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ABSTRACT
We present the results of a study aimed at exploring, by means of N-body simulations, the evolution of rotating multi-mass
star clusters during the violent relaxation phase, in the presence of a weak external tidal field. We study the implications of the
initial rotation and the presence of a mass spectrum for the violent relaxation dynamics and the final properties of the equilibria
emerging at the end of this stage. Our simulations show a clear manifestation of the evolution towards spatial mass segregation
and evolution towards energy equipartition during and at the end of the violent relaxation phase. We study the final rotational
kinematics and show that massive stars tend to rotate more rapidly than low-mass stars around the axis of cluster rotation. Our
analysis also reveals that during the violent relaxation phase, massive stars tend to preferentially segregate into orbits with angular
momentum aligned with the cluster’s angular momentum, an effect previously found in the context of the long-term evolution of
star clusters driven by two-body relaxation.

Key words: stars: kinematics and dynamics, globular clusters: general, galaxies: star clusters: general

1 INTRODUCTION

Many recent observational studies have significantly improved our
understanding of the dynamical properties of star clusters and pro-
vided key constraints for the study of the dynamical evolution of
these systems and the role played by different dynamical processes.
In particular, the last several years have seen a significant leap forward
in our understanding of the clusters’ internal kinematic properties.
Studies based on large samples of radial velocities provided bymulti-
object spectroscopic surveys (see e.g. Fabricius et al. 2014, Ferraro
et al. 2018, Baumgardt & Hilker 2018, Kamann et al. 2018) and/or
high-precision proper motion studies based on Gaia and HST data
(see e.g. Watkins et al. 2015, Bellini et al. 2017, Libralato et al.
2018a, Bianchini et al. 2018b, Jindal et al. 2019, Vasiliev 2019,
Cordoni et al. 2020, Cohen et al. 2021) have allowed to investigate
the velocity dispersion’s variation with the cluster-centric distance,
have shown that clusters are often characterized by anisotropy in
the velocity distribution and/or internal rotation, and provided the
first quantitative measures of the degree of evolution towards energy
equipartition.
The observational study of young star clusters has also received

growing interest in the last several years (see e.g. Kuhn et al. 2013,
2014, 2015a, 2015b, Getman et al. 2018), and thanks to data from
the Gaia mission, significant progress has been made in the study of
their internal kinematic properties (see e.g. Kuhn et al. 2019, Getman
et al. 2019, Lim et al. 2020, Dalessandro et al. 2021b, Swiggum et al.
2021)

★ E-mail: allivern@iu.edu

On the theoretical side, renewed attention has been paid to the
evolution of the clusters’ kinematic properties both during the very
early evolutionary phases when the systems are undergoing so-called
violent relaxation and are evolving towards a virial equilibrium state,
and during the long-term evolution driven mainly by the effects of
two-body relaxation and the host galaxy tidal field. The role of the
dynamical processes acting during the early and long-term evolution
of star clusters in determining their present-day properties depends
on the clusters’ internal structural properties (such as mass and size),
their orbit in the Galaxy, the strength of the external tidal field, and
their physical and dynamical ages.
Studies of clusters’ formation and very early evolution have shown

that clusters can emerge from these evolutionary phases with dynam-
ical properties characterized by mass segregation, internal rotation,
and radial anisotropy in the velocity distribution; the detailed role
of different dynamical processes acting during these phases and the
variety of different dynamical paths resulting in these dynamical
properties are still matter of intense investigation (see e.g. Good-
win & Whitworth 2004, McMillan et al. 2007, Allison et al. 2009,
2010, Moeckel & Bonnell 2009, Fujii et al. 2012, Fujii & Portegies
Zwart 2016, Vesperini et al. 2014, Parker et al. 2016, Domínguez
et al. 2017, Mapelli 2017, Banerjee & Kroupa 2014, 2017, 2018,
Sills et al. 2018, Daffern-Powell & Parker 2020, Ballone et al. 2020,
Ballone et al. 2021).
For old star clusters such as massive globular clusters, the dy-

namical properties are either entirely due to the effects of internal
two-body relaxation and the interplay between relaxation and the
external tidal field of the Galaxy or the result of how relaxation and
external tidal field have altered the dynamical properties imprinted
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2 A. Livernois et al.

ID. Initial Spatial Distribution 𝑄rot

H0 Homogeneous 0
H014 Homogeneous 0.014
H025 Homogeneous 0.025
H075 Homogeneous 0.075
H150 Homogeneous 0.15
F0 Fractal 0
F014 Fractal 0.014
F025 Fractal 0.025
F075 Fractal 0.075
F150 Fractal 0.15

Table 1. Summary of initial conditions for the N-body simulations presented
in this paper. The rotational virial ratio, 𝑄rot, is the ratio of the total initial
rotational kinetic energy from the added solid-body, bulk rotation to the
potential energy (see equation 2). For all the systems, the initial virial ratio
associated with random motion is equal to 0.001. H014 and F014 are initially
tidally locked (i.e. their initial internal rotation is synchronizedwith the orbital
rotation of the cluster around the host galaxy) .

