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Climbing three-Reggeon ladders: four-loop amplitudes
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Using an iterative solution of rapidity evolution equations, we compute partonic 2 → 2 gauge
theory amplitudes at four loops in full colour up to the Next-to-Next-to-Leading Logarithms (NNLL)
in the Regge limit. By contrasting the resulting amplitude with the exponentiation properties of
soft singularities we determine the four-loop correction to the soft anomalous dimension at this
logarithmic accuracy, which universally holds in any gauge theory. We find that the latter features
quartic Casimir contributions beyond those appearing in the cusp anomalous dimension. Finally, in
the case of N = 4 super Yang-Mills, we also determine the finite hard function at four loops through
NNLL in full colour.

The high-energy limit of gauge-theory scattering am-
plitudes has long been a source of unique insight into
gauge dynamics. Amplitudes drastically simplify in this
limit, and their factorisation in rapidity reveals new de-
grees of freedom that propagate in two transverse dimen-
sions. Rapidity evolution equations, BFKL [1, 2] and
its non-linear generalisation [3], manifest concepts from
Regge theory [4], leading to remarkable new insights.
Several avenues have emerged in recent years which ex-
ploit the predictive power of factorization and evolution
in rapidity, and translate it into concrete predictions for
partonic amplitudes [5–13]. New results regarding the
Regge limit have been instrumental in determining multi-
leg planar N = 4 super Yang-Mills amplitudes in general
kinematics to unprecedented accuracy, see e.g. [6, 14, 15].
In parallel, computation of the Regge limit in 2 → 2
scattering for general colour [7–10] have been shown to
provide powerful constraints on soft singularities of am-
plitudes in general kinematics [11, 16–18].

Our focus here is on universal features of 2→ 2 gauge-
theory scattering amplitudes, 1 + 2→ 3 + 4, in the high-
energy limit, following [7–11]. These amplitudes are de-
scribed by two independent Mandelstam invariants s ≡
(p1+p2)2 and t ≡ (p1−p4)2, with u ≡ (p1−p3)2 = −s−t,
where in the high-energy limit s� −t, and we apply per-
turbation theory, assuming that the momentum transfer
−t is large compared to the QCD scale. For s� −t the
perturbative amplitude is dominated by large logarithms
in the ratio s

−t . Famously, the Leading Logarithms (LL)
can be resummed to all orders [19, 20] via

MLL
ij→ij(s, t) =

(
s

−t

)CA αg(t)

Mtree
ij→ij , (1)

where Mtree
ij→ij = g2

s
2s
t Ti ·Tj is the tree-level amplitude

with the generator Ti in the representation of parton i,
and

αg =
αs
π

rΓ

2ε
+O(α2

s) ; rΓ = eεγE
Γ2(1− ε)Γ(1 + ε)

Γ(1− 2ε)
(2)

is the gluon Regge trajectory, presented here in dimen-
sional regularization with D = 4 − 2ε, where we sup-
pressed higher-order corrections which contribute be-
yond LL. The simple exponentiation property in (1), with
the characteristic colour charge CA, can be understood as
due to the exchange of a single Reggeized gluon (dubbed
Reggeon), which admits a trivial evolution equation in
rapidity. At higher logarithmic accuracy more complex
analytic structure emerges, associated with compound
states of multiple Reggeons [7, 21–23]. The correspond-
ing evolution equations are difficult to solve [24, 25], but
they can be integrated iteratively [7–10], to obtain per-
turbative high-energy amplitudes order-by-order in αs.
In this paper we extend these methods to four loops and
NNLL accuracy.

In the Regge limit amplitudes naturally split according
to their signature symmetry: M = M(−) +M(+) where
M(−) and M(+) are respectively odd and even under
s ↔ u. Upon using a signature-symmetric definition for
the large logarithm,

1

2

(
log
−s− i0
−t

+ log
−u− i0
−t

)
= log

∣∣∣s
t

∣∣∣−iπ
2
≡ L , (3)

and expanding M(−) and M(+) according to

M(±)
ij→ij =

∞∑
n=0

(αs
π

)n n∑
m=0

LmM(±,n,m)
ij→ij , (4)

withM(−,0,0)
ij→ij ≡Mtree

ij→ij , it can be shown [8] that the odd

amplitude coefficients M(−,n,m)
ij→ij are purely real, while

the even ones M(+,n,m)
ij→ij are purely imaginary. Since

Bose symmetry links the kinematic dependence to that
of colour,M(+) andM(−) are governed by t-channel ex-
change of colour representations which are respectively
even and odd under 1 ↔ 4 (or 2 ↔ 3) interchange. The
latter consist of an odd number of Reggeons, while the
former an even number [7]. Signature is preserved under
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rapidity evolution, and this greatly simplifies the com-
putation of these amplitudes [7–10]. The signature even
amplitude M(+), which starts at NLL accuracy is gov-
erned at this logarithmic order by two-Reggeon exchange,
satisfying BFKL evolution. Using an iterative solution of
this equation, this entire tower of logarithms has recently
been determined [7, 9, 10].

