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SHIFTED GEOMETRIC QUANTIZATION

PAVEL SAFRONOV

Abstract. We introduce geometric quantization in the setting of shifted symplectic structures. We define
Lagrangian fibrations and prequantizations of shifted symplectic stacks and their geometric quantization. In
addition, we study many examples including symplectic groupoids, Hamiltonian spaces and moduli spaces of
flat connections. In the case of Hamiltonian spaces we prove a derived analog of the “quantization commutes
with reduction” principle.

Introduction

We define geometric quantizations of shifted symplectic stacks in the sense of [Pan+13], so that a geometric
quantization of an n-shifted symplectic structure gives rise to an (∞, n)-category. Our main results are:

• We give a definition of a prequantization of n-shifted Lagrangian fibrations, the input data to geo-
metric quantization (definition 2.13).
• We give the definition of the geometric quantization of prequantum n-shifted Lagrangian fibrations

(definition 3.1).
• We prove that a derived intersection of n-shifted Lagrangians equipped with n-shifted Lagrangian

fibrations carries an (n− 1)-shifted Lagrangian fibration (theorem 2.20).
• Given a derived stack X equipped with an n-gerbe G with characteristic class c1(G), we prove that the
n-shifted twisted cotangent bundle T∗

c1(G)
[n]X carries a natural prequantum n-shifted Lagrangian

fibration (theorem 2.24).
• We give many examples of prequantum n-shifted Lagrangian fibrations: coming from symplectic

groupoids, coadjoint orbits, Slodowy slices and moduli spaces of flat connections (section 4).
• Given a Hamiltonian G-scheme X equipped with a G-equivariant prequantization and polarization,

we prove that its derived Hamiltonian reduction carries an induced 0-shifted Lagrangian fibration
whose geometric quantization is the space of G-invariants in the geometric quantization of X (the
quantization commutes with reduction principle, proposition 4.13).

Quantization. Let us briefly recall some mathematical formalizations of the idea of a quantization of a
physical system. Classical mechanics is specified by a symplectic manifold X together with a Hamiltonian
function H : X → R. The corresponding quantum-mechanical system is described, in particular, by the
following data:

• The algebra of observables Obs (usually taken to be a C∗-algebra, but we will consider it as a plain
algebra) together with a (self-adjoint) element H ∈ Obs.
• The space of states H, an Obs-module (usually taken to be a Hilbert space, but, again, we will

consider it as a plain vector space).

A long-standing question in mathematical physics is about the relationship between the two sets of data.
There are the following mathematical procedures:

• (Deformation quantization). The algebra of observables is supposed to be a family of algebras
parametrized by the Planck’s constant ~. In formal deformation quantization [Bay+78] one considers
an algebra Obs flat over C[[~]] together with an isomorphism Obs|~=0

∼= C∞(X ;C) and satisfying
(ab − ba)/~ = {a, b} (mod ~) for every a, b ∈ Obs, where {−,−} is the Poisson bracket on C∞(X)
induced by the symplectic structure.
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2 PAVEL SAFRONOV

• (Geometric quantization). The space of states H is supposed to have, roughly speaking, half of the
degrees of freedom in C∞(X). In geometric quantization the space of states is the space of sections
of an appropriate line bundle over X satisfying constraints specified by a Lagrangian distribution.

Besides mechanics, quantization is also relevant for field theories. Namely, given an n-dimensional classical
field theory, the phase space associated to a hypersurface in spacetime (a closed (n−1)-dimensional manifold)
is a symplectic manifold, so one may consider its deformation and geometric quantizations. In topological
field theories one may also define phase spaces associated to lower-dimensional manifolds. Following [Ale+97;
CMR14; Cal15], we will equip the phase spaces with a shifted symplectic structure, the notion introduced
in [Pan+13]. Then the phase space of an n-dimensional classical field theory associated to a closed d-
dimensional manifold carries an (n − d − 1)-shifted symplectic structure. Note that it also makes sense for
d = n in which case the corresponding (−1)-shifted symplectic structure is related to the Batalin–Vilkovisky
antibracket. As an example, the 3-dimensional classical Chern–Simons theory associated to a compact Lie
group K has the phase spaces given by the moduli spaces of flat K-connections:

• M is a closed oriented 3-manifold. The phase space is given by the critical locus of the Chern–Simons
functional, so it carries the induced Batalin–Vilkovisky (−1)-shifted symplectic structure.
• M is a closed oriented 2-manifold. The phase space is endowed with the Atiyah–Bott symplectic

structure.
• M = S1. The phase space is the stack of conjugacy classes [K/K]. The corresponding 1-shifted

symplectic structure is encoded, in particular, by the canonical 3-form on K.
• M = pt. The phase space is the classifying stack BK = [pt/K]. The corresponding 2-shifted

symplectic structure is encoded in the invariant symmetric bilinear form on Lie(K) used in the
definition of the Chern–Simons theory.

The theory of shifted symplectic structures is developed the most in the context of derived algebraic
geometry [Toë14], so from now on all our spaces will be derived Artin stacks over the field k. The algebra
of (polynomial) functions on X is denoted by O(X). Quantizations of n-shifted symplectic stacks look as
follows.

• (Deformation quantization). The theory of deformation quantization of n-shifted symplectic stacks
has not been well-developed, but let us mention [Cal+17; Pri18; Pri19]. The idea is that the algebra
of functions O(X) carries a canonical Pn+1-structure, i.e. a Poisson bracket of cohomological degree
(−n). Deformation quantization should be given, in particular, by an En+1-algebra, i.e. an algebra
over the operad of little (n + 1)-disks. In the classical case (i.e. n = 0) P1-algebras are ordinary
Poisson algebras and E1-algebras are associative algebras.
• (Geometric quantization). This is the theory developed in this paper. The geometric quantization

of an n-shifted symplectic stack is an n-category C (more precisely, we use the formalism of (∞, n)-
categories). Given an En+1-algebra A, one can make sense of an A-linearity structure on C and this
gives a higher version of the action of observables on state spaces. As an example, a dg category C

has the Hochschild cohomology HH•(C), an E2-algebra, and an A-linear structure on C is given by a
morphism of E2-algebras A→ HH•(C) (see remark 3.14 for the general notion in a stable presentable
setting).

Note that the above picture is supposed to make sense for n = −1 as well. In that case an E0-algebra
is simply a vector space (or a chain complex) with a distinguished vector. Indeed, global observables in a
quantum field theory do not have any algebraic structure, but there is a distinguished trivial observable. A
module over an E0-algebra A is given by a functional A→ k and in a quantum field theory such a functional
is given by the path integral.

Let us mention that there are other approaches for describing “higher” symplectic structures on phase
spaces. For instance, there is a theory of multisymplectic geometry, where an n-shifted symplectic structure
is replaced by an (n+1)-plectic structure [Rom09; Rog11], i.e. a closed (n+2)-form (of degree zero) satisfying
a certain nondegeneracy condition. A closed (n + 2)-form of degree zero is an example of a closed 2-form
of degree n, but the nondegeneracy conditions for n-plectic and n-shifted symplectic structures diverge for
n > 0. In this setting the theory of geometric quantization has been developed in [Rog11; FRS16; Nui13].
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Geometric quantization. The theory of geometric quantization was developed by Souriau [Sou66] and
Kostant [Kos70] and goes back to Kirillov’s orbit method [Kir61]. Some of the textbook references include
[Woo92; BW97; Ech+98].

Let us sketch the relevant definition in the algebro-geometric context (see [BK91]). Let (X,ω) be a smooth
symplectic scheme over a field k of characteristic zero. Geometric quantization requires the following data:

• (Prequantization) A line bundle (L,∇) with a connection on X whose curvature is ω.
• (Polarization) A Lagrangian foliation M ⊂ TX : a subbundle closed under the Lie bracket which is

Lagrangian with respect to ω.
The output of the geometric quantization is the vector space Γ∇(X,L) ⊂ Γ(X,L) of sections of L flat

along M. Note that we do not include a metaplectic correction. One may reformulate this definition as
follows. The closed two-form ω allows one to consider the category Dω(X) of ω-twisted D-modules on X ; a
particular class of objects is given by vector bundles with a connection with central curvature ω · id. Then
we have functors

Vect
prequantization
−−−−−−−−−−→ Dω(X)

polarization
−−−−−−−→ Vect,

where the first functor sends V 7→ V ⊗L and the second functor computes flat sections of a D-module along
M. The composite gives the space of states.

To categorify geometric quantization, let us recall that for a scheme (or a derived stack) X one has the
following associated linear objects:

• The commutative algebra (chain complex) of global functions O(X). The version with flat connec-
tions is the algebra Ω•(X) of differential forms. Given an element α ∈ H0(X,Ω≥1), a closed one-form
of degree 0, we may consider the twisted version Ω•

α(X) with the differential ddR + α ∧ (−).
• The symmetric monoidal ∞-category of quasi-coherent complexes QCoh(X). The version with flat

connections is the∞-category of D-modules D(X) = QCoh(XdR) (where XdR is the de Rham stack).
Given an element α ∈ H1(X,Ω≥1), a closed one-form of degree 1, we may consider the twisted version
Dα(X).
• The symmetric monoidal (∞, 2)-category of quasi-coherent sheaves of categories ShvCat(X) (see

[Gai15], [Lur18, Chapter 10]). The version with flat connections is the (∞, 2)-category of crystals
of categories CrysCat(X) = ShvCat(XdR). Given an element α ∈ H2(X,Ω≥1), a closed one-form of
degree 2, we may consider the twisted version CrysCatα(X).
• ...

We review some of these notions in section 2.2. To categorify geometric quantization, we consider a
derived stack X with a 1-shifted symplectic structure ω ∈ H1(X,Ω≥2) ⊂ H2(X,Ω≥1). Then we should get

PrL
prequantization
−−−−−−−−−−→ CrysCatω(X)

polarization
−−−−−−−→ PrL,

where PrL is the ∞-category of presentable ∞-categories. More concretely, a prequantization is given by
(G,∇), a gerbe with a connective structure on X [Bry08], whose obstruction to having a curving is given
by curv(G,∇) = ω. One can again define a polarization to be a 1-shifted Lagrangian foliation (see [TV20;
BSY19] for what this means in the present context) and take flat sections along that. In the main body of
the text we consider a simplified approach where we assume the gerbe descends along a morphism X → B
(whose fibers give the Lagrangian foliation) and simply take global sections of the gerbe on B. Here by
global sections of a gerbe G on B we mean the∞-category QCohG(B) of twisted quasi-coherent sheaves. We
refer to definition 2.13 for the full definition of prequantization and polarization and to definition 3.1 for the
definition of geometric quantization of this data.

The above picture admits an obvious extension to higher categories. But it also admits an extension
to lower categories. Namely, for a (−1)-shifted symplectic stack (X,ω) over the ground field k one may
contemplate geometric quantization in the form of maps

k
prequantization
−−−−−−−−−−→ Ωω(X)

polarization
−−−−−−−→ k.

We do not comment on the notion of a (−1)-shifted polarization in this paper. But the notion of a (−1)-shifted
prequantization turns out to be closely related to the notion of the Batalin–Vilkovisky (BV) quantization
[Sch93]. We prove the following result (see proposition 2.34) closely related to the work of Ševera [Šev06].
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Proposition. Let Y be a smooth scheme and ω the standard (−1)-shifted symplectic structure on T∗[−1]Y .

Then one has a quasi-isomorphism

Ωω(T
∗[−1]Y ) ∼= (Γ(T∗[−1]Y, π∗KY )[− dimY ],∆),

where ∆ is the BV operator.

The notion of (−1)-shifted geometric quantization should be compared with the structure of global ob-
servables in quantum field theories, which have maps

k
trivial
−−−−→ Obs

path integral
−−−−−−−−→ k

whose composite is the partition function of the theory.
So, one may consider the work [Sch93] as giving a BV analog of geometric quantization while the approach

via BD0-algebras (Beilinson–Drinfeld algebras) [CG16, Chapter 7.3] is giving a BV analog of deformation
quantization.

Different categorical levels are intertwined in the classical setting by the notion of an n-shifted Lagrangian
morphism L → X [Pan+13], where X is an n-shifted symplectic stack. Such a structure often appears
when one studies classical field theories defined on manifolds with boundary [CMR14]. After geometric
quantization X gives rise to an (∞, n)-category and L→ X gives rise to an object. In the case n = 0 we get
a structure closely related to the one appearing in the quantum BV-BFV formalism [CMR18] (note, however,
that the authors consider a somewhat restrictive class of 0-shifted Lagrangians of the form L′ × L′′ → X ,
where X is a symplectic manifold, L′′ →֒ X is a smooth Lagrangian submanifold and L′ is a (−1)-shifted
symplectic manifold).

Examples. Apart from giving the definitions, the bulk of the paper is concerned with providing examples
of (and providing tools to construct) prequantum n-shifted Lagrangian fibrations.

Recall that an important way to construct n-shifted symplectic structures is as follows. Given an n-shifted
symplectic stack X and two Lagrangian morphisms L1, L2 → X , the derived intersection L1 ×X L2 carries
an (n− 1)-shifted Lagrangian structure [Pan+13, Theorem 2.9]. We extend this result to Lagrangians which
carry prequantum data (theorem 2.20).

