positive probability and an efficient equilibrium is im-

possible, if 1) the discount factor is high enough, 2) at least one strict subcoalition

generates a strict positive worth, and 3) at least one player is essential. Before

proving this, we illustrate the role of each condition with examples.
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q2({2, 3}) = q3({2, 3})

(b) Coalition Formation Strategies

Figure 1: An Equilibrium in a Three-Party Weighted Majority Game (Example
1)

If the discount factor is sufficiently low, then players do not care about future

payoffs. Thus, any respondent immediately accepts any positive offer, and hence

any proposer chooses an efficient coalition to extract most of the surplus from the

efficient coalition. In other words, players have no incentive to form an interme-

diate coalition if the discount factor is lower than a certain level. If the discount

factor is greater than the threshold, players may form an inefficient coalition as an

intermediate step, expecting more bargaining power in the subsequent bargaining,

and hence a strategic delay may occurs. The following example illustrates the role

of a discount factor on efficiency.

Example 1 (A Three-Party Weighted Majority Game). Suppose there are three

parties: one big party has two votes and other two small party has one vote

each. They split a dollar by a supermajority rule, that is, at least 3 votes are

required to pass a division of the dollar. Their recognition probabilities are pro-

portional to their voting weights. Then the corresponding noncooperative bar-

gaining game consists of N = {1, 2, 3}, v(S) = 1 if S ∈ {{1, 2}, {1, 3}, N} and

v(S) = 0 otherwise, and p =
(

1
2
, 1

4
, 1

4

)
. In any subgame with two active players,

the equilibrium strategy is uniquely determined in a standard way, and hence

x
(2,{2,3})
2 = x

(3,{2,3})
3 = (p2 + p3)δ and x

(2,{2,3})
1 = x

(3,{2,3})
1 = p1δ. Thus we concen-

trate on the strategies in the initial state. Figure 1 depicts the equilibrium payoffs

18



and coalition formation strategies in the game. There are two types of equilibria

which depend on δ. Let δ̄ = 6−2
√

3
3
≈ 0.845.

i. (Efficient Equilibrium) If δ ≤ δ̄, either {1, 2} or {1, 3} always immediately

forms. There exists an equilibrium which consists of

• x =
(

(2−δ)δ
4−3δ

, (1−δ)δ
4−3δ

, (1−δ)δ
4−3δ

)
;

• q1({1, 2}) = q1({1, 3}) = 1
2
; and

• q2({1, 2}) = q3({1, 3}) = 1.

To see the proposed strategies construct an equilibrium, we verify two condi-

tions in Proposition 2, optimality and consistency. To verify optimality, first

we observe:

e({1, 2}) ≥ e({2, 3}) ⇐⇒ 1− (3− 2δ)δ

4− 3δ
≥ 1

2
δ − 2(1− δ)δ

4− 3δ
⇐⇒ δ ≤ δ̄.

In addition, e(N) = 1 − xN = 1 − δ is strictly less than than e({1, 2}) =

e({1, 3}) = 1 − x1 − x2 = 1 − (3−2δ)δ
4−3δ

. Thus, we have argmaxS e(S) =

{{1, 2}, {1, 3}} and optimality holds. To verify consistency, compute each

player’s expected payoff:

u1 = p1 [q1({1, 2})e({1, 2}) + q1({1, 3})e({1, 3})] + (p1 + p2 + p3)x1

= 1
2

(
1− (3−2δ)δ

4−3δ

)
+ 1 · (2−δ)δ

4−3δ
= 2−δ

4−3δ
,

u2 = p2e({1, 2}) + (p2 + p1q1({1, 2}))x2

= 1
4

(
1− (3−2δ)δ

4−3δ

)
+ 1

4
· (1−δ)δ

4−3δ
= 1−δ

4−3δ
.

Thus, xi = δui for all i ∈ N , and hence consistency holds.

ii. (Inefficient Equilibrium) If δ > δ̄, then the small parties form an intermediate

coalition {2, 3} with positive probability. There exists an equilibrium with

• x =
(
1− δ+2ē

4
, δ−2ē

4
, δ−2ē

4

)
;

• q1({1, 2}) = q1({1, 3}) = 1
2
;

• q2({2, 3}) = 1− q2({1, 2}) = q3({2, 3}) = 1− q3({1, 3}) = 2(2δ−δ2−4ē)
δ(δ−2ē)

> 0,

where ē is the solution to 2δ−δ2−4ē
δ−2ē

= 5δ−δ2−4+2ē
4−3δ−2ē

, that is,

ē = 1− 2
3
δ − 1

6

√
−12δ3 + 61δ2 − 84δ + 36.
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Let r = 2(2δ−δ2−4ē)
δ(δ−2ē)

= 2(5δ−δ2−4+2ē)
δ(4−3δ−2ē)

. Given x, it is easy to see e({1, 2}) =

e({1, 3}) = e({2, 3}) = ē > e(N) = 1− δ. In addition, observe that

0 < r < 1 ⇐⇒ 2δ − δ2

4
< ē <

4δ − 3δ2

4− 2δ
⇐⇒ δ̄ < δ < 1,

which implies optimality. To verify consistency, compute each player’s ex-

pected payoff:

u1 =p1ē+ [p1 + (p2 + p3)(1− r)]x1 + [(p2 + p3)r]δp1

=1
2
ē+ x1 − 1

2
r
(
x1 − δ

2

)
=1− δ

4
− 1

2

(
2(5δ−δ2−4+2ē)
δ(4−3δ−2ē)

) (
4−3δ−2ē

4

)
= 1

δ

(
1− δ+2ē

4

)
u2 =p2ē+ [p1q1({1, 2}) + p2 + p3r]x2 + [p1q1({1, 3}) + p3(1− r)] · 0

=1
4
ē+ 1

2
x2 + 1

4
rx2

= δ
8

+ 1
4

(
2(2δ−δ2−4ē)
δ(δ−2ē)

) (
δ−2ē

4

)
= 1

δ

(
δ−2ē

4

)
,

which implies consistency. Note that limδ→1 ē = 1
6
, limδ→1 r = 1, and limδ→1 x =(

1
3
, 1

6
, 1

6

)
, which coincides to the Shapley value of the underlying game. As in

Figure 1, inefficiency occurs due to strategic delay if δ > δ̄. As δ increases

over δ̄, q2({2, 3}) and q3({2, 3}) also increase and hence delay occurs more

frequently. At δ = 1, however, inefficiency eventually disappears.

In a bargaining model without buyout options, either {1, 2} or {1, 3} always forms

immediately and any equilibrium must be efficient no matter what the discount

factor is. The equilibrium payoffs and strategies without buyout option are de-

picted as the dotted lines in Figure 1. For lower discount factors, the buyout

options do not affect to the equilibrium. As the discount factor converges to 1,

however, the big party takes all the surplus without buyout options.

The following example illustrates the role of a strict subcoalition that generates

a positive worth. Such a strict coalition works as a fulcrum for a player to form

an intermediate coalition instead of immediately forming an efficient one.

Example 2 (An Employer-Employee Game). Consider a three-player game with

N = {1, 2, 3}. Suppose v(N) = 1, v({1, 2}) = w2, and v({1, 3}) = w3 with

0 ≤ w2, w3 < 1; and all other coalition generate zero. Suppose (x,q) be an efficient

equilibrium so that the grand-coalition always forms immediately. Hence each

player i’s expected payoff is ui(x,q) = pi(1−xN) +xi. Since it is efficient, it must

be uN(x,q) = 1. Due to consistency, multiplying by δ yields xi = δpi(1− δ) + δxi,
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and hence xi = δpi. Take j ∈ {2, 3} and let k = {2, 3} \ {j}. The excess surplus

from forming {1, j} is:

e({1, j}) = x
(1,{1,j})
1 − (x1 + xj) = (wj + δ(p1 + pj)(1− wj))− δ(p1 + pj)

= ((1− δ) + δpk)wj.

