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A B S T R A C T

As a classic problem in oceanographic and coastal engineering hydrodynamics, solitary wave propagation is used
to benchmark a novel high-fidelity numerical model based on the Navier–Stokes equations. The model combines
the Finite Volume method based on Merged Stencil with 3rd-order reconstruction (FVMS3) and Tangent of Hy-
perbola for INterface Capturing method with Quadratic surface representation and Gaussian Quadrature (THINC/
QQ) schemes. Accurate predictions are made of inviscid and viscous solitary waves propagating on plane and
sloping beaches. Model performance is assessed by comparing the predictions with analytical solutions, alter-
native numerical results obtained using interFoam solver in OpenFOAM and commercial flow software ANSYS
Fluent, as well as experimental data. It is demonstrated that the present model significantly reduces undesirable
numerical effects, including energy loss, wave decay, phase shift, and overestimation of the velocity profile of
propagating waves even after long duration computations, by suppressing numerical dissipation and dispersion.

1. Introduction

Free surface flow simulations based on computational fluid dynam-
ics (solving the fundamental continuity and Navier–Stokes momentum
equations) are nowadays routinely used in oceanography and coastal en-
gineering. Example applications include the propagation and breaking
of solitary waves over submerged obstacles (Lubin, 2004), the model-
ing of fluid-structure interactions in free surface flows (Formaggia et
al., 2008), and simulations of waves generated by rigid and deform-
ing or subaerial landslides (Abadie et al., 2010; Montagna et al.,
2011), all of which require consideration of viscous effects and defor-
mation of the free surface. In such cases, an immiscible interface sep-
arates two fluids, air and water, with very different physical proper-
ties. The interface poses substantial challenges for numerical methods
required to resolve the free surface and associated sudden jump in fluid
properties, such as density. However, the majority of industry-standard
solvers for viscous wave problems have been developed using second-or-
der accurate schemes which are afflicted by excessive numerical dissi-
pation and dispersion, causing severe wave decay and phase shift er-
rors. For example, simulations of regular waves using STAR-CCM+ soft-
ware and interFoam solver have been demonstrated to be very sensi-
tive to temporal and spatial resolution (Perić and Abdel-Maksoud,
2015; Zhang et al., 2019). Many Navier–Stokes solvers,

including Gerris, interFoam, Thétis, and Truchas, have made serious
overestimates of wave velocity profiles (Wroniszewski et al., 2014).
Despite recent progress, high-fidelity numerical solvers that precisely re-
solve free surface wave propagation in complicated coastal domains are
far from well-established.

Among computational fluid dynamics (CFD) solvers, models based
on a combination of the Finite Volume Method (FVM) and Volume of
Fluid (VOF) method have become particularly popular because of their
conservative property and ease of implementation on adaptive, unstruc-
tured meshes (Tryggvason et al., 2011). In the VOF method, the mov-
ing interface is either explicitly created as a line (Youngs, 1982; Parker
and Youngs, 1992; Aulisa et al., 2003) or approximated by addition
of artificial compression (Harten, 1978; Ubbink and Issa, 1999; Xiao
and Ikebata, 2003). The latter approach, which does not involve com-
plicated geometric calculations, is more appropriate for unstructured
meshes, but at reduced numerical accuracy.

The Tangent of Hyperbola for INterface Capturing method with Qua-
dratic surface representation and Gaussian Quadrature (THINC/QQ)
represents curved surfaces by a complete quadratic function (Xie and
Xiao, 2017). THINC/QQ is particularly attractive in that it can accu-
rately handle topologically changing interfaces on unstructured meshes
without loss of both efficiency and simplicity. In computational fluid
dynamics, higher-order methods are preferable because their trun
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cation errors decrease rapidly on refined meshes, thus alleviating un-
desirable effects such as wave decay and phase shifts. Recently, the Fi-
nite Volume method based on Merged Stencil with 3rd-order reconstruc-
tion (FVMS3) was proposed for spatial discretization of the fundamental
fluid flow equations, achieving third-order accuracy on polyhedral un-
structured meshes (Xie et al., 2019).

To obtain high-fidelity wave propagation simulations, the present
paper utilizes a sophisticated numerical model constructed on poly-
hedral unstructured meshes, which combines FVMS3 and THINC/QQ
schemes. The resulting MultiphAse solver based on high-fidelity Recon-
struction SchemeS is named MARS2, which is implemented by using an
open-source library of OpenFOAM. As a benchmark test, the propaga-
tion of solitary waves in water of otherwise uniform depth is used to
test the performance of MARS2, given the substantial body of theoretical
and experimental research studies on this classic phenomenon Liu and
Gollub (1994); Bona et al. (1980); Ablowitz et al. (1979); Munk
(1949); Maxworthy (1976); Lo and Shao (2002); Wroniszewski et
al. (2014). As demonstrated later, the proposed model possesses con-
siderable advantages in controlling numerical dissipation and disper-
sion, and in suppressing wave decay and spurious phase shifts. MARS2
is then used to study solitary wave runup, with and without viscosity
present; the model is found to give accurate simulations of wave runup
and rundown in close agreement with predictions by Wroniszewski et
al. (2014) and experimental measurements by Lin et al. (1999).

The paper is organized as follows. Section 2 outlines the govern-
ing equations, and describes the numerical solver. Section 3 presents a
summary of the test cases. Section 4 interprets the numerical simula-
tions, with comprehensive comparisons against alternative predictions
by MARS2, interFoam and Fluent solvers, validated by analytical solu-
tions and experimental data. Section 5 summarizes the key findings.