Theorem. Consider the diagram

L1
**❱❱

❱❱❱
❱❱

��

L2
tt❤❤❤

❤❤❤
❤

��
X

��
BL1

**❯❯
❯❯❯

❯ BL2

tt✐✐✐
✐✐✐

BX

of derived stacks. Suppose X is n-shifted symplectic, L1, L2 → X are Lagrangian morphisms, X → BX is

a Lagrangian fibration and Li → BLi
are relative Lagrangian fibrations. Then the intersection L1 ×X L2

carries a Lagrangian fibration L1 ×X L2 → BL1 ×BX
BL2 . The same claim is true if the Lagrangians are

equipped with prequantizations.

Given any derived Artin stack X locally of finite presentation, Calaque [Cal19] shows that the n-
shifted cotangent bundle T∗[n]X possesses a canonical n-shifted symplectic structure. Given an element
α ∈ Hn+1(X,Ω≥1), a closed one-form of degree (n + 1) on X , one may consider the twisted cotangent
bundle T∗

α[n]X , see [BK91, Section A.1] for the definition in the underived context. Also, an n-gerbe G

on X has a characteristic class c1(G) ∈ Hn+1(X,Ω≥1) obstructing the existence of a flat connection on G.
Using the above statement about intersections of prequantized Lagrangians, we prove the following result
(see theorem 2.24).

Theorem. Let X be a derived Artin stack locally of finite presentation and G an n-gerbe on X. Then

T∗
c1(G)

[n]X −→ X

has a natural structure of a prequantum n-shifted Lagrangian fibration.
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Another interesting example of a shifted symplectic stack is the classifying stack BG of an affine algebraic
group G equipped with nondegenerate invariant symmetric bilinear pairing on its Lie algebra. In this case
we can prove negative results (see propositions 2.25 and 2.27).

Proposition. Let G be a connected reductive group.

• BG does not admit a prequantization.

• If dim(G) is odd, BG does not admit a Lagrangian fibration.

Note that the absence of a prequantization is a deficiency of the algebraic situation and in the case of
compact Lie groups the corresponding prequantization (but not polarization) exists, see [Wal10].

Let us list examples described in section 4:

• Given a symplectic groupoid G ⇒ X , the quotient stack [X/G] carries a 1-shifted symplectic struc-
ture and the projection X → [X/G] a Lagrangian structure. We show that a prequantization and
polarization of this Lagrangian gives rise to a multiplicative prequantization and polarization of the
symplectic groupoid as described in [Haw08]. The geometric quantization of this Lagrangian pro-
duces an (∞, 1)-category with a distinguished object. The algebra of endomorphisms of this object
should be considered as an approximation to deformation quantization of X [WX91].
• Given a Hamiltonian G-scheme X , the moment map µ : X → g∗ induces a 1-shifted Lagrangian

morphism [X/G] → [g∗/G]. We show (theorem 4.6) that a G-equivariant prequantization and
polarization of X gives rise to a prequantization and polarization of this Lagrangian. This gives a
natural perspective on the prequantization of the (derived) Hamiltonian reduction.
• Let G be a split semisimple group and x ∈ g∗ a semisimple element. Its stabilizer is a Levi subgroup
L ⊂ P of a parabolic subgroup P . In fact, the coadjoint orbit O of x is equivalent to a twisted
cotangent bundle of the partial flag variety G/P [Lis85]. By the above, the morphism [O/G]→ [g∗/G]
has a 1-shifted Lagrangian structure and we describe explicitly the corresponding polarization and
prequantization in proposition 4.14.
• Given a nonzero nilpotent orbit O ⊂ g∗, there is a slice S ⊂ g∗ for the coadjoint action passing through

the orbit O known as the Slodowy slice. We construct a natural polarization on the corresponding
1-shifted Lagrangian morphism S→ [g∗/G] in proposition 4.18.
• If X is an n-shifted symplectic stack and C a smooth projective curve, we prove (see proposition 1.24)

that the moduli stack of locally-constant maps Map(CdR, X) is a twisted cotangent bundle of the
moduli stack of algebraic maps Map(C,X). In this way we show (see theorem 4.22) that the geometric
quantization of the moduli stack LocSysG(C) of flat connections on C is given by sections of a specific
line bundle over the moduli stack BunG(C) of G-bundles.

Further examples. There are some examples where the output of the geometric quantization is clear, but
a proper treatment of these examples requires one to go beyond the setting of shifted symplectic structures
in [Pan+13].

(1) Often supersymmetric field theories are only Z/2-graded rather than Z-graded. So, one is often faced
with phase spaces which are Z/2-graded supermanifolds. One may model these algebro-geometrically
by working over the ground ring k[u, u−1], where deg(u) = 2. In this case an n-shifted symplectic
structure ω may be turned into an (n + 2)-shifted symplectic structure uω. Note that this forces
one to work with non-connective commutative dg algebras, i.e. we have to work in the setting of
D-stacks.

For instance, consider a smooth scheme X with a function f : X → A
1. The derived critical

locus Crit(f) of f viewed as a 1-shifted symplectic space is the phase space of the Landau–Ginzburg
B-model on the point. Recall that Crit(f) is a twisted (−1)-shifted cotangent bundle of X (see
example 1.20). We expect that it admits a prequantization as a 1-shifted symplectic stack given by
a gerbe that we will formally write as exp(uf). What should IndCohexp(uf)(X) be?

Let us recall the picture for the ∞-category of matrix factorizations MF(X, f) given by Preygel
[Pre12]. The zero fiber f−1(0) carries an action of the derived group scheme ΩA1. Recall the ∞-
category of ind-coherent sheaves IndCoh introduced in [Gai13]. Then IndCoh(f−1(0)) carries an
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action of IndCoh(ΩA1) ∼= Modk[β], where deg(β) = 2. One then has

IndMF(X, f) = IndCoh(f−1(0))⊗Modk[β]
Modk[β,β−1].

Let X̂f−1(0) be the formal completion of X along f−1(0). We expect that IndCohexp(uf)(X̂f−1(0))
coincides with the above ∞-category, where the twist by the gerbe exp(uf) identifies the variable
u in the ground ring with the variable β in IndCoh(ΩA1). This provides an explanation why the
category of boundary conditions in the Landau–Ginzburg B-model is given by the category of matrix
factorizations [KL03].

(2) The definition of shifted symplectic structures in [Pan+13] is given for a derived Artin stack locally of
finite presentation, which, in particular, implies that the stack admits a perfect cotangent complex.
For a derived prestack X we may ask, more generally, for X to admit a pro-cotangent complex
L
pro
X ∈ ProQCoh(X) (where ProQCoh(X) is the right Kan extension of the functor A 7→ Pro(ModA)

defined on derived affine schemes), see [GR17b, Chapter 1]. Although pro-quasicoherent sheaves do
not have a reasonable notion of self-duality, there is a subcategory Tate(X) ⊂ ProQCoh(X) of Tate
complexes which does admit self-duality. So, we may consider Tate prestacks which are derived
prestacks which admit a Tate cotangent complex L

Tate
X . We refer to [Hen17; Hel20] for a related

formalism. We expect that one may extend the definition of n-shifted symplectic structures to Tate
prestacks; this is a joint work in progress with V. Melani and M. Porta.

Consider the stack LocSysG(D̊) of G-bundles with a connection on the “formal” punctured disk
D̊ = Spec k((t)) (see [Ras15] for a thorough study of this stack). We expect that proposition 1.24
extends to Tate prestacks, so that one may identify LocSys(D̊) with a twisted 1-shifted cotangent
bundle of BLG, where LG, the loop group, is the group of maps D̊ → G. In particular, the geometric
quantization of of LocSys(D̊) should be the category of representations of the loop group LG at a
given level. LocSysG(D̊) is an algebro-geometric avatar of the phase of the classical Chern–Simons
theory on the circle; in particular, this gives an explanation why the category of line operators in
the quantum Chern–Simons theory is the category of LG-representations. We refer to [FT15] for an
interesting related statement.

Acknowledgements. I would like to thank Justin Hilburn and Theo Johnson-Freyd for useful conversa-
tions. This research was partially supported by the NCCR SwissMAP grant of the Swiss National Science
Foundation.

1. Polarizations

Let S be the ∞-category of small spaces (equivalently, ∞-groupoids). Throughout the paper we fix k, a
field of characteristic zero. Let CAlg be the ∞-category of commutative dg k-algebras and CAlg≤0 ⊂ CAlg
the full subcategory of those concentrated in non-positive cohomological degrees. Recall that a derived
prestack is a functor CAlg≤0 → S. A derived stack is a derived prestack satisfying étale descent. [TV08;
GR17a; Lur18] are the standard sources on derived algebraic geometry.

1.1. Differential forms on stacks. Let π : X → S be a morphism of derived Artin stacks. Recall from
[Pan+13; Cal+17] the notion of the relative de Rham algebra DR(X/S); it is a graded mixed commutative
dg algebra which, as a plain graded commutative dg algebra, is

DR(X/S) ∼= Γ(X, Sym(LX/S [−1])),

where LX/S is the relative cotangent complex. Besides the cohomological grading, we also have the weight

grading by the form degree and besides the cohomological differential d, we also have the de Rham differential
ddR increasing both the cohomological and form degrees.

Definition 1.1. Let X → S be a morphism of derived Artin stacks.
• A relative p-form of degree n on X → S is a d-closed element ωp of DR(X/S) of weight p and

cohomological degree p+ n. We denote by Ap(X/S, n) the space of such.
• A closed relative p-form of degree n on X → S is a (d+ddR)-closed element ωp+ωp+1+ . . . of

DR(X/S), where ωq is a q-form of degree n− (q− p). We denote by Ap,cl(X/S, n) the space of such.
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If we assume X → S is locally of finite presentation, the relative cotangent complex LX/S is perfect, so
we can define the tangent complex TX/S = (LX/S)

∨ as the dual. A relative two-form of degree n induces a
morphism

ω♯ : TX/S −→ LX/S [n]

from the tangent to the cotangent complex.

Definition 1.2. A relative n-shifted symplectic structure on X → S is a closed relative two-form ω
of degree n, such that ω♯ : TX/S → LX/S [n] is a quasi-isomorphism.

The notion of shifted isotropic and shifted Lagrangian structures from [Pan+13] extends verbatim to the
relative setting, so we will not repeat the definitions. Moreover, the proofs in [Pan+13; AB17; Ben15; CHS]
that n-shifted Lagrangian intersections carry an (n − 1)-shifted symplectic structure go through without
modifications.

1.2. Lagrangian fibrations. Let us recall the following notion introduced in [Cal19].

Definition 1.3. Let π : X → B be a map of derived Artin stacks. The structure of an n-shifted isotropic

fibration on π is an n-shifted presymplectic structure on X together with a trivialization of its image under
A2,cl(X,n)→ A2,cl(X/B, n).

Now assume X is locally of finite presentation and consider the map TX
∼= LX [n] → LX/B [n]. Given an

n-shifted isotropic fibration π : X → B, we have a natural sequence

(1) TX/B −→ TX −→ LX/B [n]

in QCoh(X).

Definition 1.4. An n-shifted Lagrangian fibration π : X → B is an n-shifted isotropic fibration such
that (1) is a fiber sequence.

See [Cal19, Lemma 1.3] for the following statement.

Lemma 1.5. Suppose π : X → B is an n-shifted Lagrangian fibration. Then X is n-shifted symplectic.

We can reformulate the data of an n-shifted isotropic fibration in the following way. Observe that the
morphism DR(X)→ DR(X/B) factors as

DR(X) −→ DR(X ×B/B) −→ DR(X/B),

where the first morphism regards a differential form on X as a relative differential form on X × B → B
constant along B and the second morphism is the pullback along (id× π) : X → X ×B.

Proposition 1.6.

(1) An n-shifted isotropic fibration f : X → B is the same as a pair of an n-shifted presymplectic structure

on X and an n-shifted isotropic structure on (id× π) : X → X ×B relative to B.

(2) An n-shifted isotropic fibration π is Lagrangian if, and only if, (id× π) : X → X ×B is Lagrangian.

Proof.

(1) The null-homotopy of the image of ω under DR(X)→ DR(X/B) is the same as the null-homotopy
of the image of ω under DR(X ×B/B)→ DR(X/B).

(2) The map (id× π) : X → X ×B is Lagrangian if, and only if,

TX/B −→ TX×B/B −→ LX/B [n]

is a fiber sequence. But TX×B/B
∼= TX . So it is a fiber sequence if, and only if, (1) is a fiber

sequence.
�

Corollary 1.7. Suppose π : X → B is an n-shifted Lagrangian fibration. For any b ∈ B the inclusion of the

fiber Xb → X carries an n-shifted Lagrangian structure.
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Proof. By proposition 1.6 we have an n-shifted Lagrangian structure on X → X × B relative to B.
Considering the base change along the map b : pt → B we obtain an n-shifted Lagrangian structure on
pt×B X → X . �

Example 1.8. Suppose X is a derived Artin stack locally of finite presentation. It is shown in [Cal19] that
the n-shifted cotangent stack T∗[n]X is n-shifted symplectic. Moreover, the natural projection T∗[n]X → X
is an n-shifted Lagrangian fibration.