at the time of their formation and during the early dynamical evo-
lution. Several studies, for example, have shown that the cluster’s
initial internal rotation is gradually erased by the effects of two-body
relaxation and the loss of angular momentum carried away by stars
escaping during a cluster long-term evolution (see e.g. Einsel &
Spurzem 1999, Ernst et al. 2007, Hong et al. 2013, Tiongco et al.
2017, Kamann et al. 2018). The strength of the present-day rotation
thus represents a lower-limit on the initial cluster’s rotation. Part of
this rotation may be due to a partial spin-orbit synchronization re-
sulting from the coupling between the cluster’s internal kinematics
and the effects of the external tidal field (Tiongco et al. 2016b, 2019,
Lanzoni et al. 2018, Dalessandro et al. 2021a, Wan et al. 2021). As
for the anisotropy of the velocity distribution in both the early and
the long-term dynamical history, the cluster’s initial structural prop-
erties, its dynamical age, and the extent of the mass loss suffered by
a cluster during its evolution can play key roles in determining the
evolution of the velocity anisotropy and its present-day strength (see
e.g. Vesperini et al. 2014, Tiongco et al. 2016a).
In this paper, we present the results of a suite of N-body simu-

lations aimed at exploring the dynamics of rotating clusters during
the violent relaxation phase, in the presence of a weak external tidal
field. This study is focused, in particular, on the role and the dy-
namical implications of the initial rotation for the structural and
kinematic properties of the final equilibria emerging at the end of
the violent relaxation phase and on how these properties depend on
the star masses. Understanding the clusters’ early evolutionary stages
and characterizing the dynamical properties imprinted during those
phases are critical steps to be able to build a theoretical framework
for the interpretation of the observed properties of young clusters and
to reconstruct the evolutionary history of dynamically old clusters.
The outline of the paper is the following: in Section 2 we present

our methods and initial conditions, Section 3 is devoted to the presen-
tation of the results, and in Section 4 we summarize our conclusions.

2 METHODS AND INITIAL CONDITIONS

This study is based on a set of ten N-body simulations run using
the GPU-accelerated version of the NBODY6 code (Aarseth 2003,
Nitadori & Aarseth 2012) on the Indiana University’s Big Red II and
Carbonate supercomputers. All the simulations start with 𝑁 = 105

stars with masses distributed according to a Kroupa (2001) initial
mass function between 0.08 and 100 solar masses.
Our systems start with no primordial binaries and in these simula-

tions we do not include the effects of stellar evolution. Both of these
ingredients will be considered in future studies.
The clusters we have studied are initially characterized by either a

homogeneous density profile or a clumpy, fractal spatial distribution
with fractal dimension 𝐷 ∼ 2.5. The initial fractal distribution was
created using theMcLuster code (Küpper et al. 2011).
The fractal dimension 𝐷 is also used throughout our analysis

to provide a quantitative measure of clusters’ substructure, where
𝐷 ≈ 3 is indicative of a monolithic distribution, and a smaller 𝐷
is associated with hierarchical structure; we calculate 𝐷 (see e.g.
Theiler 1990) as the best fit to:

𝑚𝑒𝑑𝑖𝑎𝑛(𝑑)2 ∝ 𝑘2/𝐷 (1)

where 𝑑 is the distance to the 𝑘th nearest-neighbour for all stars in
the cluster and 𝑘 ranges from 10 to 100 (all 𝑘th nearest neighbor
analyses are calculated using the R spatstat library Baddeley et al.
2015).
We include the effects of the host galaxy tidal field, modeled as

a point-mass, and we assume the clusters to be on circular orbits;
all the clusters have an initial maximum radius, 𝑟tot equal to half of
the Jacobi radius 𝑟J. Stars moving beyond a radius equal to twice the
Jacobi radius are removed from the simulations. For our analysis, we
study the clusters in an inertial frame of reference. We have chosen to
consider a single set-up for the tidal environment because we wanted
to focus our analysis on the effect of the interplay between the role
of the mass spectrum and the initial angular momentum. We will
further explore the evolution in tidal fields with different strengths in
a future study.
All the systems investigated have the initial ratio of the total kinetic

energy from randommotion to the potential energy,𝑄rand, is equal to
about 0.001. Different degrees of internal solid-body rotation around
an axis perpendicular to the cluster’s orbital plane are then added to
the systems; we quantify the initial rotation by means of the ratio of
the total kinetic energy from the added rotation to the total potential
energy (denoted by U):

𝑄rot = −
𝜔2
𝑧,𝑖

𝑁∑
𝑛=1

𝑚𝑛𝑅
2
𝑛

2𝑈
(2)

where 𝜔𝑧,𝑖 is the initial solid-body angular velocity added to the
system, 𝑚𝑛 is the mass of the nth star, and 𝑅n is the cylindrical
radius of the 𝑛th star’s location. The initial values of𝑄rot explored in
our survey are summarized in Table 1 along with the ID we will use
in the rest of the paper to refer to each model. In order to quantify the
stochastic variations in our results, in addition to the models listed
in Table 1, we have also run two additional simulations starting with
different random realizations of the H075 and F075 models. The
results of these simulations are presented in Appendix A.
The simulations follow the violent relaxation of the clusters until

they reach a virial equilibrium state and are all stopped after about 5
𝑡ff , where 𝑡ff is the free-fall time defined as:

𝑡ff =

√︄
3𝜋
32𝐺𝜌𝑖

=

√√
𝜋2𝑟3tot,i
8𝐺𝑀tot,i

(3)

where 𝑟tot,i and 𝑀tot,i are the initial total radius and total mass of
the cluster, respectively, 𝜌𝑖 is the initial average mass density of

MNRAS 000, 1–18 (2021)



Early dynamics of star clusters 3

Figure 1. Time evolution of the spatial distributions in the 𝑥-𝑦 plane for each initially homogeneous cluster (from left to right: H0, H014, H025, H075, H150).
The coordinates 𝑥 and 𝑦 are scaled to the 3-D half-mass radius, 𝑟h, evaluated for the system at the time of the snapshot. The sample of times chosen provide a
representative illustration of the clusters’ structural evolution.