2. Multiphase solver based on high-fidelity reconstruction
schemes

2.1. Navier–Stokes equations with VOF function

Consider the two-dimensional free water surface flow problem de-
scribed by the incompressible species advection, continuity, and
Navier–Stokes momentum equations:

(1)

(2)

(3)

where is an indicator function used to track the moving interface,
is the velocity field, ρ the fluid density, p the modified pressure

obtained by subtracting the hydrostatic pressure from the total pressure,
the acceleration due to gravity, μ the fluid dynamic viscosity, and

the Kronecker product.
Surface tension is neglected because it has hardly any impact on soli-

tary wave motion due to the extremely large wavelength involved. In
our work, a volume fraction or VOF function is used to distin-
guish two immiscible fluids, i.e. air and water, by

(4)

In the one-fluid model, the dynamic effects of intrinsic fluid proper-
ties, such as density and viscosity, are updated according to the volume
fraction as,

(5)
(6)

where , are the densities and , are the dynamic viscosity coef-
ficients of water and air respectively.

2.2. FVMS3 scheme

The Finite Volume method based on Merged Stencil with 3rd-order
reconstruction (FVMS3) used for spatial discretization of the governing
Navier–Stokes equations is third-order accurate on polyhedral unstruc-
tured meshes (Xie et al., 2019). To illustrate this, a brief introduction
to FVMS3 for solving 2D problems follows.

First, the computational domain is divided into non-overlapping con-
trol volumes . Fig. 1(a) shows a two-dimensional poly-
gon with an arbitrary number of vertices and boundary
segments , where K and J denote the total number of cell
vertices and surfaces. The outward normal unit vector on the boundary
surface is denoted . The coordinates of vertex and mass center
are denoted and , respectively. The boundary area mag-
nitude is and mass volume is .

Fig. 1. Definition sketch showing control volume (a) and reconstruction stencil (b) used for 2D unstructured mesh composed of polyhedral elements.
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Within any arbitrary mesh element , all the computational vari-
ables are discretized by the volume integrated average (VIA) as

(7)

where represents the physical fields, comprising velocity ,
pressure p, and VOF function φ.

Given the volume integrated average of each cell, the discrete vari-
ables ϕ can be reconstructed in a piecewise fashion using the quadratic
polynomial,

(8)

on an admissible stencil (see Fig. 1(b)) produced by merging all neigh-
boring cells around the joint vertices of the target
cell . The unknown coefficients in Eq. (8) are determined by the
least-squares method.

2.3. THINC/QQ scheme

For free surface flow problems, the THINC/QQ scheme is used to rep-
resent curved surfaces by a complete quadratic function. To reconstruct
the VOF function, the hyperbolic tangent function in global co-
ordinates is given as:

(9)

where β is a steepness parameter specified to control the thickness of the
transition area with a properly bounded volume fraction.

The interface equation is approximated by a fully
quadratic polynomial whose coefficients are retrieved from Eq. (8). The
sole unknown is in Eq. (9), indicating that the interface location is
uniquely determined from VIA in the target cell :

(10)

where the volume integration of the hyperbolic tangent function
is approximated using a Gaussian quadrature scheme. The VOF function
is then updated using the following finite volume formulation:

(11)

where is the transport velocity through the cell boundary satisfy-
ing the divergence-free condition. The surface average is obtained by
integrating the reconstruction function in the upwinding cell at
the surface ,

(12)

where the subscript up is an upwinding index of neighboring cells across
the boundary surface .

2.4. Solution procedure of MARS2

By combining the FVMS3 and THINC/QQ schemes for solving the
fundamental fluid flow equations along with a VOF function, a new
framework called MARS2 (MultiphAse solver based on high-fidelity Re-
construction SchemeS) is proposed for the accurate resolution of inter

facial multiphase flows on polyhedral unstructured meshes. In addition
to its high-order reconstruction schemes, MARS2 uses a consistent for-
mulation of the mass and momentum transport equations to cope with
multiphase flows of large density ratios, which approximates the con-
vective fluxes of volume fraction and momentum with identical dis-
crete schemes. Owing to the rigorous mass conservation property of the
VOF scheme, conservation of total mass is properly preserved by MARS2
throughout the numerical simulations. A balanced-force formulation is
employed which enforces identical discretization of gradient operators
at the cell boundary to achieve a correct balance between pressure and
gravity forces. Moreover, a limiting strategy for the multi-dimensional
hyperbolic conservation laws on unstructured grids called MPLu2 (Park
et al., 2010) is implemented along with a smoothness indicator func-
tion after computing the convection fluxes term, to prevent spurious ve-
locity oscillations, especially in the vicinity of the air-water interface.
See Xie et al. (2020) and Xie et al. (2019) for more details.

MARS2 utilizes the fraction-step approach (Chorin, 1968; Harlow
and Welch, 1965; Kim and Moin, 1985) along with the third-order
Total Variation Diminishing (TVD) Runge-Kutta scheme (Shu and Os-
her, 1988) to update the numerical solution from time level to

. The semi-discrete formulations at each sub-stage are
summarized as follows:

1. Given the volume fraction and velocity field , the VOF advec-
tion equation is solved to obtain and advance the velocity to
by solving the momentum equation using an explicit scheme,

(13)

(14)

where density ρ and dynamic viscosity μ are updated using (5) and (6).

2. To satisfy the divergence-free condition (2), the pressure Poisson
equation is derived from the incompressibility condition,

(15)

3. The velocity field is corrected to by projecting the pressure field,

(16)

The updated velocity satisfies the divergence-free condition (2),
and is then used as the transport velocity for the next time level itera-
tion.

3. Numerical tests

Two different series of numerical tests were undertaken: solitary
wave propagation; and solitary wave runup. This section describes the
computational models set up for both series of tests.

