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Abstract—In this paper, we propose three different algorithms
capable of facing spatio-temporal variations for parametric
modeling and power spectral density (PSD) estimation using
Wireless Sensor Networks (WSNs). To do this, we first validate
the proposed algorithms using theoretical and mathematical
formulations. Afterwards, employing simulation tasks supports
the results. In the next compartment of the paper to illustrate
the concepts, we analyze and compare the performance of these
algorithms with each other and with simple PSD estimation using
individual sensors, wherein there is no cooperation.

Keywords—Autoregressive process; Adaptive signal processing;
Adaptive networks; Distributed estimation; Power spectral esti-
mation; Wireless sensor networks.

I. INTRODUCTION

One of the key issues in signal processing is to estimate the
power spectrum of a time series, for the purpose of so many
applications. Various approaches have been already proposed
for spectrum estimation in the last decades. These methods
are generally divided into two main categories. In the classical
methods, at the first instance, Autocorrelation Function (ACF)
is aimed to be estimated for a time series. Then, the power
spectrum is obtained by transforming the estimated autocor-
relation function into the frequency domain using Fourier
transform. In the second category, parametric description of
the second-order statistics is possible by considering the time-
series model in a random process. In this description, spectral
density is a function of the model parameters instead of
autocorrelation function [1]. The Autoregressive (AR), Moving
Average (MA) and Autoregressive-Moving Average (ARMA)
models well thought-out as some of these models.

The methods for calculating the autoregressive model pa-
rameters are divided into two categories. The first group called
recursive-in-order, might be beneficial for situations in which
the order of the model is unknown and thus different orders
to be tested to achieve the best. Sequential approaches are
called fixed order recursive-in-time due to the sequential data
processing used to update model coefficient with a fixed order.
These techniques are precisely tailored to situations in which
tracking or adapting to a slowly time-varying spectral pattern
is required. Sequential parameter estimation methods vary
from gradient approaches to Recursive Least Squares (RLS)
algorithms.

Adaptive sequential methods can solve the problem of
time variations. Nevertheless, spectra analysis is confronted
with another challenge in some cases, spatial variations. In
a variety of circumstances, the process is distributed over a
geographical region leading to spatial variations. In this case,
relying only on a single points observations makes the estima-
tion imprecise. Furthermore, many applications like detection,
classification and tracking, acoustic arrays, radar, and sonar
have to deal with spatial variations to make an inference
[2], [3]. For spatio-temporal analysis, employment of sensor
networks is recommended due to involving observations of
numerous points, leading to a more comprehensive estimation.
Among all methods proposed in wireless sensor networks,
adaptive networks presented in [4], [5], [6] fulfill the aims
properly. Using this methodology, we propose spatio-temporal
parametric modeling and power spectral density estimation in
this research, respectively.

The paper is organized in the following sections. First in
Section II, the autoregressive model and parameters estimation
are discussed . In Section III three algorithms for estimating
the AR model parameters and power spectral density are
proposed. Afterwards in section IV, defining theoretical error
criteria , an evaluation procedure is conducted for the proposed
algorithms. Eventually, in Section V, the performances of the
proposed algorithms are compared, both with individual mode
and among each other.

II. ESTIMATING AUTOREGRESSIVE MODEL PARAMETERS

A large number of stochastic processes that are encountered
in real world are well approximated by the AR model. In this
model, the driving sequence u(n) and the output sequence
x(n) that model the data are related to each other via some
coefficients, ak by the following equation:

x(n) = −
p∑

k=1

akx(n− k) + u(n) (1)

Generally, the driving sequence is considered as a white noise
with variance σ2. In this model, which represents an AR
process of order p, the present value of the process is expressed
as a weighted sum of the previous values and noise. Given
this model, the power spectral density is calculated from the



following equation [7]:

PAR(f) =
σ2

|A(f)|2
(2)

where A(f) is the Discrete Fourier Transform (DFT) of
parameters series.

In the classical method, using the autocorrelation functions
the AR model’s parameters can be calculated after solving a
set of linear equations called Yule-Walker equations.