Let us mention that proposition 1.6 suggests a slight generalization of the notion of a Lagrangian fibration,
see [GS86].

Definition 1.9. An n-shifted Lagrangian triple is a correspondence of derived Artin stacks X ← Z → B
together with an n-shifted symplectic structure on X and an n-shifted Lagrangian structure on Z → X ×B
relative to B.

There are the following examples:

• For Z = X we recover the notion of an n-shifted Lagrangian fibration.
• For B = pt we recover the notion of an n-shifted Lagrangian.

1.3. Intersections of Lagrangian fibrations. Intersections of Lagrangian fibrations behave in a way
analogous to intersections of Lagrangians. Let us begin with the following observation (see also [Gra20,
Proposition 3.3]).

Proposition 1.10. Suppose π : X → B is an n-shifted Lagrangian fibration and f : L → X is an n-

shifted Lagrangian. Then L carries an (n − 1)-shifted symplectic structure relative to B via the projection

L→ X → B.

Proof. We have a pullback diagram

L

f

��

id×π◦f
// L×B

f×id

��

X
id×π

// X ×B.

Since both X → X × B and L × B → X × B are Lagrangian relative to B, by [Pan+13, Section 2.2]
we obtain that L carries an (n − 1)-shifted symplectic structure relative to B since it is a Lagrangian
intersection. �

This motivates the following definition.

Definition 1.11. Suppose X is an n-shifted symplectic stack and f : L → X is an n-shifted Lagrangian
morphism. An n-shifted Lagrangian fibration on L→ X is the following triple:

(1) An n-shifted Lagrangian fibration X → BX inducing an (n − 1)-shifted symplectic structure on L
relative to BX .

(2) A commutative diagram

(2) L

��

// X

��

BL
// BX

of derived stacks.
(3) An (n− 1)-shifted Lagrangian fibration structure on L→ BL relative to BX .

Example 1.12. Suppose X → B is an n-shifted Lagrangian fibration and L→ X is an n-shifted Lagrangian
such that the composite L → X → B is étale. In this case we say the Lagrangian L is transverse to the



SHIFTED GEOMETRIC QUANTIZATION 9

Lagrangian fibration X → B. Then the diagram

(3) L //

��

X

��

B B

realizes an n-shifted Lagrangian fibration on L → X . In other words, if the Lagrangian L is transverse to
the Lagrangian fibration X → B, there is a canonical choice of a Lagrangian fibration on L.

Example 1.13. Suppose Y → X is a morphism of derived Artin stacks locally of finite presentation. It is
shown in [Cal19] that

N∗[n]Y

��

// T∗[n]X

��

Y // X

is an n-shifted Lagrangian fibration on N∗[n]Y → T∗[n]X .

Let us finally study intersections of Lagrangian fibrations.

Theorem 1.14. Let X → BX be an n-shifted Lagrangian fibration, L1, L2 → X are two n-shifted La-

grangians equipped with Lagrangian fibrations Li → BLi
resulting in the commutative diagram

L1
**❱❱

❱❱❱
❱❱

��

L2
tt❤❤❤

❤❤❤
❤

��
X

��
BL1

**❯❯
❯❯❯

❯ BL2

tt✐✐✐
✐✐✐

BX

Then L1 ×X L2 carries an (n− 1)-shifted symplectic structure together with a Lagrangian fibration

L1 ×X L2 → BL1 ×BX
BL2 .

Proof. The n-shifted Lagrangian structures on Li → X and the n-shifted Lagrangian fibration on X → BX

give three n-shifted Lagrangian morphisms

L1 ×BX

&&▼
▼▼

▼▼
▼▼

▼▼
▼

X

��

L2 ×BX

xxqq
qq
qq
qq
qq

X ×BX

relative to BX . Therefore, using [Ben15, Theorem 3.1] one obtains an (n− 1)-shifted Lagrangian structure
on the morphism

L1 ×X L2 −→ L1 ×BX
L2 × L1 ×X L2

relative to BX . The (n− 1)-shifted symplectic structure on the right is given by the product of the natural
(n− 1)-shifted symplectic structure on the intersection L1×X L2 and the relative (n− 1)-shifted symplectic
structures on Li → BX given by proposition 1.10. So, it can be presented as an (n− 1)-shifted Lagrangian
correspondence

(4) L1 ×X L2

vv♠♠
♠♠
♠♠
♠♠
♠♠
♠♠

''◆
◆◆

◆◆
◆◆

◆◆
◆◆

L1 ×X L2 ×BX L1 ×BX
L2

relative to BX .
Denote

B = BL1 ×BX
BL2 .
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The Lagrangian fibration structure on L1 gives an (n− 1)-shifted Lagrangian structure on the morphism

L1 −→ L1 ×BX
BL1

relative to BL1 . Its base change along B → BL1 gives an (n − 1)-shifted Lagrangian structure on the
morphism

L1 ×BX
BL2 −→ L1 ×BX

B

relative to B. Taking the relative fiber product over B with a similar Lagrangian for L2 we obtain an
(n− 1)-shifted Lagrangian structure on the morphism

L1 ×BX
L2 −→ L1 ×BX

L2 ×BX
B

relative to B. Combining it together with (4) we obtain a pair of (n−1)-shifted Lagrangian correspondences

L1 ×X L2 ×BX
B

uu❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧

))❙❙
❙❙

❙❙
❙❙

❙❙
❙❙

❙❙
❙

L1 ×BX
L2

vv❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧

$$■
■■

■■
■■

■■
■

L1 ×X L2 ×B L1 ×BX
L2 ×BX

B B

relative to B. The composition of these two Lagrangian correspondences finally gives an (n − 1)-shifted
Lagrangian structure on the morphism

L1 ×X L2 −→ L1 ×X L2 ×B,

i.e. a Lagrangian fibration structure on L1 ×X L2 → B. �

Remark 1.15. In the case the Lagrangians Li → X are transverse to X → BX and we use the natural
Lagrangian fibrations on Li from example 1.12 we recover [Gra20, Theorem 3.4].

1.4. Twisted cotangent bundles. In this section we slightly generalize examples 1.8 and 1.13 to the case
of twisted shifted cotangent and shifted conormal bundles.

Let X be a derived Artin stack locally of finite presentation and α a closed one-form on X of degree
(n+ 1). Then one has a natural (n+ 1)-shifted isotropic structure on the graph of α

Γα : X −→ T∗[n+ 1]X.

Namely, if we denote by λ the Liouville one-form on T∗[n+1]X , then Γ∗
αλ = α and hence Γ∗

αddRλ = ddRα = 0.
Analogously to [Cal19, Corollary 2.4] one can show that this isotropic structure is, in fact, Lagrangian. Thus,
we obtain two (n+ 1)-shifted Lagrangian morphisms

Γ0,Γα : X −→ T∗[n+ 1]X,

so their intersection has an n-shifted symplectic structure.

Definition 1.16. Let X be a derived Artin stack locally of finite presentation equipped with a closed
one-form α of degree (n+ 1). The n-shifted α-twisted cotangent bundle of X is the fiber product

T∗
α[n]X //

��

X

Γ0

��

X
Γα // T∗[n+ 1]X

Remark 1.17. If α is not closed, one can still make sense of the twisted cotangent bundle, but it will no
longer carry a shifted symplectic structure.

Example 1.18. Let X be a smooth scheme and B a closed two-form on X which we may consider as a closed
one-form on X of degree 1. Then T∗

BX is isomorphic to T∗X as a scheme with the symplectic structure given
by ωT∗X + π∗B, where π : T∗X → X is the natural projection. This is known as a magnetic deformation of
the cotangent bundle.
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Example 1.19. Let X be a smooth scheme and α ∈ H1(X,Ω≥1) an arbitrary closed one-form of degree 1.
Choose an affine open cover {Ui} of X . Then α is represented by a collection of closed two-forms Bi on Ui

together with a collection of one-forms αij on the overlaps Ui∩Uj satisfying ddRαij = Bi−Bj and a cocycle
condition on the triple intersections. Then T∗

αX is given by gluing the magnetic cotangent bundles T∗
Bi
Ui

using αij . We refer to [BK91, Section A.1] for more details on twisted cotangent bundles in the underived
setting.

Example 1.20. Suppose X is a smooth scheme and S : X → A
1 a function. Then the one-form ddRS is

closed, so we may consider the (−1)-shifted twisted cotangent bundle T∗
ddRS [−1]X . This is known as the

derived critical locus of S, see [Vez20] and [CG17, Chapter 4.1].

Proposition 1.21. Let X be a derived Artin stack locally of finite presentation and α a closed one-form of

degree (n+ 1). The projection T∗
α[n]X → X has a natural structure of a Lagrangian fibration.

Proof. The projection T∗[n + 1]X → X has a natural structure of a Lagrangian fibration. The graphs
Γα,Γ0 : X → T∗[n + 1]X are transverse to the Lagrangian fibration. In particular, they carry an obvious
Lagrangian fibration. Therefore, by theorem 1.14 their intersection carries a natural Lagrangian fibration. �

Let us now consider a relative situation. Let f : Y → X be a morphism of derived stacks, α a closed one-
form of degree (n+1) on X and h : f∗α ∼ 0 is a nullhomotopy. We have three LagrangiansΓ0 : X → T∗[n+1]X ,
Γα : X → T∗[n+ 1]X and N∗[n+ 1]Y → T∗[n+ 1]X . We may identify

Γα ×T∗[n+1]X N∗[n+ 1]Y ∼= T∗
f∗αY.

From [Ben15, Theorem 3.1] we conclude that

Γ0 ×T∗[n+1]X N∗[n+ 1]Y ×T∗[n+1]X Γα

tt✐✐✐
✐✐
✐✐
✐✐
✐✐
✐✐
✐✐
✐✐
✐

++❲❲
❲❲❲

❲❲❲
❲❲❲

❲❲❲
❲❲❲

❲❲❲

T∗
α[n]X T∗[n]Y × T∗

f∗α[n]Y

is an n-shifted Lagrangian correspondence. Using the homotopy h, the diagonal map of T∗[n]Y carries a
Lagrangian structure. Intersecting it with the above morphism we obtain an n-shifted Lagrangian morphism

N∗
α[n]Y −→ T∗

α[n]X.

Definition 1.22. Let f : Y → X be a morphism of derived Artin stacks locally of finite presentation, α
a closed one-form of degree (n + 1) on X and f∗α ∼ 0 a nullhomotopy on Y . The n-shifted α-twisted

conormal bundle of f is the morphism

N∗
α[n]Y −→ T∗

α[n]X.

Analogously to proposition 1.21, but with more work, we expect one can prove that the diagram

N∗
α[n]Y //

��

T∗
α[n]X

��

Y // X

defines a Lagrangian fibration on the n-shifted twisted conormal bundle.

1.5. Spaces of locally-constant maps. Let C be a smooth scheme. Gaitsgory and Rozenblyum [GR17b,
Chapter 8] define an ∞-category LieAlgbroid(C) of Lie algebroids on C, so that any Lie algebroid L on C
defines a formal moduli problem C → [C/L]. Moreover, there is a natural free-forgetful adjunction

free : QCoh(C)/TC

// LieAlgbroid(C) : oblvoo

where QCoh(C)//TC
is the ∞-category of quasi-coherent sheaves E equipped with an anchor map E→ TC .
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Lemma 1.23. Suppose L is a Lie algebroid on C which is a line bundle concentrated in degree 0. Then the

natural morphism

free(oblv(L)) −→ L

is an isomorphism.

Proof. The forgetful functor oblv is conservative, so it is enough to show that

oblv(free(oblv(L))) −→ oblv(L)

is an isomorphism. By the adjunction axioms it is equivalent to proving that the unit of the monad
⊤ = oblv ◦ free induces an isomorphism

oblv(L) −→ ⊤(oblv(L)).

For this let us recall from [GR17a, Proposition 5.3.2] that the monad ⊤ admits a nonnegative filtration
whose associated graded is oblvLie ◦ freeLie, where freeLie ⊣ oblvLie is the free-forgetful adjunction for Lie
algebras. But since L is a line bundle, L→ oblvLie(freeLie(L)) is an isomorphism. �

Recall the notion of the de Rham stack (see e.g. [Cal+17, Definition 2.1.3]) CdR, which can be identified
as

CdR
∼= [C/TC ].

Suppose C is a smooth and proper curve. As in [Pan+13, Section 2.1], for any derived stack Y one can
construct a graded mixed morphism

DR(Y × C) −→ DR(Y )⊗DR(C).

The Serre duality provides an integration map∫

C

: DR(C) −→ k(1)[−1],

which is a map of graded mixed complexes. If (X,ω) is an n-shifted symplectic stack, we denote by
∫
C ev∗ω

the closed one-form of degree (n− 1) on Map(C,X) obtained as the image of ω under

DR(X)
ev∗

−−→ DR(Map(C,X)× C) −→ DR(Map(C,X))⊗DR(C) −→ DR(Map(C,X))⊗ k(1)[−1].