3.1. Propagation of a solitary wave

The first benchmark test comprises solitary wave propagation over
a horizontal bed in a flume. The mean water depth d is set to 1 m and
the initial position of the wave crest from the wavemaker boundary is

m. Two different solitary waves are considered, with amplitude
to depth ratio set equal to 0.1 and 0.3 respectively. Table 1 lists

3
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Table 1
Domain parameter settings and mesh resolutions for the solitary wave propagation simu-
lations.

Resolution 1 Resolution 2 Resolution 3

0.1 69 m 1.5 m 1472 32 2944 64 5888 128
0.3 72.6 m 2.2 m 1056 32 2112 64 4224 128

the physical parameters, and resolutions of three meshes used for con-
vergence tests related to each solitary wave of interest. An adaptive
time step is utilized, with the maximum Courant number set to 0.5 for

and 0.2 for , if not otherwise specified. In both
cases, the simulation duration is set to 12 s. Fig. 2 shows the evolution
of the smaller solitary wave in space and time, on the finest mesh.

To examine the performance of the MARS2 solver in terms of en-
ergy conservation, wave-shape preservation, and velocity profile accu-
racy, we carry out a comparison with corresponding results from the
open-source code interFoam, software Fluent with third-order MUSCL
discretization scheme, and the analytical solution given by potential
flow theory. Here, an (inviscid) Euler formulation, with slip boundary
condition at the bed and end periodic boundary conditions, is used to
facilitate comparison against the well-established analytical solution.

Simulations of a solitary wave of were run on regular,
stretched, and hybrid meshes in order to explore the possible influence
of different meshing strategies on the results. Each mesh is two-dimen-
sional in the plane, where x is the horizontal distance along the
flume, and y is the vertical distance above the bed. Fig. 3(a) shows an
example of a regular mesh. Fig. 3(b) displays a typical stretched mesh
obtained by concentrating nodes at still water level; this refinement in

Fig. 2. Space-time plot illustrating solitary wave propagation for .

the vicinity of the air-water interface is analogous to capturing the free
surface. Meanwhile, the mesh density is coarser at the upper and lower
boundaries in order to maintain the same total number of cells as in
the regular mesh cases. Fig. 3(c) shows the hybrid mesh formed by fit-
ting triangular cells to the stretched mesh, again refined in the region of
wave propagation. The hybrid mesh provides an effective test by which
to examine the applicability of solvers for complex geometrical config-
urations, noting that the computation of fluid motion at mesh intersec-
tions is particularly challenging.

3.2. Runup of a solitary wave

In the second series of tests, MARS2 and interFoam are used to sim-
ulate the runup at a plane beach of two inviscid non-breaking solitary
waves with relative amplitudes of 0.1 and 0.3 respectively. The ini-
tial position of each solitary wave is 15 m in front of the toe of the bed
slope. Two beach slopes are considered: and . For comparison pur-
poses, the geometric and computational conditions are identical to those
of Wroniszewski et al. (2014). The time-step is adaptively adjusted so
that the maximum Courant number is 0.2. Convergence tests are again
conducted on meshes of different resolution. Fig. 4 presents snapshots
of the propagation and runup of a solitary wave with on the

sloping beach at times corresponding to: the initial conditions; when
the solitary wave is partway up the beach; and at almost maximum
runup.

In order to compare the model simulations with results from labo-
ratory experiments described by Lin et al. (1999), three-dimensional
runup simulations are conducted by MARS2, as well as two-dimen-
sional simulations by MARS2 and interFoam to explore whether there
exist three-dimensional effects in wave simulations. The fluid kinematic
viscosity is set to m2/s and m2/s, and a
no-slip boundary condition imposed at the bed. Fig. 5 shows the two-di-
mensional numerical wave tank which is 8.99 m long and 3 m high with
a sloping beach commencing 8.49 m from the origin (the width of
water tank is set to 0.6 m in the 3D case). To eliminate any influence
of the inlet boundary, the initial position of the wave crest is set at

m. The undisturbed water depth d is 0.16 m, and the initial soli-
tary wave height H is 0.027 m such that . For comparison
against the experimental data, velocity profiles through the water depth
are recorded at 3 locations: , 8.5556 and 8.7146 m ( m
in the 3D simulation). A schematic diagram for two-dimensional mesh
structure in both runup simulations is presented in Fig. 6. All meshes
utilized in this paper are produced by Gmsh.

4. Results and discussion

4.1. Propagation of a solitary wave on a regular mesh

In this section, a solitary wave propagating over a horizontal bed is
first simulated on regular meshes of different resolution, and the pre

Fig. 3. Three types of meshes used in the solitary wave propagation simulations for . Mesh (b) is graded with doubly increasing resolution.
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Fig. 4. Free surface elevation profiles depicting the propagation and runup of a solitary wave of on a sloping beach at times , 6 and 7 s.

Fig. 5. Definition sketch for runup and rundown of a solitary wave with on a sloping beach.

Fig. 6. Schematic diagram for mesh structure in wave runup simulations.

dictions examined in terms of conservation of total energy, deformation
of waveform, and accuracy of velocity profile.

4.1.1. Conservation of total energy
Table 2 lists the analytical, initial values of kinetic, potential, and

total energy, calculated using Laitone's second-order theory (Laitone,
1960) according to Eq. (24). Total energy remains unchanged over

time regardless of fluid viscosity and the air phase effects, and so is des-
ignated as the exact reference solution.

