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Investigating a Potential Format Effect with Two-Column
Proofs

Maryam Alarfaj∗, Chris Sangwin†

Abstract

The current study aims to explore the impact of the two-column format in writing simple
mathematical arguments. That is to say, a structured method of presenting a mathematical
proof or argument by using a tabular layout with two-columns. The underlying goal of
the research reported in this paper is to inform understanding of how to effectively assess
students’ proof construction, particularly online. In this paper, we report the results of an
experiment designed to test the hypothesis that students provide more justifications when
using the two-column format in writing mathematical proofs. Participants were 80 first year
undergraduate mathematics students at The University of Edinburgh who were enrolled in
a calculus course. The findings supported this hypothesis: overall frequency of justification
were higher in the two-column condition compared to the traditional condition. This is due
to the format structure where students are expected to justify each line in the statements’
column with a corresponding explanation in the justification column. However, as a side effect
of increasing the amount of justifications, students in the two-column group generated more
non-explanation statements which we classed as paraphrasing. A secondary outcome was our
use and further development of the coding scheme.

1 Introduction

Proof is a key hallmark of mathematics, distinguishing the subject from empirical science or more
philosophical speculation. In proof construction, we assess students’ ability to create different
types of proofs. The current study aims to explore the impact of the two-column format in
writing simple mathematical arguments. That is to say, a structured method of presenting a
mathematical proof or argument by using a tabular layout with two-columns. The underlying
goal of the research reported in this paper is to inform understanding of how to effectively assess
students’ proof construction, particularly online.

Students are increasingly being expected to use online assessment systems as support for traditional
courses, (Sangwin, 2013). Such online assessment is increasingly designed to accept students’
working. Many of these online assessment or learning systems are implementing two-column input
mechanisms, and examples are provided in Section 1.2. Hence, it makes sense to re-visit the
effectiveness, or otherwise, of the two-column proof format from an educational perspective. We
are not advocating for a particular practice, but we do believe a re-evaluation of two-column
proofs is timely. The two-column format is just one of many potential useful structured formats
for writing proofs.

When writing traditional proofs students typically don’t write significant justifications, e.g. see
(Sangwin, 2016). We don’t want to force students to write trivial justification for every algebraic
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step, and so some understanding of what students do in practice will be helpful to the future
design of online assessments.

We undertook an experiment to compare students’ writing between traditional arguments and
arguments in a two-column format. Four experimental groups resulted which allowed a comparison
to be made between the effects of formats and type of justifications when writing proofs. We
expected to confirm the well-established findings that novices benefit from guided instruction
(Kalyuga, Rikers & Paas, 2012). When instructional guidance is provided to learners who already
have a sufficient knowledge for dealing with presented information, an unnecessary extraneous
cognitive load could be imposed either on novices or experts, resulting in an expertise reversal
effect. However, the main focus of this research concerns the relationship between formats and
types of justifications given by students. We considered the following two key questions.

1. Is there a format effect between traditional proof and the two-column format in writing
mathematical proofs?

2. In writing proofs, what kinds of justifications do the students actually write?

According to (Inglis, Mejia-Ramos & Simpson, 2007), there are two main ways of analyzing math-
ematical arguments that are produced by students and mathematicians: those that concentrate
on the structure of the arguments, and those that concentrate on the content of the arguments.
The justifications made by participants were transcribed and coded according to a scheme based
on (Renkl, 1997). The original coding scheme was also used by (Ainsworth & Burcham, 2007, 3)
and subsequently slightly altered by (Hodds, Alcock & Inglis, 2014) to be applicable when coding
verbal protocols for mathematical proofs.

In this paper, we define two-column proofs in Section 1.1. We provide examples of contemporary
online assessment in Section 1.2. We discuss the role of proofs and how students learn proofs
in Section 1.3. We describe our materials, methods, study design and procedures in Section 1.4.
Section 1.5 illustrates the coding scheme used in the study. The results are provided in Section 2,
with discussion provided in Section 3. Section 4 provides a conclusion.

1.1 Definition and history of two-column proofs

What is a two-column proof? A two-column proof is a method of presenting a mathematical proof
or argument by using a tabular layout with two-columns.

