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Abstract

Spin Matrix theory (SMT) limits provide a way to capture the dynamics of the
AdS/CFT correspondence near BPS bounds. On the string theory side, these lim-
its result in non-relativistic sigma models that can be interpreted as novel non-
relativistic strings. This SMT string theory couples to non-relativistic U(1)-Galilean
background geometries. In this paper, we explore the relation between pp-wave back-
grounds obtained from Penrose limits of AdS5×S5, and a new type of U(1)-Galilean
backgrounds that we call flat-fluxed (FF) backgrounds. These FF backgrounds are
the simplest possible SMT string backgrounds and correspond to free magnons from
the spin chain perspective. We provide a catalogue of the U(1)-Galilean backgrounds
one obtains from SMT limits of string theory on AdS5×S5 and subsequently study
large charge limits of these geometries from which the FF backgrounds emerge. We
show that these limits are analogous to Penrose limits of AdS5 × S5 and demon-
strate that the large charge/Penrose limits commute with the SMT limits. Finally,
we point out that U(1)-Galilean backgrounds prescribe a symplectic manifold for
the transverse SMT string embedding fields. This is illustrated with a Hamiltonian
derivation for the SMT limit of a particle.
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1 Introduction

Holographic dualities are central to our understanding of the quantum properties of
space-time, such as microscopic explanations of black hole entropy. The concrete re-
alization of holography in terms of the AdS/CFT correspondence [1] provides, in its
strongest form, a quantitative agreement between SU(N) N = 4 super-Yang–Mills the-
ory (SYM) and type IIB string theory on AdS5 × S5 for any N and any value of the
’t Hooft coupling λ. Enormous progress has been made in the supersymmetric sector
using localization techniques [2] as well as the planar N → ∞ limit due to the link to
integrable spin chains [3, 4]. However, although this may be challenging, obtaining a
complete understanding of black holes in AdS/CFT inevitably requires us to venture
beyond both the supersymmetric and large N realms.

One path in this direction is provided by novel tractable limits of the AdS/CFT
correspondence. This approach includes in particular Spin Matrix theory (SMT), which
describes near-BPS limits of AdS5/CFT4, as proposed in [5]. In further detail, SMT is a
quantum-mechanical theory described by a Hamiltonian consisting of harmonic oscillator
operators that transform both in the adjoint (matrix) representation of SU(N), as well as
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in a particular ‘spin’ subgroup Gs of the global superconformal PSU(2, 2|4) symmetries
of N = 4 SYM. The precise form of the Hamiltonian, and in particular the relevant
spin group Gs, depends on the details of the BPS bound that is considered, giving rise
to a set of possible SMTs. In addition, an alternative formulation of one such theory
(associated to a particular spin group) as a simple two-dimensional non-relativistic field
theory was recently obtained [6] and has since been generalized to other spin groups [7].

In parallel to these developments on the field theory side, it was first realized in [8] and
subsequently elaborated in [9,10] that, from a bulk perspective, SMT takes the form of a
non-relativistic string theory with a particular type of non-relativistic target space known
as U(1)-Galilean geometry.1 This strongly suggests that the dual Spin Matrix theories
are associated to an emergent non-relativistic geometry in the bulk. The appearance of
non-relativistic symmetries is expected from the dual theory, since zooming in on the
unitarity bounds of N = 4 SYM on R × S3 may be thought of as a non-relativistic
limit [5]. This can be seen most directly from the fact that the relativistic magnon
dispersion relation [13] of the N = 4 spin chain exhibits non-relativistic features in the
SMT limit [14]. As such, SMT provides us with a concrete and well-defined framework
that allows us to formulate a holographic correspondence involving non-relativistic string
theory and its non-relativistic background geometries.

These advances in our understanding of SMT strings are part of a broader devel-
opment of non-relativistic string theory in recent years [8, 9, 15–28], spurred on in part
by new insights into Newton-Cartan (NC) geometry, including the discovery of tor-
sional Newton-Cartan (TNC) geometry [29–31] and stringy Newton-Cartan (SNC) ge-
ometry [15]. Such NC-type geometries allow for a covariant formulation of physics in
non-relativistic limits, 1/c expansions and reductions. Furthermore, these notions of
geometry allow one to generalize the flat space Gomis–Ooguri non-relativistic string ac-
tion [32, 33] to arbitrary backgrounds. The resulting non-relativistic string theory is a
unitary UV-completion of (a particular version of) non-relativistic gravity,2 and quantum
consistency conditions [20,21,25] that describe the dynamics of this gravity theory have
recently been obtained, both for the TNC string [8,9] as well as the SNC string [15,17,25].
Moreover, a map between the actions of non-relativistic string theory with TNC3 and
SNC target spacetimes has been constructed in Ref. [10]. In all approaches, an important
motivation for studying this non-relativistic corner of string theory is that it may teach
us lessons that are ultimately relevant for relativistic quantum gravity/string theory.

The SMT string, which is the main subject of the present paper, was originally
derived from the TNC string by performing the stringy equivalent of the SMT limit [8,9].
While TNC/SNC strings are two-dimensional relativistic conformal field theories on the

1The name U(1)-Galilean refers to the fact that the geometry can be obtained [8] from the gauging
of the direct sum of the Galilean algebra and U(1), similar to how torsional Newton–Cartan geometry
can be obtained by gauging the Bargmann algebra [11, 12]. The former algebra can be obtained from a
contraction of the latter. The development of strings on Newton–Cartan backgrounds is reviewed below.

2See [34–37] for the non-relativistic expansion of general relativity.
3More precisely, the target space geometry of this string theory is TNC geometry plus an extra

periodic target space direction where there is a non-zero string winding. Classically, the embedding
coordinate along this direction is locally pure gauge, but this is not true globally due to the winding.
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(geometric)
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Figure 1: Overview of SMT and large charge/Penrose limits.

worldsheet, this limit results in a non-relativistic sigma model with scaling symmetry.
In particular, SMT string theory has a non-relativistic version of Weyl symmetry, and
the corresponding reparametrization symmetries are given by the Galilean conformal
algebra. Furthermore, as mentioned above, the backgrounds that SMT strings couple to
is a variation on NC geometry which is known as U(1)-Galilean geometry.

Currently, the most important open questions surrounding SMT strings concern
their quantization and their quantum consistency conditions, which would provide the
dynamics of U(1)-Galilean geometry. As a first step towards understanding the quan-
tum theory, it is important to understand the simplest non-trivial backgrounds of these
strings, i.e. the analogue of Minkowski space for the relativistic string. This is non-trivial
since it turns out that the theory has no dynamics on a completely flat U(1)-Galilean
geometry (which is essentially flat NC space plus a vanishing U(1) gauge connection)
since the gauge-fixed action on this background does not contain any time derivatives.

In this paper we will construct a class of backgrounds for SMT strings, which we
will refer to as flat-fluxed (FF) backgrounds, that can be considered the analogue of
Minkowski space. Crucially, on these backgrounds the non-relativistic sigma-model re-
duces to a free theory, at least in the equivalent of ‘light-cone’ gauge. Thus the resulting
worldsheet theories can be considered to be the simplest in the same sense that the
Polyakov action on Minkowski target space is the simplest relativistic string theory.

The FF backgrounds arise from curved backgrounds in a large charge limit, which is
analogous to the Penrose limit on the AdS side [38]. Since the worldsheet theories are
expected to be difficult to quantize on general curved SMT backgrounds, this large charge
limit is convenient because the resulting geometry is (mostly) flat. Furthermore, we show
that the SMT and large charge/Penrose limits commute, as illustrated in Figure 1.

We obtain the curved U(1)-Galilean backgrounds from the Lorentzian AdS5 × S5

type IIB background by implementing the SMT limit on the string sigma model. The
particular properties of these backgrounds depend on the particular SMT limit, which
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determines the specific limit of AdS5×S5 that we consider, in direct analogy to how the
spin group Gs and other properties of the field theory dual depend on the form of the
near-BPS limit under consideration [5, 14].

In this paper, we provide a general prescription that allows us to obtain the U(1)-
Galilean and FF backgrounds for all integer SMT limits on AdS5×S5. We will illustrate
this prescription with three representative examples. The first involves the largest pos-
sible compact spin group SU(2|3), which originates from the SMT limit with all three
R-charges on the S5 in the BPS bound. The second has the non-compact spin group
SU(1, 1) and involves both a non-zero R-charge on the S5 and one angular momentum on
the AdS5 factor. Finally, we consider the most general SMT limit, which gives a theory
with spin group PSU(1, 2|3). The latter theory contains all other SMTs and we illustrate
how their associated backgrounds can be recovered from the PSU(1, 2|3) background.
For each of these examples we first find the curved SMT U(1)-Galilean backgrounds
and subsequently take a large charge limit of these geometries. We then show that the
resulting FF backgrounds can also be obtained by first taking an appropriate Penrose
limit of AdS5 × S5 and subsequently taking the SMT limit.