Player 1’s optimality implies that e(N) ≥ e({1, j}), or equivalently, δ ≤ 1−wj
1−wj+pkwj

.

If pkwj > 0, then
1−wj

1−wj+pkwj
< 1, and hence the optimality is violated for any

δ >
1−wj

1−wj+pkwj
. Therefore, in order for an efficient strategy profile (x,q) to be

an equilibrium, it must be p2w3 = p3w2 = 0. As long as p2 > 0 and p3 > 0,

an efficient equilibrium is impossible for a sufficiently high discount factor, unless

w2 = w3 = 0. If w2 = w3 = 0, then (N, v) is a unanimity game and the efficient

strategy profile constructs an equilibrium for any discount factor. An equilibrium

in this game is discussed in Example 6.

Remark. In Example 2 the grand-coalition is the unique efficient coalition. Thus

the excess surplus of forming an efficient coalition converges to zero as the discount

factor closes to 1, and showing inefficiency is straightforward. When there are

multiple efficient coalitions, however, the excess surplus of forming an efficient

coalition can be strictly positive even in a limit, and hence showing inefficiency

result is not trivial as we will prove in Subsection 4.2.

Lastly, we investigate the role of essential players through a simple majority

game.

Example 3 (A Simple Majority Game). Let N = {1, 2, 3}; and v(S) = 1 if |S| ≥
2, otherwise v(S) = 0. E = {{1, 2}, {1, 3}, {2, 3}, N} and K = ∅. Let p = (1

3
, 1

3
, 1

3
).

For any δ, there exists an efficient equilibrium (x, q) such that, for each i ∈ N and

j ∈ N \{i}, xi = 1
3
δ and qi({i, j}) = 1

2
. In fact, the equilibrium is exactly the same

as in Baron and Ferejohn (1989). Right after forming any two-player coalition, an

efficient state is reached and no further bargaining will occur, and hence there is

no room for an intermediate coalition formation. In any equilibrium, therefore, a

two-player coalition always immediately forms independently of p and δ.

We will prove Theorem 1 in the following two subsections. Subsection 4.1 in-

vestigate grand-coalition equilibria as a benchmark case. Proposition 4 constructs

a grand-coalition equilibrium for a unanimity game, which implies the first part of

Theorem 1. If the underlying game is not a unanimity game, Proposition 5 shows
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that a grand-coalition equilibrium is impossible for a sufficiently high discount

factor, which is a special case of the second part of Theorem 1.

To complete the proof of the second part, in Subsection 4.2, we extend the

impossibility result of grand-coalition equilibrium into the general inefficiency re-

sult. This extension is a main part of the proof of Theorem 1. To do so, we first

generalize Winter (1996)’s result about a simple game with a veto player to a gen-

eral characteristic function form game with an essential player: essential players

take all the surplus in any efficient equilibrium, as a discount factor converges to

1. When players have buyout options, however, we will show that even a non-

essential player gets a strictly positive payoff, which contradicts to the generalized

Winter’s result and hence it turns out an efficient equilibrium is impossible.

4.1 Grand-Coalition Equilibria

First, in the following lemma, we characterizes the payoff vector in grand-coalition

equilibria. Though we assume zero-normalization on initial characteristic func-

tions, but in non-initial states, the induced characteristic functions may not be

zero-normalized. The following lemma does not rely on zero-normalization.

Lemma 5. Suppose (x,q) is a grand-coalition equilibrium of (N, v, p, δ). For each

i ∈ N ,

i) ui(x,q) = vi + pi(v̄ − vN); and

ii) xi = vi + δpi(v̄ − vN).

Proof. Since (x,q) is efficient, it must be uN(x,q) = v̄ and xN = δv̄. Take i ∈ N .

i always forms a grand-coalition and i is always included by other players’ proposal

as well. Thus, i’s expected equilibrium payoff is

ui(x,q) = pi(v̄ − xN) + xi = pi(1− δ)v̄ + xi. (4)

Consistency condition in Proposition 2 requires

xi = (1− δ)vi + δui(x,q) (5)

and hence (4) yields the first result. Plugging the first result into (5), the second

result follows.

Next, we construct a grand-coalition equilibrium in a unanimity game, in which

each player’s expected payoff is proportional to her recognition probability. More
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precisely, for each state π ∈ Π and each active player i ∈ Nπ, her value in the

state is xπi = δv̄pπi and her expected payoff in the initial state is piv̄. Let δv̄p be

a value profile with xπi = δv̄pπi for each π ∈ Π and i ∈ Nπ. Let q̄ be an efficient

coalition formation strategy profile with q̄πi (Nπ) = 1 for each π ∈ Π and i ∈ Nπ.

Proposition 4. Let (N, v) be a unanimity game. For any p and δ, the bargaining

game (N, v, p, δ) has an efficient equilibrium (δv̄p, q̄). Furthermore, any station-

ary equilibrium of (N, v, p, δ) is efficient and the equilibrium payoff vector is v̄p

independently of δ.

Proof: For any two-player game, the statement is clearly true. As an induction

hypothesis, suppose the statement is true for any less-than-n-player game. Now

consider an n-player game (N, v, p, δ).

Step 1: (δv̄p, q̄) is an equilibrium.

For any non-initial state π, the strategy profile (δv̄p, q̄) constitutes an equi-

librium in the subgame starting with π, due to the induction hypothesis and

Lemma 5. Now we verify (δv̄p, q̄) constitutes an equilibrium in the initial

state. First, consistency condition is hold by Lemma 5. Second, for each

i ∈ N and S ( Ni,

ei(S, δv̄p) = x
(i,S)
i − xS = δv̄p(i,S) − δv̄pS = 0.

However, ei(N, δv̄p) = v̄ − δv̄pN = (1 − δ)v̄ > 0, and hence forming a

grand-coalition satisfies optimality condition.

Step 2: An equilibrium payoff vector is always v̄p.

Let (x,q) be an equilibrium. If q = q̄, then Lemma 5 implies x = δv̄p,

which yields the equilibrium payoff vector is v̄p. Suppose that there exists

i ∈ N and S ( N such that qi(S) > 0. Since (x,q) is inefficient, it must be

xN < δv̄. Player i’s optimality condition requires that x
(i,S)
i − xS ≥ v̄ − xN ,

and hence the induction hypothesis implies that δv̄pS−xS ≥ v̄−xN . Putting

xN < δv̄, we have

xS < δv̄pS − (1− δ)v̄. (6)

On the other hand, for each j ∈ S, let Qj =
∑

k∈N pk
∑

S⊆N qk(S)1(j ∈ S).

Player j’s continuation payoff is no less than her payoff from making an offer

with the grand-coalition, and hence we have

uj(x,q) ≥ pj(v̄ − xN) +Qjxj + (1−Qj)δpj v̄

> pj v̄ +Qj(xj − δpj v̄). (7)
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Since δuj(x,q) = xj, rearranging (7), we have xj > δpj v̄. Since this inequal-

ity holds for any j ∈ S, by summing this over S, it follows xS > δv̄pS, which

contradicts to (6). Therefore, for all i ∈ N , it must be qi(N) = 1 in any

equilibrium. However, this contracts to qi(S) > 0 with S ( N .