In the cases where the spectral pattern is assumed to have
small time variations, adaptive methods are used to estimate
model parameters. In this case, the model coefficients are
updated by each new input sample, and a new spectral density
curve can be consequently drawn based on the updated coeffi-
cients. It prepares a fast and real-time time-frequency analysis
[8]. The Doppler tone frequency of a sonar signal recorded
from a moving target is an example of a signal source having
the parameters that slowly change with the time. Adaptive
algorithms used for estimating the AR model parameters are
divided into two categories. The most fundamental approach is
based on the gradient method. The Least Mean Square (LMS)
algorithm, as a well-known gradient-based method, may be an
appropriate choice for estimating adaptive coefficients. The
second class of adaptive algorithms is RLS-based methods
providing better performance but at some additional compu-
tation expense. Since the scope of this paper is not primarily
considering these models , we therefore use LMS algorithm
to prove the general idea, due to its less complexity

Considering the vector of AR model parameters as follows:

aTp = (ap(1), ..., ap(p)) (3)

p elements of the AR model parameters vector at time i can
be calculated based on the previous time i− 1, using gradient
descent method:

âp,i = âp,i−1 − µ∇E
{
ep,i(i)

}
(4)

where µ is learning rate parameter,∇ is gradient, E is expected
value and ep,i[i] is the estimation error expressed as follows:

ep,i(i) = x(i) +XT
p (i) âp,i−1

XT
p (i) = (x(i− 1), ..., x(i− p))T (5)

Defining autocorrelation and cross correlation functions, we
acquire:

rp = E
{
x(i)x∗

p(i)
}

Rp = E
{
x∗
p(i)x

T
p (i)

} (6)

and using LMS instantaneous approximations instead of sta-
tistical approximations:

r̂p = x(i)x∗
p(i)

R̂p = x∗
px

T
p

(7)

The following adaptation step can be employed to estimate the
AR model coefficients.

âp,i = âp,i−1 − µx∗
p−1ep,i(i) (8)

III. DISTRIBUTED ADAPTIVE POWER SPECTRAL
ESTIMATION

Distributed wireless sensor networks link deployed sensor
nodes in a geographical area. Considering a random process
propagating over an area covered by sensor nodes, we can use
distributed adaptive algorithms, in which neighboring nodes
are allowed to communicate with each other at every single
iteration. Consider a set of N sensor nodes that are dispersed
in a geographical region measuring a special parameter of a
stationary process. Assuming that the measured values are
corrupted by additive noise, the following data model is
considered for the nodes’ observations:

dk(i) = uk,iw
◦ + vk(i) k = 1, ..., N (9)

The objective is to estimate w◦ from measurements dk(i) in
all nodes. In other words, it can be assumed that dk(i) and uk,i
are time realization of random vectors dk and uk. The vector
w is obtained by minimizing mean-square error as follows:

1

N

N∑
k=1

E|dk − ukw|2 (10)

One way to minimize the error function is using adaptive filters
at each node, whereby each node estimates w◦ individually
based on its local data. In this case, each node will end up
by estimating w◦ and quality of the estimation is dictated by
data quality in node k.
In the situation where some nodes have access to the data and
some cooperative operations are allowed among the nodes, it
is beneficial to offer a solution that takes advantages of nodes
cooperation. As a result, an adaptive network is realistically
obtained where all nodes respond (in real-time) to the data
according to local and cooperative processing and adapt to
statistical variations of the data thereafter [9]. The techniques
are divided into different categories based on the cooperation
constraints among the nodes and the applied adaptive filters.
LMS and RLS methods are the most important adaptation
methods have been yet proposed, as investigated in [4], [5].
From cooperation point of view, two main categories, incre-
mental and diffusion can be cited (see Fig. 1).

(a) (b)

Fig. 1. Modes of cooperation:(a) Incremental (b) Diffusion

A. Incremental Strategy

Considering the data model (9), different methods have been
proposed for distributed estimation. One of the methods offers
an algorithm considering the incremental collaboration. In an
incremental mode, information is regularly transmitted from a
node to the adjacent node as shown in Fig. 1(a). Requiring a
cyclic pattern to create cooperation among the nodes, in this



Algorithm 1 : PSD Estimation pseudo-code based on distributed
adaptive incremental LMS

Start with an initial estimate, ψ(0)
−1:

For each time i ≥ 0,
1: for nodes k = 1 to N − 1:
ψ

(i)
k = ψ

(i)
k−1 + µku

∗
k,i(dk(i) + uk,iψ

(i)
k−1)