When performing this limit for each of the SMT spin groups, one obtains a particular
(2n+1)-dimensional FF geometry (with n = 1, 2, 4) consisting of an exact clock one-form,
a flat spatial metric on equal time slices and a non-zero flux of the U(1) connection in the
2n spatial dimensions. A general FF background consists of n two-planes, each with an
associated U(1) flux. We thus arrive at a particular class of U(1)-Galilean backgrounds
that is directly related to AdS/CFT via the SMT and large charge/Penrose limits, giving
rise to worldsheet theories that are expected to be well-behaved quantum theories.

For the simplest spin group SU(2) (corresponding to two non-zero R-charges in
the BPS bound), the resulting worldsheet theory is the well-known SU(2) Landau-
Lifshitz model.4 After the flat space limit, this means that the theory on the SU(2)
FF background is the free limit of the Landau-Lifshitz model, i.e. a theory of a free
magnon. In this case n = 1 and there is only one parameter, namely the flux on R2,
corresponding to the mass of the magnon. More generally, this means that the theory
on a given (2n + 1)-dimensional FF background can be interpreted as n free magnons,
where the particular value of the flux in each of the n planes corresponds to the mass of
the respective magnon. We will elaborate more on the connection between our results
and earlier work on integrable sigma models arising from long wavelength limits of spin
chains at the end of this paper.

Finally, we formulate a new and perhaps surprising interpretation of the U(1)-
Galilean backgrounds of SMT string theory. In the flat worldsheet gauge-fixed SMT
action, the velocities of the embedding fields appear only linearly. The form of the
action then suggest that one can see the U(1) background flux as a potential for the
symplectic form on a phase space parametrized by the embedding fields after gauge fix-

4This connection follows since the SMT limit is closely related to limits of spin chains [39] (see
also [40–44]) that have been studied in connection to integrability in AdS/CFT. In particular, for the
SU(2) case we obtain a covariant version [8,9] of the Landau-Lifshitz sigma-model which is the continuum
limit of the ferromagnetic XXX1/2 Heisenberg spin chain.
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ing. This interpretation is verified explicitly by a detailed analysis of the SMT limit of a
point particle propagating on a pp-wave background of the type appearing in the lower
left corner of the diagram in Figure 1.

A brief outline of the paper is as follows. In Section 2 we first review the main
elements of the SMT limit on both the field theory and string theory side. We describe
the near-BPS limits of N = 4 super-Yang–Mills that are used to construct SMT and
present the possible spin groups that follow from zooming in on integer BPS bounds. We
then show how this limiting procedure is translated to the string theory side as a limit
of relativistic strings on AdS5 × S5, and we briefly comment on how this construction
is related to strings on TNC backgrounds. The main points of this section are the
notion of U(1)-Galilean geometry and the corresponding flat worldsheet gauge-fixed
SMT action (2.25) coupling to this background geometry.

We then proceed in Section 3 by constructing all curved U(1)-Galilean geometries as-
sociated to SMT limits. We provide a systematic procedure to obtain these backgrounds
for a given SMT spin group and illustrate this for the cases SU(2|3) and SU(1, 1), which
have not appeared in the literature before. Importantly, the construction involves a
coordinate system that allows for a suitable spin chain interpretation of the resulting
sigma model. We also derive the full PSU(1, 2|3) geometry in these coordinates, and
we show how the geometries associated to the smaller spin groups can be obtained as
submanifolds of this geometry.

In Section 4 we present one of our main results, namely the FF backgrounds that
represent the simplest non-trivial target spaces of the SMT string. For these, the SMT
string action (2.25) leads to a non-relativistic worldsheet model that corresponds to
free magnons from the perspective of spin chains. In this section, we also show that
the SMT and large charge/Penrose limits commute, as illustrated in Figure 1. This is
demonstrated explicitly for the SU(2|3), SU(1, 1) and PSU(1, 2|3) geometries, and all
other cases can easily be shown similarly.

Next, Section 5 puts forward the new interpretation of the U(1)-Galilean background
geometry of the SMT string as providing the symplectic geometry of the phase space
of the embedding fields. We will show in detail how this interpretation arises from the
SMT limit of a point particle on a pp-wave background of the type that is encountered
in the previous section. This interpretation will be further examined in an upcoming
work on the Hamiltonian analysis of SMT strings [45].

We end the paper in Section 6 with a discussion of our results, and put them into
context with earlier results on integrable sigma-models arising from spin chains and their
connection to AdS/CFT. Finally, we list future lines of investigation and open problems.

2 Brief review of Spin Matrix limits of fields and strings

In this section, we briefly review the limits of N = 4 super-Yang–Mills that are used
to construct Spin Matrix theories [5]. We also review the Polyakov-type string sigma
model that has been put forward to describe the bulk dual to these theories, and we
discuss their proposed identification [8, 9].
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2.1 Field theory limit

Spin Matrix theories (SMTs) are quantum-mechanical theories that describe the dy-
namics of a subsector of SU(N) N = 4 super-Yang–Mills theory on R × S3 in terms
of a Hamiltonian consisting of harmonic oscillator operators that transform both in the
adjoint (matrix) representation of SU(N) as well as a particular ‘spin’ subgroup Gs of
PSU(2, 2|4). These theories are obtained from N = 4 super-Yang–Mills by zooming in
on a particular BPS bound E ≥ Q using [5]

λ→ 0, N = fixed, E −Q
λ

= fixed. (2.1)

Here, λ is the ’t Hooft coupling and Q is a particular combination of the two commuting
angular momenta S1 and S2 coming from the S3 and the three commuting R-charges
J1, J2 and J3, which we denote by

Q = S + J, S = aiSi, J = bjJj . (2.2)

In this work, we consider all SMT limits corresponding to BPS bounds with integer
coefficients, which are listed in Table 1 below.5

Spin group Gs Charge Q
SU(2) J1 + J2

SU(2|3) J1 + J2 + J3
SU(1, 1) S1 + J1

PSU(1, 1|2) S1 + J1 + J2
SU(1, 2|2) S1 + S2 + J1

PSU(1, 2|3) S1 + S2 + J1 + J2 + J3

Table 1: Spin groups Gs for the SMTs obtained from the integer BPS bounds E ≥ Q.

For N → ∞, the resulting Spin Matrix theory is described by a particular nearest-
neighbor spin chain Hamiltonian describing spin chains with length J . This reflects the
fact that operators charged under S are represented as derivatives in the spin chain
picture, so they should not be counted towards the total spin chain length. For example,
the case of Q = J = J1 +J2 leads to a Heisenberg spin chain, which results in the SU(2)
Landau-Lifshitz model in the continuum limit. Taking 1/N corrections into account
allows for splitting and joining of the spin chains.

5Note that we cannot consider the combination S1 + S2 + J1 + J2 since it does not correspond to
a BPS bound of the psu(2, 2|4) algebra. It may appear that the bulk construction that we present in
the following allows for a SMT bulk background corresponding to this combination of charges, but this
is only because we focus on the bosonic (NS-NS) couplings. In the bulk, the fact that no BPS bound
associated to this combination exists is reflected in the fact that one can construct fermionic string states
with J3 = 0 and S1 = S2 = J1 = J2 = 1/2, so that E = ∆fermion = 3/2 < S1 + S2 + J1 + J2.
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2.2 Spin Matrix strings

In previous work [8, 9] a dual version of this limiting procedure was developed for rela-
tivistic string theory on AdS5 × S5, where one takes the limit

gs → 0, N = fixed, E −Q
gs

= fixed, (2.3)

in direct analogy with the field theory limit (2.1). Here, gs is the string coupling and
N counts the units of five-form flux, which are related to the ’t Hooft coupling by
λ = 4πgsN . The charges E and Q refer to conserved charges of the string corresponding
to the isometries of AdS5 × S5. In terms of the global coordinates

ds2 = R2
[
− cosh2 ρ dt2 + dρ2 + sinh2 ρ dΩ2

3 + dΩ2
5

]
, (2.4)

we have E = i∂t. Furthermore, if we have Q = S + J as in (2.2) we can choose angular
coordinates γ̄ on the S3 ⊂ AdS5 and γ on the S5 so that S = −i∂γ̄ and J = −i∂γ . To
consider the limit (2.3), it is then useful to introduce coordinates x0 and u such that6

i∂x0 = E −Q = E − S − J, −i∂u = 1
2 (E − S + J) . (2.5)

We then rescale the coordinate x0 in such a way that its conserved charge scales as gs
in the limit gs → 0. For this, we introduce

x0 = x̃0

4πgsN
. (2.6)

so that we can also write the SMT limit (2.3) as

c→∞, x0 = c2x̃0, c = 1√
4πgsN

, N and x̃0 fixed. (2.7)

This corresponds to a non-relativistic limit on the string worldsheet [8,9]. Note that the
momentum −i∂u is given by J in the SMT limit (2.7).