Proposition 1.24. Let C be a smooth and proper curve and (X,ω) an n-shifted symplectic stack. One has

an isomorphism of derived stacks

Map(CdR, X) ∼= T∗∫
C

ev∗ω[n− 2]Map(C,X)

compatible with the natural projections to Map(C,X).

Proof. For any map of derived stacks f : C → X the differential defines an element

ddRf ∈ Γ(C, f∗
TX ⊗ T∗

C).

There is an equivalence
TfMap(C,X) ∼= Γ(C, f∗

TX),

so by Serre duality
LfMap(C,X) ∼= Γ(C, f∗

LX ⊗ T∗
C)[1].

In particular, the composition ω ◦ ddRf defines a morphism of derived stacks

ω ◦ ddRf : Map(C,X) −→ T∗[n− 1]Map(C,X).

By lemma 1.23 we have an isomorphism

CdR
∼= RealSqZ(TC

id
−→ TC),

where RealSqZ is the formal moduli problem under C introduced in [GR17b, Chapter 8, Section 5.1]. There-
fore, by [GR17b, Chapter 8, Lemma 5.1.3] the derived stack Map(CdR, X) is isomorphic to the intersection
of ω ◦ ddRf and the zero section. It is then easy to see that ω ◦ddRf coincides with the underlying one-form
of

∫
C
ev∗ω. �
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Note that by [Pan+13, Theorem 2.5] the mapping stack Map(CdR, X) has an (n − 2)-shifted symplectic
structure.

Conjecture 1.25. The isomorphism

Map(CdR, X) ∼= T∗∫
C

ev∗ω[n− 2]Map(C,X)

constructed in proposition 1.24 is compatible with the (n− 2)-shifted symplectic structures on both sides.

Note that it is straightforward to check that the underlying two-forms on both sides coincide and the
difficult part is in comparing the closure data.

Example 1.26. Let G be a reductive algebraic group equipped with a nondegenerate invariant symmetric
bilinear pairing 〈−,−〉 on its Lie algebra. Then BG carries a canonical 2-shifted symplectic structure ω. The
space

LocSysG(C) = Map(CdR,BG)

is the moduli stack of principal G-bundles with a flat connection on C. If 〈−,−〉 is the Killing form, by the
Grothendieck–Riemann–Roch theorem it is easy to see that the closed one-form of degree 1

∫
C
ev∗ω on the

moduli stack BunG(C) = Map(C,BG) coincides with the first Chern class of the determinant line bundle on
BunG(C). Proposition 1.24 identifies

LocSysG(C) ∼= T∗∫
C

ev∗ωBunG(C).

See [BF04, Proposition 4.1.4] for a related statement.

2. Prequantizations

2.1. Gerbes with connections. In this section we introduce gerbes with connective structures on derived
stacks. We refer to [Bry08; Gaj97; BM05] for the classical theory. The reference [FRS16] deals with higher
gerbes in the smooth setting and [Wal16] promotes essentially the same definition to the setting of derived
stacks.

Let Ap(n) and Ap,cl(n) be the derived stacks of p-forms of degree n and closed p-forms of degree n
introduced in [Pan+13]. By construction we have equivalences

A
1,cl(n) ∼= ΩA1,cl(n+ 1), A

1(n) ∼= ΩA1(n+ 1)

for any n ∈ Z. By adjunction we get maps BA1(n)→ A1(n+ 1).

Lemma 2.1. Suppose n ≥ 0. Then the map BA1(n)→ A1(n+ 1) is an equivalence.

Proof. Suppose S is an affine derived scheme. Any one-form on S of positive cohomological degree is zero, so
Map(S,BA1(n))→ Map(S,A1(n+1)) is essentially surjective. It is fully faithful since A1(n)→ ΩA1(n+1)
is an equivalence. �

Iterating the previous lemma, we obtain that BnA1(0)→ A1(n) is an equivalence.

Remark 2.2. The map BnA1,cl(0) → A1,cl(n) is not an equivalence for n > 0. Indeed, the inclusion
An+1,cl(0) → A1,cl(n) is an equivalence. However, the closed two-form (xy)−1ddRx ∧ ddRy on Gm ×Gm is
not étale-locally exact.

We have a morphism of abelian group stacks

ddR log : Gm −→ A1,cl(0)

which on a commutative dg algebra R sends an invertible element f ∈ R× to (ddRf)/f .
Delooping, we get a morphism of abelian group stacks

c1 : B
n
Gm −→ BnA1,cl(0) −→ A1,cl(n).

Post-composing the above map with the forgetful map A1,cl(n)→ A1(n) we get a map Bn
Gm → A1(n).

Definition 2.3. Let n ≥ 0 and X a derived stack.
• An n-gerbe G on X is a map X → Bn+1

Gm.
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• An n-gerbe with a connective structure (G,∇) on X is an n-gerbe G on X together with a
nullhomotopy ∇ of c1(G) ∈ A1(X,n+ 1).

• An n-gerbe with a flat connection (G,∇) on X is an n-gerbe G on X together with a nullhomotopy
∇ of c1(G) ∈ A1,cl(X,n+ 1).

Consider the diagram

A2,cl(n) //

��

0

��

Bn+1
Gm

c1 // A1,cl(n+ 1) // A1(n+ 1)

of abelian group stacks. The bottom-right square is a pullback, so any gerbe (G,∇) with a connective
structure on X has a curvature curv(G,∇) ∈ A2,cl(X,n).

Example 2.4. The stack BGm classifies line bundles and the morphism c1 : BGm → A1,cl(1) corresponds to
the first Chern class of the line bundle. A connective structure (L,∇) corresponds to the usual notion of a
connection on a line bundle and its curvature corresponds to the usual notion of the curvature.

Example 2.5. The stack B2
Gm classifies Gm-gerbes. The morphism c1 : B

2
Gm → A1,cl(2) is the usual

characteristic class of a gerbe obstructing the existence of a connective structure. For a gerbe (G,∇) with a
connective structure over X , the curvature curv(G,∇) ∈ A2,cl(X, 1) is the obstruction of (G,∇) to admit a
curving.

For a morphism π : X → B of derived prestacks we may also talk about connective structures and flat
connections on gerbes relative to π. Namely, for an n-gerbe G on X , a flat connection along π is a trivialization
of the image of c1(G) under A1,cl(X,n+ 1)→ A1,cl(X/B, n+ 1).

Example 2.6. Suppose π : X → B is a morphism of derived prestacks and G is a gerbe on B. Then the
pullback gerbe π∗G admits a flat connection relative to B. Indeed, the composite

A1,cl(B, n+ 1) −→ A1,cl(X,n+ 1) −→ A1,cl(X/B, n+ 1)

admits a canonical nullhomotopy and c1(π
∗G) = π∗c1(G).

2.2. Quasi-coherent sheaves and quasi-coherent stacks. In this section we recall the notion of a quasi-
coherent sheaf and a quasi-coherent stack over a derived prestack. To deal with size issues, throughout the
paper we fix two universes of small and large sets, so that the set of small sets is large. We denote by
Ĉat∞ the ∞-category of large ∞-categories with arbitrary functors as morphisms. We denote by PrLk the
∞-category of stable presentable k-linear ∞-categories, so that PrLk ∈ Ĉat∞.

Definition 2.7. A derived prestack X is small if it is obtained by a small colimit of derived affine schemes.
A morphism f : X → Y of derived prestacks is small if for every morphism S → Y from a derived affine
scheme S the base change X ×Y S is small.

Example 2.8. Here are two examples of small prestacks.

(1) Suppose X is locally of finite presentation. Then it is obtained by a left Kan extension from a
functor CAlg≤0,fp → S from the small ∞-category of finitely presentable connective commutative
dg algebras. In particular, it is small.

(2) Suppose X is a derived Artin stack. Then it is obtained from derived affine schemes by a sequence
of étale sheafifications and geometric realizations, both of which are small colimits.

Definition 2.9. Let X be a derived prestack.

• Suppose X is small. The algebra of functions is the limit

O(X) = lim
SpecA→X

A ∈ Modk.
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• The ∞-category of quasi-coherent sheaves is the limit

QCoh(X) = lim
SpecA→X

ModA ∈ Ĉat∞.

The structure sheaf OX ∈ QCoh(X) is the object given by A ∈ModA on each affine.
• The ∞-category of sheaves of categories is the limit

ShvCat(X) = lim
SpecA→X

ModModA
(PrLk ) ∈ Ĉat∞.

The categorified structure sheaf QX ∈ ShvCat(X) is the object given by ModA ∈ ModModA
(PrLk ) on

each affine.

For a morphism of derived prestacks f : X → Y there are natural pullback morphisms and functors

f∗ : O(Y ) −→ O(X), f∗ : QCoh(Y ) −→ QCoh(X), f∗ : ShvCat(Y ) −→ ShvCat(X).

If X is small, QCoh(X) is presentable (see [Lur18, Proposition 6.2.3.4]). Using the adjoint functor theorem
we conclude that for a morphism f : X → Y of small derived prestacks there is a right adjoint

f∗ : QCoh(X) −→ QCoh(Y ).

Similarly, if f : X → Y is a small morphism of derived prestacks, the pullback functor on sheaves of categories
admits a right adjoint

f∗ : ShvCat(X) −→ ShvCat(Y ),

see [Gai15, Section 3.1] and [Lur18, Section 10.1.4].
The stacks Bn+1

Gm for small n can be understood as follows:

• n = 0. Let QCoh× be the derived stack of invertible quasi-coherent sheaves. We have a natural
morphism

BGm × Z −→ QCoh×.

Namely, we send m ∈ Z to O[m] and Gm to automorphisms of O[m]. Since every invertible R-module
is Zariski-locally free, the above morphism is an isomorphism (see also [Lur18, Corollary 2.9.5.7]).
• n = 1. By [Lur11, Theorem 5.13] or [Toë12, Theorem 2.4] ShvCat satisfies étale descent, so we have

a derived stack ShvCat× of invertible sheaves of categories. Again, we have a natural morphism

B2
Gm × BZ −→ ShvCat×

to the abelian group stack of invertible elements in ShvCat∼. However, not every sheaf of presentable
categories is étale-locally trivial. It is shown in [Toë12, Corollary 2.12] that the image of the above
morphism is given by those invertible sheaves of categories which étale-locally admit a generator.

If L is a line bundle on a derived prestack X , i.e. a morphism X → BGm, we may consider the associated
invertible sheaf L ∈ QCoh(X). If X is small, we may define the space of global sections

Γ(X,L) = HomQCoh(X)(OX ,L).

An analogous definition can be given on a categorified level.

Definition 2.10. Let X be a derived prestack and G a gerbe which we consider an invertible sheaf of
categories over X . The ∞-category of G-twisted quasi-coherent sheaves is

QCohG(X) = HomShvCat(X)(QX ,G).

As before, if X is a small derived prestack, QCohG(X) is a presentable ∞-category. Moreover, given a
morphism f : Y → X of derived prestacks there is a pullback functor

f∗ : QCohG(X) −→ QCohf
∗

G(Y ).

If X and Y are small, it admits a right adjoint

f∗ : QCohf
∗

G(Y ) −→ QCohG(X).
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2.3. Prequantization. We are ready to define prequantization of shifted symplectic stacks. Throughout
we assume n ≥ 0 is a natural number.

Definition 2.11. Let (X,ωX) be an n-shifted symplectic stack. Its prequantization is an n-gerbe (G,∇)
with a connective structure on X together with an equivalence curv(G,∇) = ωX in A2,cl(X,n).

Let us make the following observation.

Proposition 2.12. Let π : X → B be a morphism of derived prestacks, G an n-gerbe on B together with a

connective structure ∇ on f∗G extending the canonical flat connection on π∗G relative to B. Then π has a

natural structure of an n-shifted isotropic fibration.

Proof. The curvature curv(π∗G,∇) gives an n-shifted presymplectic structure on X . Its image in A2,cl(X/B)
has a canonical nullhomotopy since the connective structure along the fibers of π is flat. �

Therefore, we may give the following definition.

Definition 2.13. Let π : X → B be a morphism of derived Artin stacks locally of finite presentation. A
prequantum n-shifted Lagrangian fibration is given by the following data:

• An n-gerbe G on B.
• An extension of the natural relative flat connection on π∗G to a connective structure ∇.

These have to satisfy the nondegeneracy condition that the induced n-shifted isotropic fibration given by
proposition 2.12 is an n-shifted Lagrangian fibration. In this case we say G and ∇ define a prequantization

of the n-shifted Lagrangian fibration.

Let us now incorporate Lagrangians in these definitions. The notion of a prequantization of a single
Lagrangian is a direct analog of definition 2.11.

Definition 2.14. Let f : L → X be a morphism of derived Artin stacks locally of finite presentation. A
prequantum n-shifted Lagrangian structure is given by an n-gerbe (G,∇) with a connective structure
on X together with a trivialization of f∗(G,∇), such that the induced n-shifted presymplectic structure on
X and the induced n-shifted isotropic structure on f are nondegenerate.