The present paper focuses on the signature odd am-

plitude. At NLL accuracy, M(−)
ij→ij is still governed by a

single Reggeon exchange (Regge pole) [26], with O(α2
s)

corrections to the trajectory in (2) [27] along with s-
independent impact factors [8]:

M(−),LL+NLL
ij→ij = eCAαg(t)LZi(t)Di(t)Zj(t)Dj(t)Mtree

ij→ij .
(5)

The factors Zi(t) and Di(t) admit perturbative expan-

sions with coefficients Z
(n)
i and D

(n)
i where the one-loop

terms, n = 1, contribute at NLL, while the higher-order
terms give rise to further subleading logarithms. Zi(t)
generate collinear singularities [16]

Zi(t) = exp

{
−1

2

∫ µ2

0

dλ2

λ2
Γi
(
αs(λ

2), λ2
)}

, (6)

with Γi = 1
2γK

(
αs(λ

2)
)
Ci log −tλ2 + 2γi. Here γK is the

universal cusp anomalous dimension [28–30], Ci is the
quadratic Casimir in the representation of parton i and γi
are anomalous dimensions associated with on-shell form
factors [31, 32]. The collinear-subtracted impact factors
Di(t) are known to two loops [8].

Our new computation concerns the NNLL tower, which
manifests a Regge cut in the real part of the amplitude
[7, 32–35]. This phenomenon is associated to the ex-
change of three Reggeons, as shown by direct calcula-
tions to three loops [8, 35]. Here we take a further step by
showing that the entire NNLL tower,M(−,n,n−2), can be
computed using the evolution of one and three Reggeons
and the transitions between them. We then explicitly
compute the NNLL amplitude at four loops in full colour.
Finally, upon comparing the result with the known ex-
ponentiation properties of infrared singularities we gain
a powerful check and determine the soft anomalous di-
mension in the same approximation.

Methodology. We describe 2→ 2 scattering at high
energy following [7]. Fast particles moving in the plus (+)
lightcone direction appear as infinite Wilson lines [36]

eigsT
aWa(z) ≡ P exp

[
igsT

a

∫ +∞

−∞
dx+Aa+(x+, x−=0, z)

]
at transverse position x⊥ = z, where the generator Ta

is in the representation of the scattering parton and W
identifies a Reggeon field. Rapidity divergences are reg-
ulated by introducing a cutoff η = L. The projectile
and target in the scattering process, denoted respectively
as |ψi〉 and 〈ψj |, are expanded in Reggeon fields, reg-
ulated at different rapidities. These are then evolved

to equal rapidities by applying the Balitsky-JIMWLK
Hamiltonian H [3]. The contraction of Reggeons of
equal rapidity is evaluated in terms of free propagators
〈W a(p)|W b(q)〉 = i

p2 δ
abδ2−2ε(p−q)+O(g2

s) [7]. To com-
pute the amplitude

i

2s

1

ZiZj
Mij→ij = 〈ψj |e−HL|ψi〉 (7)

we expand the projectile and target in the number of

Reggeons n, such that |ψi〉 =
∑∞
n=1 (rΓαs)

(n−1)/2 |in〉,
where

|in〉 = |in〉LO
+

∞∑
k=1

(αs
π

)k
|in〉N

kLO
, (8)

with the tree-level normalized as 〈j1|i1〉 =
ig2s
t Ti·Tj . The

Hamiltonian H allows transitions between states with
different numbers of Reggeons [7]. However, signature
symmetry excludes transitions between states of odd and
even numbers of Reggeons, e.g. 〈j3|e−HL|i2〉 = 0. Only
odd (even) transitions contribute to the odd (even) am-
plitude. We denote individual Hamiltonians converting
an n Reggeon state to a k Reggeon state as Hn→k. Defin-
ing channels of colour flow [37] by

Ts = T1 + T2, Tt = T1 + T4, Tu = T1 + T3 , (9)

the single Reggeon evolves with H1→1 = −T2
t αg(t), with

〈j1|T2
t |i1〉 = CA 〈j1|i1〉; NNLL accuracy requires O(α3

s)
corrections in αg(t) of eq. (2).