2.2.1 Relation to non-relativistic strings

The string theory that results from the bulk dual of the SMT limit discussed above is
non-relativistic both in terms of its worldsheet geometry and its background fields. To
describe this theory and its background couplings, it is useful to first discuss another type
of string that is still relativistic on the worldsheet but which couples to a non-relativistic
torsional Newton–Cartan (TNC) geometry.

6Note that in previous discussions [9] of some of the backgrounds we will consider here, an alternative
coordinate choice was used where −i∂u = (E+Q)/2. The resulting geometries are less natural from the
spin chain perspective when angular momenta on AdS5 are involved, and the present coordinate choice
moreover has the advantage that the corresponding gauge-fixed string action takes a much simpler form.
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In Section 3.1, we will develop our previous discussion into a general procedure
which translates the combinations of N = 4 charges in Table 1 to coordinate choices on
AdS5 × S5. In the SMT limit associated to these charges, the dynamics of relativistic
strings on AdS5 × S5 is reduced to a particular submanifold which has a null isometry.
This submanifold can therefore be described in terms of a TNC geometry, as we briefly
review below. For this reason, TNC geometry will be a useful tool in describing the
backgrounds associated to SMT limits.

Without loss of generality, one can parametrize a (d + 1)-dimensional Lorentzian
geometry with null isometry ∂u as

ds2 = 2τµdxµ (du−mµdx
µ) + hµνdx

µdxν . (2.8)

Null reduction along u then results in a TNC geometry, which is described by a clock
one-form τµ, a symmetric tensor hµν of rank d − 1 and a U(1) connection mµ. This
decomposition is not unique, which is manifested in the gauge transformations

δτµ = 0, δmµ = ∂µσ + λaE
a
µ, δhµν = 2τ(µE

a
ν)λa, (2.9)

corresponding to Galilean boosts and U(1) transformations that are generated by λa(xµ)
and δu = −σ(xµ), respectively. Here, we have a = 1, . . . , d and the Eaµ are (spatial)
vielbeine for hµν = δabE

a
µE

b
ν . We can define projective inverses hµν and vµ that satisfy

the following completeness and orthogonality relations,

δνµ = −τµvν + hµρh
ρν , vµτµ = −1, hµντν = 0, hµνv

ν = 0. (2.10)

Under the local U(1) gauge transformations and Galilean boosts, we have

δvµ = Eµaλ
a, δhµν = 0, (2.11)

where Eµa are the (projective) inverses for Eaµ. Note that only τµ and hµν are invariant
under both Galilean boosts and U(1) gauge transformations.

Strings coupling to a TNC background (τµ, hµν ,mµ) can be obtained starting from
relativistic strings coupling to a Lorentzian metric of the form (2.8) following the con-
struction in [8,9]. There, the (constant) momentum Pu is exchanged for a single winding
mode in a direction η dual to u. The resulting string theory generalizes the Gomis–Ooguri
non-relativistic string [32, 33] and (at least on a classical level) can be related [10] to a
gauge fixing of the ‘stringy Newton–Cartan’ (SNC) strings [17, 23]. The fact that non-
relativistic geometries arise can be understood particularly nicely from the perspective
of double field theory [46, 47], where this construction can be interpreted in terms of a
transformation similar to T-duality but along a null direction.

For most BPS bounds, the coordinate u that is defined in Equation (2.5) is not null
on all of AdS5×S5. However, as we will see in Section 3.1, the Spin Matrix limit confines
the dynamics of the string to the submanifoldM where u is null, and hence we can write
the metric on this submanifold as in Equation (2.8). If we parametrize AdS5× S5 using
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x0 and u from Equation (2.5), supplemented with eight transverse coordinates xI , the
nowhere-vanishing clock one-form τµ must contain a component along x0, so that

τµdx
µ = τ0dx

0 + τIdx
I = c2τ0dx̃

0 +O(g0
s), τ0 6= 0. (2.12)

In the SMT limit (2.7), the string couples only to the leading term τ̃ = τ0dx
0. In con-

trast, mµ and hµν are unaffected by the SMT limit, so in order to use the convenient
parametrization (2.7) of the limit we use the Galilean boosts and U(1) transformations
to ensure that mµ and hµν do not have components along x0. Finally, in the SMT limit
we also need to rescale the boost parameter λa = λ̃a/c

2 so that the local transforma-
tions (2.9) reduce to

δτ̃µ = 0, δmµ = ∂µσ, δhµν = 2τ̃(µE
a
ν)λa. (2.13)

Note that the U(1) gauge fieldmµ only transforms under the U(1) gauge transformations
and no longer under the Galilean boosts λa as in the TNC transformations (2.9). As a
result, the U(1) gauge field no longer mixes with the clock one-form τ̃µ and the symmetric
spatial tensor hµν . Instead, we obtain a Galilean background (τµ, hµν) supplemented
with an independent U(1) gauge field mµ. For this reason, the geometry defined by
(τ̃µ, hµν ,mµ) and the transformations (2.13) is referred to as U(1)-Galilean geometry.

2.2.2 SMT string Polyakov action and gauge fixing

The SMT string sigma model coupling to a U(1)-Galilean geometry is given by [9]

S = − T̃2

∫
d2σ

[
2εαβmα∂βη + eθα1 θ

β
1hαβ + ωεαβe0

ατ̃β + ψεαβ
(
e0
α∂βη + e1

ατ̃β
)]
, (2.14)

where the tension T̃ is related to the relativistic string tension T by T = T̃ /c. This is a
Polyakov-type action, where the worldsheet geometry is described by a ‘zweibein’ pair
of one-forms e0 and e1 with corresponding dual vectors θ0 and θ1 that satisfy

eaαθ
α
b = δab , eaαθ

β
a = δβα. (2.15)

The worldsheet geometry is non-relativistic since e0 and e1 (and their dual vectors) play
distinct roles in the action. As a two-dimensional sigma model, the action (2.14) couples
to the U(1)-Galilean geometry through the pullbacks

τ̃α = ∂αX
µτ̃µ, mα = ∂αX

µmµ, hαβ = ∂αX
µ∂αX

νhµν . (2.16)

Due to the constraint associated to ψ, the string is forced to wind along a particular
direction, which is described on the worldsheet by

η(σ0, σ1) = J

2πT σ
1 + ηper(σ0, σ1), (2.17)

where ηper(σ0, σ1) is periodic in σ1 ∼ σ1 + 2π. The winding parameter J is identified
with the S5 or R-charge component of the charge Q in Equation (2.2). It corresponds
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to the length of the spin chain in the large N limit of the boundary Spin Matrix theory.
Finally, the action is invariant under the local transformations

e0 → fe0, e1 → fe1 + f̂ e0, ω → ω/f − f̂ψ/f2, ψ → ψ/f. (2.18)

These are local Weyl transformations (parametrized by f) and local Galilean boosts
(parametrized by f̂).

Flat worldsheet gauge. In the following, we will mainly work with the action (2.14)
in the flat worldsheet gauge, where we have

e0 = Jdσ0, e1 = dσ1. (2.19)

In this gauge, the SMT string action (2.14) takes the form

Sflat = − T̃2

∫
d2σ

[
2εαβmα∂βη + JhµνX

′µX ′ν + ωJτ̃µX
′µ + ψ(Jη′ − τ̃µẊµ)

]
. (2.20)

Here and in the following, we denote σ0-derivatives by dots and σ1 derivatives by primes.
All U(1)-Galilean backgrounds that we obtain7 in Section 3 have τ̃ = dx̃0. With that,
the Lagrange multipliers ω and ψ imply

(x̃0)′ = 0, Jη′ = ˙̃x0, =⇒ x̃0 = F (σ0), η = Ḟ (σ0)
J

σ1 +G(σ0). (2.21)

The reparametrization freedom associated to F (σ0) and G(σ0) corresponds to a Galilean
Conformal Algebra (GCA). We can fix these residual symmetries by setting

F (σ0) = J2σ0, G(σ0) = 0 =⇒ x̃0 = J2σ0, η = Jσ1, (2.22)

so that the action becomes

Sflat,gf = −JT̃
∫
d2σ

[
mµẊ

µ + 1
2hµνX

′µX ′ν
]
. (2.23)

In the following, we will mainly be interested in U(1)-Galilean backgrounds coming from
AdS5×S5, so that the resulting mµ and hµν scale with the square of the AdS radius R.
Using T = 1/(2πl2s) = T̃ /c and (R/ls)4 = λ = 4πgsN , the effective string tension is then

Teff = R2T =
√

4πgsN
2π = 1

2πc, =⇒ T̃eff = 1
2π . (2.24)

With that, the flat worldsheet gauge-fixed SMT string action is

Sflat,gf = − J

2π

∫
d2σ

[
mµẊ

µ + 1
2hµνX

′µX ′ν
]
. (2.25)

Here, we have absorbed the factors R2 from mµ and hµν in the effective string tension,
which we will also do for the U(1)-Galilean backgrounds we obtain in the following.