MNRAS 000, 1–18 (2021)



4 A. Livernois et al.

Figure 2. Time evolution of the spatial distributions in the 𝑥-𝑧 plane for each initially homogeneous cluster (from left to right: H0, H014, H025, H075, H150).
The coordinates 𝑥 and 𝑧 are scaled to the 3-D half-mass radius, 𝑟h, evaluated for the system at the time of the snapshot. These show that the clusters with highest
rotation have more clumps that survive the maximum-contraction stages.

MNRAS 000, 1–18 (2021)



Early dynamics of star clusters 5

Figure 3. Time evolution of the spatial distributions in the 𝑥-𝑦 plane for all the models with an initial fractal spatial distribution (from left to right: F0, F014,
F025, F075, F150). The coordinates 𝑥 and 𝑦 are scaled to the 3-D half-mass radius, 𝑟h, evaluated for the system at the time of the snapshot. These show that the
initially fractal clusters form larger scale clumps than the initially homogeneous clusters before maximum contraction.

MNRAS 000, 1–18 (2021)



6 A. Livernois et al.

Figure 4. Time evolution of the spatial distributions in the 𝑥-𝑧 plane for each initially fractal cluster (from left to right: F0, F014, F025, F075, F150). The
coordinates 𝑥 and 𝑧 are scaled to the 3-D half-mass radius, 𝑟h, evaluated for the system at the time of the snapshot. The sample of times are chosen as
representative of the structural evolution. These show that the clusters with highest rotation have more clumps that survive the maximum-contraction stages.

MNRAS 000, 1–18 (2021)



Early dynamics of star clusters 7

Figure 5. Time evolution of the fractal dimension, 𝐷 (see equation 1), for the initially homogeneous clusters (left panel) and the initially fractal clusters (right
panel). This displays the level of fractal structure present in all clusters, and that the clusters with higher initial rotation maintain their substructure for longer
before evolving into a monolithic structure.

the system, and 𝐺 is the gravitational constant. The H150 and F150
clusters do not reach equilibrium until around 5.5 𝑡ff , so these models
are run until 6.5 𝑡ff . We use 𝑡ff for a general characterization of the
various phases of the violent relaxation but, as we point out in the
presentation of several results later in the paper, the hierarchical
nature of the systems we explore implies that some of the dynamical
processes affecting the cluster evolution act on the local timescales
of the substructures present during the cluster early evolution.

3 RESULTS

3.1 Structural properties

We start the analysis of our results by focusing our attention on the
evolution and final properties of the clusters’ structure.
Figs. 1-4 show the structural evolution of clusters with different

initial density profiles and degrees of rotation during the various
phases of violent relaxation including the initial collapse, re-bounce,
and the eventual reaching of equilibrium (notice that in each panel
the spatial coordinates are normalized to the value of the half-mass
radius calculated at the time shown in the panel and that Figs. 1-4
provide a comoving view of the clusters’ evolution).
Figs. 1 and 2 show the evolution of initially homogeneous systems.

During the early evolutionary phases (0 < 𝑡 . 𝑡ff), systems starting
with a homogeneous density profile are characterized by the rapid
growth of initial density Poisson fluctuations and the formation of
several distinct stellar clumps (see also Aarseth et al. 1988 for some
of the first simulations showing evidence of this early clump growth).
Comparing systems with different initial rotations shows that these
clumps are less prominent in models with high rotation and clearly il-
lustrate the role played by rotation in these early evolutionary phases.
Most of the stellar clumps formed during the early collapse merge

during the maximum contraction phase (𝑡 ∼ 𝑡ff), but some may sur-
vive; the post-maximum-contraction phase is characterized by the
presence of two or three large stellar subsystems orbiting around
each other and merging to form a single star cluster only later in
the evolution. In the post-maximum-contraction phase, the more

tangentially-biased velocity distribution of systems with initial ro-
tation can delay the merging of the stellar clumps that survive the
maximum contraction phase and extend the time required for a sys-
tem to reach a final monolithic structure. The role of rotation is also
evident in the increasing flattening along the direction of the rotation
axis (the 𝑧-axis) for clusters with higher initial rotation (see e.g. Fig.
2 at 𝑡/𝑡ff = 1).

Figs. 3 and 4 show the structural evolution of systems with an
initially fractal spatial distribution. The role of rotation is similar to
that found for initially homogeneous systems. In this case, however,
rotation has an additional effect on the early evolution of the stellar
clumps present in the initial spatial distribution. In systems with no
or low initial rotation, these subsystems tend to interact with each
other, merge, and form larger substructures quickly during the early
phases of the system’s collapse; these early mergers are increasingly
suppressed for larger initial rotations. The result is that initially ro-
tating systems are, in general, characterized by the presence of a
larger number of clumps than systems with no or low rotation. This
effect, combined with the longer survival of substructure in rotating
systems, leads to significant differences in the structural properties
of systems with different initial rotation during the post-maximum
contraction phase.

These differences are in part captured and illustrated by the time
evolution of the fractal dimension shown in Fig. 5. This figure sum-
marizes the structural evolution of the clusters we have studied, the
initial growth, subsequent mergers, and disruption of clumps as the
clusters evolve toward a smooth monolithic structure. In the post-
maximum-contraction phase, rapidly rotating systems are character-
ized by smaller values of the fractal dimension (an indication of a
more clumpy structure) than systems with no or low rotation. We
point out that while the fractal dimension nicely captures the small
scale substructure of clusters during their early evolution, it does
not clearly reveal some significant large-scale structural differences
in the clusters’ final evolutionary stages. For example, at the end of
the simulations all systems have very similar values of the fractal
dimension, but the H150 system is characterized by the presence of
two subsystems, (see bottom right panel of Figs. 3 and 4) while in

MNRAS 000, 1–18 (2021)