It has previously been established (Wroniszewski et al., 2014)
that conventional second-order finite volume solvers suffer from ex-
cessive numerical dissipation, leading to noticeable decrease in pre-
dicted wave energy even for an inviscid liquid. Besides, the third-order
MUSCL scheme is found to undergo more dissipation and non-physical
oscillation around the discontinuities (Leng et al., 2012). We there

5
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Table 2
Reference values of mechanical energy of a solitary wave, calculated using Laitone's 2nd
theory (Laitone, 1960).

Kinetic energy (J) Potential energy (J) Total energy (J)

0.1 257.4672 247.2084 504.6756
0.3 1587.4579 1396.4102 2983.8681

fore examine the time history of predicted total energy normalized
against the corresponding analytical value (such that the accurate nom-
alized reference energy is unity).

The initial value of total energy integrated over the discretized do-
main approaches the analytical solution with mesh refinement, confirm-
ing reliable initialization during preprocessing. Fig. 7 shows that the to-
tal energy predictions by the present, interFoam and Fluent solvers con-
verge to the reference value as the mesh resolution increases. It also in-
dicates that the total wave energy declines more rapidly with time on
the coarser meshes particularly for interFoam and Fluent solvers.

It is obvious that the present predictions lie closer to the reference
solution than those of interFoam and Fluent. Specifically, interFoam suf-
fers from severe energy loss on the coarser meshes. At coarsest res-
olution, the normalized total energy predicted by interFoam declines
rapidly, and exceeds by s. On the other hand, the maximum
value of energy loss is merely using the present solver, and
using Fluent, which are less than half of their counterpart using inter-
Foam. At double the mesh resolution, the normalized total energy pre-
dicted by interFoam remains almost steady until about s, when
it abruptly starts falling. In the finest mesh, the interFoam results pre-
sent the opposite behaviour with the normalized total energy beginning
to rise slightly after about s. In contrast, the energy calculated
by Fluent exhibits a monotonous decrease at all three resolutions, with
the maximum energy loss surpassing 2.5 times that of MARS2 on the
finest mesh (MARS2: ; Fluent: ). It can reasonably be sup-
posed that, owing to Fluent's intrinsic numerical dissipation, the total
energy of solitary wave predicted by Fluent would continue to reduce
considerably even if a more refined mesh is applied. Fig. 8 presents a
close-up comparison between the results obtained on the finest mesh.
Both the present and interFoam schemes exhibit rapid small-scale oscil-
lations near the initial time, perhaps reflecting the numerical schemes'
adjustment to the analytical start conditions; while the Fluent solver ex-
periences a rapid drop during this stage. The normalized total energy
predicted by the present simulation then stabilises and declines slightly
whereas the interFoam results experience a physically spurious increase
in total energy (which is erroneous, noting that “since the solvers simu-
late also the flow in the air phase, transfer of momentum and energy to
the air phase might add to the numerical dissipation” (Wroniszewski
et al., 2014)). We should therefore be especially careful to bear this
anomaly in mind when using interFoam to compute solitary wave

propagation. Fluent continues to suffer from energy dissipation severely
in spite of employing a third-order scheme, with relative error even
larger than interFoam.

The MARS2 predictions outperform those of the interFoam and Flu-
ent solvers. Figs. 7 and 8 show that the present total energy predic-
tions fluctuate within reasonable limits allowing for slight attenuation.
Excessive numerical dissipation on coarse meshes and growth in total
energy on the finest mesh limit the reliability of the interFoam solver
for high-fidelity simulations of solitary wave propagation. For Fluen-
t's 3rd-order MUSCL scheme, the tendency of energy dissipation is in-
evitable regardless of the mesh refinement.

For the larger solitary wave where , Fig. 9 shows that the
present simulations conserve total energy much better than interFoam
and Fluent (whose predictions invariably experience energy decay with
time). The error in total energy at s predicted by interFoam is
about on the 1056 32 (Resolution 1) mesh. This error is about
5 times that using MARS2 and Fluent and 2.4 times that for
using interFoam. By contrast, the maximum decrease in normalized to-
tal energy at s is approximately using MARS2, a mere 1.3
times that for . Although the total energy calculated by Fluent
is evidently more accurate than by interFoam, it is inferior to MARS2 in
every resolution. MARS2 is more accurate than interFoam and Fluent at
conserving total energy of a propagating solitary wave, through its use
of high-order reconstruction schemes that limit numerical dissipation.

4.1.2. Wave decay and phase shifts
Table 3 lists the predicted wave height and position of the wave

crest relative to the wave maker of the solitary wave with at
s.

Noting that the fluid viscosity is initially specified to be zero, the
change in wave height with respect to the initial value acts as a proxy
for numerical dissipation. Table 3 shows that the wave height predic-
tion by MARS2 is almost identical to the reference value on the finest
mesh, with an error that is much smaller ( ) than that using inter-
Foam ( ) and Fluent ( ). This confirms that MARS2 incurs al-
most no numerical dissipation (and hence no wave decay during soli-
tary wave propagation over a flat, frictionless bed) compared to these
two solvers. From Table 3, we also see that all solvers present a mis-
match in wave phase between their numerical predictions and the exact
solution. Solitary waves predicted by MARS2 travel a little faster than
the analytical solution, whereas those predicted by interFoam and Flu-
ent travel slower. The (leading) phase error using MARS2 diminishes
rapidly as mesh resolution increases, confirming proper mesh conver-
gence. Conversely, the (lag) phase error using interFoam grows pro-
gressively with mesh refinement, indicating that the predicted wave
crest location increasingly diverges from its analytical counterpart. And
Fluent displays a non-convergence behavior with mesh refinement in
computing wave phase. MARS2 therefore appears better than inter

Fig. 7. Predicted, normalized, total energy time histories for a solitary wave with on regular meshes of resolution: 1472 32 (Reso1); 2944 64 (Reso2); and 5888 128
(Reso3).
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Fig. 8. Predicted, normalized, total energy time histories for a solitary wave with
on a 5888 128 mesh (Resolution 3).