Multi-Reggeon transitions Hn→k were computed to
leading order in [8] by expanding the Balitsky-JIMWLK
Hamiltonian [3] in the Reggeon field, obtaining [7, 8]

H =
∑
n≥1

[
HLO
n→n +

∑
l>0

(αsrΓ)lHLO
n→n±2l

]
+ . . . , (10)

where the ellipsis stand for O(α2
s) corrections to H [38];

these are not required for multi-Reggeon transitions at
NNLL. To determine M(−,n,n−2) it is convenient to ex-
tract H1→1 in (7), defining the reduced amplitude,

i

2s
M̂ij→ij ≡ 〈ψj |e−(H−H1→1)L|ψi〉 = 〈ψj |e−ĤX |ψi〉 ,

(11)

along with a reduced Hamiltonian Ĥ and an expansion
parameter X ≡ αs

π rΓL. Note that Ĥ1→1 = 0. Expand-
ing (11) and collecting the NNLL in the odd amplitude
we find, to all orders in αs,

i

2s
M̂(−),NNLL

ij→ij =
(αs
π

)2
{
r2
Γπ

2

[ ∞∑
k=0

(−X)k

k!
〈j3|Ĥk

3→3|i3〉

+

∞∑
k=1

(−X)k

k!

[
〈j1|Ĥ3→1Ĥ

k−1
3→3|i3〉+ 〈j3|Ĥk−1

3→3Ĥ1→3|i1〉
]

+

∞∑
k=2

(−X)k

k!
〈j1|Ĥ3→1Ĥ

k−2
3→3Ĥ1→3|i1〉

]LO

+ 〈j1|i1〉NNLO

}
(12)
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(a) (b) (c)

FIG. 1: Three-Reggeon exchange at two and three loops
(a and b) and their mixing into a single Reggeon (c).

With the sole exception of the term 〈j1|i1〉NNLO
, which is

extracted from two-loop amplitudes [8], eq. (12) describes
the whole NNLL tower using the leading-order formalism!

Results at NNLL. We proceed to evaluate M̂ in (12)
to four loops, following the notation of (4).
Two loops. According to (12) there are two distinct
contributions to the two-loop amplitude M̂(−,2,0). The
first is the single Reggeon exchange, 〈j1|i1〉NNLO

, which
may be read off eq. (5):

〈j1|i1〉NNLO
=
(
D

(2)
i +D

(2)
j +D

(1)
i D

(1)
j

)
〈j1|i1〉 . (13)

The second is the three Reggeon exchange depicted in
Fig. 1a (where there is an implicit sum over permutations
of the three-Reggeon attachment to the Wilson line):

〈j3|i3〉 = −3
(

1
ε2 − 6εfε

)
C

(2)
33 〈j1|i1〉 (14)

fε ≡ ζ3 + 3
2εζ4 +O(ε2) ; C

(2)
33 ≡

1

24

(
(T2

s−u)2 − C2
A

12

)
where T2

s−u ≡ 1
2 (T2

s − T2
u). Adding up the two contri-

butions we obtain M̂(−,2,0) in agreement with [8].
Three loops. There are two contributions to M̂(−,3,1)

in eq. (12). The first, in Fig. 1b, is the Ĥ3→3 evolution,

〈j3|Ĥ3→3|i3〉 =

[
1

ε3

(
CA −

5

6
T2
t

)
+ 2fε × (15)

(
CA −

41

6
T2
t

)
+O(ε2)

]
C

(2)
33 〈j1|i1〉 ,

which relates to C
(2)
33 of eq. (14). This relation stems from

the fact that the action of Ĥ3→3 is symmetrised under
permutations of the three Reggeons, as both the target
and projectile wavefunctions are symmetric.

The new type of contribution at three loops, Fig. 1c,
arises from the term involving Ĥ3→1 in eq. (12),

〈j1|Ĥ3→1|i3〉=
1

36

(
− 1

ε3
+ 70fε +O(ε2)

)
di 〈j1|i1〉 ,

(16)
and a similar one involving Ĥ1→3, obtained upon replac-

ing di ≡
dARi

NRi

1
CRi

in (16) by dj . Given the representation

(a) (b) (c)

FIG. 2: Four-loop mixing between a single and three
Reggeons states through Ĥ1→3 and/or Ĥ3→1.