Now we prove impossibility of grand-coalition equilibria for a non-unanimity

game. If a grand-coalition equilibrium is assumed, then at least one player can be

strictly better off by forming a strict subcoalition for a sufficiently high discount

factor.

Proposition 5. Suppose (N, v) is not a unanimity game. For any p, there exists

δ̄ < 1 such that, for all δ > δ̄, a bargaining game (N, v, p, δ) has no grand-coalition

equilibrium.

Proof. Since (N, v) is not a unanimity game, there exists S ( N such that v(S) >

0. By superadditivity, for all k ∈ N \S, we have v(N \{k}) > 0. Suppose (x,q) is

an efficient equilibrium. Take any i ∈ S. Player i’s optimality condition requires

ei(N,x) ≥ ei(N \ {k},x), or equivalently,

x
(i,N)
i − xN ≥ x

(i,N\{k})
i − xN + xk. (8)

First, Lemma 5 implies that x
(i,N)
i = v̄ and xk = δpkv̄. Secondly, i’s (N \ {k})-

formation induces a two-player game, and hence Lemma 5 yields x
(i,N\{k})
i = v(N \

{k}) + δ(1 − pk) (v̄ − v(N \ {k})). Plugging xk, x
(i,N)
i , and x

(i,N\{k})
i into (8), we

have

v̄ ≥ v(N \ {k}) + δ(1− pk) (v̄ − v(N \ {k})) + δpkv̄.

Rearranging the terms, it follows

(1− δ)v̄ ≥ (1− δ(1− pk))v(N \ {k}). (9)

As δ → 1, the left-hand side of (9) converges to zero; while the right-hand side is

strictly positive uniformly on δ, which yields a contradiction. More precisely, let

δ̄ = v(N\{k})
(1−pk)v(N\{k})+pk v̄

, which is strictly less than 1. Then for all δ > δ̄, (9) does not

hold, and hence forming a grand-coalition is not optimal for i. Therefore, (x,q)

cannot be an equilibrium for any δ > δ̄.

The following result is a direct consequence of Proposition 4 and Proposition

5.

Corollary 1. Consider an underlying game (N, v) and an initial recognition prob-

ability vector p ∈ R|N |++. A bargaining game (N, v, p, δ) has a grand-coalition equi-

librium for all δ if and only if (N, v) is a unanimity game.
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4.2 Efficient Equilibria

In this subsection, we consider an efficient equilibrium and complete the proof of

the second part of Theorem 1. First, we generalize Winter (1996), which showed

that each non-veto player gets nothing in equilibria for simple games with a veto

player as the discount factor converges to 1. Lemma 6 extends his result to a

general characteristic function form game with an essential player and it also allows

a general recognition probability. We will use this lemma to show a contradiction

when players have buyout options. That is, even a non-essential player gets strictly

positive payoff uniformly on discount factors, and hence an efficient equilibrium is

impossible.

Lemma 6. Suppose (x,q) is an efficient equilibrium of (N, v, p, δ). If K 6= ∅,
then xK converges to v̄ as δ approaches 1.

Proof. Suppose (x,q) is an efficient equilibrium. Let x̄ = minS∈E xS and E∗ =

argminS∈E xS. For any i ∈ N , since ui ≥ pie(N) + pixi, it follows xi ≥ pi
1−δpi (1 −

δ) > 0 and hence E∗ ⊆ Em. Since (x,q) is efficient, for all i ∈ N and S ⊆ N ,

qi(S) > 0 implies K ⊆ S; and for all k ∈ K and S ⊆ N , qk(S) > 0 implies S ∈ E∗.

Therefore, for any k ∈ K, uk(x,q) = pk(v̄ − x̄) + xk. Summing this over K, we

have uK(x,q) = pK(v̄ − x̄) + xK , or equivalently,

(1− δ)xK = δpK(v̄ − x̄) = pK(xN − δx̄) > pK(xN − x̄). (10)

Take any S ∈ E∗ so that xS = x̄. First, suppose K ∪ (N \ S) 6∈ E. For any

A ⊆ N \ S, monotonicity implies that K ∪ A 6∈ E. Since S ∈ Em, for any j ∈ S,

it follows that S \ {j} 6∈ E. Therefore, S = K and hence x̄ = xK as desired.

Next, suppose K ∪ (N \ S) ∈ E. Since S ∈ E∗, xK∪(N\S) ≥ x̄. Note that K ⊆ S

and hence K ∩ (N \ S) = ∅. Thus it follows that xK + xN\S ≥ x̄, or equivalently,

xN − x̄ ≥ x̄− xK . Furthermore, K ⊆ S implies x̄− xK ≥ 0. Thus (10) yields

(1− δ)xK = δpK(v̄ − x̄) > pK(x̄− xK) ≥ 0. (11)

Thus, as δ → 1, xK → x̄ and x̄→ v̄, as desired.

Now we are ready to prove the second part of Theorem 1. The proof consists of

three cases. In each case, we observe different strategic reasons that cause delay.

In the first case, if K 6∈ E, that is, the set of essential players is not an efficient

coalition, then non-essential players form a coalition among themselves, instead of

directly forming an efficient coalition with the essential players. In the second case,
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if K ∈ E and there exists an essential player k′ ∈ K such that v(N \ {k′}) > 0,

then there exists another essential player k ∈ K who can be better off by forming

an inefficient coalition excluding k′. In the last case, if K ∈ E and v(N \{k′}) = 0

for all for k′ ∈ K, then essential players compete with each other to buy out

non-essential players rather than immediately forming an efficient coalition.

If K 6∈ E, then the set of non-essential players can be a collective essential

player in the subsequent period by forming a coalition, after which there is a unique

efficient coalition. Lemma 7 shows that if there is a unique efficient coalition, then

each player gets at least some positive portion of her marginal contribution to the

grand-coalition in addition to her stand-alone value.

Lemma 7. Suppose v(S) < v̄ for all S ( N . If (x,q) is an equilibrium of

(N, v, p, δ), for any i ∈ N

ui(x,q) ≥ vi + δ|N |−2pi (v̄ − v(N \ {i})) .

Proof. If |N | = 2, then (N, v) is a unanimity game and Proposition 4 proves this

case. As induction hypothesis, suppose the result holds for any less-than-n-player

game. Consider (N, v) with |N | = n and ∀S ( N v(S) < v̄. Take any i ∈ N .

ui(x,q) ≥ pi · 0 +
∑
j∈N

pj
∑
S⊆N

qj(S)
(
1(i ∈ S)xi + 1(i 6∈ S)x

(j,S)
i

)
≥ Qi ((1− δ)vi + δui(x,q))

+(1−Qi)
(
(1− δ)vi + δ

(
vi + δn−3pπi (v̄ − v(N \ {i}))

))
= δQiui(x,q) + (1− δQi)vi + (1−Qi)δ

n−2(v̄ − v(N \ {i})),

where Qi =
∑

j∈N pj
∑

S⊆N qj(S)1(i ∈ S) and the second inequality comes from

the induction hypothesis. Rearranging the terms, the inequality yields

ui(x,q) ≥ vi +
1−Qi

1− δQi

δn−2(v̄ − v(N \ {i}))

≥ vi + δn−2(v̄ − v(N \ {i})),

as desired.