A proof in two-column form is written out in a chronological sequence that correlates
with numbered assertions: line 1 is written first, line 2 is written second, and so on.
Moreover, the two-columns are written in alternating sequences: first the statement of
line 1, then the reason for line 1; then the statement of line 2, then the reason for line
2; and so on. (Weiss, Herbst & Chen, 2009)

In this work we use the phrases proof and mathematical reasoning in an inclusive manner: at one
end this is a purely algebraic calculation (with lines linked with equivalence statements, often
omitted/assumed in written work) at the other end this is highly structured logic, working from
formal definitions, e.g. as in an epsilon-delta argument in real analysis. For instance, (Stylianides,
2007) discusses a notion of proof in elementary school mathematics. In that work a proof was
defined as a mathematical argument, which is to say a connected sequence of assertions used to
justify a mathematical claim. In common with that work, we agree such an argument occurs
within a classroom culture, makes use of agreed valid forms of reasoning and is expressed in an
agreed form. Indeed, the experiment we report in this paper seeks to consciously constrain the
format. Proof in this experiment uses calculations, rather that the more abstract proof which our
university students will eventually learn, this sitting in a middle ground between proof at high
school and advanced mathematical proof.
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The two-column proof has been used in the USA to teach students how to prove since the
early twentieth century (Herbst, 2002), mostly in school geometry. (Herbst, 2002) was inter-
ested whether the custom of using two-column proofs developed as a practical way to ensure that
every student should be able to write proofs. In particular, an early example is (Schulze & Sev-
enoak, 1913) who aimed to “give to the student mental training instead of teaching him mere facts;
to develop his power instead of making him memorize”. An example from (Schulze & Sevenoak,
1913), pg 67, is shown in Figure 1 with the theorem to the left, and the two-column proof to the
right. Such two-column proofs have become somewhat routine, and in this sense the two-column
proof format has been criticised, e.g. see (Weiss et al., 2009).

Figure 1: A school geometry proof in two-column format

The use of page layout to structure mathematical argument is not new, indeed the two-column
idea can be traced back at least to the algebra book of (Brancker, Pell & Rahn, 1668), but the
format is not currently popular. An algebraic example from (Brancker et al., 1668) is shown in
Figure 2. Note that Figure 2 contains somewhat archaic algebraic 17th Century notation: see
(Stedall, 2002) for a detailed discussion.

Figure 2: An algebraic derivation in two-column format

1.2 Examples of contemporary online assessment

The two-column proof lends itself to online assessment, with a number of possible options. For
example, teachers might expect students to provide (1) the actual steps in the proof, (2) the
justification, or both.

Our first example is by Prof. Michael Beeson at San Jose State University, who has been developing
educational software since 1985. Mathpert, MathXpert, and more recently an online system
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Figure 3: The user interface in the MathXpert system

http://www.helpwithmath.com/ are tutoring systems for mathematics, more specifically solving
equations. Mathpert and MathXpert allow its user to construct a step-by-step solution to a wide
range of problems in elementary algebra, and more generally in calculus, trigonometry and simple
inequalities.

Mathpert is intended to replace paper-and-pencil homework in algebra, trig, and cal-
culus, retaining compatibility with the existing curriculum while at the same time
supporting innovative curriculum changes; to provide easy-to-use computer graphics
for classroom demonstration in those subjects, as well as for home study; to replace
or supplement chalk-and-blackboard in the classroom for symbolic problems as well as
graphs. (Beeson, 1998)

Students pick a topic and then use a calculation window to solve the problem in a step-by-step
fashion. By design, users select part (or all) of an expression and the software provides a menu of
operations which can be performed on that selection. MathXpert actually performs that operation
automatically. MathXpert also a wide range of options, including hints, or it can even complete
the whole problem automatically.

The user interface from the desktop version of the MathXpert system is shown in Figure 3. Notice
this interface is fundamentally a two-column format, but the emphasis is not on the students
performing the calculations themselves, rather students are required only to make decisions on
which direction to go.

An alternative is to have the students perform the calculations themselves, e.g. with Aplusix.