Ri we defined respectively, NRi , CRi and dARi as the di-
mension, the quadratic, and the quartic Casimirs,

dARi ≡
1

6

∑
σ∈S3

tr
(
F aF bF cF d

)
tr
(
TaTσ(b)Tσ(c)Tσ(d)

)
with Ta and F a, respectively, the generators in the Ri
and the adjoint representations. In contrast to (14)-(15),
eq. (16) does not involve a matrix in colour space, but is
simply proportional to 〈j1|i1〉. This is due to the fact that
colour is carried by a single Reggeon on either the target
or projectile sides. This property holds for all terms in
the second and third lines of (12) at any order [39].
Four loops. According to (12), the four-loop NNLL

amplitude M̂(−,4,2) is a sum of four terms:

i

2s
M̂(−,4,2) =

r4
Γπ

2

2

[
〈j1|Ĥ3→1Ĥ1→3|i1〉+ 〈j3|Ĥ2

3→3|i3〉

+ 〈j1|Ĥ3→1Ĥ3→3|i3〉+ 〈j3|Ĥ3→3Ĥ1→3|i1〉
]
. (17)

Their calculation is the main result of this paper. De-
spite the high loop order, the integration in transverse-
momentum space is relatively straightforward: all inte-
grals depend on a single scale, t, and involve up to four
propagators in a loop; they can be performed [40] using
known techniques [41]. In turn, simplifying the colour
structure of eq. (17) is the main difficulty [40]. The first
term, Fig. 2a, yields

〈j1|Ĥ3→1Ĥ1→3|i1〉 =
1

432

[
−
(
C4
A

12
+
dAA
NA

)
1

ε4
(18)

+

(
101

6
C4
A + 220

dAA
NA

)
fε
ε

+O(ε)

]
〈j1|i1〉 ,

involving the quartic Casimir in the adjoint representa-
tion, dAA.

The second term in (17) contains a repeated applica-
tion of the Ĥ3→3 Hamiltonian, yielding two independent
colour structures, Fig. 3, each multiplying a different in-
tegral. This breaks the permutation symmetry of the
three-Reggeon wavefunction which was responsible for
the simple structure in (15), where T2

s−u entered solely

via C
(2)
33 . The resulting colour structure is thus more
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(a) (b)

FIG. 3: Four-loop evolution of the three Reggeon state
with two insertions of the Ĥ3→3 Hamiltonian.

complex

〈j3|Ĥ2
3→3|i3〉=

1

144

[
C

(4,−4)
33

ε4
+

2fε
ε

C
(4,−1)
33 +O(ε)

]
〈j1|i1〉

C
(4,−4)
33 = 6

(
17CAT2

t − 6C2
A − 6(T2

t )
2
)
C

(2)
33

−3

4
T2
s−u(T2

t )
2T2

s−u +
25

144
C4
A +

1

3

dAA
NA
− 3CA(di + dj)

C
(4,−1)
33 = 18

(
521CAT2

t − 300C2
A − 220(T2

t )
2
)
C

(2)
33

−101C
(4,−4)
33 (19)

involving an additional term, T2
s−u(T2

t )
2T2

s−u.
The third term in (17) gives rise to two distinct colour

structures, Figs. 2b and 2c, depending on which Reggeons
are acted upon by Ĥ3→3. As at three loops in (16), the
result is proportional to the tree-level amplitude: specif-
ically, Fig. 2c vanishes, while Fig. 2b yields

〈j1|Ĥ3→1Ĥ3→3|i3〉 =
CAdi
144

[
1

ε4
− 208

fε
ε

+O(ε)

]
〈j1|i1〉 .

(20)
Finally, the fourth term in (17) can be simply obtained
from (20) upon replacing di by dj .

Remarkably, fε of (14) features at three loops in (15)-
(16) and four loops in (18)-(20), all manifesting the sim-
ple relation between the coefficients of transcendental
weight three and four (this does not extend to weight
five). Adding up the four contributions to (17), the four-
loop NNLL reduced amplitude is found to be

M̂(−,4,2)=
r4
Γπ

2

144

[
C

(−4)
M

1

ε4
+ C

(−1)
M

fε
ε

+O(ε)

]
Mtree

C
(−4)
M =

1

2
C

(4,−4)
33 − C4

A

72
− 1

6

dAA
NA

+
1

2
CA(di + dj) (21)

C
(−1)
M = C

(4,−1)
33 +

101C4
A

36
+

110

3

dAA
NA
− 104CA(di + dj) .

Interestingly, while the separate contributions have pla-
nar components, we find that M̂(−,4,2) is non-planar.

Infrared divergences. It has long been recognised
that the exponentiation of high-energy logarithms is in-
terlinked with that of infrared singularities [7, 16, 32, 34,
36] and the interplay between the two has been instru-
mental [8–11, 18]. We now take another step in this di-
rection: comparing the NNLL amplitude with the known

infrared structure provides an independent check of all
multiple poles in ε, while the single pole allows us to ex-
tract the four-loop soft anomalous dimension at NNLL.