2: in node N :
wi ← ψ

(i)
N

After Convergence:
W (f) = F{wi}
PAR(f) =

σ2
v

|W (f)|2

method, with starting from the beginning the the cycle, known
as node 1, each node updates its local estimation by receiving
local estimation of the previous node. At the end of the cycle,
local estimation of the last node is resulted by cooperating with
all other nodes, which is considered as the network estimation
on that iteration, in this fashion [10]:{

ψ
(i)
k = ψ

(i)
k−1 + µku

∗
k,i(dk(i)− uk,iψ

(i)
k−1), k = 1, ...., N

wi ← ψ
(i)
N

(11)
where ψ(i)

k is the local estimation in node k and iteration i.
Considering uk,i and wi to be:

d(i) = x[i]
uk,i = XT

p (i) = [d(i− 1), ..., d(i− p)]
wi = aTp = (ap(1), ..., ap(p))

(12)

Algorithm 1 is proposed to calculate the spectral density based
on the LMS method and incremental cooperation. If we take
into account the observation noise, (1) is rewritten as follows:

x[n] = −
p∑

k=1

a[k]x[n− k] + u[n] + uo[n] (13)

in which uo[n] is observed additive noise. In the case that both
driving sequence and additive noise are considered normal
processes with variances σ2 and σ2

o and also both are generated
independently, we can aggregate them in terms of a total
normal process as follows:

uv[n] = u[n] + uo[n]

σ2
v = σ2 + σ2

o

B. Diffusion Strategy

Adaptive networks based on diffusion cooperation were first
introduced in [11]. By applying this strategy, each node uses
the information of all adjacent nodes rather than just the
previous node (Fig. 1(b)). For this purpose, node k produces
a local combination of all the neighboring nodes, which can
be written as follows:

ψ
(i−1)
k =

∑
ℓ∈Nk

ak,lϕ
(i)
l (14)

where ϕ
(i)
l is an individually adapted estimation in node

l and iteration i. ℓ represents the set of neighboring nodes

Algorithm 2 PSD Estimation pseudo-code based on distributed
adaptive ATC diffusion LMS

Start with an initial estimate, ψ(−1)
ℓ :

For each time i ≥ 0,
For each node k,

1: Adapt local estimation at node k:
ϕ
(i)
k = ψ

(i−1)
k + µku

∗
k,i(dk(i)− uk,iψ

(i−1)
k )

2: Combine local estimations:
ψ

(i)
k =

∑
ℓ∈Nk

ak,lϕ
(i)
l

After Convergence:
W (f) = F{wi}
PAR(f) =

σ2
v

|W (f)|2

(including node k itself) and ak,l is the coefficient used for
combining the obtained estimates from the neighboring nodes
and is chosen in different ways [12], [13]. In this algorithm,
the estimations of the adjacent nodes are taken into account at
each update, instead of using only the previous node estimation
in each update. Algorithm 2 is proposed to estimate the
AR coefficients and spectral density based on the diffusion
distributed estimation in this algorithm the adaptation step
is followed by combination (Adapt-Then-Combine (ATC)).
The combination and adaptation steps can be replaced. In
this case, Combine-Then-Adapt (CTA) version of diffusion
strategy works as indicated in Algorithm 4.

IV. EVALUATION

To evaluate the proposed algorithms we resort to fitting
our model to the standard adaptive networks model. If the
proposed algorithms well fitted to the standard model, we can
then calculate the theoretical error indices, and compare them
with simulation results. In adaptive networks realm, we can
generally exploit error references under some assumptions that
concentrate on the data model considered as follows:

1) The unknown vector w◦ relates {d,u}:

dk = ukw + vk (15)

where vk denotes some white noise sequences with
variance σ2and independent of { dl,ul } for all l.

2) uk is independent of ul for k ̸= l (spatial indepen-
dence).

Algorithm 3 PSD Estimation pseudo-code based on distributed
adaptive CTA diffusion LMS

Start with an initial estimate, ψ(−1)
ℓ :

For each time i ≥ 0,
For each node k,

1: Combine local estimations:
ϕ
(i−1)
k =

∑
ℓ∈Nk

ak,lψ
(i−1)
l

2: Adapt local estimation at node k:
ψ

(i)
k = ϕ

(i−1)
k + µku

∗
k,i(dk(i)− uk,iϕ

(i−1)
k )

After Convergence:
W (f) = F{wi}
PAR(f) =

σ2
v

|W (f)|2



3) For every k, the sequence uk is independent over time
(time independence).