Based on Lemma 7, under assuming an efficient equilibrium, we show that a

non-essential player can be better off by forming a coalition which consists of non-

essential players, rather than immediately forming an efficient coalition. However,

this is a contradiction and proves impossibility of an efficient equilibrium.
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Proof of ii) in Theorem 1 (Case 1: K 6∈ E)

If K 6∈ E, then v(K) < v̄. Suppose that (x,q) is an efficient equilibrium. Take

any i ∈ N \K. Since (x,q) is efficient, there exists A 6= ∅ such that K ∪ A ∈ E

and qi(K ∪ A) > 0. Player i’s optimality condition requires that ei(K ∪ A,x) ≥
ei(N \K,x), which is

v̄ − xK − xA ≥ x
(i,N\K)
i − xN + xK .

After i’s (N \ K)-formation, since there is only one efficient coalition, Lemma 7

yields that

v̄ − xK − xA ≥ v(N \K) + δ|K|−2(1− pK)(v̄ − v(K))− xN + xK .

Since xN = δv̄ and v(N \K) ≥ 0, rearranging the terms, we have

(1 + δ)v̄ − 2xK − xA ≥ δ|K|−2(1− pK)(v̄ − v(K)). (12)

Due to Lemma 6, as δ → 1, the left-hand side of (12) converges to 0, while the

right-hand side converges to (1 − pK)(v̄ − v(K)) > 0, which yields a contradic-

tion.

Lemma 8. If K ∈ E, then Em = {K}, K ∪D = N , K ∩D = ∅, and |K| ≥ 2. In

addition, if D = ∅, then K = N and Em = E.

Proof. Suppose K ∈ E. Take any S ∈ E. Since K = ∩S′∈ES ′, we have S∩K = K,

and hence K ⊆ S, which implies Em = {K}. It follows that D ≡ N \ (∪Em) =

N \ K, and hence K ∪ D = N and K ∩ D = ∅. If |K| = 0, then K = ∅ ∈ E.

By monotonicity, for any i ∈ N , {i} ∈ E, which violates zero-normalization.

If |K| = 1, say K = {k}, then {k} ∈ E, which violates zero-normalization.

Therefore, we conclude |K| ≥ 2. The second part is trivial.

Lemma 9 provides a lower bound of a cutoff value for each essential player

under assuming an efficient equilibrium.

Lemma 9. Suppose (x,q) is an equilibrium of (N, v, p, δ). If K ∈ E, then, for

any k ∈ K,

xk =
δ

1− δ
pk(v̄ − xK) =

pk
pK

xK ≥ δpkv̄.

27



Proof. Since (x,q) is efficient, for each i ∈ N , qi(S) > 0 implies K ⊂ S. Thus, for

any k ∈ K, we have uk(x,q) = pk(v̄ − xK) + xk, and hence

(1− δ)xk = δpk(v̄ − xK), (13)

which implies the first equality. Summing (13) over K, we have (1 − δ)xK =

δpK(v̄−xK). Plugging this into (13), we have the second equality. Since uN(x,q) ≤
v̄, we have xK ≤ xN ≤ δv̄ and hence (1 − δ)xk ≥ δpk(1 − δ)v̄, which implies the

inequality part.

We will show that at least one of essential players can be better off by excluding

the other essential player if all the players are supposed to play efficient strategies.

Proof of ii) in Theorem 1 (Case 2: K ∈ E and ∃k′ ∈ K v(N \ {k′}) > 0)

By Lemma 8, |K| ≥ 2, and hence we can take k ∈ K such that k 6= k′. Let

(x,q) be an efficient equilibrium. Player k’s optimality condition implies that

ek(K,x) ≥ ek(N \ {k′},x), that is,

v̄ − xK ≥ x
(k,N\{k′})
k − xN\{k′}. (14)

Since k’s (N \{k′})-formation yields a two-player game, k’s value in the subsequent

state is

x
(k,N\{k′})
k = v(N \ {k′}) + δ(1− pk′)(v̄ − v(N \ {k′}). (15)

Plugging (15) into (14), we have

(1− δ(1− pk′))v̄ − xK ≥ (1− δ(1− pk′))v(N \ {k′})− xN + xk′

(1 + δpk′)v̄ − xK ≥ (1− δ(1− pk′))v(N \ {k′}) + xk′

v̄ − xK ≥ (1− δ(1− pk′))v(N \ {k′}), (16)

where the second line comes from efficiency xN = δv̄; and the third line is due

to Lemma 9. However, by Lemma 6, the left-hand side of (16) converges to 0 as

δ → 1; while the right-hand side converges to pk′v(N \ {k′}) > 0, which yields a

contradiction.

If v(N \ {k′}) = 0 for all k′ ∈ K, then it may not be profitable for an essential

player k to exclude the other essential player k′ as in Case 2. We show that it

is profitable for k ∈ K to form a coalition with non-essential players rather than

forming an efficient coalition.
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Proof of ii) in Theorem 1 (Case 3: K ∈ E and ∀k′ ∈ K v(N \ {k′}) = 0)

If D = ∅, then Lemma 8 implies that there exists a unique efficient coalition, and

hence Proposition 5 completes the proof. Now we assume that D 6= ∅. Again

Lemma 8 yields K ∪ D = N and pK < 1. Take any k ∈ K. Due to Lemma 8,

|K| ≥ 2 and hence pK > pk. Thus (1− pK)(pK − pk) > 0. Rearranging terms and

using pK + pD = 1, it follows that

1− pD − pk < 1− pk
pK

. (17)

Now suppose (x,q) is an efficient equilibrium. Player k’s optimality condition

implies that ek(K,x) ≥ ek(D ∪ {k},x), that is,

v̄ − xK ≥ x
(k,D∪{k})
k − xD − xk. (18)

After k’s (D∪{k})-formation, there is only one efficient coalition, and hence, due

to Lemma 7, (18) yields

v̄ − xK ≥ v(D ∪ {k}) + δ|K|−1(pD + pk)(v̄ − v(K \ {k})− xD − xk. (19)

Since v(K \ {k}) = 0 and xk = pk
pK
xK due to Lemma 9, (19) yields

(
1− δ|K|−1(pD + pk)

)
v̄ + xD ≥

(
1− pk

pK

)
xK . (20)

Due to Lemma 6, as δ → 1, (20) requires that 1 − pD − pk ≥ 1 − pk
pK

, which

contradicts to (17).

5 Vote Buying in Simple Games

In the class of simple games, the model can be interpret as legislative bargaining

with vote buying. In this section, we rephrase our results in simple games and

compare them to the Baron-Ferejohn model to highlight the role of vote buying.

First, we define a simple game in a formal way. Given a set of players N , a class

of subsets W ⊂ 2N is a set of (proper) winning coalitions if (∀i ∈ N) {i} 6∈ W;

N ∈ W; S ∈ W =⇒ (∀S ′ ⊃ S) S ′ ∈ W; and S ∈ W =⇒ (N \ S) 6∈ W. A

characteristic function form game (N, v) is a (proper) simple game if v(S) = 1 for

all S ∈W and v(S) = 0 otherwise. Let Wm = {S ∈W | (∀i ∈ S) S \ {i} 6∈W}
be a set of minimal winning coalitions, and V = ∩W a set of veto players.

29



For a simple game with a veto player, a non-winning coalition form with posi-

tive probability as a transitional state for a sufficiently high discount factor, unless

all the players are veto. In this case, the bargaining game ends up with a non-

minimal winning coalition and the equilibrium payoff vector is not necessarily in

the core. This is contrast to Baron and Ferejohn (1989) and Winter (1996), in

which vote buying is not allowed.