7Note that the alternative u-coordinate choice discussed in Footnote 6 would lead to −i∂u → S + J
instead of −i∂u → J in the SMT limit. This is less natural from the dual spin chain perspective, since the
spin chain length is only counted by the total R-charge J . Additionally, it would result in backgrounds
with τ̃ = cosh2 ρdx̃0 instead of τ̃ = dx̃0, which results in a more complicated gauge-fixed action.
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3 SMT string backgrounds from AdS5 × S5

Ultimately, we want to construct a class of U(1)-Galilean backgrounds (τ̃µ,mµ, hµν) that
are simple enough to allow us to quantize SMT strings on these backgrounds. As can be
seen from the gauge-fixed action (2.25) the target space should clearly not be too simple:
if mµ = 0, there is no dynamics left.

In the following, we will first obtain several U(1)-Galilean geometries that allow for
non-trivial SMT string dynamics. We start from AdS5×S5 and work out the construction
outlined in Section 2.2 for the SMT limits listed in Table 1. The resulting backgrounds
are curved and hence the corresponding sigma models are still rather complicated, but
in Section 4 we will consider further simplifying limits of these backgrounds that lead to
the class of backgrounds we are after.

While U(1)-Galilean string backgrounds were constructed for SU(2) and PSU(1, 2|3)
in earlier work [8,9], we now provide a new systematic procedure and illustrate it by con-
structing the SU(2|3) and SU(1, 1) backgrounds, which have not yet been considered.
Our procedure, which is outlined in Section 3.1 below, improves on previous construc-
tions in two ways. First, we consistently use (x0, u)-coordinates in a way that leads to
a convenient spin chain interpretation of the momentum along the u-direction. Second,
the sphere coordinates we use to derive the PSU(1, 2|3) background now allow us to
obtain all other backgrounds as submanifolds of this geometry, mirroring how on the
boundary all SMTs are contained in the PSU(1, 2|3) theory.

3.1 General procedure

The recipe for constructing U(1)-Galilean geometries that was outlined in Section 2.2
can be implemented as follows. First, choose one of the BPS bound E ≥ Q of N = 4
associated to the charges Q listed in Table 1, which are of the form

Q = S + J. (3.1)

Such a charge is a particular combination of the commuting AdS5 and S5 angular mo-
menta (S1, S2) and (J1, J2, J3), respectively. We parametrize AdS5 × S5 using

z0 = R cosh ρ eit, w1 = R sin(β1/2) sin(β2/2)eiα1 , (3.2a)
z1 = R sinh ρ sin(β̄/2)eiᾱ1 , w2 = R sin(β1/2) cos(β2/2)eiα2 , (3.2b)
z2 = R sinh ρ cos(β̄/2)eiᾱ2 , w3 = R cos(β1/2)eiα3 . (3.2c)

Here and in the following, we use barred coordinates for angles on the S3 ⊂ AdS5 and
unbarred coordinates for angles on the S5. In this parametrization, the commuting
charges Si and Jj correspond to the rotations

Si = −i∂ᾱi , Jj = −i∂αj . (3.3)

We then combine appropriate angles ᾱi and αj into new coordinates γ and γ̄ so that
S = −i∂γ̄ and J = −i∂γ . Together with the AdS5 global time t, we use these to define
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three coordinates x0, u and w so that as per Equation (2.5) we havetγ̄
γ

 =

1 −1/2 0
1 −1/2 c1
1 1/2 c2


x0

u
w

 =⇒


i∂x0 = E − S − J = E −Q,
−i∂u = 1

2 (E − S + J) ,
−i∂w = c1S + c2J.

(3.4)

The parameters c1 and c2 control how the w-direction is aligned along the S3 ⊂ AdS5
and the S5. For the transformation to be invertible, we need c1 6= 0. We keep these
parameters arbitrary for now, but at the end of this section, we show that we can always
gauge fix c1 = 1 and c2 = 0 so that −i∂w = S. When we consider a SMT limit
associated to one of the BPS bounds from Table 1 that only involve S5 momenta, such
as the SU(2|3) case in Section 3.2, we do not need the γ̄ or w coordinates.

Since (combinations of) the vectors ∂ᾱi , ∂αj and ∂t are of constant length on particu-
lar submanifolds of AdS5×S5, the vector ∂u will be null on a particular submanifold. If
we parametrize this submanifold M using (u, x0, xi) with i = 1, . . . , 2n, we can therefore
decompose its induced metric in terms of TNC variables as in Section 2.2.1,

ds2
∣∣∣
M

= 2τµdxµ(du−midx
i) + hijdx

idxj , τ = τ0dx
0 + τidx

i. (3.5)

On the full background, the light-cone gauge Hamiltonian of the relativistic string con-
tains a confining potential proportional to 1/gs in all 8− 2n directions transverse to M ,
so that in the SMT limit (2.3) the dynamics of the string is restricted to this subman-
ifold [14]. Simultaneously, the coordinate x0 is rescaled following (2.7). Together, this
leads to the U(1)-Galilean geometry8

τ̃ = τ0dx̃
0, hµν , mµ, (3.6)

associated to the bulk dual of the Spin Matrix theory corresponding to E ≥ Q.

3.2 The SU(2|3) background

As a first novel example, we study the SU(2|3) theory, which has the largest possible
compact spin group one can obtain from a Spin Matrix limit of N = 4. It corresponds to
zooming in on the BPS bound given by Q = J1 + J2 + J3, which involves all commuting
S5 generators from the bulk perspective. As we will see, this leads to a U(1)-Galilean
geometry with compact spatial sections corresponding to CP2. For this, we transform the
S5 angular coordinates αj in the embedding coordinates (3.2) into three new coordinates
χ, ψ, ϕ ∈ (0, 2π) using α1

α2
α3

 =

1 1/2 −1/2
1 1/2 1/2
1 −1/2 0


χψ
ϕ

 . (3.7)

8Following the discussion in Section 2.2, here and in the following we combine the factors of R2 in
the TNC variables mµ and hµν with the string tension T when taking the SMT limit, which leads to
the effective rescaled tension T̃eff = 1/2π. For this reason, the U(1)-Galilean tensors mµ and hµν are
independent of the AdS radius R.
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As a result, we have
Q = J1 + J2 + J3 = −i∂χ. (3.8)

After relabeling β1/2 = ξ ∈ (0, π/2) and β2 = θ ∈ (0, π) in (3.2), the induced metric is

ds2/R2 = − cosh2 ρ dt2 + dρ2 + sinh2 ρdΩ̄2
3 + (dχ+B)2 + dΣ2

2. (3.9)

Here, the S5 is described as a circle fibration (parametrized by χ) over a CP2 base space,
in terms of the following potentials and Fubini–Study metrics,

B = sin2 ξ (dψ +A)− 1
2dψ, A = 1

2 cos θdϕ,

dΣ2
2 = dξ2 + sin2 ξdΣ2

1 + sin2 ξ cos2 ξ (dψ +A)2 , dΣ2
1 = 1

4
(
dθ2 + sin2 θdϕ2

)
.

(3.10)

We can now introduce the coordinates x0 and u as in (3.4) with γ = χ,(
t
χ

)
=
(

1 −1/2
1 1/2

)(
x0

u

)
. (3.11)

Since ∂χ is of constant length over the entire base CP2 ⊂ S5, we have

4(∂u)2/R2 = − cosh2 ρ+ 1 ≤ 0, (3.12)

so that u is null if and only if ρ = 0. The six-dimensional submanifold M at ρ = 0 is
described by x0, u and the CP2 coordinates (θ, ϕ, ξ, ψ). The decomposition (3.5) of the
metric on M then gives us the following TNC variables,

τ = dx0 + 1
2B, m = −R2B, h = R2dΣ2

2. (3.13)

In the SMT limit (2.3), the x0-coordinate is rescaled, and τ is replaced by τ̃ = dx̃0.
Absorbing the factors of R2 in the effective string tension, the U(1)-Galilean geometry
associated to the SU(2|3) background is then

τ̃ = dx̃0, m = −B, h = dΣ2
2, (3.14)

where the Fubini–Study CP2 potential B and metric dΣ2
2 are given by (3.10). Note

that the CP2 geometry includes an S3, which we have parametrized as a Hopf fibration
over a base CP1. This CP1 corresponds to the SU(2) ⊂ SU(2|3) background, which
corresponds to zooming in on the BPS bound E ≥ Q = J1 + J2. Setting ξ = π/2 and
fixing ψ reduces the SU(2|3) geometry (3.14) to the known SU(2) background [8,9]. We
will see a more general version of this pattern in Section 3.4, where we show how the
maximal PSU(1, 2|3) background can be reduced to obtain the U(1)-Galilean geometries
associated to all SMT limits.
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3.3 The SU(1, 1) background

Next, we consider the SU(1, 1) limit, which corresponds to Q = S1 + J1. This is the
simplest case that involves both S5 and AdS5 charges. We start from the embedding
coordinates (3.2), where the induced metric is

ds2/R2 = − cosh2 ρ dt2 + dρ2 + sinh2 ρ

(
dβ̄2

4 + sin2(β̄/2)dᾱ2
1 + cos2(β̄/2)dᾱ2

2

)

+ dβ2
1

4 + sin2(β1/2)
(
dβ2

2
4 + sin2(β2/2)dα2

1 + cos2(β2/2)dα2
2

)
+ cos2(β1/2)dα2

3.