The first main goal of the designers was to develop an ILE for algebra allowing the
student to freely build and transform algebraic expressions, and providing epistemic
feedback that can help in learning algebra. (Nicaud, Bouhineau & Chaachoua, 2004)

A more recent system is SOWISO, https://sowiso.nl/. This online learning environment also
expects students to perform calculations, and the software analyses students’ input and attempts
to identify what they have done. The software seeks to identify any mistakes and provides specific
hints and feedback. The design provides students with this feedback regardless whether their input
is judged correct or incorrect, again in a fundamentally two-column format, see Figure 4.

MathXpert and SOWISO represent opposite extremes in design between (i) decison making (Math-
Xpert) and (ii) user computation (SOWISO). Clearly there are many design decisions required
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Figure 4: The user interface in the SOWISO system

when implementing such software. We could cite many other specific examples. We are reporting
is paper-based foundational research about what justifications students actually provide, and how
the format might influence these justifications.

1.3 How students learn, and how students learn proofs

Proof fulfills a number of purposes, in the mathematics community and mathematics classrooms.
Proofs are used not merely to convince students that a claim is true but also to give students some
form of mathematical intuition (e.g., (Hanna, 1991); (Hersh, 1993)).

Proofs can help to confirm a student’s understanding of theorems, axioms, rules, givens and
hypotheses. Some mathematics educators attribute students’ difficulties in understanding proofs to
the writing style of the traditional paragraph proof (Rowland, 2002). To deal with these difficulties,
alternative formats of writing proofs were suggested by several researchers. For example, (Leron,
1983) argued that presenting a proof in linear style is unsuitable for mathematical communication.
He suggested that when writing a proof it should be divided into levels. The top level gives the
main line of the proof in general terms, while the bottom levels provides more details. Other
suggestions include generic proofs (Rowland, 2002), which explain the proof using a carefully
chosen generic example which illustrates why a mathematical claim is true.

(Weber, 2015) found that some students impulsively apply useful strategies to understand proofs:
they identify the structure of the proof, break the proof into sub-proofs, use examples to illustrate
difficulties in the proof, and compare the proof they read with their own attempts. According to
the survey of mathematics professors reported by (Weber, 2015), over 63.9 % of the professors
preferred that mathematics students use these strategies when reading proofs. However, it is a
common experience that many students reason without any justification or logic and that students
find it difficult to distinguish the overall logical structure from the details of individual steps.

Some researchers suggested that changing the way students engaged with a proof might develop
proof understanding. For example, (Hodds et al., 2014) used self-explanation in a clinical study
with students, and found that self-explanation helped students engage with proof, and hence
develop deeper proof understanding.

Self-explanation training has also been shown to have successful results when learning probability
(Renkl, 1997) and geometry (Aleven & Koedinger, 2002). Further, (Renkl, Atkinson & Gross,
2004) showed that self-explanation is triggered by using faded worked examples. Self-explanation
has also been used in other fields, such as physics problem solving (Chi, Bassok, Lewis, Reimann
& Glaser, 1989), biology (Ainsworth & Burcham, 2007, 3) and history (Wolfe & Goldman, 2005).
(Renkl, 2002) found that participants who received self-explanation training with material that
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involved instructional explanation learned more and performed better.

(Alcock & Simpson, 2009) suggested using electronic proofs to improve proof comprehension.
The electronic proof is designed as a mixture of audio and text explanations, (Hodds et al.,
2014). Unfortunately, recent reviews of the literature have concluded that some of these formats
are ineffective for improving proof comprehension. (Roy, Alcock & Inglis, 2010) reported that
as the electronic proofs provide extra information to enhance students’ understanding without
considering individuals’ experience in reading mathematical proofs, reversal effects might occur
and perhaps only novice learners benefit from electronic proofs. According to (Kluger & DeNisi,
1996), feedback interventions (FI’s) increased performance on average (d = 0.41)1 but that over
1/3 of the FI decreased performance. They stated that even when a FI has positive influence on
performance, its utility maybe negative. If FI effects performance through task-learning process,
the effect may generate only shallow learning. This is a reminder that even with the best intentions
a teaching innovation may not actually prove to be helpful, indeed it may turn out to be counter-
productive or even harmful.