8 A. Livernois et al.

Figure 6. Radial profile of the rotation velocity, 𝑣c, for each mass range in the legend (in units of𝑀�), for the H025, H075, and H150 (top to bottom, left panel)
clusters, and F025, F075, F150 (top to bottom, right panel) clusters from 4.5𝑡ff < 𝑡 < 5𝑡ff (except for H150 and F150 which are evaluated over 5.5𝑡ff < 𝑡 < 6𝑡ff ,
since they reach equilibrium later). 𝑅 and 𝑅h are, respectively, the cylindrical radius and cylindrical half-mass radius; Ω is the angular velocity of the cluster’s
orbital motion around the host galaxy and 𝑅J is the cluster’s Jacobi radius. (Ω𝑅J represents the rotational velocity at the Jacobi radius for a system with internal
rotation synchronized with the orbital rotation around the host galaxy).

MNRAS 000, 1–18 (2021)



Early dynamics of star clusters 9

Figure 7. Time evolution of the distribution of the orbital alignment, 𝐿z/𝐿, in the inner 50% in radius of stars in H075 (left panel) and F075 (right panel).
The colour is defined by ln(𝑁 (𝐿z/𝐿, 𝑡)/𝑁 (𝑡)) . These show clear orbital alignment with the system’s initial rotation for the initially homogeneous cluster (left
panel), and a bi-modal distribution of the orbital alignment in the initially fractal cluster (right panel), indicating the presence of a counter-rotating subsystem.

all the other systems starting with homogeneous density profile all
clumps have merged and no significant substructure is present.

3.2 Rotational properties

In this section we discuss the rotational properties at the end of
the violent relaxation phase when the clusters have reached a virial
equilibrium state.
In Fig. 6 we present the rotation curves for a few representative,

initially rotating models. The rotation curves are calculated from
the rotational velocities of stars in concentric cylindrical radial bins
that are aligned parallel to the rotation axis and display the median
rotational velocity curve in the time interval 4.5-5.0 𝑡ff for H025,
F025, H075, and F075, and 5.5-6.0 𝑡ff for H150 and F150, since they
do not reach equilibrium until about 5.5𝑡ff .
The rotation curves of all systems share a few general properties:

they are all characterized by rotational velocities increasing with the
distance from the cluster’s centre to a maximum in the intermediate
regions (𝑅h < 𝑅 < 3𝑅h), and decrease in the outer regions.
Initially homogeneous clusters have stronger rotation than the ini-

tially fractal counterparts; the substructure in the spatial distribution
of initially fractal clusters and the various clump-clump interactions
during the violent relaxation phase lead to shallower and less ordered
collapse resulting in systems with a weaker rotation.
As shown in Fig. 6, we find that, in several of the systems we have

studied, massive stars tend to have rotational velocities around the 𝑧-
axis of the cluster larger than low-mass stars. We interpret this trend
as the outcome of the combined effect of angular momentum conser-
vation, spatial segregation, and anisotropic segregation of massive
stars (we will further discuss mass segregation in Sect. 3.3.1). This
effect is weaker in initially fractal clusters in which the less ordered
nature of the violent relaxation collapse and re-expansion phases
leads to a more effective kinematic randomization.

The more complex dynamics and clump-clump interactions oc-
curring during the violent relaxation of initially fractal systems can
produce an interesting kinematic feature in the inner rotation curve
of slowly rotating systems; specifically, as shown in the right panel of
Fig. 6, we find that in the inner regions of the F025 system massive
stars are counter-rotating relative to the rest of the cluster. This is one
of the manifestations of the dynamical link between stellar mass and
angular momentum orientation, which will be further discussed later
in the paper (see Section 3.3.2).

Fig. 7 shows the time evolution of the distribution of the orbital
alignment to the 𝑧-axis, 𝐿z/𝐿 (where 𝐿 is the magnitude of the an-
gular momentum vector, and 𝐿z is the component around the 𝑧-axis),
for the models H075 (left panel) and F075 (right panel). The orbital
alignment ranges from -1 (full orbital alignment with the -𝑧-axis) to
1 (full orbital alignment with the +𝑧-axis); for the rotating systems
we have studied most stars have initially 𝐿z/𝐿 > 0.5. The two panels
of Fig. 7 clearly show that, as the clusters evolve, the strong initial
orbital alignment is in part erased as stars are scattered by interac-
tions with other stars and clumps present during these stages. The
evolution of an initially fractal system (the F075 system; right panel
of Fig. 7), shows evidence of an inner counter-rotating subsystem
in the early phases of evolution after the maximum contraction. The
strength and nature of the counter-rotating component in the initially
fractal systems is subject to stochastic effects, and can be less evident
as the initial rotation of the system is increased. In our F025 model,
this counter-rotating component is more significant and lasts longer;
as we will discuss later, massive stars tend to preferentially segregate
on orbits aligned with the cluster bulk rotation and for the F025 simu-
lation the inner negative rotational velocity of massive stars shown in
the top right panel of Fig. 6 is a manifestation of the counter-rotating
component.

In Fig. 8, we further explore the evolution of the F025 system
and the dynamical origin of the stars populating the inner counter-

MNRAS 000, 1–18 (2021)



10 A. Livernois et al.

Figure 8. Different dynamical populations of the F025 cluster in the 𝑥-𝑧 plane. The columns are (from left to right): 𝐿z/𝐿 > 0.75, 0 < 𝐿z/𝐿 < 0.75,
−0.75 < 𝐿z/𝐿 < 0, 𝐿z/𝐿 < −0.75, and −1 ≤ 𝐿z/𝐿 ≤ 1, with each subgroup keeping their original colour. The coordinates 𝑥 and 𝑧 are scaled to the 3-D
half-mass radius, 𝑟h, evaluated for the system at the time of the snapshot. This shows the formation of a counter-rotating inner disc, as well as the dynamics of
the larger clumps during the violent relaxation phase. At 𝑡 = 5𝑡ff , the percentage of stars in each angular alignment bin (from left to right) is approximately as
follows: 24%, 35%, 29%, 12%, 100%.