Remark 2.15. Recall the notion of an n-shifted Lagrangian triple X
f
←− Z

g
−→ B from definition 1.9. Its

prequantization is given by a prequantization (GX ,∇) of X , an n-gerbe GB on B and an isomorphism
f∗(GX ,∇) ∼= (g∗GB,∇/B) (∇/B is the natural flat connection on g∗GB relative to B) of n-gerbes with a
connective structure relative to B such that applying curv we obtain the Lagrangian structure on Z → X×B
relative to B. For Z = X this reduces to definition 2.13 and for B = pt this reduces to definition 2.14.

Suppose πX : X → BX is a prequantum n-shifted Lagrangian fibration and consider a commutative
diagram

L
f

//

πL

��

X

πX

��

BL
g

// BX

By definition π∗
XG has a connective structure ∇ extending the natural flat connection along πX . Therefore,

π∗
Lg

∗G has a connective structure f∗∇ extending the natural flat connection along πL. Let us in addition
fix a trivialization of the n-gerbe g∗G on BL. Then we obtain a natural one-form f∗∇ ∈ A1(L, n) which
vanishes along the fibers of L→ BL. Moreover, by construction

f∗curv(π∗
XG,∇) = ddR(f

∗∇) ∈ A
2,cl(L, n).

Definition 2.16. Consider a diagram

(5) L
f

//

πL

��

X

πX

��

BL
g

// BX
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of derived Artin stacks locally of finite presentation. A prequantum n-shifted Lagrangian fibration is
given by the following data:

(1) An n-gerbe G on BX .
(2) An extension of the natural relative flat connection on G along X → BX to a connective structure
∇ on the whole of X .

(3) A trivialization of the n-gerbe g∗G on BL.
(4) A trivialization of the one-form

f∗∇ ∈ fib(A1(L, n) −→ A1(L/BL, n)).

These have to satisfy the following nondegeneracy conditions:

(1) The induced n-shifted isotropic fibration structure on X → BX is nondegenerate.
(2) The induced n-shifted isotropic fibration structure on (5) is nondegenerate.

In this case we say the above data define a prequantization of the n-shifted Lagrangian fibration structure
on (5).

We will define prequantizations of n-shifted Lagrangian correspondences X ← L→ Y to be diagrams

L
tt❤❤❤

❤❤❤
❤

��
**❱❱

❱❱❱
❱❱

X

��

Y

��
BL

tt✐✐✐
✐✐✐

**❯❯
❯❯❯

❯

BX BY

of stacks together with n-gerbes GX ,GY on BX and BY with an isomorphism of their pullbacks to BL and
connective structures on their pullbacks to X and Y such that

L

��

// X × Y

��

BL
// BX ×BY

is a prequantum n-shifted Lagrangian fibration.

Example 2.17. Consider the diagram (5), where X = BX = pt is equipped with the trivial prequantization.
A trivialization of the trivial n-gerbe on BL is simply an (n−1)-gerbe GL on BL. The corresponding one-form

f∗∇ ∈ fib(A1(L, n) −→ A1(L/BL, n))

is the pullback under πL of c1(GL). In other words, in this case we simply recover the notion of a prequantum
(n− 1)-shifted Lagrangian fibration on L→ BL.

Example 2.18. Consider the diagram (3) from example 1.12, where L → X → BX is an isomorphism. In
this case the n-gerbe G is trivial. The connective structure ∇ on X corresponds to a one-form

α ∈ fib(A1(X,n) −→ A1(X/B, n)).

The additional data is a trivialization of the pullback one-form

f∗α ∈ fib(A1(L, n) −→ A1(L/B, n)).

Example 2.19. Recall that the de Rham stack XdR of any prestack has the trivial cotangent complex.
In particular, it can be regarded as an n-shfited symplectic stack for any n. Now suppose X → B is a
prequantum n-shifted Lagrangian fibration and consider the diagram

X //

��

XdR

��

B // BdR
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It has a natural structure of a prequantum (n+ 1)-shifted Lagrangian fibration given by the trivial data on
XdR → BdR whose trivialization on X → B is specified by the data of the prequantum n-shifted Lagrangian
fibration.

We have the following prequantum analog of theorem 1.14.

Theorem 2.20. Let X → BX be a prequantum n-shifted Lagrangian fibration together with the prequantum

data on the squares in the diagram

L1
**❱❱

❱❱❱
❱❱

��

L2
tt❤❤❤

❤❤❤
❤

��
X

πX
��

BL1

**❯❯
❯❯❯

❯ BL2

tt✐✐✐
✐✐✐

BX

Then passing to pullbacks we obtain a prequantum (n− 1)-shifted Lagrangian fibration

π : L1 ×X L2 → BL1 ×BX
BL2 .

Proof. We are given an n-gerbe GX on BX together with its trivializations along BLi
→ BX . Therefore, we

obtain a natural (n− 1)-gerbe GL1,L2 on BL1 ×BX
BL2 . Let us now

The proof of [Pan+13, Theorem 2.9] constructs a map from the limit of

0

%%❑
❑❑

❑❑
❑❑

❑❑
❑❑

A1,cl(X,n+ 1)

vv♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
♠

((◗
◗◗

◗◗
◗◗

◗◗
◗◗

◗◗
0

yyss
ss
ss
ss
ss
s

A1,cl(L1, n+ 1) A1,cl(L2, n+ 1)

to A1,cl(L1 ×X L2, n). It is easy to see that the image of c1(π∗
XGX) under this map is exactly c1(π

∗GL1,L2).
In particular, it shows that the connective structure on π∗

XGX together with its trivializations on L1 and L2

give rise to a connective structure on GL1,L2 . Working relatively to the bases BX , BL1 and BL2 we see that
it is moreover compatible with the natural flat connections along the fibers.

Finally, the nondegeneracy condition for the induced isotropic fibration follows from theorem 1.14. �

2.4. Twisted cotangent bundles. In this section we study prequantizations of shifted twisted cotangent
bundles. Let us begin with the case of the usual shifted cotangent bundle.

Let X be a derived Artin stack locally of finite presentation. By construction there is a natural Liouville
one-form

λ ∈ fib(A1(T∗[n]X,n) −→ A
1(X,n))

so that the n-shifted symplectic structure on T∗[n]X is given by ddRλ.

Proposition 2.21. Consider the projection π : T∗[n]X → X. The trivial n-gerbe G on X together with a

connective structure on π∗G given by the Liouville one-form λ defines a prequantum n-shifted Lagrangian

fibration structure on π.

Proof. The only nontrivial fact is the nondegeneracy of the prequantum data which is proven in [Cal19,
Theorem 2.2]. �

We have a relative analog of the above statement. Let g : Y → X be a morphism of derived Artin stacks
locally of finite presentation. Consider the diagram

(6) N∗[n]Y

πY

��

f
// T∗[n]X

πX

��

Y
g

// X

The pullback of the Liouville one-form

f∗λ ∈ fib(A1(N∗[n]Y, n)→ A1(N∗[n]Y/Y, n))
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has a natural nullhomotopy. Combining with [Cal19, Proposition 2.12] we obtain the following statement.

Proposition 2.22. The trivial n-gerbe on X with the naive trivialization of its pullback on Y equipped with

the connective structures on T∗[n]X and N∗[n]Y given by the Liouville one-form define the structure of a

prequantum n-shifted Lagrangian fibration on (6).

Let us now consider the twisted case. Suppose G is an n-gerbe on X and α ∈ A1,cl(X,n + 1). Consider
the diagram

X
Γα //

πL=id

��

T∗[n+ 1]X

πX

��

X
g=id

// X

Consider the trivial (n+1)-gerbe GX on X with the connective structure on π∗
XGX given by the Liouville

one-form λ. Consider the trivialization of the (n+ 1)-gerbe g∗GX given by G. Then

α− c1(G) = f∗∇ ∈ A1(X,n+ 1).

In particular, if we assume that α = c1(G) is the characteristic class of G, the above element is canonically
zero. We may summarize this discussion in the following statement.

Proposition 2.23. Suppose G is an n-gerbe on X. Then the diagram

X
Γc1(G)

// T∗[n+ 1]X

��

X X

has a natural structure of a prequantum (n+ 1)-shifted Lagrangian fibration.

We are ready to formulate a large class of prequantum n-shifted Lagrangian fibrations.

Theorem 2.24. Suppose X is a derived Artin stack locally of finite presentation and G an n-gerbe on X.

Then

T∗
c1(G)

[n]X −→ X

has a natural structure of a prequantum n-shifted Lagrangian fibration determined by G.

Proof. Consider the diagram

X Γc1(G)

++❲❲
❲❲❲ XΓ0

ss❣❣❣
❣❣

T∗[n+ 1]X

��X
❳❳❳

❳❳❳❳
❳❳❳

❳❳❳
❳❳❳❳

❳❳❳ X
❢❢❢

❢❢❢❢
❢❢❢

❢❢❢
❢❢❢

❢❢❢❢

X

By proposition 2.23 each square has the structure of a prequantum (n + 1)-shifted Lagrangian fibration.
Therefore, by theorem 2.20 the induced map

T∗
c1(G)

[n]X −→ X

has the structure of a prequantum n-shifted Lagrangian fibration. �

Let f : Y → X be a morphism of derived Artin stacks locally of finite presentation together with an
n-gerbe G on X together with the trivialization of f∗G on Y . Then one can similarly prove that the diagram

N∗
c1(G)

[n]Y //

��

T∗
c1(G)

[n]X

��

Y // X

has the structure of a prequantum n-shifted Lagrangian fibration.
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2.5. Classifying stack. Let G be a reductive algebraic group and 〈−,−〉 is a nondegenerate invariant
symmetric bilinear pairing on its Lie algebra g. Then the classifying stack BG has a natural 2-shifted
symplectic structure. It has the following explicit form.

Consider the epimorphism pt→ BG. By descent

A2,cl(BG, 2) ∼= lim
k

A2,cl(Gk, 2),

where on the right we consider the totalization associated to the simplicial scheme

pt Goo
oo G×Goo

oo
oo

. . .
oo
oo
oo
oo

Since G is affine, we see that a 2-shifted symplectic structure on BG corresponds to a two-form ω on
G×G and a three-form H on G which together satisfy

m∗
23ω + p∗23ω = m∗

12ω + p∗12ω

m∗H = p∗1H + p∗2H + ddRω

ddRH = 0

where p and m denote projection and multiplication maps between a number of copies of G. Let θ, θ ∈ Ω1(G; g)
be the left and right Maurer–Cartan forms. It is shown in [Saf16] that the 2-shifted symplectic structure on
BG is represented by

ω =
1

2
〈p∗1θ, p

∗
2θ〉 ∈ Ω2(G×G), H =

1

12
〈θ, [θ, θ]〉 ∈ Ω3(G).

Let us first observe that we should not expect an existence of a Lagrangian fibration on BG.

Proposition 2.25. Suppose X → B is an n-shifted Lagrangian fibration, where n is even. Then the virtual

dimension dim(X) is even.

Proof. Consider the fiber sequence
TX/B −→ TX −→ LX/B [n]

in QCoh(X). We have dim(LX/B [n]) = dim(LX/B) = dim(TX/B), where the first equality uses the fact that
n is even. By additivity of the Euler characteristic we obtain

dim(X) = 2 dim(TX/B).

�

Corollary 2.26. The 2-shifted symplectic stack BSL2 does not admit a Lagrangian fibration.

Proof. Indeed, dim(BSL2) = − dim(sl2) = −3. �

Since both gerbes and differential forms satisfy étale descent, so do gerbes with connective structures.
Thus, a prequantization of BG is given by the following data:

• A gerbe with a connective structure (G,∇1) on G with curv(G,∇) = H .
• A trivialization (L,∇2) of m∗(G,∇1)⊗ p∗1(G,∇1)

−1 ⊗ p∗2(G,∇2)
−1 on G×G with curv(L,∇2) = ω.

• An isomorphism m∗
23(L,∇2)⊗ p∗23(L,∇2) ∼= m∗

12(L,∇2)⊗ p∗12(L,∇2) on G3.
• A coherence condition for the above isomorphisms on G4.

Proposition 2.27. Suppose G is a split connected reductive group. The 2-shifted symplectic stack BG does

not admit a prequantization.

Proof. Since G is smooth, by [Gro68, Proposition 1.4] every Gm-gerbe G on G is torsion. In particular,
c1(G) = 0 ∈ A1,cl(G, 2). Therefore, a connective structure ∇ on G corresponds to a one-form α ∈ A1(G, 1) of
degree 1. Since G is affine, α is nullhomotopic. Therefore, curv(G,∇) is nullhomotopic in A2,cl(G, 1). Since
G is affine, we also have π0(A

2,cl(G, 1)) = H3
dR(G).

Let us now assume that G is semisimple. It is well-known that in this case H ∈ H3
dR(G) represents a

nonzero cohomology class, so there does not exist a gerbe (G,∇) with a connective structure whose curvature
is H .



SHIFTED GEOMETRIC QUANTIZATION 21

If G is reductive, a nondegenerate invariant symmetric bilinear form 〈−,−〉 restricts to such on the derived
subgroup. So, if the derived subgroup is nontrivial, the gerbe (G,∇) does not exist either.