4) The regressors uk arise from a source with circular
Gaussian distribution having covariance matrix Ru,k .

According to [10], we define error signals and quantities as
follows:

ψ̃
(i)
k = w◦ − ψ(i)

k weight-error vector (16)

ea,k(i) = uk,iψ̃
(i)
k a priori local error (17)

Considering these relations, MSD and EMSE in each node can
be defined as follows:

ηk = E∥ψ̃k∥2 (18)

ζk = E|ea,k|2 (19)

By averaging error values in the nodes, network performance
criteria can be defined in each iteration:

ηnetwork(i) =
1

N

N∑
k=1

ηk(i) (20)

ζnetwork(i) =
1

N

N∑
k=1

ζk(i) (21)

The steady-state error in each node is calculated as follows:

ηk = E∥ψ̃(∞)
k ∥2 (22)

ζk = E|ea,k(∞)|2 (23)

In incremental LMS case, considering the eigen-
decomposition of regressors covariance in each node
as:

Ru,k = UkΛkU
∗
k (24)

where Uk is a unitary matrix and Λk represents a diagonal
matrix containing the eigenvalues of Ru,k, defined in the
following way (diag(.) operator builds a diagonal matrix):

Λk = diag{λk,1, λk,1, ..., λk,M} (25)

and defining further quantities as follows:

D = 2
N∑

k=1

µkΛk (26)

bk = diag{Λk} (27)

a =

N∑
k=1

µ2
kσ

2
v,kbk (28)

q = col{1, 1, ..., 1} (29)

according to [9], [10], the steady-state MSD and EMSE in
each node can be calculated by the following relations:

ηk ≈ aTD−1q (30)

ζk ≈ aTD−1bk (31)

The problem is slightly more sophisticated in diffusion
case. To aggregate the analysis of different types of diffusion

strategy we had better deal with a general diffusion adaptive
solution:

ϕk,i−1 =
∑
ℓ∈Nk

a1,ℓkwℓ,i−1 (32)

ψk,i = ϕk,i−1 + µku
∗
k,i[dk(i)− uk,iϕk,i−1] (33)

wk,i=
∑
ℓ∈N

a2,ℓkψℓ,i (34)

where {a1,ℓk, a2,ℓk} are real non-negative coefficients corre-
sponding to the (ℓ, k) entries of N ×N combination matrices
{A1,A2}. The advantage of using this method is that different
choices of {A1,A2}, leads to alternative types. If we choose
A1= IN and A2= A, diffusion ATC is set up. To reach
diffusion CTA, we just ought to choose A1= A and A2= IN .
Choosing A1= IN and A2= IN , negates the cooperation.

Like the incremental mode, we need some further quantities
defined as follows:

A1 = A1 ⊗ IN (35)
A2 = A2 ⊗ IN (36)

Rv = diag{σ2
v,1, σ

2
v,2, ..., σ

2
v,N} (37)

Ru = diag{Ru,1,Ru,2, ...,Ru,N} (38)
M = diag{µ1IM , µ2IM , ..., µNIM} (39)

S = diag{σ2
v,1Ru,1, σ

2
v,2Ru,2, ..., σ

2
v,NRu,N} (40)

G = AT
2M (41)

B = AT
2 (INM −MR)AT

1 (42)

Y = G S GT (43)

F = BT ⊗ B∗ (44)
Jk = diag{0M , ..., 0M , IM , 0M , ..., 0M} (45)
Tk = diag{0M , ..., 0M ,Ru,k, 0M , ..., 0M} (46)

where, ⊗ is used for Kronecker product and M denotes order
of the system or process. Jk is a N ×N block diagonal matrix
with blocks of size M×M, where all blocks on the diagonal
are zero except for the diagonal block of index k whose value
is IM for Jk and Ru,k for Tk.