MNRAS 000, 1–18 (2021)



Early dynamics of star clusters 11

Figure 9. Time evolution of the 3-D half-mass radius, 𝑟h, normalized by the Jacobi radius, 𝑟J, for each mass range in the legend (in units of 𝑀�), for H075 (left
panel) and F075 (right panel). The trend between 𝑟h and stellar mass clearly shows evidence of mass segregation after around 1 𝑡ff .

Figure 10. Time evolution of the median local number density per mass group, 𝑛(𝑚) , for each mass range in the legend (in units of 𝑀�), normalized by the
median local density of the entire cluster, 𝑛, for H075 (left panel) and F075 (right panel). The trend between 𝑛(𝑚) and particle mass clearly shows evidence of
mass segregation well before maximum contraction at ≈ 1𝑡ff .

rotating core by combining the information on the cluster’s structural
evolution with that of the distribution of 𝐿z/𝐿. Different panels
show the evolution of stars separated according to the values of
𝐿z/𝐿. As shown in this figure, as the cluster starts its collapse, a
population of counter-rotating stars forms as a result of the clump-
clump interactions and scatterings among the various substructures
already present in the very early evolutionary phases of this system.
Strongly counter-rotating stars (with 𝐿z/𝐿 < −0.75) eventually settle
down in a centrally concentrated and flattened core overlapping with
the prograde population.

3.3 Mass segregation and evolution towards energy
equipartition

3.3.1 Mass segregation

Mass segregation is one of the manifestations of two-body relaxation
in multi-mass collisional systems and is usually associated with the
system’s long-term evolution. However, as discussed in the Intro-
duction, a number of studies have shown the development of signifi-
cant mass segregation also during a cluster’s early violent relaxation
stages.
Here, we further explore this early segregation and its link with

the evolution of the clusters’ kinematic properties.
The two panels of Fig. 9 show the time evolution of the half-mass

radius of stars in different mass bins for two representative models.
As clearly illustrated by this figure, clusters developmass segregation

MNRAS 000, 1–18 (2021)



12 A. Livernois et al.

Figure 11. Time evolution of the median local number density for massive stars, 𝑛(𝑚 > 20𝑀�) , normalized by the median local number density for the entire
cluster, 𝑛, for the initially homogeneous clusters (left panel) and the initially fractal clusters (right panel). This shows that the early mass segregation is consistent
between all clusters, and more significant in the initially homogeneous clusters.

Figure 12.Half-mass radius, 𝑟h, for stars with𝑚 > 20𝑀� , normalized by the
half-mass radius of the entire cluster and averaged over 4.5𝑡ff < 𝑡 < 5𝑡ff as
a function of initial rotation, for each cluster. The error bars are the standard
deviation of the averaged snapshots. This shows that once the cluster reaches
equilibrium, the initially homogeneous clusters are characterized by stronger
mass segregation than the initially fractal systems, and also that rotation has
a significant effect on the final mass segregation.

during the violent relaxation process and settle down to an equilib-
rium configuration in which the half-mass radius of the most massive
stars is significantly smaller than that of the low-mass stars. A com-
parison between the two panels of Fig. 9 also shows that the initially
homogeneous cluster settles into a more compact final equilibrium
configuration. This is the consequence of the differences between
the initial spatial distributions of the two systems: the initially ho-
mogeneous systems undergoes a more coherent and deeper collapse
resulting in a more compact final configuration. As for the effect of
rotation on the final cluster size, we find that clusters initially rotating
more rapidly are characterized by a larger final size. The effect of

rotation on the final size is similar for both homogeneous and fractal
systems but is weaker in the latter case.

A variety of different parameters have been introduced in the
literature to quantify the degree ofmass segregation (see e.g. Parker&
Goodwin 2015, Maschberger & Clarke 2011); here we are interested
in quantifying the segregation developing on a local scale in the
various substructures present during the cluster’s early evolution and
we use the local density of stars in different mass bins to measure
the degree of mass segregation. Fig. 10 shows the time evolution of
the median local number density (where the local number density is
calculated by the distance to the 6th nearest-neighbour; Casertano &
Hut 1985) for stars in different mass bins and further illustrates the
dynamical path leading to the mass segregation we find in all our
systems. Studying the dependence of the local density on the stellar
mass allows us to probe the development of mass segregation on a
local scale during the early cluster’s evolution when the systems are
characterized by an irregular and clumpy spatial structure: stars with
higher local number densities are, in general, those located in the
central regions of the various clumps that are formed and destroyed
during the violent relaxation process.

This figure clearly reveals the development of mass segregation
during the very early stages of violent relaxation before the systems
reaches its first maximum contraction (at 𝑡/𝑡ff ∼ 1); massive stars
preferentially migrate towards regions of high local density at the
centre of the various clumps present in the evolving clusters.Memory
of this early segregation is then preserved in the late stages of violent
relaxation as the various clumps and substructures interact with each
other and eventually merge resulting in a single monolithic cluster
(see e.g. McMillan et al. 2007).