The two-column proof format separates out the individual steps from the justification for the
legitimacy of individual steps. Using the format to consciously separate the steps from their justi-
fication is highly likely to reduce cognitive load, particularly for novices, by providing a structured
and explicit format to work within. Hence when measuring the effectiveness of using such proofs
with instructional designs, we expect to see the expertise reversal effect (Kalyuga et al., 2012)
which refers to the reversal of the effectiveness of instructional techniques on learners with dif-
fering levels of prior knowledge. In particular, the two-column format might well significantly
help early proof attempts, but hinder experts for whom the scaffolding is a distraction. Previous
research on students’ conceptions of proof, and changes in contemporary technology, provide a
number of reasons why we believe a fresh re-evaluation of the two-column format is needed. In
particular, the constraints in the interface might help students in introductory classes to under-
stand the basic elements of mathematical proof. The two-column proof format requires students
to explicitly express conditions for each step and combine them in order to connect assumptions
with conclusions.

The two-column proof creates a systemic environment in which errors may be easier to spot, which
a traditional rhetorical style does not. The two-column proof format perhaps makes it easier for
students to self monitor their own work after each step. Indeed, the two-column format can be
both a resource and a constraint in engaging students in proving (Weiss et al., 2009). In the
past, the two-column proof may have led students to perform routines, i.e. do proofs, without
necessarily understanding what they were doing, or why they were proving at all. As (Herbst,
2002) concludes

The two-column proving custom was an accomplishment of geometry instruction in
the sense that it helped comply with a mandate. But that accomplishment did not
come for free. It brought to the fore the logical aspects of a proof at the expense of the
substantive role of proof in knowledge construction. Questions about the relevance or
the strength of the propositions proved, or about the accomplishments and potential
use of the theories being developed, were left in the background. (Herbst, 2002)

The recent interest in using a two-column format for algebraic derivations with contemporary
online tools risks not learning the lessons from prior experience of using this format in geometry.
We are certainly not advocating for a pedagogical practice, but we are trying to understand how
constraints on students’ input (particularly with reference to potentially designing an interface
to technology) might affect students’ responses. Furthermore, the two-column format potentially
separates steps in a proof, from justification of those steps. The format has the potential to help us
better understand the nature of mathematical arguments, and how students write these arguments,

1A d (Cohen’s) statistic was calculated by subtracting the control group mean from the experimental (FI) group
mean and dividing the difference by the pooled SD.
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by comparing constrained (two-column) arguments from unconstrained free form arguments.

1.4 Method, Materials, Design and Procedures

Participants were randomly assigned into four groups (T1, C1, T2 and C2) as follow:

T1 : Answering Q1 in traditional way, then answering Q2 in two-column format.

C1 : Answering Q1 in two-column, then answering Q2 in traditional way.

T2 : Answering Q2 in traditional way, then answering Q1 in two-column format.

C2 : Answering Q2 in two-column, then answering Q1 in traditional way.

The four groups arise because, for equity reasons, we want to make sure each student writes in
both formats (traditional/two-column) and that we have to make sure we have materials which
contain the two proofs in each format. For that reason we used two questions Q1 and Q2. All
students answered the two questions using the two formats for fairness. However, for the analysis
we only considered the answer of the first question for each students to avoid any potential carry
over effect from writing in the first format to the second format. Although since participation in
the study was voluntary some groups had fewer students participate in the experiment.

Participants were 80 first year undergraduate mathematics students at The University of Edin-
burgh who were enrolled in a calculus course, Calculus and its Applications (CAP). The experiment
was conducted as part of one normal scheduled workshop tutorial. Participation in the workshop
was a compulsory component of the course, but inclusion in the study was optional.

We used two examples from the book (Stewart, 2007) that is used in the course, see Appendix
A. The maths should be familiar to most of the students. We don’t want to confound a lack
of mathematical understanding with the format effect. Both examples involve finding limits us-
ing L’Hopital’s rule. They both involve very simple algebraic expressions in the numerator and
denominator, where we anticipate no difficulty for the student group we have in mind correctly
differentiating the expressions. The traditional example does differ in that it requires two ap-
plications of L’Hopital’s rule, rather than just one for our two-column example. This potential
additional complexity is accepted because otherwise the traditional presentation is too short. The
traditional example also does not have a finite limit, whereas the two-column example has limit 1.