Steady-state MSD and EMSE can be calculated in each
node, in terms of defined quantities in diffusion strategy [14],
as:

ηk = [vec(YT)]T.(I − F)−1.vec(Jk) (47)

ζk = [vec(YT)]T.(I − F)−1.vec(Tk) (48)

V. SIMULATION

We aim to follow two main goals in the simulation task.
The first and the most important is to compare the simulation
results with theoretical achievements. The second incentive is
to draw a comparison among different algorithms. To reach
the objectives, we aim to design a simulation scenario.

Consider an AR(4) process with desired coefficients while
guaranteeing the process to be Wide Sense Stationary (WSS).
The PSD pattern of the generated process is depicted in Fig.
2(a). Pole-zero plot of the system function is shown in Fig.
2(b) in which the poles are all inside the unit circle, thus



generating a WSS process. Fig. 3(a) shows fifteen scattered
nodes , observing an AR process arose from white noises with
dissimilar variances, as depicted in Fig. 3(b). The choice of
noise variances at each node is completely random. In order
to have a clue to choose a step size guaranteeing convergence
and being small enough, the trace of regressor covariances
is shown in Fig. 3(c). Once the data was generated using
the predefined coefficients and the mentioned conditions, we
employed different algorithms to calculate error criteria. The
learning rate is considered 3 in all modes, except incremental
in which this number is divided by the number of the nodes
to reach comparable results. Running the simulation for 100
times and averaging the results thereafter, assures that the re-
sults are valid enough. After calculating the steady-state MSD
and EMSE with the last 50 averaged coefficients, simulation
measures are available. Based on (30), 31), (47) and (48) we
can calculate theoretical quantities.

Figures 4-7 depict simulation quantities versus theoretical
results. A holistic glance at the curves convinces us that
the simulation results follow theoretical achievements to an
acceptable extents, supporting the concepts. In incremental
mode, simulation results closely resembles theoretical mea-
sures, while this resemblance decreases in diffusion mode .
The small observable dissimilarity is due to approximations
applied in theoretical MSD and EMSE in diffusion mode.

After calculating the theoretical quantities, to pursue our
second goal, steady-state criteria are compared as shown in
Figures 9-12. The best performance appertains to the incre-
mental mode followed by the diffusion ATC and CTA. In
incremental, as discussed in III-B, estimation procedure starts
from one point and goes through the network to cover all the
nodes. In other words, the incremental mode takes all the local
estimations into account at each step. Nonetheless, diffusion
estimation is limited by neighbors’ estimations. From another
perspective, the incremental mode prepares a more precise
estimation at some additional time expense, as it covers all the
nodes at each step, while the diffusion provides a faster and
less accurate estimation. Since the adaptation step surpasses
the combination step in ATC mode, it obtains more precise
results compared to CTA mode.

When the cooperation is negated the worst performance oc-
curs, as expected. In this mode, wherein each node individually
estimates the PSD itself, error indices experience quantities far
beyond cooperative methods. This comparison clearly points

(a) (b)

Fig. 2. (a) Power Spectral Density of the generated process (b) System
function Pole-Zero plot

(a)

(b) (c)

Fig. 3. (a) Network topology (b) Noise power, (c)Trace of regressor
covariances

out the effectiveness of the cooperative parametric modeling.
The ability of cooperative parametric modelling is closely
related to the noise power. When the noise power seen to
be hight, for instance in nodes 5,9 and 12 (Fig. 3(b)), the
distance between cooperative-based and non-cooperative mode
is at its climax. Fig. 10 demonstrates similarity of estimated
PSD with original one depicted in Fig. 2(a). In parametric
PSD estimation, the precision is closely tied with the estimated
parameters, causing the discipline to be repeated in this plot
as well. Therefore, we can conclude in essence that the
incremental mode is capable of estimating the most similar
PSD, followed by diffusion, whereas the non -cooperative
strategy leads to the least similar PSD estimation.