Foam and Fluent at controlling numerical dispersion and at reducing
phase shift between predicted and analytical movement of the wave
crest. Comparing Fluent with interFoam, the error in computing both

wave height and phase shift using the 3rd-order MUSCL scheme is
smaller than that of the 2nd-order one, which emphasizes the signifi-
cance of higher order discretization during wave calculation.

Fig. 10 illustrates solitary wave free surface profiles for
at s, with detailed zoom-ins of the wave crests provided for clar-
ity. The waveforms are obtained by extracting the interface correspond-
ing to the 0.5 contour of the VOF function. As shown in Fig. 10(a),
the waveforms predicted by MARS2 on all three meshes exhibit satis-
factory agreement with the analytical solution. Almost exact agreement
is achieved between the MARS2 simulation on the finest mesh and the
analytical solution, again confirming that mesh convergence has been
achieved. Fig. 10(b) and (c) show the corresponding results obtained
by interFoam and Fluent respectively. It can be seen that larger discrep-
ancies with the analytical waveforms occur using these two solvers than
MARS2. In addition, small oscillations are observed at the trailing edge
of the free surface predicted by Fluent on the coarsest mesh.

Fig. 11 displays the steady state waveforms when at
s obtained on the coarsest 1472 32 mesh (Resolution 1). It il-

lustrates the effect of time step on relatively long duration predictions
of the solitary waveform obtained by modifying the maximum num

Fig. 9. Predicted, normalized, total energy time histories for a solitary wave with on regular meshes of resolution: 1472 32 (Reso1); 2944 64 (Reso2); and 5888 128
(Reso3).

Table 3
Wave height and crest location of solitary wave with at s.

Wave height H (m) Position of wave crest x (m)

Resolution 1 2 3 1 2 3

Reference value 0.1 47.8400
MARS2 0.0998 0.0997 0.1000 47.9531 47.9063 47.8711
interFoam 0.0973 0.0984 0.0990 47.7656 47.7422 47.7070
Fluent 0.0995 0.0994 0.0998 47.7188 47.6719 47.7305

MARS2 −0.1983 −0.2593 0.0303 0.2364 0.1386 0.0650
interFoam −2.7355 −1.5608 −0.9809 −0.1555 −0.2044 −0.2780
Fluent −0.5288 −0.5806 −0.2484 −0.2534 −0.3514 −0.2290

Fig. 10. Solitary wave profiles for at s.
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Fig. 11. Solitary wave profiles for at s on the 1472 32 (Resolution 1) mesh.

ber on the same (Resolution 1) mesh. As shown in Fig. 11(b) and (c),
the predictions by interFoam and Fluent are both highly sensitive to the
choice of time step. Once the value of maximum deviates from about
0.1, interFoam's errors in amplitude and phase shift will grow unaccept-
ably large. As for Fluent, the results from all chosen number are in-
tolerable, especially for the largest time step where the solitary wave
splits into multiple subwaves and severe fluctuation is induced at the
free surface. On the other hand, the predictions by MARS2 (Fig. 11(a))
are much less sensitive to temporal spatial resolution, which provides a
long duration solitary wave form with acceptable amplitude and phase
difference even for the largest value of maximum .

To figure out which of dissipation and dispersion dominates the
waveform error, we define the error function of total waveform error
as

(17)

and the error function of pure shape error as

(18)

where is given by modifying the position of analytical wave
crest to numerical predictions to eliminate the error from phase differ-
ence. Table 4 lists two error functions of the solitary wave with

at s. The total waveform error of MARS2 is definitely
the smallest among all solvers, in which pure shape error accounts for
the majority except when . On contrast, it can be inferred from
the small proportion of that phase shift error dominates the
total error of interFoam, which is also verified in Fig. 11(b). For Fluent,
shape deviation and phase difference seem to provide an even portion
of the total waveform error.

Fig. 12 displays the free surface profile of the solitary wave, super-
imposed at repeated time intervals for on the (Resolution
2) mesh. The time intervals match the propagation of the solitary wave
past a virtual gauge at m, which occurs repeatedly because of
the periodic boundary condition employed at inlet and outlet. Once the

solitary wave has passed m for the first time, it will propagate
through this position recurrently with a period equal to .

From Fig. 12 it may be discerned that all MARS2, interFoam and
Fluent predictions exhibit a growth in phase difference with the analyt-
ical solution as the simulation progresses, among which Fluent's error is
particularly severe. Opposite to the former tests of performed
by Fluent, the lag phase error alters to a leading one, and cumulates with
time to a large extent, exposing the serious numerical dispersion that
arises when using Fluent to perform large wave height and long-time
computations. On the other hand, MARS2 and interFoam behave in a
similar fashion for , with the MARS2-simulated profile trav-
eling faster than the analytical solution, whereas the interFoam profile
lags behind. Although the interFoam phase error appears later than for
MARS2, the error accumulates more rapidly, revealing the cumulative
effect of numerical dispersion in the simulation of a solitary wave of
larger height in interFoam.