(3.15)

In these coordinates, S1 = −i∂ᾱ1 and J1 = −i∂α1 . Following (3.4), we then combine ᾱ1
and α1 with the AdS time t by introducing x0, u and w using t

ᾱ1
α1

 =

1 −1/2 0
1 −1/2 c1
1 1/2 c2


x0

u
w

 . (3.16)

We see that

4(∂u)2/R2 = − cosh2 ρ+ sinh2 ρ sin2(β̄/2) + sin2(β1/2) sin2(β2/2) ≤ 0, (3.17)

so u is null if and only if β̄ = β1 = β2 = π. On this submanifold, we get the TNC data

τ = dx0 − 1
2
(
c1 sinh2 ρ− c2

)
dw, (3.18a)

m/R2 = −
(
c1 sinh2 ρ+ c2

)
dw, (3.18b)

h/R2 = dρ2 + c2
1 sinh2 ρ cosh2 ρ dw2. (3.18c)

In the Spin Matrix limit (2.3), the x0-coordinate is rescaled and (absorbing R2 in the
effective string tension) we obtain

τ̃ = dx̃0, (3.19a)

m = −
(
c1 sinh2 ρ+ c2

)
dw, (3.19b)

h = dρ2 + c2
1 sinh2 ρ cosh2 ρ dw2. (3.19c)

Note that the spatial slices of this geometry (parametrized by ρ and w) are not compact,
in contrast to the SU(2|3) geometry in (3.14). We will show at the end of this section
that we can gauge fix c1 = 1 and c2 = 0. The flat gauge-fixed action (2.25) on this
background is then given by

Sflat,gf = − J

2π

∫
d2σ

[
mµẊ

µ + 1
2hµνX

′µX ′ν
]

(3.20)

= J

2π

∫
d2σ

[
sin2 ρ ẇ − 1

2
(
(ρ′)2 + sinh2 ρ cosh2 ρ(w′)2

)]
. (3.21)
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With the correct coordinate identifications9 this exactly reproduces the action obtained
from coherent states in the sl(2) spin chain and spinning strings on AdS5 × S5, see
Equations (3.11) and (4.11) of [43] and also [42].

3.4 All backgrounds from the P SU(1, 2|3) background

Finally, we obtain the U(1)-Galilean geometry for E ≥ Q = S1 + S2 + J1 + J2 + J3.
This BPS bound leads to the PSU(1, 2|3) Spin Matrix theory, which can be restricted to
obtain the Spin Matrix theories arising from all other bounds in Table 1. Likewise, we
show that the geometry we obtain here contains all other backgrounds as submanifolds.

For this, we use Hopf coordinates for the S3 ⊂ AdS5 and we parametrize the S5

using a S1-fibration over CP2 in Fubini–Study coordinates,

z0 = R cosh ρ eit, w1 = R sin ξ sin(θ/2)ei(χ+ψ/2−ϕ/2), (3.22a)

z1 = R sinh ρ sin(θ̄/2)ei(ψ̄−ϕ̄/2), w2 = R sin ξ cos(θ/2)ei(χ+ψ/2+ϕ/2), (3.22b)

z2 = R sinh ρ cos(θ̄/2)ei(ψ̄+ϕ̄/2), w3 = R cos ξei(χ−ψ/2). (3.22c)

As a result, we have −i∂ψ̄ = S1 + S2 and −i∂χ = J1 + J2 + J3. In terms of the Fubini–
Study potentials and metrics in (3.10), the total metric is then given by

ds2/R2 = − cosh2 ρdt2 + dρ2 + sinh2 ρ

[
dΣ̄2

1 +
(
dψ̄ + Ā

)2
]

+ dΣ2
2 + (dχ+B)2 . (3.23)

Following (3.4), we now define (x0, u, w) from the AdS time t and the angles ψ̄ and χ, tψ̄
χ

 =

1 −1/2 0
1 −1/2 c1
1 1/2 c2


x0

u
w

 . (3.24)

Note that ∂ψ̄ and ∂χ are of constant length, so that ∂u is now null on the entire AdS5×S5

background. As a result, we can rewrite the full metric (3.23) in the form

ds2 = 2τ
(
R2du−m

)
+ h, (3.25)

where the TNC variables are given by

τ = dx0 − 1
2
(
c1 sinh2 ρ− c2

)
dw − 1

2 sinh2 ρĀ+ 1
2B, (3.26a)

m/R2 = −
(
c1 sinh2 ρ+ c2

)
dw − sinh2 ρĀ−B, (3.26b)

h/R2 = dρ2 + sinh2 ρ dΣ̄2
1 + sinh2 ρ cosh2 ρ

(
c1dw + Ā

)2
+ dΣ2

2. (3.26c)

9Note that our radial coordinate ρ corresponds to ρ/2 in [43].

16



After taking the SMT limit (2.3), this results in

τ̃ = dx̃0, (3.27a)

m = −
(
c1 sinh2 ρ+ c2

)
dw − sinh2 ρĀ−B, (3.27b)

h = dρ2 + sinh2 ρ dΣ̄2
1 + sinh2 ρ cosh2 ρ

(
c1dw + Ā

)2
+ dΣ2

2, (3.27c)

where the Fubini–Study potentials (A,B) and metrics (dΣ2
1, dΣ2

2) can be read off from
Equation (3.10), with their barred versions given in terms of the coordinates (θ̄, ϕ̄, ψ̄).
This is the U(1)-Galilean geometry associated to PSU(1, 2|3) Spin Matrix theory.

Gauging away c1 and c2. In the above, we have kept the parameters c1 and c2
arbitrary. They are associated to the position of the w-circle in the AdS5 and the S5

factors. In fact, it turns out that these parameter can be gauged away entirely for all the
backgrounds considered above. We can see this from the PSU(1, 2|3) TNC background
in (3.26) using the following coordinate shift and U(1) gauge transformation,

x0 → x0 − 1
2c2w, m→ m+ dσ = m+ c2dw. (3.28)

As a result, the coefficient c2 is removed entirely from the TNC geometry (3.26). Re-
moving c2 from the U(1)-Galilean background (3.27) after taking the SMT limit only
requires the U(1) gauge transformation above. Without loss of generality, we can there-
fore assume from now on that c2 = 0 and (rescaling w) we can also set c1 = 1, so that
the PSU(1, 2|3) background in (3.27) becomes

τ̃ = dx̃0, (3.29a)
m = − sinh2 ρdw − sinh2 ρĀ−B, (3.29b)

h = dρ2 + sinh2 ρ dΣ̄2
1 + sinh2 ρ cosh2 ρ

(
dw + Ā

)2
+ dΣ2

2, (3.29c)

On this background, the flat gauge-fixed SMT string action (2.25) gives

Sflat,gf = J

4π

∫
d2σ

[
2 sinh2 ρ ẇ + sinh2 ρ cos θ̄ ˙̄ϕ− cos(2ξ)ψ̇ + sin2 ξ cos θ ϕ̇

− (ρ′)2 − 1
4 sinh2 ρ

(
(θ̄′)2 + sin2 θ̄(ϕ̄′)2

)
− sinh2 ρ cosh2 ρ

(
w′ + 1

2 cos θ̄ ϕ̄′
)2

(3.30)

− (ξ′)2 − 1
4 sin2 ξ

(
(θ′)2 + sin2 θ(ϕ′)2

)
− sin2 ξ cos2 ξ

(
ψ′ + 1

2 cos θ ϕ′
)2
]
.