The comparison between the evolution of the median local density
for the initially homogeneous system and that of the initially fractal
system shows that the homogeneous system develops a stronger mass
segregation than the fractal system. This could be the result of the
stronger effects of two-body relaxation in the smaller and denser
clumps forming during the evolution of the homogeneous system; in
fact, while clumps are already present in the initial conditions of the
fractal system, they are, in general, larger and less dense than those
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Figure 13.Median radial profile of the mass density, 𝜌, for each mass range in the legend (in units of 𝑀�), normalized by the mass density of each mass range
in the innermost radial bin, 𝜌0, for the H075 (left panel) and F075 (right panel) clusters from 4.5𝑡ff < 𝑡 < 5𝑡ff . In the inner regions, the high-mass stars display
a more cusp-like profile as opposed to the more core-like profile of the less massive stars.

Figure 14. Enhancement of average mass, 𝜖 (defined in equation 4), of different Lagrangian cylindrical radii and 𝐿z/𝐿 bins for H075 (left panel) and F075
(right panel). The colour is determined by ln(𝜖 ) . The snapshots with 4𝑡ff < 𝑡 < 5𝑡ff are combined in this analysis to improve statistics. The blue region around
𝐿z/𝐿 ≈ 1 for both clusters displays how the massive stars are preferentially on orbits rotating about the cluster rotation axis as compared to less massive stars.

arising during the evolution of the initially homogeneous clusters
(see Fig. 1 and 2).
In Fig. 11, we compare the time evolution of the median local den-

sity for the stars in the most massive bin for systems with different
initial rotations and spatial distributions. For all the values of the ini-
tial rotation we have investigated, all of our systems with an initially
homogeneous spatial distribution (left panel) are characterized by a
stronger mass segregation than initially fractal systems (right panel)
during and after the violent relaxation phase.
To compare the final mass segregation across all models, Fig. 12

displays the ratio of the half-mass radius of stars in the most massive
group (stars with 𝑚 > 20𝑚�) to the half-mass radius of all stars as a
function of the strength of the initial rotation (asmeasured by the ratio
𝑄rot/𝑄tidal). This figure shows that mass segregation is a common
feature of the equilibrium configuration reached at the end of the

violent relaxation stage by all the systems we have studied. As shown
in Fig. 12, the final degree of mass segregation depends both on the
cluster’s initial spatial distribution and rotation: models starting with
a homogeneous density profile are characterized by a stronger final
segregation than those starting with a fractal spatial distribution, and
models with high rotation are less spatially segregated than those
with slow initial rotation.

Finally, Fig. 13 shows the spherical density profiles for stars in four
different mass bins, normalized to the density of each mass range in
the innermost radial bin, calculated at the end of the simulationswhen
the systems have reached an equilibrium state, from 4.5 − 5𝑡ff . This
figure highlights the shape of the density profile in the inner regions
of the cluster, and shows that more massive stars (in particular stars
with m>20𝑀�) are more spatially segregated and have a more cuspy
density profile than low-mass stars.
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Figure 15. Enhancement of average mass for the innermost 25% of stars, 𝜖 (defined in equation 5), as a function of orbital orientation, 𝐿z/𝐿, at equilibrium for
the initially homogeneous clusters (left panel) and the initially fractal clusters (right panel). For all clusters except for H150 and F150 𝜖 is calculated between
4-5𝑡ff , and for the H150 and F150 clusters, 5.5-6.5 𝑡ff , due to those clusters reaching equilibrium later.

Figure 16. Radial profile of the velocity dispersion along the 𝑧-axis, 𝜎z, for each mass range in the legend (in units of 𝑀�), normalized by the central velocity
dispersion of the entire cluster along the same axis, 𝜎0, for the H075 (left panel) and F075 (right panel) clusters from 4.5𝑡ff < 𝑡 < 5𝑡ff . 𝑅h is the cylindrical half
mass radius of the system. The clear trend between the inner 𝜎z and mass is evidence of early evolution towards energy equipartition in these systems.

3.3.2 Anisotropic mass segregation

In this section, we show how the presence of rotation further en-
riches the early cluster dynamics and introduces a new fundamental
link between early mass segregation and the kinematic properties of
clusters emerging at the end of the violent relaxation phase.
Fig. 14 shows a map of the mean stellar mass on the 𝑅-𝐿z/𝐿 plane

(where 𝑅 is the 2D distance of various Lagrangian shells from the
cluster’s centre). Each cell of this map is colour-coded according to
ln(𝜖), where 𝜖 is a parameter introduced in Szölgyén et al. (2019)
and defined as the average mass of stars in that cell normalized to the
average mass of all stars in the same radial shell:

𝜖 (𝑅, 𝐿z/𝐿) =
𝑚(𝑅, 𝐿z/𝐿)

𝑚(𝑅) . (4)

This figure clearly shows evidence of anisotropicmass segregation:
more massive stars tend to kinematically segregate towards larger
values of 𝐿z/𝐿 leading, at all radii, to larger average mean stellar
masses in the cells corresponding to larger values of 𝐿z/𝐿. We find
this trend in all of the rotating models studied regardless of the
initial spatial distribution, although, as shown in Fig. 14, the trend is
stronger for initially homogeneous models.

Szölgyén et al. (2019) have recently explored the long-term evo-
lution of rotating multi-mass globular clusters and found that, in
addition to the well known radial segregation, massive stars tend
to segregate into orbits with angular momentum aligned with the
cluster’s angular momentum. Our results show that the same kine-
matic segregation occurs during early evolutionary phases as a cluster
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Figure 17. Velocity dispersion along the 𝑧-axis, 𝜎z, normalized by the central velocity dispersion along the same axis, 𝜎𝑧,0, as a function of mass for the inner
10% in radius of stars for 4.5𝑡ff < 𝑡 < 5𝑡ff (except for H150 and F150 which are evaluated over 5.5𝑡ff < 𝑡 < 6𝑡ff , since they reach equilibrium later) for the
initially homogeneous clusters (left panel) and the initially fractal clusters (right panel). This shows the extent of evolution towards energy equipartition reached
in each cluster by the time they reach equilibrium.