Fig. 12(a) shows that the solitary wave height predicted by MARS2
initially rises slightly above the analytical value (which should remain
constant at 0.3 m according to potential theory). One reason for this
could be that the initial velocity field provided by Laitone's second-order
theory is derived from the depth-averaged velocity obtained from shal-
low water theory, causing the incompressible continuity equation not
to be satisfied throughout the computational domain. Fig. 13 displays
the magnitude of divergence in the theoretical velocity field at s,
where non-zero values arise in the region of the solitary wave crest. Al-
though violation of the divergence-free condition initially perturbs the
flow simulation, the present model immediately resolves these in a sin-
gle time step. A second, more important, reason for the growth in wave
height arises from nonlinear behaviour at the larger ratio, exacer-
bated by the present MARS2 model that uses linearized numerical meth-
ods to solve the NS equations.

At later time (t > 120 s), the solitary wave height amplitude pre-
dicted by MARS2 slightly decreases until stabilizing at the initial wave
height without attenuation. This wave height adjustment drives the
phase difference in the MARS2 simulation. By contrast, the wave height
calculated by interFoam declines monotonically over time in Fig. 12(b)
due to an unacceptable level of numerical dissipation. As for Fluent,
the wave height in Fig. 12(c) grows larger and larger, increasing by
over when last passing m. This spurious increase trend is

Table 4
otal waveform error and pure shape error of solitary wave with at s.

maximum 0.5 0.2 0.1 0.05 0.5 0.2 0.1 0.05

MARS2 0.0070 0.0050 0.0043 0.0058 0.0262 0.0084 0.0045 0.0071
interFoam 0.0156 0.0081 0.0037 0.0033 0.0363 0.0351 0.0168 0.0369
Fluent 0.0286 0.0182 0.0148 0.0126 0.0384 0.0306 0.0317 0.0285
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Fig. 12. Evolution of solitary wave elevation at repeated time intervals for as the crest passes m on the 2944 64 (Resolution 2) mesh.

surmised to caused by non-physical oscillation in the vicinity of discon-
tinuities in the third-order MUSCL scheme (Leng et al., 2012).

4.1.3. Accuracy of velocity profiles
Wemmenhove et al. (2015) reported the presence of spurious cur-

rents at the air-liquid interface induced by gravity effects in the air-liq-
uid mixture cells used in free surface flow models. To examine whether
spurious currents are generated by MARS2, we now study the detailed
vertical profile of the horizontal component of fluid particle velocity
at the location of the analytical wave crest for the solitary wave with

at time s in Fig. 14.
According to Laitone's second-order theory, Eqn. (23) in Appen-

dix A, the horizontal velocity component should progressively increase
with elevation throughout the water phase. For most of the flow depth,
the numerical results follow this trend, while being slightly smaller

than analytical. However, in the wave region, the predicted horizon-
tal water particle velocity component undergoes an abrupt, but small
decrease, and reaches a local minimum, before shooting up to exceed
the reference solution, peaking near the air-water interface. In the air
phase, the horizontal fluid velocity component plummets to a negative
value, before rallying to zero as the elevation increases. All simulations
share a common feature in that the horizontal water particle velocity
component is maximum near the free surface. The velocity overshoot
corresponds to the Gibbs phenomenon at the interface where there is
a fluid discontinuity. In the absence of fluid viscosity in the numeri-
cal model, there is no boundary layer present to smooth out the veloc-
ity jump at the interface (Wroniszewski et al., 2014). Fig. 14 shows
that the local minimum in horizontal water particle velocity component
computed by MARS2 is situated increasingly close to the wave crest as
the mesh is refined, and almost vanishes on the mesh of highest resolu

9
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Fig. 13. Theoretical magnitude of divergence in velocity field of a solitary wave with at s.

Fig. 14. Vertical profiles of the horizontal fluid particle velocity component at the analytical location of a solitary wave crest for at s on three regular meshes. The water
phase is represented by a gray background and the air phase by a white background.

tion. Although the velocity overshoot calculated by Fluent is compara-
ble with MARS2 on the coarser meshes, its prediction exhibits larger dis-
crepancy from the analytical solution than MARS2 in the main stream-
flow. Besides, the local minimum bulge in water phase still exists in Flu-
ent's results, indicating a lower convergence rate. The velocity profiles
simulated using interFoam exhibit greater local changes near the free
surface, except perhaps on the coarsest mesh. Unlike the interFoam pre-
dictions, there is no bulge in the horizontal air particle velocity compo-
nent simulated by MARS2 and Fluent. On the other hand, a closer look
at Fig. 14(b) reveals that interFoam has not yet achieved convergence
in calculating the velocity near the wave crest.

4.2. Solitary wave propagation on stretched and hybrid meshes

When the above test cases were repeated on stretched and hybrid
meshes, no distinct mesh-related difference could be discerned in the

predictions of total energy and waveform compared to those obtained
using the MARS2 and interFoam solvers. Discrepancies did occur in the
horizontal velocity component profiles obtained on the stretched and
hybrid meshes, as can be seen in Fig. 15. The profile obtained on the
stretched mesh using interFoam displays greater fluctuations in both the
water and air phases than that using MARS2. Moreover, the horizontal
air particle velocity profile exhibits an enormous discrepancy on the hy-
brid mesh, using interFoam. These results indicate that MARS2 is better
suited than interFoam at modeling the horizontal fluid particle velocity
profile associated with a solitary wave.

To inspect the spurious counter-current obtained using the hybrid
mesh in more detail, Fig. 16 displays the fluid velocity vector field ob-
tained at s using interFoam. The velocity field of the water phase
predicted by interFoam is computed correctly, and is in good agree-
ment with the MARS2 simulation. But the air velocity field predicted
by interFoam appears chaotic, unlike that by MARS2. This implies that

Fig. 15. Vertical profiles of horizontal fluid particle velocity component at the analytical location of a solitary wave crest for at s on stretched and hybrid meshes. The
water phase is represented by a gray background and the air phase by a white background.
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Fig. 16. Velocity vectors of a solitary wave with at s predicted using MARS2 and interFoam on hybrid meshes.