This action should correspond to the (bosonic part of the) sigma model one obtains from
a limit of the action for the PSU(1, 2|3) spin chain in a coherent state representation.
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Restrictions to subcases. In earlier work, two distinct forms of the PSU(1, 2|3)
U(1)-Galilean backgrounds have been derived [8,9]. These forms differ from the present
result (3.29) in the spherical parametrization used, as well as (in the case of [9]) in the
choice of u-coordinate. As we discussed in Section 2.2, the current choice of u-coordinate
is preferable both for the dual spin chain interpretation as well as the form of the resulting
flat gauge-fixed worldsheet action. Furthermore, the sphere coordinates that we used
above give us a very convenient way to write down the U(1)-Galilean backgrounds for
all SMT limits in Table 1 as submanifolds of the PSU(1, 2|3) background (3.29). The
resulting backgrounds can also be obtained from a direct computation, as we did for
SU(2|3) and SU(1, 1) above, which leads to the same results as the restrictions below.

As we already observed at the end of Section 3.2, the Fubini–Study metric and
potential (3.10) on CP2 reduce to those on CP1 when ξ = π/2 and ψ is fixed,(

dΣ2
2, B

)∣∣∣ξ=π/2
ψ fixed

=
(
dΣ2

1, A
)
. (3.31)

Likewise, we can reduce the S3 ⊂ AdS5 to the S1 circle by fixing the CP1 coordinates
(θ̄, ϕ̄), and we can get rid of the S3 entirely by setting ρ = 0. Through appropriate
combinations of these restrictions, we can obtain the U(1)-Galilean backgrounds for all
integer SMT limits. This procedure is summarized in Table 2 below.

n ρ = 0 θ̄, ϕ̄ fixed ξ = π/2 & ψ fixed θ, ϕ fixed
SU(2) 1 X (X) X –

SU(2|3) 2 X (X) – –
SU(1, 1) 1 – X X X

PSU(1, 1|2) 2 – X X –
SU(1, 2|2) 2 – – X X

PSU(1, 2|3) 4 – – – –

Table 2: Restrictions of the PSU(1, 2|3) background (3.29) to subcases.

4 Flat SMT string backgrounds and Penrose limits

We have thus obtained the U(1)-Galilean backgrounds corresponding to all of the integer
Spin Matrix limits. However, the flat worldsheet gauge fixed SMT string action (2.25)

Sflat,gf = − J

2π

∫
d2σ

[
mµẊ

µ + 1
2hµνX

′µX ′ν
]
, (4.1)

is still rather complicated on these backgrounds. To illustrate this, let us briefly look at
the SU(2) case, where the background and the resulting string action are

τ̃ = dx̃0, m = −A = −1
2 cos θdϕ, h = dΣ2

1 = 1
4
(
dθ2 + sin2 θdϕ2

)
, (4.2)

Sflat,gf = J

2π

∮
dσ

(
cos θϕ̇− 1

4
[
(θ′)2 + sin2 θ(ϕ′)2

])
. (4.3)
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This is a non-linear, interacting theory, and although it can be quantized directly due
to its integrability [48], it is useful to consider a simplifying limit.

For this, we take a large J limit and simultaneously zoom in on excitations around
the point θ = π/2 and ϕ = 0 by taking

J →∞, θ = π

2 + x/
√
J, ϕ = y/

√
J, x, y fixed. (4.4)

This results in the following background and action,

τ̃0 = dx̃0, m0 = lim
J→∞

Jm = 1
2x dy, h0 = lim

J→∞
Jh = 1

4
(
dx2 + dy2

)
, (4.5)

S = 1
4π

∮
dσ

(
xẏ − 1

2
[
(x′)2 + (y′)2

])
. (4.6)

The result is a free theory which describes the free magnon limit of the SU(2) sector.
The above is strongly reminiscent of the Penrose limit, where one zooms in on the

geometry around a null geodesic. Starting from AdS5 × S5 and zooming in on a null
geodesic along the S5 and AdS5 factors, the resulting geometry is the ten-dimensional
maximally supersymmetric pp-wave [38]. However, the coordinate expression of the
pp-wave metric that one obtains depends on the precise null geodesic one starts out
with. Since the SMT limit is defined in terms of a particular coordinate pair (x0, u), the
resulting U(1)-Galilean geometry that one obtains from the pp-wave in these coordinates
will therefore be different. Zooming in on a geodesic generated by ∂u at a point on the
submanifold where this vector is null, one obtains a background of the form10

ds2/R2 = dx0
(
du+ xidy

i
)

+ dxidx
i + dyidy

i + dxadx
a − xaxa(dx0)2, (4.7)

where i = 1, . . . , n and a = 1, . . . , 8− 2n.
In the following, we will see that for each SMT coordinate system, the resulting

pp-wave is of the form (4.7) and has 2n ‘flat’ transverse directions (xi, yi). The string
action contains a quadratic potential for the 8− 2n remaining transverse directions xa.
The slope of this potential diverges in the SMT limit, since we rescale x0 = x̃0/c2, so
the dynamics in these ‘curved’ directions are suppressed, and only the ‘flat’ directions
remain. This results in the following U(1)-Galilean backgrounds,

τ̃ = dx̃0, (4.8a)

m = −
n∑
i=1

xidyi, (4.8b)

h =
n∑
i=1

(
(dxi)2 + (dyi)2

)
. (4.8c)

Since they contain the crucial ‘mass flux’ terms xidyi which supports the dynamics in
the flat directions xi and yi, we refer to these U(1)-Galilean geometries as flat fluxed

10Similar Penrose limits of AdS5×S5 that lead to pp-wave backgrounds with flat directions have been
considered earlier in e.g. Refs. [49–51].

19



(FF) backgrounds. Note that one can slightly generalize these backgrounds to include a
magnon mass parameter µi multiplying each component of m, but we will have µi = 1
in the following. The number of flat directions for each SMT limit and their origins in
AdS5 × S5 are summarized in Table 3.

n ρ,w ∈ AdS5 × S5 θ̄, ϕ̄ ∈ S3 ⊂ AdS5 θ, ϕ ∈ S3 ⊂ S5 ξ, ψ ∈ S5

SU(2) 1 – – X –
SU(2|3) 2 – – X X
SU(1, 1) 1 X – – –

PSU(1, 1|2) 2 X – X –
SU(1, 2|2) 2 X X – –

PSU(1, 2|3) 4 X X X X

Table 3: The 2n ‘flat’ directions for each sector and their AdS5 × S5 origin.

Our goal in this section is to show that the SMT and the large J or Penrose limits
commute, and that they result in the same FF U(1)-Galilean geometry, as depicted in
Figure 1 on page 4. We will do this explicitly for SU(2|3), SU(1, 1) and PSU(1, 2|3).
These examples illustrate the general procedure, and the other cases can be obtained
in a similar way. Following the discussion at the end of Section 3.4, we gauge fix the
parameters c1 = 1 and c2 = 0 in all geometries in the following.

4.1 The SU(2|3) flat background

Let us first consider the SU(2|3) case. As we found in Section 3.2, the U(1)-Galilean
background associated to this SMT is given by (3.14),

τ̃ = dx̃0, m = −B, h = dΣ2
2. (4.9)

For the large charge limit of the corresponding sigma model, we zoom in on a point on
the CP2 by defining

θ = π

2 + x/
√
J, ϕ = y/

√
J, ξ = π

4 + q/
√
J, ψ = p/

√
J. (4.10)

Taking J →∞ as in (4.5) then results in the flat geometry

τ̃0 = dx̃0, (4.11a)

m0 = 1
4x dy − q dp, (4.11b)

h0 = 1
8
(
dx2 + dy2

)
+ dq2 + 1

4dp
2. (4.11c)

Next, we show that this geometry can be recovered from a SMT limit of the corre-
sponding pp-wave. To obtain this pp-wave, we write the full AdS5 × S5 metric in terms
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of the coordinates adapted to SU(2|3) introduced in Section 3.2, We then zoom in on a
null geodesic on the submanifold M corresponding to ρ = 0 by introducing

R = R′/ε, u = Uε2, ρ = rε, θ = π

2 + xε, ϕ = yε, ξ = π

4 + qε, ψ = pε. (4.12)

In the Penrose limit ε→ 0, this results in

ds2/(R′)2 = 2τ0(dU −m0) + h0 + dr2 + r2dΩ̄2
3 − r2(dx0)2. (4.13)

Here, the TNC variables describing M are

τ0 = dx0, (4.14a)

m0/(R′)2 = 1
4x dy − q dp, (4.14b)

h0/(R′)2 = 1
8
(
dx2 + dy2

)
+ dq2 + 1

4dp
2. (4.14c)

A relativistic string on the background (4.13) experiences a quadratic potential r2 in the
four transverse directions parametrized by dr2 + r2dΩ̄2

3. In the SMT limit (2.3), we have
x0 = x̃0/c2 with c → ∞, and this potential becomes infinitely steep. As a result, these
four transverse directions are suppressed, and the dynamics of the string is restricted to
the U(1)-Galilean geometry described by (4.11). Note that the radius R′ is absorbed in
the effective string tension in the SMT limit.