Corollary 2. Let (N, v) be a simple game with a veto player. A bargaining game

(N, v, p, δ) has an efficient equilibrium for all discount factors if and only if all the

players are veto.

Corollary 3. Let (N, v) be a simple game with a veto player but not a unanimity

game. In any equilibrium of (N, v, p, δ), there exists δ̄ < 1 such that, for all δ > δ̄,

a non-winning coalition forms with positive probability as a transitional state; and

the final winning coalition is not necessarily minimal.

Remark. For simple games with veto players, a core allocation may not have a

desirable property in terms of equality.15 Most of well-known cooperative power

indices, including Shapley and Shubik (1954) power index and Banzhaf (1964)

power index, do not necessarily lie in the core and assign even a non-veto player a

positive value. However, as Winter (1996) showed in the noncooperative bargain-

ing model without buyout options, an equilibrium payoff vector lies in the core

and hence the veto players take all the surplus if the discount factor is sufficiently

high. Thus, one can view allowing buyout options as a noncooperative foundation

of the cooperative power indices.

To investigate the role of vote buying in legislative bargaining, we consider a

three-player simple game. Let N = {1, 2, 3} be a set of players. For any π ∈ Π

such that |Nπ| = 2, there exists a unique cutoff strategy equilibrium with xπi = δpπi

and qπi (Nπ) = 1 for all i ∈ Nπ. Thus, specifying strategies (x, q) in the initial

state is enough for stationary subgame perfect equilibria of three-player games.

We characterize an equilibrium payoff vector for the cases depend on the number

of veto players. It is remarkable that the equilibrium payoff vector is uniquely

determined in the limit that the discount factor converges to 1, without imposing

any symmetric assumption on players’ strategies.

15If there is no veto player, then the core is empty unless it is unanimity game. In such games,
the limiting equilibrium payoff vector depends on their initial recognition probabilities. Instead
of the core-constrained Nash bargaining solution, the relation between the equilibrium payoff
vector and the nucleolus (or the kernel) has been studied by Serrano (1993), Serrano (1995),
Montero (2002), and Montero (2006).
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If there is no veto player, then any two-player coalition is a winning coalition.

Furthermore, in an equilibrium (x, q), no matter who proposes first, a winning

coalition forms immediately, and hence uN(x, q) = 1, or equivalently, xN = δ.

Proposition 6. Let (x, q) be an equilibrium of a three-player simple game with

no veto player. For any p with p1 ≥ p2 ≥ p3, as δ → 1:

i) If p1 ≥ 1
2
, then x =

(
p1

2−p1 ,
1−p1
2−p1 ,

1−p1
2−p1

)
;

ii) If p1 <
1
2
, then x = (1

3
, 1

3
, 1

3
).

Lemma 10. Let (x, q) be an equilibrium of a three-player simple game with no

veto player. For any p with p1 ≥ p2 ≥ p3, there exists δ̄ < 1 such that for all

δ > δ̄, x1 ≥ x2 = x3.

Proof. Note that any equilibrium (x, q) is efficient so that xN = δ. It is also clear

that x1 ≥ δ
3

and hence

x1 = δ − x2 − x3 ≥
δ

3
. (21)

Suppose by way of contraction that x2 > x3. Since
∑

S:3∈S
∑

i∈N piqi(S) = 1, we

have x3 = δ(p3(1− x2 − x3) + x3) or

x3 =
δp3(1− x2)

1− δ(1− p3)
. (22)

By (21) and (22), we have

δ − x2 −
δp3(1− x2)

1− δ(1− p3)
>
δ

3
. (23)

Since the left-hand side of (23) converges to 0 as δ → 1, there exists δ̄ < 1 such

that for all δ > δ̄, (23) yields a contraction.

Proof of Proposition 6. Due to Lemma 10, there exists δ̄ such that for all

δ > δ̄, x1 ≥ x2 = x3, which implies that e({2, 3}, x) ≥ e({1, 2}, x) = e({1, 3}, x).

Case 1: e({2, 3}, x) > e({1, 2}, x) = e({1, 3}, x).

Since
∑

S:1∈S
∑

i∈N piqi(S) = p1, we have

x1 = δ(p1(1− x1 − x2) + p1x1) = δp1(1− x2). (24)

Since any equilibrium is efficient, xN = δ and hence x2 = x3 = δ−x1
2

. Thus,

(24) implies

x1 =
δ(2− δ)p1

2− δp1

and x2 = x3 =
δ(1− p1)

2− δp1

. (25)
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The condition e({2, 3}, x) > e({1, 2}, x) requires x1 > x2, or δ < 3− 1
p1

due

to (25). If p1 ≥ 1
2
, then 3 − 1

p1
≤ 1 and (25) consists of the equilibrium

payoffs for sufficiently high δ, which completes the first part. If p1 <
1
2
, then

it contradicts to the condition e({2, 3}, x) > e({1, 2}, x) for sufficiently high

δ.

Case 2: e({2, 3}, x) = e({1, 2}, x) = e({1, 3}, x).

It must be x1 = x2 = x3 = δ
3

for sufficiently high δ. Thus, we have

x1 = δ(p1(1− x1 − x2) + (p1 + p2q2({1, 2}) + p3q3({1, 3}))x1),

which implies

x1 =
δp1(3− 2δ)

3(1− δ(p1 + p2q2({1, 2}) + p3q3({1, 3})))
.

Then, x1 = δ
3

yields p1(3− 2δ) = 1− δ(p1 + p2q2({1, 2}) + p3q3({1, 3})), or

p1 =
1− δ(p2q2({1, 2}) + p3q3({1, 3}))

3− δ
. (26)

If p1 <
1
2
, then it must be q2({1, 2})+q3({1, 3}) > 0 as δ → 1. If p1 >

1
2
, (26)

implies p2q2({1, 2}) + p3q3({1, 3}) < 0 for sufficiently high δ, which yields a

contradiction.

If there is only one veto player, then the other non-veto players’ payoffs are

always the same, no matter what their recognition probabilities are. In addition, if

the veto player’s recognition probability is greater than 1
2
, then the other non-veto

players are always form a coalition with each other.

Proposition 7. Let (x, q) be an equilibrium of a three-player simple game with

Wm = {{1, 2}, {1, 3}}. For any p, as δ → 1:

i) If p1 ≥ 1
2
, then q2({2, 3}) = q3({2, 3}) = 1 and

x1 =
p1(3− 2p1)

2− p1

, and x2 = x3 =
(1− p1)2

2− p1

. (27)

ii) If p1 <
1
2
, then 0 < q2({2, 3}) < 1 and 0 < q3({2, 3}) < 1, and

x1 =
1 + 2p1

3
, and x2 = x3 =

1− p1

3
. (28)
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Remark. This limiting equilibrium payoff vector depends only on the veto player’s

recognition probability and the two non-veto players payoffs are the same no

matter what their recognition probabilities are. Note that the Shapley-Shubik

power index for this game is (2
3
, 1

6
, 1

6
). Thus, the equilibrium payoff vector Lorenz-

dominates the Shapley-Shubik power index if and only if p1 <
1
2
.

Lemma 11. Let (x, q) be an equilibrium of a three-player simple game with Wm =

{{1, 2}, {1, 3}}. For any p, there exists δ̄ < 1 such that for all δ > δ̄, x1 ≥ x2 = x3.

Proof. Suppose x2 > x3. We show a contradiction in each possible case.

Case 1: e({23}, x) > e({13}, x) > e({12}, x).