The two-column materials were provided as a paper worksheet adapted from (Hodds et al., 2014).
First, the worksheet introduced the format by an example which illustrates how to apply the
format when writing a proof. Then brief advice was written on how to use this format. In the
same way, participants in the traditional group were given a worksheet that was of a similar length
to the worksheet given to the two-column group. The worksheet provided a brief description and
advice on how to present a mathematical argument in a paragraph. An example was also provided.
In both cases students were then asked to answer an question that was of approximately the same
length and difficulty. This ensured students in all groups spent approximately the same amount
of time on task. There was no limit to the time spent on answering the questions, however there
was a total time limit of one hour and a half.

The experiment was conducted as part of one normal scheduled workshop. A workshop tutorial
is a face to face meeting between up to 12 students and their tutor. Typically in a “workshop”
students will be expected to engage with unseen problems provided on the day, normally working
in groups with a focus on discussion. Typically in a “tutorial” students will have opportunities
to ask questions about ongoing coursework, assessed problems and receive and discuss feedback
on previously submitted written work. In context, asking students to complete a task and then
discuss it would be entirely normal.

7



To recruit students to the study the authors sent an email to students and made a short announce-
ment explaining that we would like their permission to use results from a forthcoming workshop
as part of a study to improve the quality of online assessment in mathematics. Students had to
opt in to or opt out of having their results included in the study. We randomly assigned each
tutorial group to one of the four experimental groups. So that each tutor/table was working in
the same way. Students were asked to work individually, and no textbooks or notes were allowed.

1.5 The coding scheme

For the purpose of this study we have created a coding scheme which was adapted from (Toulmin,
1958), (Hodds et al., 2014) and (Back, 2010). Toulmin’s argumentation scheme is widely used
to describe and analyse the structure of individual arguments. In its simplest layout, shown in
Figure 5, an argument starts from Data (D), and ends with a Conclusion (C), requires a Warrant
(W) which connects the data with the conclusion.

Figure 5: Toulmin’s argumentation scheme

Toulmin describes warrants as “...hypothetical statements, which can act as bridges, and authorise
the sort of step to which our particular argument commits us”. The warrant may have a further
supporter called the backing (B) and the qualifier (Q) provides the degree of confidence we have
about the conclusion. Hence the full framework may be understood as ‘Given that D, we can Q
claim that C, since W (on account of B), unless R’. For example: ‘Given that Harry was born
in Bermuda, we can claim that he is British, since anyone born in Bermuda will generally be
British, unless his parents were aliens’, (Toulmin, 1958). This simple layout can be applied on one
argument. Figure 6 shows a diagram of the enhanced scheme suggested by Toulmin.

8



Figure 6: The enhanced scheme suggested by Toulmin

Typical mathematical arguments consist of many steps and contingent parts, which cannot be
adequately described by Toulmin’s atomic scheme. This has already been acknowledged by (Ab-
erdein, 2005), who suggests that a proof will usually have several sub-conclusions that clarify each
step on the path to the main conclusion. Aberdein’s steps can overlap, i.e. often the conclusion
of one step is the data for the next step and so on. However, Aberdein’s scheme is essentially
linear. We have been influenced by the work of (Back, 2010; Back, Mannila & Wallin, 2010) who
argue that writers should be more specific when writing mathematical derivations and proofs.
(Back et al., 2010) defines structured derivations as a more formal proof format for presenting
mathematical arguments.

Essential to our work is the idea of a proof unit. Our view of proof is based on a nested and
hierarchical view of derivations, where a main derivation can be divided into a number of more
detailed internal sub-derivations, in a recursive manner. Those sub-derivations will be treated as
the units of the a proof. We define a proof unit as the the smallest section to which Toulmin’s
Scheme can be applied. That is, each unit (U) will normally contain data (D), conclusion (C)
and may have explicit warrant (W). Units can consist of algebraic expressions or written words or
both. Indeed, we consider algebraic expressions to be an integral part of a complete mathematical
sentence.