Fig. 4. Steady-state error indices for incremental theory vs. simulation

Fig. 5. Steady-state error indices for ATC theory vs. simulation



Fig. 6. Steady-state error indices for CTA theory vs. simulation

Fig. 7. Steady-state error indices for no cooperation theory vs. simulation

Fig. 8. Steady-state MSD per node

Fig. 9. Steady-state EMSE per node

Fig. 10. PSD Similarity per node

VI. CONCLUSION

In this paper we proposed three algorithms for parametric
modeling and PSD estimation, based on a set of observations
by networked sensors. First, the validity of the proposed
algorithms was carried out. Theoretical and simulation error
criteria were compared in steady-state conditions, based on the
designed simulation scenario. The close relation between theo-
retical and simulation results approved the validity of the pro-
posed methods according to the standard adaptive networks.
At the next part of the interpretation process, the proposed
algorithms were compared with each other and also with
a non-cooperative method. A considerable distance among
cooperative and non- cooperative methods was observed under
steady-state conditions. Comparing the algorithms with each
other, we found the incremental PSD estimation algorithm pre-
pared the most precise results. The diffusion PSD estimation
algorithms obtained less precise results but faster, presumably.
As a general conclusion, cooperative adaptive parametric mod-
elling and PSD estimation algorithms are the best choices for
spatio-temporal processes corrupted by additive noise.

REFERENCES

[1] S. L. Marple Jr, Digital spectral analysis with applications. Prentice
Hall Inc, London, 1987.

[2] A. D’Costa, V. Ramachandran, and A. Sayeed, “Distributed classification
of Gaussian space time sources in wireless sensor networks,” IEEE J.
Sel. Areas Commun., vol. 22, no. 6, pp. 1026–1036, Aug. 2004.

[3] M. F. Duarte and Y. H. Hu, “Vehicle classification in distributed sensor
networks,” J. Parallel Distrib. Comput., vol. 64, no. 7, pp. 826–838,
2004.

[4] A. H. Sayed and C. G. Lopes, “Distributed recursive least-squares strate-
gies over adaptive networks,” Asilomar Conf. Signals Syst. Comput.,
no. 1, pp. 233–237, 2006.

[5] C. G. Lopes and A. H. Sayed, “Distributed adaptive incremental strate-
gies: formulation and performance analysis,” in 2006 IEEE Int. Conf.
Acoust. Speech Signal Process. Proc., vol. 3, no. 4. IEEE, 2006, pp.
III–584–III–587.

[6] F. S. Cattivelli, C. G. Lopes, and A. H. Sayed, “A diffusion RLS scheme
for distributed estimation over adaptive networks,” in IEEE 8th Work.
Signal Process. Adv. Wirel. Commun. IEEE, 2007, pp. 1–5.

[7] G. U. Yule, “On a method of investigating periodicities in disturbed
series, with special reference to Wolfer’s sunspot numbers,” Philos.
Trans. R. Soc. London. Ser. A, Contain. Pap. a Math. or Phys. Character,
vol. 226, pp. 267–298, 1927.

[8] W. X. Zheng, “Adaptive parameter estimation of autoregressive sig-
nals from noisy observations,” in Signal Process. Proceedings, 1998.
ICSP’98. 1998 Fourth Int. Conf. IEEE, 1998, pp. 449–452.

[9] A. H. Sayed and F. Cattivelli, “Distributed adaptive learning mecha-
nisms,” in Handb. Array Process. Sens. Networks, S. Haykin and K. J.
Ray Liu, Eds. Wiley Online Library, 2009, pp. 693–722.

[10] C. G. Lopes and A. H. Sayed, “Incremental adaptive strategies over
distributed networks,” IEEE Trans. Signal Process., vol. 55, no. 8, pp.
4064–4077, 2007.

[11] C. G. Lopes and A. H. Sayed, “Diffusion least-mean squares over
adaptive networks: formulation and performance analysis,” IEEE Trans.
Signal Process., vol. 56, no. 7, pp. 3122–3136, 2008.

[12] V. D. Blondel, J. M. Hendrickx, A. Olshevsky, and J. N. Tsitsiklis,
“Convergence in multiagent coordination, consensus, and flocking,”
Proc. 44th IEEE Conf. Decis. Control, vol. 44, no. 3, pp. 2996–3000,
2005.

[13] D. S. Scherber and H. C. Papadopoulos, “Locally constructed algorithms
for distributed computations in ad-hoc networks,” in Proc. 3rd Int. Symp.
Inf. Process. Sens. networks. ACM, 2004, pp. 11–19.

[14] A. Sayed, “Diffusion adaptation over networks,” in E-Reference Signal
Process., R. Chellappa and S. Theodoridis, Eds. Elsevier, 2013.