The expected payoffs of player 2 and player 3 are:

x2 = δ(p2(δ(p2 + p3)− x2 − x3) + (p2 + p3)x2);

x3 = δ(p3(δ(p2 + p3)− x2 − x3) + x3),

which implies that

x2 =
δ2(1− δ)p2(p2 + p3)

1− δ + p1p3δ2
and x3 =

δ2p3(p2 + p3)(1− δ(p2 + p3))

1− δ + p1p3δ2
.

As δ → 1, x2 converges to 0 and x3 converges to p2+p3. Thus, for sufficiently

high δ, it contradicts to x2 > x3.

Case 2: e({13}, x) > e({23}, x) > e({12}, x).

The expected payoffs of player 1 and player 3 are:

x1 = δ(p1(1− x1 − x3) + (p1 + p3)x1);

x3 = δ(p3(1− x1 − x3) + x3),

which implies that

x1 =
δ(1− δ)p1

1− δ + p2p3δ2
and x3 =

δp3(1− δ(p1 + p3))

1− δ + p2p3δ2
.

As δ → 1, x1 converges to 0 and x3 converges to 1. Thus, for sufficiently

high δ, it contradicts to x1 > x3.

Case 3: e({13}, x) > e({12}, x) > e({23}, x).

It must be q1({1, 3}) = q3({1, 3}) = q2({1, 2}) = 1, which implies that

a winning coalition must form immediately, which contradicts to Theorem

1.
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Proof of Proposition 7.

i) Suppose q23 = q32 = 1. It must be e({2, 3}, x) ≥ e({1, 2}, x), or x1−x2 ≥ p1.

Since x2 = x3 by Lemma 11, the veto player’s expected payoff is:

x1 = p1(1− x2) + p2x
(2,{2,3})
1 + p3x

(3,{2,3})
1

= p1

(
1−

(
1

2
− x1

2

))
+ (1− p1)p1,

which yields (27). The condition x1−x2 ≥ p1 requires that p1(3−2p1)
2−p1 − 1−p1

3
≥

p1. Solving this inequality, p1 must satisfy −2p2
1 +3p1−1 ≥ 0, or 1

2
≤ p1 ≤ 1.

This completes the proof of the first part.

ii) Suppose 0 < q23 < 1 and 0 < q32 < 1. It must be e({2, 3}, x) = e({1, 2}, x) =

e({1, 3}, x), or x1−x2 = p1 = x1−x3. Solving these equations with xN = 1,

we have (28). In this case, the veto player’s expected payoff is:

x1 = p1(1− x2) + p2

(
q21x1 + q23x

(2,{2,3})
1

)
+ p3

(
q31x1 + q32x

(3,{2,3})
1

)
= p1(1− x2) + rx1 + (1− r)p1 − p2

1, (29)

where r = p2q21 +p3q31 > 0 is the probability that the veto player is included

in the proposed coalition. Plugging (28) into (29), it follows that

1 + 2p1

3
= p1

(
1− 1− p1

3

)
+ r

1 + 2p1

3
+ (1− r)p1 − p2

1,

which yields r = 1− 2p1. Since r > 0, it must be r = 1− 2p1 > 0, or p1 <
1
2
.

This completes the proof of the second part.

Now suppose there are two veto players. Then each veto player buys out the

non-veto player with positive probability and hence the non-veto player gets a

positive payoff.

Proposition 8. Let (x, q) be an equilibrium of a three-player simple game with

Wm = {{1, 2}}. For any p, as δ → 1, we have q1({1, 3}) > 0 and q2({2, 3}) > 0,

and

x1 = p1 +
p3

3
, x2 = p2 +

p3

3
, and x3 =

p3

3
.

Lemma 12. Let (x, q) be an equilibrium of a three-player simple game with Wm =

{{1, 2}}. For any p, there exists δ̄ < 1 such that for all δ > δ̄,

argmax
S⊆N

e(S, x) = {{1, 2}, {1, 3}, {2, 3}}.

34



Proof.

Step 1: We show qi(N) = 0 for all i ∈ N .

Since x3 > 0 for all δ ∈ (0, 1), it must be e({1, 2}, x) > e(N, x) and hence

q1({1, 2}) = q2({1, 2}) = 1. If q3(N) = 1, then the equilibrium is efficient

which contradicts to Theorem 1. Thus it must be q3(N) < 1, which im-

plies either e({1, 3}, x) ≥ e(N, x) or e({2, 3}, x) ≥ e(N, x). Without loss of

generality, suppose e({1, 3}, x) ≥ e(N, x). If the inequality is strict, then

q3(N) = 0 and the proof is completed. Now suppose it holds with equality.

If e({2, 3}, x) > e({1, 3}, x) = e(N, x), then again we have q3(N) = 0, which

completes the proof. Thus it must be e({1, 3}, x) = e(N, x) ≥ e({2, 3}, x),

which implies δ(p1 +p3)−x1−x3 = 1−xN and 1−xN ≥ δ(p2 +p3)−x2−x3,

or equivalently, x2 = δp2 + (1 − δ) and x1 ≤ δp1 + (1 − δ). Note that

x3 ≤ δ(p3(1−xN)+p3x3) and hence x3 = δp3
1−δp3 (1−xN). Putting altogether,

we have xN ≤ δp1 + (1− δ) + δp2 + (1− δ) + δp3
1−δp3 (1− xN), or

xN ≤ (1− δp3) [δ(1− p3) + 2(1− δ)] + δp3. (30)

Note the right-hand side of (30) converges to 1 − p3(1 − p3) < 1 as δ → 1.

However, (30) is a contradiction for sufficiently high δ, because xN → 1 as

δ → 1.

Step 2: We show that | argmaxS e(S, x)| ≥ 2.

Suppose by way of a contradiction, | argmaxS e(S, x)| = 1. There must be

{i, j} such that

e({i, j}, x) > e({i, k}, x) and e({i, j}, x) > e({j, k}, x). (31)

Since 1− xS ≥ e(S, x) ≥ δpS − xS for any S ⊂ N , (31) implies

xi < 1− δ(1− pi) + xk, and (32)

xj < 1− δ(1− pj) + xk. (33)

On the other hand, since
∑

S:k∈S(qi(S) + qj(S)) = 0, (31) implies

xk < δ(pke({i, j}, x) + pkxk) ≤ δpj(1− xN + 2xk) ≤ δpj(1− δ2 + 2xk)

and hence

xk <
δpk

1− 2δpk
(1− δ2). (34)
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From (32), (33), and (34), we have

xN < pi + pj + 2(1− δ) + 3xk < pi + pj + 2(1− δ) + 3
δpk

1− 2δpk
(1− δ2). (35)

Since the right-hand side of (35) converges to pi + pj < 1 as δ → 1, it is a

contradiction again for sufficiently high δ.

Step 3: We show that argmaxS e(S, x) 6= {{1, 3}, {2, 3}}.
Suppose argmaxS e(S, x) = {{1, 3}, {2, 3}}, Then xN = δ2 and we have

x1 = δ(p1e({1, 3}, x) + (p1 + p3q3({1, 3}))x1)

= δ(p1 [δ(p2 + p3)− xN + x1]︸ ︷︷ ︸
e({1,3},x)=e({2,3},x)

+(p1 + p3q3({1, 3}))x1)

= δ(p1

[
δ(1− p1)− δ2

]
+ (2p1 + p3q3({1, 3}))x1),

and hence

[1− δ(2p1 + p3q3({1, 3}))]x1 = δ2p1(1− δ − p1). (36)

For sufficiently high δ, the right-hand side of (36) is strictly negative and

hence it must be

δ(2p1 + p3q3({1, 3})) > 1. (37)

Similarly, by solving x2, we have

δ(2p2 + p3q3({2, 3})) > 1. (38)

Recall that q3({1, 3}) + q3({2, 3}) = 1 due to Step 1. By (37) and (38), we

have δ(p1 + p2) > 1, which yields a contradiction.