Framed in terms of Back’s nested arguments the unit of a derivation, Uniti, is defined as:

termi−1

reli {justification}i

termi

We can consider termi−1 as a data for Uniti, and termi as a conclusion for Uniti. The justificationi

would be classed as a warrant for Uniti. Based on Toulmin’s scheme, a statement is coded as data
if it directly followed ‘consider’, ‘if’, ‘let’ or if it is mentioned as an obvious fact without support.
A statement is coded as a conclusion if it followed ‘then’ or ‘therefore’ or when it is stated as a
result of a calculation of previous data. A justification is coded as a warrant when it is used to
connect data to a conclusion in a way that explains how the data supports the conclusion. The
idea of a proof unit is illustrated by Figure 7 taken from the study:
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Figure 7: An example for a Unit in the coding scheme

Based on Toulmin’s scheme, the left hand side is the data and the right hand side is the conclusion
with an implicit principle warrant based on the definition of the improper integral.

The written justifications made by participants were transcribed and coded according to a scheme
based on (Hodds et al., 2014). The work of Hodds provided a qualitative method of gaining
insight into students’ possible self-explanations for a proof. We are applying the coding scheme to
students’ justifications of their own work. In both situations we are applying the coding scheme
to justifications, and so Hodds provided us with a sensible starting point for our work. However,
only four of seven categories used by Hodds were used in the coding of the data in the present
study. It was found that the “false explanation”, “negative monitoring” and “positive monitoring”
categories were unnecessary. Those three unused categories refer to spoken justifications and so
are not relevant to the present study. Hodds used the categories as either an explanation or
non-explanation. The four categories used are as follows:

Explanation Categories

Principle-based explanation (WP ) : this category was applied if a participant gave any explan-
ation that was derived from definitions, theorems not explicitly written in the proof. For example,
if a participant said: “...this is because by the definition of...”

Goal-driven explanation (WG): a positive explanation was coded as goal-driven if a participant
gave a statement that associated with the proof structure. For example, if a participant said: “OK,
we’re doing this because we are going to use it later on in the proof.”

Noticing explanation (WN ): this category was applied when a participant provided any explan-
ation that linked to a previous idea used in the proof. For example, if a participant said: “...this
is because in line 5 we introduced...”

Non-explanation category

Paraphrasing (WR): this category was applied if a participant repeated the line, or part of the
line, using similar or identical words in such a way that no new information was added in the form
of explanation.

The explanation category has meaning that is analogous to those used in (Hodds et al., 2014).
The paraphrasing category is illustrated by the following examples shown in Figure 8 and Figure
9 taken from the study.

Figure 8: Repeated statements
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Figure 9: Paraphrased calculations in words

These comments were classed as non-explanation paraphrasing. In the first example (see Figure
8), a student wrote “Evaluate integral” three times as justifications. So, based on the definition
of paraphrasing in the coding scheme, the exact statement “Evaluate integral” has been repeated
and used to describe the calculations. A student also use the same statement in the final answer.
This was coded as paraphrasing since there is no explanation or additional information added by
this statement.

The second example (see Figure 9), also presents statements classed as paraphrasing. The student
wrote three statements “simplifying integral, performing integral, and Evaluating the integral.”
So the student merely uses the three statements to paraphrase in words what is already in the
calculations that he/she has just done.

1.6 Model Solution

Table 1, demonstrates using the coding scheme on the model solution for the first question. There
are two main conclusions for this question: explain why the integral is improper and if it is
convergent. Notice that for this answer there are eight units. In the first unit U1, the statement
“By def’n of improper integral” was considered as a principle based warrant WP1 to connect the
first data D1 with it’s conclusion C1. The statement “f(x) has the vertical asymptote x = 1” was
coded as a qualifier Q1 for C1. The second conclusion C2 was also considered as data for the third
unit D3, so it can be written as C2/D3. Similarly, the conclusion for the third unit is the data
for the forth unit (i.e, C3/D4) and so on. The statement “Using integration by substitution” was
coded as a principle based explanation WP2 . There were also two statements coded as paraphrasing
WR “Algebraic rearrangement” and “Evaluate integral” for U3 and U5 respectively. The statement
“Taking limit using 3” was coded as a noticing explanation WN6 for U6. The total mark for this
answer was 10.