Let us assume that the derived group is trivial, i.e. G is a torus. In this case H = 0 and ω is a closed
multiplicative two-form on G×G. Since G is torsion, a power of (L,∇2) is a line bundle with a connection.
Since Pic(G) = 0, curv(L,∇2) is exact. Let us assume G = Gm for simplicity. Then ω = ddRx

x ∧ ddRy
y for

x, y the natural coordinates on Gm ×Gm. In particular, it is not exact. �

Assume 〈−,−〉 is integral, i.e. it comes from an integral Weyl-invariant quadratic form on the cocharacter
lattice. If we regard G as a complex Lie group, a prequantization exists. Indeed, Brylinski and Deligne [BD01]
construct a multiplicative K2-torsor on G associated to 〈−,−〉, where K2 is the Zariski sheafification of the
Quillen’s K2 functor. Applying the Beilinson regulator [Bei80; Bry94; Bry00] one obtains a multiplicative
gerbe with a connective structure.

In the setting of smooth manifolds Waldorf [Wal10] has constructed the corresponding multiplicative
gerbe with a connective structure over any compact simple simply-connected Lie group. The corresponding
2-gerbe over BG is known as the Chern–Simons 2-gerbe [Car+05].

2.6. (−1)-shifted prequantization. Let X be a (−1)-shifted symplectic stack. In section 2.3 we have
defined prequantizations of n-shifted symplectic stacks for n ≥ 0. The case n = −1 is implicitly given by
definition 2.14 since a (−1)-shifted symplectic stack X gives rise to a 0-shifted Lagrangian structure on the
canonical projection X → pt, where we view pt as a 0-shifted symplectic stack in the obvious way. Let us
unpack this definition.

• A (−1)-gerbe is the same as an invertible function f0 : X → Gm.
• A connective structure on a (−1)-gerbe is given by a one-form h1 on X of degree −1 such that

(7) ddRf0/f0 + dh1 = 0.

Its curvature is ddRh1 ∈ A2,cl(X,−1).
• A homotopy between the above curvature and a given (−1)-shifted symplectic structure ω = ω2+ω3+. . .

is given by a collection {h2, h3, . . . } of forms, where hp is a p-form of degree 1− p which satisfy the
equations

ddRh1 + ω2 + dh2 = 0

ddRh2 + ω3 + dh3 = 0(8)

. . .

Let us introduce the notation
f0 + f1 + · · · = f0 exp(

∑
hi).

Then the equations (7) and (8) can be written as

(d + ddR + ω∧)(f0 + f1 + . . . ) = 0.

Let us rephrase it in the following way. Recall from [Cal+17, Section 1.3] that given a graded complex
(A = ⊕nA(n), d) with a mixed structure ǫ its realization is

|A| =
∏

n≥0

A(n)

with the differential d + ǫ. The graded commutative algebra of differential forms DR(X) admits a (weak)
mixed structure given by ǫ = ddR + ω ∧ (−), which is square-zero precisely because ω is a closed form. In
particular, we may consider its realization in the above sense.

Remark 2.28. The differential ǫ = ddR + ω ∧ (−) splits into components which increase weights by positive
integers. This is called a weak mixed structure in [Cal+17].

Definition 2.29. Let X be a derived Artin stack locally of finite presentation and α ∈ A1,cl(X, 0) a closed
one-form of degree 0. The α-twisted de Rham complex is the complex

Ωα(X) = |(DR(X), ddR + α ∧ (−))|.
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Note that by construction there is a natural projection Ωα(X)→ O(X).

Example 2.30. Let X be a smooth variety and f : X → A
1 a function. Then ddRf ∈ A1,cl(X, 0) is a

closed one-form of degree 0. Then ΩddRf (X) is the usual twisted de Rham complex with the differential
ddR + (ddRf) ∧ (−).

We can summarize the above discussion as follows.

Proposition 2.31. Let (X,ω) be a (−1)-shifted symplectic stack. A prequantization of X is the same as a

closed element f ∈ Ωω(X) whose projection to O(X) is invertible.

We may similarly rephrase the notion of a prequantization of a 0-shifted Lagrangian morphism L → X .
Let X be a derived Artin stack locally of finite presentation. Recall (e.g. see [GR14, Section 7]) that for
any closed one-form α ∈ A1,cl(X, 1) on X of degree 1 one can define the ∞-category Dα(X) of α-twisted
D-modules. A line bundle with a connection (L,∇) on X with curvature curv(L,∇) = ω gives rise to an
object (L,∇) ∈ Dα(X).

Proposition 2.32. Let (X,ω) be a 0-shifted symplectic stack. A prequantization of X is the same as an

object (L,∇) ∈ Dω(X) whose image in QCoh(X) is an invertible sheaf concentrated in degree 0.

We will now discuss a relationship between (−1)-shifted prequantization and the BV formalism. From
now on we denote by Y a smooth scheme. Consider Γ(Y, Sym(TY [1])), the algebra of polyvector fields.
There is an obvious isomorphism

Γ(Y, Sym(Ω1
Y [−1]))

∼= Γ(Y, Sym(TY [1])⊗KY )[− dimY ]

under which the de Rham differential ddR goes to the divergence operator div. Let X = T∗[−1]Y and
π : X → Y the projection. Then

Γ(Y, Sym(TY [1])⊗KY )[− dimY ] ∼= Γ(X, π∗KY )[− dimY ].

Under this isomorphism the divergence operator div goes to the BV Laplacian ∆ [Wit90].

Example 2.33. Choose étale coordinates {x1, . . . , xn} on an open subset of Y . Let {p1, . . . , pn} be the dual
coordinates along the fibers of T∗[−1]Y → Y . Let ω = ddRx1 ∧ . . . ddRxn. Then

∆(f(p, x)ω) =

n∑

i=1

∂2f

∂pi∂xi
ω.

Proposition 2.34. Let ω be the standard (−1)-shifted symplectic structure on T∗[−1]Y . Then we have

quasi-isomorphisms

Ωω(T
∗[−1]Y ) ∼= Ω(Y ) ∼= (Γ(T∗[−1]Y, π∗KY )[− dimY ],∆).

Proof. We have already explained the last isomorphism, so we just need to construct the first quasi-
isomorphism. The projection and the zero section T∗[−1]Y ⇄ Y induce maps

Γ(Y, Sym(Ω1
Y [−1]))

i // Γ(T∗[−1]Y, Ŝym(LT∗[−1]Y [−1]))
p

oo

such that p ◦ i = id. The maps p and i intertwine the de Rham differentials ddR on both sides. Let e be the
Euler vector field along the fibers of T∗[−1]Y → Y and let ιe be the contraction. Then

Le = ddRιe + ιeddR

defines a nonnegative grading on Γ(T∗[−1]Y, Ŝym(LT∗[−1]Y [−1])) whose degree zero component is the algebra
of differential forms Γ(Y, Sym(Ω1

Y [−1])). This constructs a homotopy h, such that

ip− id = ddRh+ hddR.

In this way we obtain a special deformation retract

(Γ(Y, Sym(Ω1
Y [−1])), ddR)

i // (Γ(T∗[−1]Y, Ŝym(LT∗[−1]Y [−1])), ddR)
p

oo
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Observe that the operator ω ∧ (−) ◦ ιe on Γ(T∗[−1]Y, Ŝym(LT∗[−1]Y [−1])) is nilpotent since it increases the
form degree along Y . Note that p ◦ ω ∧ (−) ◦ ιe ◦ ω ∧ (−) ◦ i = 0 since the Euler vector field vanishes along
the zero section. Therefore, by the homological perturbation lemma [Cra04] there is a special deformation
retract

(Γ(Y, Sym(Ω1
Y [−1])), ddR)

i1 // (Γ(T∗[−1]Y, Ŝym(LT∗[−1]Y [−1])), ddR + ∧ ∧ (−))
p1

oo

�

There is another appearance of the BV Laplacian in a similar context explained in [Šev06]. The de Rham
complex we consider

(Ω(T∗[−1]Y ), ddR) = (Γ(Y, Ŝym(LT∗[−1]Y [−1])), ddR)

involves completed differential forms. Let

Ωpol(T∗[−1]Y ) ⊂ Ω(T∗[−1]Y )

be the subspace of polynomial differential forms. We may also consider the twisted version Ωpol
ω (T∗[−1]Y )

and Ωpol,λ
ω (T∗[−1]Y ) the de Rham complex with the differential λddR + ω ∧ (−).

Consider the inclusion and projection maps

Γ(T∗[−1]Y, π∗KY )[− dimY ]
i // Γ(T∗[−1]Y, Sym(LT∗[−1]Y [−1]))
p

oo

Let ιπ be the contraction with the Poisson bivector on T∗[−1]Y . Then ω ∧ (−) ◦ ιπ + ιπ ◦ ω ∧ (−) defines a
nonpositive grading with Γ(T∗[−1]Y, π∗KY )[− dimY ] the zeroth component. The operator (id − ddRιπ) is
invertible on Γ(T∗[−1]Y, Sym(LT∗[−1]Y [−1])), so we may again apply the homological perturbation lemma.
The induced differential on Γ(T∗[−1]Y, π∗KY )[− dimY ] is exactly the BV Laplacian.

Theorem 2.35 (Severa). Let Y be a smooth scheme. For any λ there is a quasi-isomorphism

Ωpol,λ
ω (T∗[−1]Y ) ∼= (Γ(T∗[−1]Y, π∗KY )[− dimY ], λ∆).

Remark 2.36. The operator (id − ddRιπ) is not invertible on the completed algebra of differential forms
Γ(T∗[−1]Y, Ŝym(LT∗[−1]Y [−1])). In particular, in this case we cannot apply the homological perturbation
lemma to the same setup.

For a QP-manifold X , the quantum action functional exp(S) is a semidensity annihilated by the BV
Laplacian [Sch93]. We see that in the context of shifted symplectic geometry Ωω(X) plays the role of the
complex of semidensities.

3. Geometric quantization

In this section we finally define the geometric quantization of an n-shifted Lagrangian fibration.

3.1. Definition.

Definition 3.1. Let π : X → B be a prequantum 1-shifted Lagrangian fibration specified, in particular, by
a gerbe G on B. The geometric quantization of π is the ∞-category QCohG(B).

Example 3.2. Suppose Y is a derived Artin stack locally of finite presentation and G a gerbe on Y . By
theorem 2.24 the projection T∗

c1(G)
[1]Y → Y has a natural prequantization. Its geometric quantization is

QCohG(Y ).

Definition 3.3. Let
L

tt❤❤❤
❤❤❤

❤

��
**❱❱

❱❱❱
❱❱

X

��

Y

��
BL

f
tt✐✐✐

✐✐✐

g **❯❯
❯❯❯

❯

BX BY
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be a prequantum 1-shifted Lagrangian correspondence specified, in particular, by gerbes GX and GY on
X and Y together with an isomorphism f∗GX

∼= g∗GY . The geometric quantization of this 1-shifted
Lagrangian correspondence is the functor

QCohGX (BX)
f∗

−→ QCohf
∗

GX (BL) ∼= QCohg
∗

GY (BL)
g∗
−→ QCohGY (BY ).

Example 3.4. If L→ X is a 1-shifted Lagrangian, we may interpret it as a 1-shifted Lagrangian correspon-
dence in two ways: either as pt ← L → X or as X ← L → pt. In the first interpretation the geometric
quantization of a prequantum 1-shifted Lagrangian L gives rise to a functor Ch → QCohG(X), i.e. to an
object of QCohG(X). In the second interpretation it gives rise to a functor QCohG(X) → Ch. If L is a
smooth and proper scheme, we may adjust the prequantum data by the canonical bundle of L, so that the
second functor is left adjoint to the first functor.

Example 3.5. Let f : Y → X be a morphism of derived Artin stacks locally of finite presentation, G a gerbe
on X together with a trivialization of f∗G. Then

N∗
c1(G)

[1]Y //

��

T∗
c1(G)

[1]X

��

Y // X

has the structure of a prequantum 1-shifted Lagrangian fibration. Its geometric quantization gives rise to
an object f∗QY ∈ QCohG(X) as well as a functor QCohG(X)→ Ch given by E 7→ Γ(Y, f∗E).

Example 3.6. Let X → B be a prequantum 0-shifted Lagrangian fibration specified, in particular, by a line
bundle L on B. Consider the prequantum 1-shifted Lagrangian fibration

X //

��

XdR

��

B // BdR

from example 2.19 specified, in particular, by the trivial gerbe on BdR and the trivialization along B → BdR

given by L. The geometric quantization of the LagrangianX → XdR gives rise to an object DB⊗OB
L ∈ D(B)

as well as to a functor D(B)→ QCoh(B) given by E 7→ E⊗ L. We refer to [EY20] for more details on this
example.

We can also define the 0-shifted version of geometric quantization.

Definition 3.7. Let π : X → B be a prequantum 0-shifted Lagrangian fibration specified, in particular, by
a line bundle L on B. The geometric quantization of π is the chain complex Γ(B,L).

Example 3.8. Let X be a derived Artin stack locally of finite presentation and L a line bundle on X . By
theorem 2.24 the projection T∗

c1(L)X → X has a natural prequantization. Its geometric quantization is
Γ(X,L).

We may also describe geometric quantizations of a class of 0-shifted Lagrangians.

Definition 3.9. Suppose f : X → Y is a morphism of derived stacks. f has a relative volume form of

degree n if for perfect complex E on Y there is a morphism∫

f

: Γ(X, f∗E) −→ Γ(Y,E)[−n].