Fig. 17. Free surface elevation profile of solitary wave interaction with a sloping beach at s and m (— 3D MARS2 simulation, Lin et al. (1999)'s experiment.).

InterFoam has difficulty in simulating the air phase above solitary waves
on compound unstructured meshes. In conclusion, MARS2 works well
on all three types of polyhedral unstructured meshes considered.

4.3. Predictions on runup of a solitary wave

We now consider simulations by MARS2 of solitary wave runup
on a plane beach, compared with interFoam. First, we study inviscid
non-breaking solitary waves of relative wave amplitude = 0.1 and
0.3, interacting with plane beaches of slope and . Here, the runup
height is defined as the maximum elevation of the free surface above
mean water level. Reference runup height to depth ratios, following
Wroniszewski et al. (2014) calculated by a fully non-linear bound-
ary integral solver, are 0.369 and 1.275 for solitary waves of
and 0.3 respectively on a slope. For , the reference runup
height is 0.869 on a slope. Table 5 lists the model parameters and
key nondimensionalized numerical results; it is obvious that the MARS2
predictions approach the reference runup height on the finest mesh, and
outperform the corresponding results computed by interFoam and re-
ported by Wroniszewski et al. (2014) where severe attenuation is ob-
served.

Second, three-dimensional effects and viscosity are taken into con-
sideration, and the results compared against a laboratory experiment

Table 5
Solitary wave run up model parameters and predicted runup heights using MARS2 and in-
terFoam.

34m 1.7m 39m 2.6m

MARS2
640
32

1280
64

2560
128

480
32

960
64

1920
128

0.9808 0.9898 0.9987 0.9096 0.9483 0.9749
0.9421 0.9504 0.9616

interFoam 640
32

1280
64

2560
128

480
32

960
64

1920
128

0.9661 0.9730 0.9836 0.7203 0.8245 0.8627
0.7805 0.9037 0.9444

by Lin et al. (1999). To overcome problems from initial transients,
s is consistently defined as the time when the wave peak passes

m as shown in Fig. 17.
Fig. 18 presents a series of predicted and measured free surface el-

evation profiles and velocity vectors at different times as the solitary
wave interacts with the plane beach. Fig. 19, Fig. 20, and Fig. 21 dis-
play predicted and measured vertical profiles of horizontal water parti

11
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Fig. 18. Free surface elevation profiles and velocity vectors of solitary wave runup and rundown on a slope at , 0.9, 1.1, 1.5 and 1.7 s (— 3D MARS2 simulation, Lin et al.
(1999)'s experiment.).

cle velocity at different times at the toe of the beach, half way up the
beach, and at the still water level respectively. In general, the numeri-
cal results fit the experimental data fairly well. The crest of the solitary
wave reaches the slope at s, with maximum runup height of ap-
proximately 0.072 m attained at s. Later, run down occurs with
the nadir occurring at s. The rundown wave then reflects, causing
a secondary, much smaller runup to form at s (Lin et al., 1999).
In this case, the numerical predictions of primary runup, rundown, and
secondary runup accord closely with experimental observations.

To determine whether there exist three-dimensional effects in sim-
ulating solitary wave runup, Fig. 22 illustrates free surface elevation
profiles predicted by 3D MARS2, 2D MARS2 and 2D interFoam at dif

ferent times, with detailed zoom-ins close to the contact point between
the solitary wave front and the sloping beach (which are included for
clarity). It should be noted that the vertical ordinate in each subfig-
ure is different and focused on a narrow range to separate out the nu-
merical results (leading to a seemingly large deviation from the ex-
perimental measurements, which is in fact purely a visual effect). The
wave profile computed by 3D MARS2 is more accurate than that by 2D
MARS2, mainly evidenced by an overall decrease of surface elevation
promoted by three-dimensional viscous effects. The interFoam 2D pre-
diction exhibits the largest discrepancy with respect to the experimen-
tal measurements. Worse still interFoam 2D predicts strong, distinctly
unphysical oscillations in the free surface close to the wave-beach con-
tact point. In addition, it can be observed from the vertical velocity
profiles in Figs. 20 and 21 that velocity predicted by 3D simulation
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Fig. 19. Vertical profiles of water particle velocity components for solitary wave runup and rundown at m ( & : u and v measured by Lin et al. (1999), —: predicted by
3D MARS2, - -: by 2D MARS2, : by 2D interFoam.).

Fig. 20. Vertical profiles of water particle velocity components for solitary wave runup and rundown at m ( & : u and v measured by Lin et al. (1999), —: predicted by
3D MARS2, - -: by 2D MARS2, : by 2D interFoam. The solid slope is represented with gray background and the water phase with white background.).

approaches the experimental results better, further verifying the pres-
ence of three-dimensional effects in wave runup/down simulations.
Therefore, Fig. 23 illustrates the iso-surface of VOF function equal to
0.5 at s in the 3D simulation to visually display the free surface
computed by the MARS2 scheme.

The foregoing agreement with experimental data indicates that
MARS2 has considerable potential as a numerical tool to tackle long du-
ration wave problems involving beaches. The present model is capable
of simulating 2D and 3D wave runup and rundown for both inviscid and
viscous flows, which is an essential prerequisite for oceanographic and
coastal engineering applications.

5. Concluding remarks

A sophisticated model, called MARS2, has been constructed on poly-
hedral unstructured meshes for high-fidelity simulations of solitary wave
propagation on plane and sloping beaches. The FVMS3 scheme and
THINC/QQ method were employed respectively to solve the fluid dy-
namics and to capture the free surface. Initial kinematic data were gen-
erated by Laitone's second-order theory, and embedded in the present
model.