2 Results

The data were analysed in three parts. Firstly, a marking scheme was created after discussion
between the two authors. Once the first author had marked a paper, she gave it to the second
author to check. If there were any discrepancies, they were discussed until an agreement was
reached. Secondly, the data were marked by hand in the normal way by the first author and
the justification were classified using the coding scheme (see Section 1.5). Finally, the analysis
proceeded by using marks, number of units, and written justifications of each format.
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2.1 Effects of formats on students’ marks

The influence of formats on students’ marks was examined by an independent t-test. There was
no significant difference in the marks for traditional “T1” (M = 7.40, SD = 1.31) and two-column
“C1” (M = 7.70, SD = 1.87) groups who answered Q1; t(38) = 0.588, p = 0.560 (see Table 2).

However, for question 2 there was a significant difference in the marks for traditional “T2” (M =
8.20, SD = 1.70) and two-column “C2” (M = 9.40, SD = 1.14) groups who answered Q2;
t(38) = 2.62, p = 0.013 (see Table 2).

These results suggest that in some situations there is a difference, so that significant format effects
can exist.

Traditional “Tx”(n = 20) Two-column “Cx” (n = 20)
Mean S.D Mean S.D

Marks for Q1 7.40 1.31 7.70 1.87
*Marks for Q2 8.20 1.70 9.40 1.17
∗p < 0.05

Table 2: Participants’ marks by formats for Questions 1 and 2

2.2 Effects of formats on the justifications written

To investigate whether there is a format effect between traditional and two-column formats when
students write proofs, participants’ written justifications were coded using the scheme given in
Section 1.5. Principle-based, goal-driven, and noticing statements (classified as explanations)
in the mathematical context of our study. Paraphrasing statements (those classified as non-
explanations) have meanings directly analogous to those used in previous self-explanation studies.

The number of comments of each type given by students in each group, shown in Table 3, were
analysed using a Mann-Whitney U test2. We found that participants in the two-column group
“C1” who answered Q1 gave significantly more explanations; that is, they gave more comments
categorized as principle-based, U = 126.5, p = 0.041; goal-driven, U = 70.5, p < 0.001; or
noticing explanations, U = 140, p = 0.009. Indeed, they gave a median of 4 explanations of these
types, whereas those in the traditional group “T1” gave a median of 2, U = 35.0, p < 0.001.
Similarly, those participants in the two-column group “C2” who answered Q2 gave significantly
more explanations; they gave more comments categorized as principle-based, U = 123, p = 0.029;
goal-driven, U = 63, p < 0.001; or noticing explanations, U = 134, p = 0.008. They gave a median
of 4 explanations of these types, whereas those in the traditional group “T2” gave a median of
1, U = 48.5, p < 0.001. These results suggest that, when using the two-column format, students
generated significantly more comments classed as explanation.

Participants in the two-column group “C1” also gave significantly higher non-explanations classed
as paraphrasing, U = 30, p < 0.001. Similarly, participants in the two-column group “C2”
produced significantly higher non-explanation paraphrasing, U = 66.0, p < 0.001. These results
suggested that participants in the two-column group produced significantly more paraphrasing.

While the use of comments classed as backing was rather infrequent, there was also a significant
difference in the comments classed as backing between the two formats. There was a significant
difference between the two groups; traditional “T1” and two-column “C1” who answered Q1
(T1: Mdn = 0), (C1: Mdn = 1); U = 138, p = 0.028. Similarly there was a significant difference
between the two groups; traditional “T2” and two-column “C2” who answered Q2 (T2: Mdn = 0),

2In some cases these data failed to meet the assumption of normality, so a non-parametric test was used.
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(C2: Mdn = 1); U = 122.5, p = 0.029. These results suggest that participants in the two-column
groups produced significantly more backing to support their warrants. Overall, these results
indicate that using two-column format increased the number of high quality explanations given
by participants. However, as a side effect of increasing the amount of justifications, students in
the two-column generated more non-explanation statements which we classed as paraphrasing.