4.2 The SU(1, 1) flat background

Next, let us turn to the SU(1, 1) case, where we found in Section 3.3 that the relevant
U(1)-Galilean geometry is given by

τ̃ = dx̃0, (4.15a)
m = − sinh2 ρ dw, (4.15b)
h = dρ2 + sinh2 ρ cosh2 ρ dw2, (4.15c)

Here, we can take a large charge limit using ρ = r/
√
J , which results in

τ̃0 = dx̃0, (4.16a)
m0 = −r2dw, (4.16b)
h0 = dr2 + r2dw2. (4.16c)

The corresponding Penrose limit can be obtained from the AdS5 × S5 coordinates in
Section 3.3 by introducing

R = R′/ε, u = Uε2, ρ = εr, β1 = π + b1ε, β2 = π + b2ε. (4.17)
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In the limit ε→ 0, the resulting geometry is

ds2/(R′)2 = 2dx0
(
dU + r2 sin2(β̄/2)dw

)
+ dr2 + r2

(1
4dβ̄

2 + sin2(β̄/2)dw2 + cos2(β̄/2)dᾱ2
2

)
+ 1

4
(
db21 + b21dα

2
3 + db22 + b22dα

2
2

)
−
[
r2 cos2(β̄/2) + 1

4(b21 + b22)
]

(dx0)2.

(4.18)

Note that the second line of (4.18) describes a flat R4, which we can reparametrize as

Z1 = r sin(β̄/2)eiw = r1e
iw, Z2 = r cos(β̄/2)eiᾱ2 = r2e

iᾱ2 . (4.19)

With this, we have r2
1 = r2 sin2(β̄/2) and r2

2 = r2 cos2(β̄/2), so we can rewrite the
pp-wave (4.18) into the more familiar quadratic form

ds2/(R′)2 = 2dx0 (dU +m0) + h0 + dr2
2 + r2

2dᾱ
2
2 (4.20)

+ 1
4
(
db21 + b21dα

2
3 + db22 + b22dα

2
2

)
−
[
r2

2 + 1
4(b21 + b22)

]
(dx0)2.

When we now take the SMT limit c→∞ with x0 = x̃0/c2, we see that we are restricted
to the submanifold where r2 = b1 = b2 = 0. As we can see from (4.19), r2 = 0 means
β̄ = π and r = r1, so that we exactly reproduce the U(1)-Galilean data (4.16) that we
derived from the large J limit above.

4.3 The P SU(1, 2|3) flat background

Finally, let us look at PSU(1, 2|3), where we found in Section 3.4 that the relevant
U(1)-Galilean geometry is

τ̃ = dx̃0, (4.21a)
m = − sinh2 ρ dw − sinh2 ρ Ā−B, (4.21b)

h = dρ2 + sinh2 ρ dΣ̄2
1 + sinh2 ρ cosh2 ρ

(
dw + Ā

)2
+ dΣ2

2. (4.21c)

For the large J limit, we zoom in on ρ = 0 and on a point on the CP2,

ρ = r/
√
J, θ = π

2 + x/
√
J, ϕ = y/

√
J, ξ = π

4 + q/
√
J, ψ = p/

√
J. (4.22)

This leads to the geometry

τ̃0 = dx̃0, (4.23a)

m0 = −r2dw − r2Ā+ 1
4x dy − q dp, (4.23b)

h0 = dr2 + r2dΣ̄2
1 + r2

(
dw + Ā

)2
+ 1

8
(
dx2 + dy2

)
+ dq2 + 1

4dp
2. (4.23c)
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Note that h0 describes an eight-dimensional flat geometry, with four dimensions in a
radial Hopf parametrization. This geometry can equally be obtained via a Penrose
limit. Using the coordinates introduced in Section 3.4, we define

R = R′/ε, u = Uε2, ρ = rε, θ = π

2 + xε, ϕ = yε, ξ = π

4 + qε, ψ = pε. (4.24)

In terms of the geometry (4.23), the limit ε→ 0 of the metric (3.23) is then

ds2/(R′)2 = 2τ0 (dU +m0) + h0. (4.25)

All directions are preserved in the SMT limit, which only rescales τ0 = dx0 → τ̃0 = dx̃0.

5 Phase space interpretation of SMT string target space

So far, we have worked out the U(1)-Galilean SMT string backgrounds and their flat
limits. However, if we now consider the flat worldsheet gauge-fixed action (2.25),

S = − J

2π

∫
dσ0dσ1

(
mµẊ

µ + 1
2hµνX

′µX ′ν
)
, (5.1)

we see that something remarkable has happened: in this gauge, the velocities of the
target space embedding fields Xµ only appear linearly in the action.

5.1 Phase space action and symplectic potential

To examine what this implies consider the following. We can write the canonical ‘phase
space’ form of a particle action in terms of n position variables qµ and their n conjugate
momenta pµ, but we may equally parametrize it using 2n generic coordinates xM ,

S =
∫
dt (pµq̇µ −H(p, q)) =

∫
dt
(
CM (x)ẋM −H(x)

)
. (5.2)

This gives us a one-form CM (x)dxM on phase space, which is known as a symplectic
potential since its exterior derivative defines the symplectic form on the phase space,

1
2ωMNdx

M ∧ dxN = d
(
CMdx

M
)
. (5.3)

The Poisson bracket between the xM is then determined by the (pointwise) inverse of
the 2n× 2n matrix ωMN ,

{xM , xN} = ωMN . (5.4)

This result can be straightforwardly generalized to a field theory action.
Comparing the light-cone gauge SMT string action (5.1) above to (5.2), we see that

the Xµ embedding coordinates can now be viewed as phase space coordinates! On this
phase space, the dynamics is given by the symplectic form and Hamiltonian

ω = − J

2πdm, H = J

4π

∮
dσ1hµνX

′µX ′ν . (5.5)
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For this, dm needs to be non-degenerate on equal time slices, which is true for all the
U(1)-Galilean geometries that we obtained in Sections 3 and 4.

To illustrate how this arises due to the Spin Matrix limit, we carefully consider the
limit of the Hamiltonian description of a point particle on the pp-wave background (4.7)
that we encountered in Section 4. This will lead to a trivial Hamiltonian but we can still
see the appearance of the symplectic form ω ∼ dm and the phase space interpretation
of the embedding coordinates. A careful treatment of the Hamiltonian analysis of the
SMT string and its gauge fixing will be the subject of upcoming work [45].

5.2 From a limit of the light-cone point particle Hamiltonian

Our starting point is the worldline reparametrization-invariant point particle action

S = 1
2

∫
dλ
(
e−1gµν ẋ

µẋν − em2
)
. (5.6)

We will consider a slight generalization of the pp-wave metric (4.7),

ds2 = 2dx0
(
du−midx

i
)

+ δIJdx
IdxJ − δabxaxb(dx0)2. (5.7)

Here, we have split the eight transverse coordinates xI into 2n ‘flat’ directions xi and
8 − 2n directions xa where the particle feels a quadratic potential. We now construct
the Hamiltonian associated to the action (5.6). Then, we will discuss the appropriate
gauge fixing and we will take the SMT limit.

On the background (5.7), the action is

S =
∫
dλ

[
e−1

(
ẋ0u̇− ẋ0miẋ

i + 1
2δIJ ẋ

I ẋJ − 1
2δabx

axb(ẋ0)2
)
− e

2m
2
]
. (5.8)

The momenta associated to the coordinates u, x0, xi and xa are

pu = e−1ẋ0, (5.9a)
p0 = e−1u̇− e−1miẋ

i − e−1xaxaẋ
0, (5.9b)

pi = −e−1miẋ
0 + e−1ẋi, (5.9c)

pa = e−1ẋa. (5.9d)

With this, we obtain the following Hamiltonian,

H = ẋ0p0 + u̇pu + ẋipi + ẋapa − L (5.10)

= e

2
[
2p0pu + (pi + pumi)(pi + pum

i) + pap
a + xaxa(pu)2 +m2

]
. (5.11)

The Hamiltonian consists only of a constraint (with the einbein e as Lagrange multiplier)
due to the worldline reparametrization symmetry of the point particle action (5.6). Note
that the u-momentum pu is conserved since the Hamiltonian is independent of u.
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A convenient way to fix this reparametrization symmetry in the Hamiltonian formal-
ism is as follows. With the Hamiltonian (5.11), the phase space action is

S =
∫
dλ
(
ẋ0p0 + u̇pu + ẋipi + ẋapa −H

)
.