For solitary wave propagation, the performance of the present model
has been assessed by comparison against analytical solutions from po-
tential theory and numerical results obtained using interFoam

and Fluent. Results for inviscid solitary waves with two relative am-
plitudes were interpreted in terms of energy conservation, wave shape
preservation, and accuracy of vertical profile of horizontal fluid parti-
cle component. It was found that predictions by the interFoam and Flu-
ent solver usually experienced severe energy loss, except for an isolated
case where a spurious growth in energy occurred by interFoam simu-
lation. Moreover, the solitary waves predicted by interFoam exhibited
significant wave decay and phase shifts, attributed to intrinsic numer-
ical dissipation and dispersion. The waveforms of interFoam and Flu-
ent were highly sensitive to the temporal and spatial resolution, with
decreasing wave heights and phase shifts observed in cases involving
large time steps and coarse meshes. For a more nonlinear solitary wave
(with larger ratio), it was found that refining the time step and
meshes may even exacerbate numerical discrepancies in predictions by
these two solvers. By contrast, MARS2 appeared superior in controlling
numerical dissipation and dispersion. Energy loss was largely reduced
and waveforms were consistent with reference solutions; only a very
slight phase shift was observed after long-duration solitary wave propa-
gation. For the vertical profile of horizontal fluid particle velocity com-
ponent at the location of the crest of the analytical solitary wave, the
overshoot of velocity in the interFoam simulation was much more crit-
ical than in the MARS2 simulation, promoting the Gibbs phenomenon,
especially on the hybrid mesh. Incorrect calculation of the velocity field
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Fig. 21. Vertical profiles of water particle velocity components for solitary wave runup and rundown at m ( & : u and v measured by Lin et al. (1999), —: predicted by
3D MARS2, - -: by 2D MARS2, : by 2D interFoam. The solid slope is represented with gray background and the water phase with white background.).

on the hybrid mesh by interFoam gave rise to spurious currents in the
air phase.

In the solitary wave runup tests, reference runup heights calculated
using a fully non-linear boundary integral solver by Wroniszewski
et al. (2014) and experimental data from Lin et al. (1999) were
used as metrics. It has been demonstrated that the runup heights of
the present model better approach the reference solution in the invis-
cid case, compared with interFoam. With three-dimensional effects in-
cluded, the flow field snapshots, velocity vectors and vertical profiles of
the horizontal fluid particle velocity component in viscous simulations
by 3D MARS2 also satisfactorily matched experimental data. The present
model, MARS2, offers great potential for simulating free surface flows
of either inviscid or viscous fluids, and could play an important role in
solving wave problems encountered in oceanography and coastal engi-
neering.
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A Solitary wave theory

To reconcile accuracy and efficiency, we adopt Laitone's second-or-
der theory (Laitone, 1960), which guarantees sufficiently accurate so-
lutions without loss of simplicity. The reference solution of the wave
profile η is given by

(19)

(20)

(21)

where d is the water depth, H the wave height, the initial position
of the wave crest and c the wave celerity. The velocity field is
given by:

(22)

(23)

The origin of the vertical coordinate, y, is the seabed. The total en-
ergy of the solitary wave is expressed as:

(24)

(25)

(26)

where and represent potential and kinetic energy respec-
tively.

B interFoam solver

The solution procedure of the interFoam solver over one time step is
summarized below.

1. Construct a predicted velocity field by solving the momentum equa-
tion.

2. Advance pressure and velocity fields through PISO loop until the tol-
erance for pressure-velocity system is reached.

3. Use the conservative fluxes to solve all other equations in the system.
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Fig. 22. Free surface elevation profiles of solitary wave runup and rundown on a slope at , 0.9, 1.1, 1.5 and 1.7 s (black line: predicted by 3D MARS2, red line: by 2D MARS2,
blue line: by 2D interFoam, and : by Lin et al. (1999)'s experiment.). (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this
article.)

Fig. 23. Iso-surface of VOF function equal to 0.5 at s in the 3D MARS2 simulation.

For interface capturing, an algebraic scheme called MULES (Multidi-
mensional Universal Limiter with Explicit Solution) is implemented to
calculate the advective fluxes of the volume fraction. In order to control
numerical dissipation that may smear out the moving interface, an artifi-
cial compression term is introduced to the VOF equation (1) as follows,

(27)

where is a velocity field that is able properly to compress the inter-
face. Interested readers should refer to Deshpande et al. (2012), for
more detail.

C ANSYS Fluent

For Eulerian multiphase calculations, ANSYS Fluent solves the phase
momentum equations, the shared pressure, and phasic volume frac-
tion equations in a segregated fashion. An explicit interpolation scheme
called CICSAM (Compressive Interface Capturing Scheme for Arbitrary
Meshes) (Ubbink and Issa, 1999) is specified for the VOF and Euler-
ian multiphase models to track the interface. For the phase, the VOF
equation has the following form:

(28)

where is the mass transfer from phase q to phase p and is the
mass transfer from phase p to phase q.

Third-Order MUSCL Scheme, conceived from the original MUSCL
(Monotone Upstream-Centered Schemes for Conservation Laws) by
blending a central differencing scheme and second-order upwind
scheme, is used to calculate the convection term in momentum equa-
tion. For the pressure-velocity coupling, Fluent uses the phase coupled
SIMPLE (PC-SIMPLE) algorithm. A pressure correction equation is built

based on total volume continuity, with pressure and velocities corrected
afterwards so as to satisfy the continuity constraint.
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