Example 3.10. Suppose f : X → Y is a smooth and proper schematic morphism of relative dimension n. Let
KX/Y be the relative canonical bundle. Then for every perfect complex E on Y the Grothendieck duality
provides an integration map

f∗(f
∗E⊗KX/Y ) −→ E[−n].
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Then a trivialization of the relative canonical bundle provides a relative volume form of degree n in the
above sense.

Definition 3.11. Consider a prequantum 0-shifted Lagrangian correspondence

L
tt❤❤❤

❤❤❤
❤

**❱❱
❱❱❱

❱❱

��
X

��

Y

��
BL

f
tt✐✐✐

✐✐✐

g **❯❯
❯❯❯

❯

BX BY

specified, in particular, by line bundles LX on BX and LY on BY together with an isomorphism of their
pullbacks f∗LX

∼= g∗LY . Moreover, assume BL → BY has a relative volume form of degree n. Its geometric

quantization is the morphism

Γ(BX ,LX) −→ Γ(BL, f
∗
LX) ∼= Γ(BL, g

∗
LY ) −→ Γ(BY ,LY )[−n].

Let us also mention a result about compositions of geometric quantizations.

Proposition 3.12. Consider the diagram

L1
**❱❱

❱❱❱
❱❱

��

L2
tt❤❤❤

❤❤❤
❤

��
X

��
BL1

f
**❯❯

❯❯❯
❯ BL2

gtt✐✐✐
✐✐✐

BX

where both squares are prequantum 1-shifted Lagrangian fibrations, where BL1 → BX is representable quasi-

compact and quasi-separated. Let

FL1 : Ch −→ QCohG(BX), FL2 : QCohG(BX) −→ Ch

be the geometric quantizations of each square. Then the geometric quantization of the induced 0-shifted
Lagrangian fibration L1 ×X L2 → BL1 ×BX

BL2 is equivalent to the composite FL2(FL1(k)).

Proof. By definition FL1(k) = f∗OBL1
and FL2(E) = Γ(BL2 , g

∗E). Therefore, the composite is

FL2(FL1(k)) = Γ(BL2 , g
∗f∗OBL1

).

Consider the Cartesian diagram

BL1 ×BX
BL2

g̃
//

f̃

��

BL1

f

��

BL2

g
// BX

By the base change formula (see [BFN10, Proposition 3.10] and [Lur18, Proposition 6.3.4.1])

g∗f∗OBL1

∼= f̃∗OBL1×BX
BL2

.

�

Remark 3.13. We expect that one can construct a symmetric monoidal ∞-category LagrCorrprequant1 which
has the following informal description:

• Its objects are prequantum 1-shifted Lagrangian fibrations πX : X → BX .
• Its morphisms from (πX : X → BX) to (πY : Y → BY ) are prequantum 1-shifted Lagrangian corre-

spondences
L

��
tt❤❤❤

❤❤❤
❤

**❱❱
❱❱❱

❱❱

X

��

Y

��
BL

tt✐✐✐
✐✐✐

**❯❯
❯❯❯

❯

BX BY
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where BL → BY is representable, quasi-compact and quasi-separated. We refer to [Hau18, Section 14]
where such an ∞-category has been constructed without the prequantum data. We further expect that the
geometric quantization promotes to a functor

LagrCorrprequant1 −→ PrLk

given by definition 3.1 on objects and by definition 3.3 on morphisms. Proposition 3.12 is a shadow of the
full functoriality statement.

Remark 3.14. The recent paper [Ste20] defines iteratively the notion of a presentable (∞, n)-category. Let
A be a connective commutative dg algebra. Then one may also iteratively define the ∞-category LinnCatA
of linear (∞, n)-categories by setting Lin0CatA = ModA and LinnCatA to be the subcategory

LinnCatA ⊂ ModLin(n−1)CatA(nPr
L)

on κ0-compact objects, where κ0 is the smallest large cardinal. We expect that the étale descent statement of
LinCatA = Lin1CatA from [Lur18, Section D.4] generalizes for every n. Then one may define the∞-category
of quasi-coherent sheaves of (∞, n)-categories on a derived prestack X to be

ShvnCat(X) = lim
SpecA→X

LinnCatA.

We refer to the upcoming work of Stefanich for more details. In particular, this will allow one to define
geometric quantization of a prequantum n-shifted Lagrangian fibration X → B for any n ≥ 0.

4. Examples

In this section we give several examples of prequantizations and geometric quantizations.

4.1. Symplectic groupoids. Let X be a smooth scheme. Recall the following definition from [Wei87].

Definition 4.1. A symplectic groupoid is a groupoid G ⇒ X whose source and target morphisms are
smooth morphisms together with a multiplicative symplectic form on G such that the unit section X → G is
Lagrangian.

It is well-known (see e.g. [Saf17, Proposition 3.32]) that the data of a symplectic groupoid G ⇒ X may be
encoded in a 1-shifted symplectic structure on the quotient stack [X/G] together with a Lagrangian structure
on the projection X → [X/G]. Let us describe prequantizations and Lagrangian fibrations on this morphism.

Let B be another smooth scheme together with a groupoid GB ⇒ B. Consider a smooth morphism of
groupoids

π : (G ⇒ X)→ (GB ⇒ B).

It gives rise to a commutative diagram

X //

��

[X/G]

��

B // [B/GB]

Choose a prequantum 1-shifted Lagrangian fibration structure on this diagram. In particular, there is a gerbe
E on [B/GB] together with a trivialization of its pullback to B. Geometric quantization of this diagram gives
rise to functors

QX : Ch −→ QCohE([B/GB]), F : QCohE([B/GB ]) −→ Ch.

Remark 4.2. The symplectic groupoid G ⇒ X induces a unique Poisson structure on X such that the source
map G→ X is Poisson. The two algebras End(QX) and End(F ) are both approximations to a deformation
quantization of X ; see [WX91] for more details on this idea.
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Given the diagram

X
**❱❱

❱❱❱
❱

��

X
tt❤❤❤

❤❤❤

��
[X/G]

��
B

**❱❱
❱❱❱

❱ B
tt❤❤❤❤

❤❤

[B/GB]

each square is a 1-shifted Lagrangian fibration. Therefore, passing to pullbacks, by theorem 2.20 the pro-
jection G→ GB is a 0-shifted Lagrangian fibration. By construction it is easily seen to be multiplicative. In
particular, the induced line bundle L on GB is a multiplicative line bundle, i.e. it gives a central extension
of the groupoid GB . Such multiplicative polarizations and prequantizations of symplectic groupoids were
extensively studied in [Haw08].

The relationship between the geometric quantization of the symplectic groupoid G and that of the 1-shifted
Lagrangian morphism X → [X/G] is given by the following statement.

Proposition 4.3. Suppose the source and target maps GB → B × B define a quasi-compact and quasi-

separated morphism. Then the geometric quantization of G is equivalent to F (QX).

Proof. Consider the correspondence

Bp
uu❦❦❦

❦❦
❦ π

**❱❱
❱❱

❱

pt [B/GB]

By assumption the morphism π : B → [B/GB] is schematic, quasi-compact and quasi-separated. Therefore,
the claim follows from proposition 3.12. �

Remark 4.4. The 1-shifted symplectic stack [X/G] is the phase space of the Poisson σ-model into X equipped
with Poisson structure induced from the symplectic groupoid [SS94; CF01]. The Lagrangian X → [X/G]
defines a classical boundary condition (“classical mechanics”).

4.2. Hamiltonian spaces. Let G be a reductive algebraic group. Then

[g∗/G] ∼= T∗[1](BG)

carries a natural 1-shifted symplectic structure (see [Cal15, Section 1.2.3] for details). Therefore, by propo-
sition 2.22 the projection [g∗/G] → BG has the structure of a prequantum 1-shifted Lagrangian fibration
specified by the trivial gerbe on BG.

Lemma 4.5. The geometric quantization of the prequantum 1-shifted Lagrangian fibration [g∗/G]→ BG is

the ∞-category Rep(G) of complexes of G-representations.

Proof. Since the gerbe on BG is trivial, the geometric quantization is QCoh(BG) ∼= Rep(G). �

Now suppose (X,ω) is a symplectic scheme equipped with Hamiltonian G-action with a moment map
µ : X → g∗. If we denote by a : g→ Γ(X,TX) the infinitesimal action map, the moment map equation is

ιa(x)ω = ddRµ(x).

It is shown in [Cal15, Section 2.2.1] that this gives rise to a 1-shifted Lagrangian morphism

[X/G] −→ [g∗/G].

Theorem 4.6. Let X be a Hamiltonian G-scheme. Choose:

• A smooth G-equivariant morphism π : X → B to a smooth scheme B with half-dimensional fibers.

• A G-equivariant line bundle L on B.

• A G-equivariant connection ∇ on π∗L extending the natural fiberwise connection, such that:

(1) For any x ∈ g the operator ∇a(x) + µ(x) coincides with the infinitesimal g-action on L.

(2) The curvature of ∇ is the symplectic form ω.
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Then the diagram

(9) [X/G]

π

��

// [g∗/G]

��

[B/G] // BG

is a prequantum 1-shifted Lagrangian fibration. If B is quasi-compact and quasi-separated, the geometric

geometric quantization gives the functors Ch → Rep(G) given by including the G-representation Γ(B,L)
and Rep(G)→ Ch given by V 7→ (V ⊗ Γ(B,L))G.

Proof. A G-equivariant line bundle L on B descends to a line bundle L[B/G] to [B/G]. We will use it as a
trivialization of the pullback to [B/G] of the trivial gerbe on BG.

Since G is reductive, we may compute DR([X/G]) using the Cartan model of equivariant cohomology
which gives

DR([X/G]) = (DR(X)⊗ Sym(g∗[−2]))G.

The internal differential on DR([X/G]) is the sum d + ιa(−), where the first term is the internal differential
on DR(X) and the second term is the equivariant differential. The de Rham differential on DR([X/G]) is
simply the de Rham differential ddR on DR(X). The first Chern class c1(L[B/G]) ∈ A1([B/G], 1) is the
equivariant Chern class (see [BV82; Get94]) represented by the pair (c1(L), β), where c1(L) is the usual first
Chern class, a degree 1 one-form on B, and β ∈ O(X)⊗ g∗ which together satisfy

ιa(x)c1(L) = dβ(x).

To be more explicit, we may use the Čech cohomology to compute DR(X). Choose a Zariski cover {Ui} of B
over which L trivializes and let {gij} be the transition functions. Then c1(L) is represented by the one-forms
{ddR log(gij)} on the intersections. The G-equivariance data for L gives rise to functions βi : Ui → g∗ such
that

g−1
ij a(x).gij = βi(x)− βj(x).

The pullback of the Liouville one-form on [g∗/G] to [X/G] under the moment map is represented by
µ ∈ O(X)⊗ g∗.

The prequantization data involves a trivialization of π∗c1(L[B/G]) + µ. Pulling back the cover Ui of B to
a cover Vi of X , such a trivialization is given by one-forms Ai on Ui which satisfy the following equations:

Ai −Aj = g−1
ij ddRgij

ιa(x)Ai + µ(x) = βi(x).

The first equation precisely says that {Ai} define a connection ∇ on π∗L and the second equation is the
condition that ∇a(x) + µ(x) gives the action of g on the line bundle.

The nondegeneracy condition on the 1-shifted isotropic structure on [X/G] → [g∗/G] boils down to the
fact that ω is symplectic as explained in [Cal19]. The nondegeneracy condition on the 1-shifted isotropic
fibration on (9) is that X → B is a 0-shifted Lagrangian fibration. But since these are smooth schemes, this
condition is equivalent to the condition that the fibers are half-dimensional.

Finally, the statement about the geometric quantization of this 1-shifted Lagrangian fibration is clear as
the pushforward of L along [B/G] → BG is Γ(B,L) viewed as a G-representation and the pushforward of
L⊗ V (where V ∈ Rep(G)) along [B/G]→ pt is (Γ(B,L) ⊗ V )G. �

Remark 4.7. The above data on X is exactly the G-equivariance data for the prequantization and polarization
on X as in [GS82].

Remark 4.8. The above statement has the following physical interpretation. The 1-shifted symplectic stack
[g∗/G] is the phase space of the 2d BF theory on the point. The Lagrangian [X/G] → [g∗/G] represents a
classical boundary theory specified by a Hamiltonian G-space. After quantization Rep(G) is the category
of boundary conditions of the 2d BF theory and the quantization of the above boundary theory gives a
boundary condition specified by the object Γ(B,L) ∈ Rep(G).
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Example 4.9. Consider the Hamiltonian G-space T∗G corresponding to the left G-action on itself. Then the
projection T∗G→ G is a G-equivariant Lagrangian fibration. By proposition 2.21 it admits a prequantization
given the the trivial line bundle on G. By theorem 4.6 we can construct a 1-shifted Lagrangian fibration

g∗

��

// [g∗/G]

��

pt // BG

Its geometric quantization gives the functors

Ch −→ Rep(G), Rep(G) −→ Ch,

where the first functor sends k ∈ Ch to the regular representation O(G) and the second functor is the
forgetful functor.