Step 4: We show that argmaxS e(S, x) = {{1, 2}, {1, 3}, {2, 3}}.
A cutoff strategy equilibrium must exists, it suffices to show argmaxS e(S, x) 6=
{{1, 2}, {1, 3}} and argmaxS e(S, x) 6= {{1, 2}, {2, 3}}. Without loss of gen-

erality, suppose argmaxS e(S, x) = {{1, 2}, {1, 3}}. Then

xN = (p1q1({1, 2}) + p2)δ + (p1q1({1, 3}) + p3)δ2 (39)

and we have

x2 = δ(p2e({1, 2}, x) + (p2 + p1q1({1, 2}))x2)

= δ(p2 [δ(p1 + p3)− xN + x2] + (p2 + p1q1({1, 2}))x2)

= δ(p2 [δ(1− p2)− xN ] + (2p2 + p1q1({1, 2}))x2).
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Rearranging the terms, we have

[1− δ(2p2 + p1q1({1, 2}))]x2 = δp2(δ − xN − δp2). (40)

From (39), note that xN → 1 as δ → 1, and hence the right-hand side of

(40) is strictly negative for sufficiently high δ. Thus, we have

δ(2p2 + p1q1({1, 2})) > 1. (41)

On the other hand, we have

x3 = δ(p3e({1, 3}, x) + (p3 + p1q1({1, 3}))x3)

= δ(p3(1− xN) + (2p2 + p1q1({1, 3}))x3)

and hence [1− δ(2p3 + p1q1({1, 3}))]x3 = δp3(1−xN). Since the right-hand

side converges to 0 as δ → 1, it must be either 2p3 + p1q1({1, 3}) → 1

or x3 → 0. If 2p3 + p1q1({1, 3}) → 1 then it yields a contradiction to

(41) for sufficiently high δ. Now assume x3 → 0. Note that e({1, 2}, x) =

e({1, 3}, x) > e({2, 3}, x) implies x2 = 1− δ(1− p2) + x3 and x1 < 1− δ(1−
p1) + x3. Thus, we have xN = 2(1− δ) + (p1 + p2) + 3x3, which converges to

p1 + p2 < 1, and hence it contradicts to (39) for sufficiently high δ.

Proof of Proposition 8. By Lemma 12, for sufficiently high δ, we have e({1, 2}, x) =

e({1, 3}, x) = e({2, 3}, x), which implies

x1 − δp1 = x2 − δp2 = x3 + (1− δ), (42)

and hence xN = 2(1−δ)+δ(1−p3)+3x3. Since δ2 ≤ xN ≤ δ, we have limδ→1 xN =

1, which implies x3 converges to p3
3

. Plugging x3 into (42), we have the desired

result.

If all players are veto, that is, Wm = {N}, then it is a unanimity game. Due

to Proposition 4, the equilibrium payoff vector is equivalent to the initial recog-

nition probability no matter what the discount factor is. The following example

summarizes the role of vote buying in legislative bargaining.

Example 4 (Three-Party Weighted Majority Games). Consider a three-party

weighted majority game, in which each party has 4, 3, and 2 votes; and w∗ votes are

required to win for a unit surplus. Suppose that the initial recognition probabilities

are proportional to their votes, and hence p =
(

4
9
, 3

9
, 2

9

)
. Table 1 shows the role of

vote buying, taking a limiting equilibrium payoff vector as a power index.
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w∗ V
Power Index (%)
with Vote Buying

Power Index (%)
without Vote Buying

5 ∅ (33,33,33) (33,33,33)

6 {1} (63,19,19) (100,0,0)

7 {1, 2} (52,41,7) (57,43,0)

8 {1, 2, 3} (44,33,22) (44,33,22)

Table 1: The Role of Vote Buying in a Three-Party Weighted Majority Game
[w∗; 4, 3, 2]

6 Non-transferability of Recognition Probabili-

ties

We have assumed that recognition probabilities are transferable: when players

trade their resources and rights, they also trade their chances of being a proposer

as well. With transferable recognition probabilities, our result verifies that an

efficient equilibrium does not exist for a sufficiently high discount factor, if the

underlying game has an essential player and it is not a unanimity game.

The inefficiency comes from players’ strategic delay on coalition formation. To

be concrete, when each player chooses a coalition to form, the player considers

three different factors: 1) a surplus directly from combining resources, 2) changes

in bargaining power by changing coalitional state, and 3) increasing the chance

of being a proposer by taking other players’ chances. In this section, in order to

investigate the net effect of varying coalitional structure caused by a transitional

coalition formation, we eliminate the last factor. Then we explore the role of

transferability of recognition probabilities, comparing the result from that in the

previous section.

Assume that players’ recognition probabilities are their innate right which can-

not be traded. That is, each proposer inherits other respondents’ resources but

not their chances of being a proposer. With non-transferable recognition proba-

bilities, instead of (1), we define the recognition probabilities in any state π in the

following way:

pπi =


pi∑

k∈Nπ pk
if i ∈ Nπ

0 otherwise.
(43)

Remark. In Gul (1989), each possible bilateral meeting occurs with equal prob-

ability and one of two players in the meeting becomes a proposer. That is, the
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initial recognition probability is uniform and players cannot trade their recognition

probabilities. The uniformity and non-transferability of recognition probabilities

are crucial to implement the Shapley value. He also considered an alternative

model, namely a partnership game in which players can trade their recognition

probabilities, to observe the implementation of the Shapley value is not robust.

In an environment with non-transferable recognition probabilities, since players

cannot accumulate their chances of being a proposer in the subsequent bargaining

game, they have less incentive to form a transitional coalition. Thus, imposing

non-transferability of recognition probabilities may relax the inefficiency result.

We characterize a sufficient condition for efficient equilibria in this alternative

environment. In this section, we concentrate on a grand-coalition equilibrium.

For any π ∈ Π and S ⊆ Nπ, let [S]π =
∑

j∈S[j]π. Also define vπ(S) = v([S]π) −∑
j∈S v([j]π), which represents a marginal surplus of S-formation in π. Note that

vπ(Nπ) = v̄ −
∑

j∈Nπ v([j]π). Define a value profile x̄ such that for all π ∈ Π and

i ∈ Nπ,

x̄πi = v([i]π) + δpπi v
π(Nπ). (44)

Lemma 13. For all π ∈ Π, i ∈ Nπ, and S ( Ni such that |S| ≥ 2,

eπi (Nπ, x̄) ≥ eπi (S, x̄) ⇐⇒ vπ(Nπ) ≥ ρπi (S; δ)vπ(S),

where ρπi (S; δ) =
1− pπS + pπi − δpπi

(1− δ + δpπS)(1− pπS + pπi )− δpπi
.