Figure 18. The equipartition mass, 𝑚eq (defined in equation 6), for each
cluster for the inner 10% in radius of stars as a function of 𝑄rot over 4.5𝑡ff <

𝑡 < 5𝑡ff (except forH150 and F150 which are evaluated over 5.5𝑡ff < 𝑡 < 6𝑡ff ,
since they reach equilibrium later). Due to the anomalous behavior of the
20𝑀�+mass bin in the H150 curve in Fig. 17, we omit that mass bin for our
calculation of 𝑚eq.

undergoes violent relaxation and evolves toward an equilibrium con-
figuration.
In order to further explore the kinematic mass segregation and its

link with the orbital inclination, we introduce a parameter 𝜖 , defined
as the integral of 𝜖 over the inner regions of the cluster (a similar
metric was introduced in Szölgyén et al. (2019)):

𝜖 (𝐿z/𝐿) = 𝜖 (𝑅 < 𝑅25%, 𝐿z/𝐿) (5)

where 𝑅25% is the radius containing the inner 25% of stars.
Fig. 15 visualizes 𝜖 as a function of 𝐿z/𝐿 in each cluster, and shows

evidence of anisotropic mass segregation in the rotating models, with
a stronger degree in the initially homogeneous models (left panel of
Fig. 15).

3.3.3 Evolution towards energy equipartition

One of the consequences of the effects of two-body relaxation is the
evolution towards energy equipartition.
The evolution towards equipartition has been extensively studied

in the context of the long-term evolution of star clusters; several
studies have shown that full energy equipartition cannot be achieved
in systems with a realistic mass function (see e.g. Trenti & van
der Marel 2013, Webb & Vesperini 2017) and explored the degree
of partial energy equipartition reached by clusters as function of
the distance from the cluster’s centre and the cluster’s dynamical
phase (Bianchini et al. 2016, Webb & Vesperini 2017, Bianchini
et al. 2018a, Libralato et al. 2018b, Pavlík & Vesperini 2021) The
extent to which early mass segregation developing during the violent
relaxation phase is accompanied by the kinematic evolution towards
energy equipartition, on the other hand, has received relatively little
attention.
In Fig. 16, we show the final radial profiles of the projected veloc-

ity dispersion (calculated along a line of sight parallel to the cluster’s
rotation axis) for stars in different mass groups for H075 (left panel)
and F075 (right panel). In both cases our results show clear evi-
dence of evolution towards energy equipartition in the clusters’ inner
regions (𝑅 < 𝑅h) where more massive stars have smaller velocity
dispersion than low-mass stars. This effect is more pronounced in the
initially homogeneous system, but is clearly present and significant
in the initially fractal system as well.
In order to compare the degree of evolution towards energy

equipartition in all the models studied, Fig. 17 plots the velocity
dispersion along the 𝑧-axis, 𝜎z, versus stellar mass for the innermost
10% of the stars in the cluster (𝑅 . 0.3𝑅h). This figure shows that all
models are characterized by a dependence of the velocity dispersion
on the stellar mass consistent with that expected for systems evolving
towards energy equipartition. In order to further quantify the degree
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Figure 19. Time evolution of the fraction of stars that have a speed lower than the median speed of their nearest 20 neighbours for stars, 𝑁 (𝑠 < 𝑠NN)/𝑁 , with
all local density values (top row), and for stars with the highest 10% values in local density (bottom row) for each mass range in the legend (in units of 𝑀�) in
H075 (left panels) and F075 (right panels). This shows how early in the violent relaxation process that the evolution towards energy equipartition starts.

Figure 20. Time evolution of the median local relative speed, 𝑠/𝑠NN (where 𝑠 is the speed of each star and 𝑠NN is the median speed of each star’s 20 nearest-
neighbours), for stars with all local density values (top row), and for stars with the highest 10% values in local density (bottom row) for each mass range in the
legend (in units of 𝑀�) in H075 (left panels) and F075 (right panels).

of evolution towards energy equipartition, we have fit these profiles
with the exponential function introduced by Bianchini et al. (2016):

𝜎(𝑚) =


𝜎0 exp
(
− 12

𝑚
𝑚eq

)
𝑚 < 𝑚eq

𝜎0
(

𝑚
𝑚eq

)−1/2
𝑚 ≥ 𝑚eq

(6)

where 𝑚eq, the equipartition mass, and 𝜎0 are the free parameters.

Fig. 18 plots the equipartition mass of each cluster’s central re-
gion and shows clear evidence of evolution towards energy equipar-
tition for all clusters. For models with slow or moderate rotation,
initially homogeneous models have smaller values of𝑚eq, indicating
a stronger degree of evolution towards energy equipartition. We do
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not find any significant trend between initial rotation and the final
degree of evolution towards energy equipartition.
Quantifying the degree of evolution towards energy equiparti-

tion during the violent relaxation phase is not straightforward, since
the system is still not in equilibrium and is characterized by com-
plex structural and kinematic properties. In order to further explore
the evolution towards energy equipartition and trace the dynamical
path leading to the mass-dependent velocity dispersion found when
our models reach virial equilibrium, we have adopted the following
method. We have compared the speed, 𝑠, of each star in the clus-
ter with the median speed of its 20 nearest-neighbours, 𝑠NN. In a
system in which the velocity of stars is independent of the stellar
mass, the fraction of stars with speeds smaller than the median of its
nearest neighbours is expected to be about 50% for any mass group.
For clusters evolving towards energy equipartition, massive stars will
tend to have smaller velocities than low-mass stars, and the fraction
of massive stars with speeds smaller than the median speed of their
neighbours is therefore expected to increase.
Fig. 19 (top panels) shows the time evolution of the fraction of