Remark 4.10. There is a natural symplectic groupoid structure on T∗G ⇒ g∗. In particular, the previous
example fits into the general theory of geometric quantizations of symplectic groupoids, see [Haw08, Section
6.3].

Example 4.11. Consider the Hamiltonian G-space pt. The corresponding 1-shifted Lagrangian fibration is

BG // [g∗/G]

��

BG BG

Its geometric quantization gives the functors

Ch −→ Rep(G), Rep(G) −→ Ch,

where the first functor sends k ∈ Ch to the trivial one-dimensional representation and the second functor
takes G-invariants.

For a Hamiltonian G-scheme X we have two 1-shifted Lagrangians in [g∗/G]: [X/G] and BG. In particular,
we may consider their intersection. The following was introduced in [Cal15; Saf16].

Definition 4.12. Let X be a Hamiltonian G-scheme. The derived Hamiltonian reduction is the 0-
shifted symplectic derived stack

X//G = X/G×[g∗/G] BG.

The following statement is a derived analog of the “quantization commutes with reduction” principle
[GS82].

Proposition 4.13. Suppose X is a Hamiltonian G-scheme equipped with a G-equivariant prequantization

as in theorem 4.6. Moreover, assume B is a quasi-compact and quasi-separated. Then there is a natural

prequantization of the 0-shifted Lagrangian fibration X//G→ B/G whose geometric quantization is Γ(B,L)G.

Proof. Consider the diagram
[X/G]

++❱❱
❱❱❱

��

BG
tt✐✐✐

✐✐✐

[g∗/G]

��
[B/G]

++❲❲❲
❲❲❲

❲ BG
❤❤❤

❤❤❤
❤

❤❤❤
❤❤❤

❤

BG

The square on the left is a prequantum 1-shifted Lagrangian fibration by theorem 4.6. The square on the right
is a prequantum 1-shifted Lagrangian fibration by example 4.11. Therefore, their intersection X//G→ [B/G]
carries a prequantum 0-shifted Lagrangian fibration by theorem 2.20. The geometric quantization of the
square on the left gives Γ(B,L) as a G-representation and the geometric quantization of the square on the
right gives the functor of G-invariants. The claim then follows from proposition 3.12. �
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4.3. Coadjoint orbits. Coadjoint orbits O ⊂ g∗ are interesting examples of Hamiltonian G-spaces. Let us
explain how prequantizations work for those examples. Assume that G is split.

Proposition 4.14. Let x ∈ g∗ be a semisimple element with stabilizer L with Lie algebra Lie(L) = l under

the coadjoint action. Let P ⊂ G be a parabolic subgroup with Lie algebra Lie(P ) = p containing L as the

Levi factor. Assume that x integrates to a character λ : P → L→ Gm. Then

BL
x //

��

[g∗/G]

��

BP // BG

is a prequantum 1-shifted Lagrangian fibration. Suppose the restriction of λ to the maximal torus H ⊂ P is

dominant. Then the geometric quantization is V (λ)∗ ∈ Rep(G), the dual of the irreducible G-representation

with highest weight λ.

Proof. To specify the prequantum data, we first have to trivialize the trivial gerbe on BP . Such a trivial-
ization is given by a line bundle L on BP , i.e. a character λ : P → Gm. Let us also recall that a character
of P necessarily factors through a character of L.

Next, we have to trivialize the connective structure on the gerbe on BL. Note that P/L is affine, so
A1(BL/BP, 1) is contractible. Therefore, we just need to identify the pullback of the Liouville one-form to
BL with the pullback of ddRλ in A1(BL, 1) = (l∗)L, i.e. we have to assume that x ∈ (l∗)L is integral. This
finishes the construction of the 1-shifted isotropic structure on the above diagram.

Next, we have to check the relevant nondegeneracy conditions. To show that the isotropic structure on
BL→ [g∗/G] is Lagrangian, we have to check that the sequence of L-representations

l[1] −→ (g[1]
coadx−−−−→ g∗) −→ l∗

is a fiber sequence, where coadx : g→ g∗ denotes the coadjoint action on x. The previous fact is equivalent
to acyclicity of the complex

l −→ g −→ g∗ −→ l∗

which is equivalent to the fact that coadx : g/l→ (g/l)∗ is an isomorphism. This map is clearly injective and
the two spaces have the same dimension which proves the claim.

The fact that the above diagram defines a 1-shifted Lagrangian fibration on BL → [g∗/G] boils down to
exactness of the sequence

p/l −→ g/l ∼= (g/l)∗ −→ (p/l)∗,

where the middle isomorphism is given by coadx. In turn, this fact is equivalent to

coadx : g/p −→ (p/l)∗

being an isomorphism. By checking the dimensions it is enough to prove that this map is injective. To prove
it, we may assume that P ⊂ G is a standard parabolic subgroup [Bor91, Proposition 14.18]. Decompose
p = l⊕ u+ and let l⊕ u− be the opposite parabolic subalgebra.

Choose a nondegenerate invariant symmetric bilinear pairing 〈−,−〉 on g. For every standard sl2 triple
{eα, e−α, hα} we have

〈x, [eα, e−α]〉 = −〈[eα, x], e−α〉.

Since the root spaces are one-dimensional, this expression vanishes only if eα ∈ l. Therefore, 〈x, hα〉 is
nonzero for every root in u+ and therefore the induced pairing u+ ⊗ u− → k is nondegenerate.

The geometric quantization is given by the pushforward of L along BP → BG. Let B ⊂ P be the
Borel subgroup. By [Jan03, Part II, Proposition 4.6] the pushforward coincides with the pushforward along
BB → BG of the restriction of L to BB and the claim follows from the Borel–Weil–Bott theorem. �

Remark 4.15. Suppose O ⊂ g∗ is a coadjoint orbit. A G-equivariant 0-shifted Lagrangian fibration O → B
has to have B a homogeneous space G/P . It is shown in [OW72] that such a P has to be a parabolic
subgroup. In particular, by counting dimensions one observes that there are many coadjoint orbits which do
not admit a G-equivariant polarization, see e.g. [GV98, Corollary 1.8].
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4.4. Slodowy slices. Assume k is an algebraically closed field of characteristic 0 and G is a semisimple
algebraic group with Lie algebra g equipped with nondegenerate invariant symmetric bilinear pairing 〈−,−〉.
We denote by κ : g → g∗ the induced isomorphism. Let e ∈ g be a nonzero nilpotent element. Using the
Jacobson–Morozov theorem [CG10, Theorem 3.7.1] we may extend it to an sl2-triple {e, h, f}. Denote

χ = 〈e,−〉

and gf ⊂ g the subspace of elements x ∈ g such that [f, x] = 0.

Definition 4.16. The Slodowy slice to χ is the subvariety S = χ+ κ(gf ) ⊂ g∗.

We refer to [GG02; Ara17] for more details on Slodowy slices.

Remark 4.17. If e is a regular nilpotent element, the Slodowy slice reduces to the Kostant slice [Kos78].

Let g = ⊕n∈Zg(n) be the decomposition into the h-eigenspaces. We get an induced symplectic pairing
x, y 7→ χ([x, y]) on g(−1). Fix a Lagrangian subalgebra l ⊂ g(−1) and let

m = l⊕
⊕

n≤−2

g(n).

It is a nilpotent subalgebra of g and we denote by M ⊂ G the unipotent subgroup integrating m. It is easy
to see that χ restricts to a character of m.

Proposition 4.18. Consider the zero closed one-form of degree 2 on BG together with a trivialization along

BM → BG given by χ. Then the 1-shifted twisted conormal bundle

N∗
χ[1](BM)

��

// T∗[1](BG)

��

BM // BG

is equivalent to

S //

��

[g∗/G]

��

BM // BG

In particular, the latter diagram has a natural structure of a 1-shifted Lagrangian fibration.

Proof. The conormal bundle to BM → BG fits into a fiber sequence

N∗
BM → g∗[−1]

µ
−→ m∗[−1]

of M -representations (we recall that QCoh(BM) ∼= Rep(M)). Therefore,

(N∗
χ[1](BM)→ BM) ∼= (µ−1(χ)/M → BM).

But the space µ−1(χ)/M is isomorphic to the Slodowy slice S, see [GG02, Lemma 2.1]. �

Remark 4.19. The product S × G is a Hamiltonian G-space which may be identified with the space of
solutions of Nahm’s equations on the interval [0, 1] with a pole at t = 0 specified by the sl2-triple {e, h, f},
see [Bie97, Proposition 3.1].

Remark 4.20. The diagram in proposition 4.18 does not admit a prequantization since χ : m → k does
not integrate to a character of M . Instead, one can work with the formal completions BM̂ and BĜ. In
this case the geometric quantization of the diagram in proposition 4.18 produces the functor of Whittaker
(m, χ)-invariants LModUg → Ch.
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4.5. Flat connections. Let G be a split connected simply-connected semisimple group with Lie algebra
g. Let H ⊂ G be a maximal torus with Lie algebra h. Denote by W the Weyl group. Recall that a
2-shifted symplectic structure ω on BG is the same as a nondegenerate invariant symmetric bilinear pairing
〈−,−〉 ∈ Sym2(g∗)G ∼= Sym2(h∗)W . We say it is integral if it comes from an integral quadratic Weyl-
invariant form on the cocharacter lattice.

Let C be a smooth and proper curve. Let

LocSysG(C) = Map(CdR,BG)

be the moduli stack of flat G-connections on C and

BunG(C) = Map(C,BG)

be the moduli stack of G-bundles on C. Recall from section 1.5 that there is a natural closed one-form of
degree 1

∫
C
ev∗ω on BunG(C). According to proposition 1.24 there is an isomorphism

LocSysG(C) ∼= T∗∫
C

ev∗ωBunG(C).

In particular, we may consider the corresponding 0-shifted symplectic structure.

Proposition 4.21. Suppose the pairing 〈−,−〉 is integral. Then there is a natural line bundle L on BunG(C)
such that c1(L) =

∫
C
ev∗ω.

Proof. The line bundle is constructed in [Gai20, Section 2.4] using the Gersten resolution for K-cohomology
on the product S×C, where S is a smooth variety. There is a natural map ddR log from the Gersten complex
to the Cousin complex computing Hq(S × C,Ωp,cl), see e.g. [BW19, Proposition 2.1.9]. So, replacing the
Gersten complex with the Cousin complex in [Gai20], we obtain a construction of the closed one-form of
degree 1 on BunG(C) representing c1(L). Finally, the equivalence between that representative of c1(L) and∫
C
ev∗ω is given by using the formulation of Serre duality in terms of the Cousin complex [Har66]. �

Theorem 4.22. Suppose the pairing 〈−,−〉 is integral. Then there is a natural prequantum 0-shifted La-

grangian fibration structure on LocSysG(C) → BunG(C) specified by a line bundle L on BunG(C). Its

geometric quantization is

Γ(BunG(C),L).

Proof. By proposition 4.21 there is a line bundle L on BunG(C), such that c1(L) =
∫
C
ev∗ω. In particular,

by proposition 1.24 we obtain an isomorphism

LocSysG(C) ∼= T∗
c1(L)BunG(C).

The claim then follows from theorem 2.24. �

Remark 4.23. Let K be a compact simply-connected simple Lie group and let G be its complexification. In
this case Sym2(g∗)G ∼= C, so a pairing is specified by a number (the level). Integral pairings correspond
to integral levels. The phase space of the classical Chern–Simons theory on C is the moduli space of flat
K-connections. The Hilbert space on C is given by Γ(BunG(C),L) [Wit89; ADW91] and theorem 4.22
provides an algebraic version of this result.

Denote by LocSysG(C, trivial) the moduli space of flat connections on the trivial G-bundle over C.

Proposition 4.24. Suppose the pairing 〈−,−〉 is integral. The diagram

(10) LocSysG(C, trivial)

��

// LocSysG(C)

��

pt
trivial // BunG(C)

has a natural structure of a prequantum 0-shifted Lagrangian fibration. Its geometric quantization is the

functional

Γ(BunG(C),L) −→ k
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given by evaluating the section of L at the trivial bundle.

Proof. Consider the inclusion of the trivial bundle trivial : pt → BunG(C). The pullback of c1(L) to pt is
canonically trivialized, so we may consider the corresponding twisted conormal bundle

N∗
c1(L)(pt) −→ T∗

c1(L)BunG(C).

By definition of LocSysG(C, trivial), the diagram (10) is Cartesian. In particular,

N∗
c1(L)(pt)

∼= LocSysG(C, trivial).

Choose a trivialization of L at the trivial bundle pt → BunG(C). Then we obtain a prequantum data on
the diagram. �

Remark 4.25. The chiral WZW model is a boundary condition for the Chern–Simons theory. Namely, it is
determined by a Lagrangian in the phase space given by setting the antiholomorphic part of the connection
to be zero (see e.g. [Wit92]). In other words, the space of classical solutions of the chiral WZW model on C
is given by studying holomorphic connections on the trivial holomorphic G-bundle over C. The chiral WZW
partition function on C is an element of (or a functional on) the Hilbert space of the Chern–Simons theory
associated to C and proposition 4.24 provides an algebraic avatar of this computation.
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