Proof. Fix π ∈ Π, i ∈ Nπ, and S ( Ni with |S| ≥ 2. Using (44), calculate

eπi (Nπ, x̄) and eπi (S, x̄):

eπi (Nπ, x̄) = v̄ − x̄πNπ

= v̄ −
∑
j∈Nπ

v([j]π)− δvπ(Nπ)

= (1− δ)vπ(Nπ), (45)

and

eπi (S, x̄) = x
π(i,S)
i − xπS

= v([S]π) + δ
pπi

1− pπS + pπi

(
v̄ −

∑
j∈Nπ

v([j]π) +
∑
j∈S

v([j]π)− v([S]π)

)

−

(∑
j∈S

v([j]π) + δpπSv
π(Nπ)

)

= δ

(
pi

1− pS + pi
− pS

)
vπ(Nπ) +

(
1− δ pi

1− pS + pi

)
vπ(S). (46)
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From (45) and (46), we have the desired result.

Proposition 9. Suppose that players cannot transfer their recognition probabili-

ties. There exists an equilibrium in which a grand-coalition always forms imme-

diately in all states for all discount factors, if and only if, for all π ∈ Π, i ∈ Nπ,

and S ( Ni such that |S| ≥ 2,

vπ(Nπ) ≥
(

1

pπS − pπi

)
vπ(S). (47)

Proof. Suppose q̄ constructs an equilibrium. Due to Lemma 5, the corresponding

value profile is uniquely determined as in (44). By Lemma 13, optimality condition

implies for all δ,

vπ(Nπ) ≥ ρπi (S; δ)vπ(S).

Observe that 1
pπS−p

π
i
≥ ρπi (S; δ) for all δ ≤ 1, and ρπi (S; δ) → 1

pπS−p
π
i

as δ → 1.

This completes the necessary condition. Now suppose that for all π ∈ Π, i ∈ Nπ,

and S ( Ni such that |S| ≥ 2, the inequality (47) holds. Then it can be easily

shown that a strategy profile (x̄, q̄) satisfies optimality condition and consistency

condition for all δ.

Proposition 9 provides a sufficient condition for a grand-coalition equilibrium.

A grand-coalition equilibrium requires that all the players form a grand-coalition

only in the initial state. As long as players are supposed to form a grand-coalition

immediately, their strategies in proper subgames do not effect on efficiency. In

Proposition 9, we investigate a stronger notion of efficiency; it requires efficiency

even in off-equilibrium paths.16 Thus the condition in Proposition 9 is a sufficient

condition for a grand-coalition equilibrium to exist. The condition may not be

a necessary condition. However, at least for three-player games, the condition in

Proposition 9 is also a necessary condition for a grand-coalition equilibrium. For

any non-initial inefficient state in three-player games, there are only two active

players and hence they form a grand-coalition as long as it is the unique efficient

coalition.

Remark. Non-transferability of recognition probabilities discourage players from

forming a transitional coalition. Thus, compared to Proposition 5, Proposition

9 implies that banning players from trading recognition probabilities improves

efficiency. If all the players can immediately form an efficient coalition, then non-

transferability of recognition probabilities discourage some players from forming

16This notion is called subgame efficiency by Okada (1996).
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a transitional coalition and press them to form an efficient coalition. However,

its effect on efficiency can be negative when cooperation restrictions are imposed.

If some players cannot directly form an efficient coalition due to cooperation re-

striction, then they may decline to be a proposer to avoid forming transitional

coalitions with non-transferable recognition probabilities. That is, discouraging

players from forming a transitional coalition causes additional inefficiency. See

Lee (2014) for details in network-restricted games.

The following result is for a special case in which each player is selected as a

proposer with equal probability.

Corollary 4. Suppose pπi = 1
|Nπ | for all π ∈ Π and i ∈ Nπ. There exists an

equilibrium in which a grand-coalition always forms immediately in all states for

all discount factors, if and only if,

vπ(Nπ)

|Nπ|
≥ vπ(S)

|S| − 1
for all π ∈ Π and S ( N such that |S| ≥ 2. (48)

Remark. This result is reminiscent of the result of Chatterjee et al. (1993) and

Okada (1996), which characterizes a condition for a grand-coalition equilibrium

without buyout options: there exists a grand-coalition equilibrium for a sufficiently

high discount factor if and only if

v(N)

|N |
≥ v(S)

|S|
for all S ⊆ N. (49)

Noting that (48) is stronger that (49), buyout options hinder an efficient equilib-

rium even though players cannot trade their recognition probabilities.

The following example illustrates the condition on the discount factor under

which an efficient equilibrium exists.

Example 5. N = {1, 2, 3}; and v(S) = |S| if |S| ≥ 2, and v({i}) = 0 for all

i ∈ N .

• Without buyout options, players always immediately form N for all discount

factor. Note that each player’s cutoff value is δ in any efficient equilibrium.

Given this cutoff value, since v(N) − 3δ ≥ v({1, 2}) − 2δ ⇐⇒ δ ≤ 1, an

efficient equilibrium exists for any δ.

• With buyout options and non-transferable recognition probabilities, an effi-

cient equilibrium exists, if v(N)−3δ ≥ v({1, 2})−2δ+δ 1
2
(v(N)−v({1, 2})),

or equivalently if δ ≤ 2
3
.
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Figure 2: Workers’ Equilibrium Payoff in an Employer-Employee Game: p =
(1

3
, 1

3
, 1

3
) and δ → 1

• With buyout options and transferable recognition probabilities, an efficient

equilibrium exists, if v(N)− 3δ ≥ v({1, 2})− 2δ + δ 2
3
(v(N)− v({1, 2})), or

equivalently if δ ≤ 3
5
.

To investigate the role of transferability of recognition probabilities, we con-

sider an employer-employee game as in Example 2, but for tractability assume two

workers are symmetry, that is a = w2 = w3. First, we consider the limiting equilib-

rium payoff vector with transferable recognition probabilities. As we discussed in

Example 2, strict subcoalitions form with positive probability in any equilibrium

as long as a > 0. Thus, the equilibrium payoff vector is generically different from

the core-constrained Nash bargaining solution, which can be implemented when a

grand-coalition always forms immediately. See (a) in Figure 2.

Example 6 (An Employer-Employee Game with Transferable Recognition Prob-

abilities). The limiting equilibrium payoff is 3+2a
9

for the firm and 3−a
9

for each

worker. Thus, the equilibrium wage (each worker’s payoff) is strictly higher than

the Shapley value for any a > 0. If a < 3
4
, then the core is relatively large and

hence the core-constrained Nash bargaining solution assigns a higher value to each

worker than the equilibrium wage in this model. However, if a > 3
4
, that is the

core is relatively small, then the equilibrium payoff vector Lorenz-dominates the

core-constrained Nash bargaining solution.

However, when players cannot trade their recognition probabilities, the lim-
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iting equilibrium payoff may coincide with the core-constrained Nash bargaining

solution, nucleolus, or the Shapley value, depend on a. See (b) in Figure 2.

Example 7 (Employer-Employee Game with Non-transferable Recognition Prob-

abilities).

i) If 0 ≤ a ≤ 1
3
, then all the players get 1

3
, which coincides with the (core-

constrained) Nash bargaining solution, Note that the core is relatively large

and all the players always immediately form a grand-coalition. Thus, players

do not exercise their buyout options.

ii) If 1
3
≤ a ≤ 1

2
, then the firm’s payoff is a and each worker’s payoff is 1−a

2
,

and this coincide to nucleolus. In this case, the firm is indifferent between

immediately forming a grand-coalition and sequentially hiring one by one,

while each worker still prefers to forming a grand-coalition.

iii) If 1
2
≤ a ≤ 1, then the firm expects 1+a

3
and each worker expects 2−a

6
. In this

case, the excess surpluses of all two-player coalitions are the same and greater

than that of a grand-coalition. Hence, the equilibrium payoff coincides with

the Shapley value.
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