stars with speeds smaller than the median speed of their 20 nearest-
neighbours: as expected, the fraction is initially equal to about 50%
for stars in all the mass groups but, as the system starts to evolve, it
immediately increases for the most massive groups clearly showing
evidence of the early evolution towards amass-dependent kinematics.
This result combined with that of the evolution of spatial segre-

gation in the bottom panels of Fig. 19, where this analysis is carried
out only for the stars with the top 10% of the local number density,
clearly reveals the dynamical path behind the development of the
structural and kinematic fingerprints associated with the collisional
effects acting during the cluster early dynamical phases.
Finally, in order to further quantify the early evolution towards

energy equipartition, we show in Fig. 20 the time evolution of the
median of 𝑠/𝑠NN. This figure provides a more quantitative measure
of the extent of the differences between the speeds of stars in different
mass bins and those of their nearest-neighbours.

4 CONCLUSIONS

In this paper, we have explored the early evolution of rotating multi-
mass star clusters as they undergo the violent relaxation phase in
the presence of a weak external tidal field and evolve towards an
equilibrium state. We have focused our attention, in particular, on the
effects due to the clusters’ initial rotation and the dependence of the
evolving structural and kinematic properties on the stellar mass.
The main conclusions of our study are the following.

• We have followed the evolution of the structural properties of
clusters and found that, regardless of whether a cluster starts with
a homogeneous or fractal spatial distribution, during the violent re-
laxation phase, clusters develop a clumpy distribution; individual
clumps grow, interact with each other, and eventually merge produc-
ing a single monolithic system. Rotation plays a key role in this phase
as it delays the clump merging and extends the phase during which a
cluster is characterized by a clumpy structure.

• The final equilibrium state in all of the systems we have studied
are characterized by a rotation curve that increases with the distance
from the cluster’s centre to a maximum in the intermediate regions
(𝑅h < 𝑅 < 3𝑅h), and decreases in the outer regions. Our study has
revealed a dependence of the final rotation velocity on the star mass:
high-mass stars tend to rotate more rapidly. This trend is stronger in
systems starting with a homogeneous spatial distribution.

• We find that systems starting with an initial fractal distribu-
tion with low/moderate initial rotation can be characterized by the
presence of an inner counter-rotating subsystem.

• All the systems studied evolve into a final equilibrium in which
massive stars are segregated in the cluster inner regions.We show that
massive stars tend to segregate towards the inner region of the various
clumps present already in the very early phases of violent relaxation,
and such segregation is then preserved in the final monolithic clus-
ter emerging at the end of violent relaxation. Mass segregation is
stronger in initially homogeneous systems and in systems with low
initial rotation.

• We show that mass segregation is accompanied by an evolution
towards (partial) energy equipartition starting during the very early
stages of violent relaxation. The final equilibrium states are char-
acterized by a velocity dispersion decreasing for increasing stellar
masses (in particular in the cluster inner regions) as expected for
stellar systems evolving towards energy equipartition. The final de-
gree of equipartition is slightly stronger for systems starting with a
homogeneous spatial distribution.

• In addition to spatially segregating in the cluster inner regions,
massive stars show evidence of kinematic segregation as they prefer-
entially segregate into orbits with angular momentum aligned with
the cluster’s angular momentum. This effect was previously found
by Szölgyén et al. (2019) in a study of the long-term evolution of
multi-mass rotating star clusters driven by two-body relaxation. Our
analysis shows that a similar anisotropic segregation also arises dur-
ing the cluster’s early violent relaxation phase. The development of
this kinematic segregation, along with mass segregation and evolu-
tion towards energy equipartition, provides another example of the
manifestation of collisional effects during the violent relaxation and
early evolution of star clusters.

In future studies we will further expand the analysis presented here
by including the effects of stellar evolution, by considering a broader
range of structural and kinematic initial properties, testing different
tidal field strengths, and we will extend our study to explore the
long-term evolution of multi-mass rotating clusters.
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APPENDIX A: ADDITIONAL SIMULATIONS

In order to explore the extent of stochastic variations in the results
presented in this paper, we have run two additional simulations for
different random realizations of the initial conditions of the H075 and
F075 models. The following figures present the results concerning
the main structural and kinematic properties discussed in the paper
for these two simulations (hereafter we refer to these additional sim-
ulations as H075A and F075A). These figures illustrate the degree of
variance associated with these simulations and confirm the presence
of all the main dynamical features identified in the paper.
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Figure A1. Same as middle row of Fig. 6 but for the simulations H075A and F075A.

Figure A2. Same as Fig. 7 but for the simulations H075A and F075A
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Figure A3. Same as Fig. 9 but for the simulations H075A and F075A.

Figure A4. Same as Fig. 10 but for the simulations H075A and F075A.
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Figure A5. Same as Fig. 13 but for the simulations H075A and F075A.

Figure A6. Same as Fig. 14 but for the simulations H075A and F075A.
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Figure A7. Same as Fig. 16 but for the simulations H075A and F075A.

Figure A8. Same as Fig. 19 but for the simulations H075A and F075A.
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Figure A9. Same as Fig. 20 but for the simulations H075A and F075A.

MNRAS 000, 1–18 (2021)


	1 Introduction
	2 Methods and Initial Conditions
	3 Results
	3.1 Structural properties
	3.2 Rotational properties
	3.3 Mass segregation and evolution towards energy equipartition

	4 Conclusions
	A Additional Simulations