Now vary this action with respect to e and p0, and solve the resulting equations for

e = ẋ0

pu
, p0 = − 1

2pu

[
(pi + pumi)(pi + pum

i) + pap
a + xax

a(pu)2 +m2
]
. (5.12)

This solves the constraint, but to fully fix its Lagrange multiplier e we need to specify a
parametrization x0(λ). In analogy with the Spin Matrix limit, where x0 = c2x̃0, we now
achieve the same scaling by setting x0 = c2λ. With that, we obtain the following phase
space action and light-cone gauge-fixed Hamiltonian,

Sgf =
∫
dλ
[
u̇pu + ẋipi + ẋapa −HLC

]
, (5.13a)

HLC = −ẋ0p0 = c2

2pu

[
(pi + pumi)(pi + pum

i) + pap
a + xax

a(pu)2 +m2
]
. (5.13b)

We now want to understand the behavior of this system in the SMT limit, which
corresponds to sending c → ∞ while keeping the velocities and the conserved null mo-
mentum pu fixed. Since we now have e = c2pu, the momenta (5.9) are

pa = puẋa
c2 , (5.14a)

pi = pu
c2

(
ẋi − c2mi

)
. (5.14b)

In the limit c → ∞, we therefore have pa → 0 and pi → −pumi, which reduces us to a
subspace of the full phase space described by the action and the Hamiltonian in (5.13).
To determine the corresponding reduced phase space, we introduce the constraints

Φa = pa ≈ 0, Φi = pi + pumi. (5.15)

which implement the same reduction as the SMT limit. Their time evolution under the
light-cone Hamiltonian (5.13) is

Φ̇a = {Φa, HLC} = −c2puxa =⇒ χa = xa ≈ 0, (5.16)

Φ̇i = {Φi, HLC} = c2

2pu
{Φi,ΦjΦj} ≈ 0, (5.17)

χ̇a = {χa, HLC} = c2

2pu
{χa,ΦbΦb} ≈ 0. (5.18)

So we get one set of secondary constraints χa, which fixes the ‘curved’ transverse direc-
tions xa to zero, corresponding to the quadratic potential in these directions becoming
infinitely steep in the SMT limit. On the reduced phase space Φa ≈ χa ≈ Φi ≈ 0,

HLC ≈
c2m2

2pu
. (5.19)
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Since this Hamiltonian is constant, there is no non-trivial dynamics on the reduced phase
space. For HLC to be finite as c→∞ we can set the particle mass m to zero. Note that
our set of constraints is entirely second-class,

{χa,Φb} = δab, {Φi,Φj} = pu(∂jmi − ∂imj) = −pu(dm)ij . (5.20)

The Dirac bracket that follows from this set of second-class constraints vanishes on xa
and pa (allowing us to consistently set them to zero) and satisfies

{xi, xj}DB = − 1
pu

(dm)ij . (5.21)

This shows that −pudm provides the symplectic form on the reduced phase space arising
from the SMT limit.

A more straightforward way of obtaining this result is by directly gauge fixing the
Lagrangian form of the action (5.8), with x0 = c2λ and e = c2/pu, which gives

Sgf =
∫
dλ

[
pu
c2

(
c2u̇− c2miẋ

i + 1
2δIJ ẋ

I ẋJ − 1
2c

4δabx
axb
)
− c2m2

2pu

]
. (5.22)

For this action to be finite in the c→∞ limit, we set xa = 0 and m = 0. With that,

lim
c→∞

Sgf =
∫
dλ
[
puu̇− pumiẋ

i
]
. (5.23)

The first term describes the decoupled variable u and its constant momentum pu, while
the second term leads to the symplectic form ω = −pudm and the Poisson bracket (5.21).

6 Conclusions and outlook

In this paper we have obtained a class of Spin Matrix theory (SMT) string backgrounds
that we refer to as flat-fluxed (FF) backgrounds. They are the simplest non-trivial
backgrounds for the non-relativistic SMT string theories constructed in Refs. [8,9]. These
backgrounds are examples of U(1)-Galilean geometries, which resemble Newton–Cartan
geometries but with a U(1) gauge potential that does not transform under Galilean
boosts. Such geometries can be obtained by implementing a bulk version of the Spin
Matrix limit for AdS5 × S5, and combining this limit with the Penrose or large charge
limit leads to the FF backgrounds.

We have computed the U(1)-Galilean backgrounds associated to all integer SMT
limits of N = 4 super-Yang–Mills that are listed in Table 1. Furthermore, we have shown
that the SMT limit and the large charge/Penrose limits leading to the FF backgrounds
commute, as illustrated in Figure 1. Finally, we have put forward a novel interpretation
of the U(1)-Galilean backgrounds of the SMT string, which views the embedding fields
as coordinates on a phase space, with a symplectic form determined by the exterior
derivative of the U(1) potential.
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The U(1)-Galilean background corresponding to the SMT limit with spin group
PSU(1, 2|3) contains all other backgrounds (associated to subgroups of this spin group)
as submanifolds. Because of the relation between Spin Matrix limits [5] and the spin
chain limit considered by Kruczenski [39], one can compare the SMT string sigma models
to earlier literature. In particular, as already remarked in [5], the SMT flat gauge-fixed
sigma model for spin group SU(2) is the well-known Landau-Lifshitz model, which fol-
lows from the continuum limit of the SU(2) spin chain. The results of this paper now
allow us to compare with the SU(1, 1) and PSU(1, 1|2) sigma models that were obtained
in [42,43] and [44] respectively, and using the U(1)-Galilean backgrounds obtained in Sec-
tion 3 we find perfect agreement. Furthermore, the sigma model (3.29) for PSU(1, 2|3)
has not yet been obtained from a continuous limit of the corresponding spin chain.11

The phase space interpretation that arises from U(1)-Galilean geometries contributes
to our understanding of SMT strings, but it may also be directly relevant to the resulting
sigma models themselves. The exact S-matrix of the Landau–Lifshitz model (correspond-
ing to SU(2) SMT) has been obtained using integrability by Klose and Zarembo [48].
There, a judicious field redefinition was used that makes it possible to quantize this
theory on its curved background. Using our phase space perspective, an equivalent field
redefinition can be obtained from the Darboux coordinates on the corresponding sym-
plectic manifold. Generalizing this strategy to more complicated sigma models could
potentially greatly simplify quantizing these models exactly.12

Furthermore, an alternative description of Spin Matrix theories with spin groups
containing a non-compact SU(1, 1) factor has recently been developed in terms of simple
lower-dimensional non-relativistic field theories [6, 7]. Since these theories appear to be
under good control even at strong coupling, it would be extremely interesting to establish
a holographic relation to strings on the SU(1, 1) background that we derived here.

Regarding the SMT string sigma models themselves, many of the most pressing ques-
tions are related to their quantization. The analysis of Section 5 can be repeated starting
from relativistic strings in light-cone gauge, which should produce the symplectic form
ω ∼ dm and the Hamiltonian (5.5) from the Spin Matrix limit (2.7). After quantizing
the resulting gauge-fixed theory, one should then check if the global symmetries of the
U(1)-Galilean background are anomalous. Next, one would want to covariantly quantize
the SMT Polyakov action (2.14) on the FF backgrounds we obtained in Section 4. This
retains the two-dimensional Galilean Conformal algebra (GCA) of reparametrization
symmetries [9] on the worldsheet, in parallel to the Virasoro symmetries of relativistic
string theory. Anomalies of the GCA symmetry could then provide criteria on consis-
tent SMT string backgrounds. Such criteria are presumably met by our FF backgrounds
since they are derived from limits of a consistent background for the relativistic string,

11Recently, spinning string solutions have been obtained [27] from the sigma model associated to the
version of the PSU(1, 2|3) background that was derived in earlier work [9]. It would be interesting to
extend these results to the present background which is more natural from the spin chain perspective.

12Note that the phase space interpretation also holds for sigma models on the curved U(1)-Galilean
backgrounds in Section 3, not just for the FF backgrounds in Section 4. The symplectic form ω ∼ dm
that follows from the PSU(1, 2|3) background (3.29) involves the natural symplectic forms dA and dB
on the Kähler manifolds CP1 and CP2 that are contained in this background.
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but they could for example explain why only particular numbers n of flat directions are
allowed. We will report on some of these issues and related ones in upcoming work [45].

In addition, it would be very interesting to determine the beta functions of the
SMT string sigma model and to analyze the resulting low-energy effective action for
the U(1)-Galilean geometry. For the non-relativistic TNC and SNC string theories
with relativistic worldsheets and associated Virasoro symmetries, beta functions have
already been obtained [20, 21, 25]. Again, the FF backgrounds we obtained here should
be solutions to the resulting equations of motion, and it would be interesting to see if
they are in some sense ‘maximally symmetric’, in analogy to the pp-wave solution of IIB
supergravity [52].

Finally, there are numerous other open issues to investigate in relation to the SMT
string theories. These include for example the role of supersymmetry in SMT strings,
both for the worldsheet theory as well as the non-relativistic target space.13 Other
directions include a more detailed analysis of the allowed worldsheet geometries and the
role of the dilaton coupling [10], open string sectors, brane-like objects and the effect of
the NS-NS B-field.
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