It is well known that infrared divergences in amplitudes
factorise and exponentiate [29, 42] according to

M = Z · H, Z = P exp

{
−1

2

∫ µ2

0

dλ2

λ2
Γ

}
, (22)

where H is an infrared-renormalized hard amplitude,
which is finite, and Γ is the soft anomalous dimension.
In the high-energy limit the latter takes the form [16]

Γ =
γK
2

[
LT2

t + iπT2
s−u
]

+ Γi + Γj + ∆, (23)

where Γi is defined in (6) and ∆ represents non-dipole
corrections starting at three loops [29, 43]. The dipole
contribution is well known [16, 32]: the LT2

t term con-
tributes starting at LL, while the iπT2

s−u and Γi terms
start at NLL. Here we focus on ∆, which we expand as

∆ =

∞∑
n=3

(αs
π

)n n−1∑
m=0

Lm∆(n,m) . (24)

The NLL tower ∆(n,n−1) is purely imaginary, and was
recently obtained to all orders [9] from the two-Reggeon
amplitude. It starts contributing at four loops [7], where

∆(4,3) = −iπ ζ3
24

[T2
t , [T

2
t ,T

2
s−u]]T2

t . (25)

The NNLL tower ∆(n,n−2) starts at three loops, with a
purely imaginary contribution,

∆(3,1) = iπ
ζ3
4

[T2
t , [T

2
t ,T

2
s−u]], (26)

determined in [8] on the basis of the three-loop calcu-
lation of ∆ in general kinematics [43]. Thanks to the
present calculation of the four-loop amplitude, we ob-
tain the first non-trivial real contribution to this tower,
Re[∆(4,2)]. To this end we invert (22), and use (7)
and (11) to restore the Regge trajectory, obtaining

H = ZiZjZ
−1eαgT

2
tLM̂. (27)

The right-hand side of (27) at NNLL depends on D
(k)
i

in (13) and on two- and three-loop Regge-trajectory coef-
ficients, which are all theory-specific. However, the poles
in M̂ are universal [40], so upon requiring that the hard

function H(4,2) is finite we verify C
(−4)
M in (21) and get

Re
[
∆(4,2)

]
= ζ2ζ3 C

(4,2)
∆ , (28)

where the colour structure can be written compactly as

C
(4,2)
∆ =

1

4
T2
t [T

2
t , (T

2
s−u)2] +

3

4
[T2

s−u,T
2
t ]T

2
tT

2
s−u

+
dAA
NA
− C4

A

24
. (29)
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As expected, Re[∆(4,2)] is non-planar. This result holds
for any gauge theory.

Equations (21) and (27) can be further used to deter-
mine the finite terms in the hard function at four loops.
In QCD, this cannot yet be done as the three-loop trajec-
tory is unknown. In N = 4 super-Yang-Mills, however, it
is known [8] from the three-loop 4-point amplitude [17].
Thus we can deduce

Re
[
H(4,2)
N=4

]
=

[
C4
A

128
ζ2
3 +

3

16
ζ4ζ2 C

(4,2)
∆

]
Mtree. (30)

The planar limit, Nc → ∞, is already known [44]; the
non-planar correction, the second term, is a new result.

Conclusions. We used an iterated solution of the ra-
pidity evolution equation to derive new results for the
Regge limit of 2→ 2 gauge-theory scattering amplitudes
in general colour representations at four loops. Specif-
ically, we presented results for the signature odd (real)
part of the reduced amplitude in eq. (21) at NNLL accu-
racy, a result which is valid in full colour for any gauge
theory. Interestingly, the result is entirely non-planar. It
involves quartic Casimirs associated with the representa-
tions of the scattered partons as well as a purely adjoint
one. We observe an interesting relation between the tran-
scendental weight 3 and 4 contributions, already visible
at two loops (14). This relation holds also at three loops,
and at four loops it amounts to a relation between the
1/ε pole term and the finite terms.

Matching the result to the known exponentiation prop-
erties of soft singularities provides a powerful check on
the computation, and allows us to extract the four-loop
NNLL soft anomalous dimension, presented in (28). As
a by-product we determine the finite terms of the N = 4
amplitude, eq. (30). Regge limit results have proven in-
strumental in bootstrapping the three-loop soft anoma-
lous dimension in general kinematics [18]. Our result
paves the way for a four-loop bootstrap. Ref. [30] anal-
ysed the colour structure of the soft anomalous dimen-
sion, incorporating the recently computed four-loop cusp
anomalous dimension [45, 46], which introduces quar-
tic Casimirs. Our results show that the soft anomalous
dimension contains additional quartic Casimirs, beyond
those associated with the cusp.
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