Statements Question Traditional “Tx” (n = 20) Two-column “Cx” (n = 20)
Median Sum Median Sum

*Principle-based explanations 1 1 22 2 39
**Goal driven explanations 1 20 3 49
**Noticing explanations 0 0 1 6
**Paraphrasing 0 0 1 31
*Principle-based explanations 2 0 15 3 29
**Goal driven explanations 0 9 2 40
**Noticing explanations 0 1 1 6
**Paraphrasing 0 1 1 32
∗p < 0.05, ∗∗p < 0.01

Table 3: Number of explanation and non-explanation statements by formats for Questions 1 and
2

To count students’ work in each format, students’ derivations were divided into a number of sub-
derivations. These sub-derivations were coded based on our definition of a proof unit (see Section
1.5.) There was no significant difference in the total number of units between the two groups;
traditional “T1” and two-column “C1” who answered Q1 (T1: Mdn = 8), (C1: Medn = 9);
U = 198.5, p = 0.978. Similarly there was no significant difference in units between the two
groups; traditional “T2” and two-column “C2” who answered Q2 (T2 : Mdn = 8), (C2: Mdn = 9);
U = 188, p = 0.743.

A Spearman’s correlation was run to assess the relationship between students’ scores and the
number of units written (N = 80). There was a positive correlation between students’ scores and
the number of units, which was statistically significant, rs = 0.229, p = 0.041. A higher level of
marks is associated with a higher number of units.

The Spearman’s correlation was also performed separately for each type of explanations. The
only type of explanations that relates positively to students’ marks was the number of principle
based explanations rs = 0.375, p < 0.001. This result confirms previous findings by (Ainsworth &
Burcham, 2007, 3).

The results also show that the number of backings positively correlated with the number of prin-
ciple based warrants rs = 0.285, p = 0.010.

3 Discussion

For the purpose of this study we applied the coding scheme to answer our research questions
which investigates any format effects between traditional presentation and the two-column format
when writing proofs. A secondary outcome is our use and further development of the coding
scheme which has provided us with a useful tool to understand students’ writing more generally.
In this work we used the coding schemes adapted from (Hodds et al., 2014) and (Toulmin, 1958),
combined with ideas of structured derivations from (Back, 2010), and combined them to describe
students’ arguments.

We now contrast the results of our analysis of students’ work on the two formats with references
to the aspects of the coding scheme. The findings show that participants in the two-column group
produced significantly more explanations (principle, goal, noticing) than those in the traditional
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group. We suggest this is due to the format structure in which students are expected to justify
each line in the statements’ column with a corresponding comment in the justification column.
However, as a side effect of increasing the amount of justifications, students in the two-column
group generated more non-explanation statements which we classed as paraphrasing.

From the evidence of this single experiment we cannot, unfortunately, rule out the possibility
that students write more because they are essentially given the space and instructed to do so.
Further work would be needed to establish whether, with more familiarity with the format and
feedback from teachers, such paraphrasing is an inevitable consequence of using the format itself
or whether students can develop sound judgement about when justifications really add value to
the completeness or clarity of their argument.

We compared students’ marks on writing traditional and two-column proofs designed and used
for a workshop tutorial which was a compulsory component of the course. By design, we asked
each student to answer questions in both formats, but we included only the responses to the first
format used in the study to avoid any potential carryover effect from the first format to the second
format.

Our results suggest that it is specific types of explanation that are associated with subsequent
marks. The number of principle-based warrants positively correlated with marks, which is in
line with (Ainsworth & Burcham, 2007, 3). However, we noticed that the number of goal-driven
warrants did not correlate with marks, which is also in line with (Ainsworth & Burcham, 2007,
3).

Moreover, it was observed that there were significantly higher numbers of principle-based and
noticing explanations produced by the two-column group than the traditional group. According
to (Hodds et al., 2014), increased numbers of noticing statements between lines and the principles
used to generate the proof would indicate that a student is being encouraged to better use of
existing understanding of logical reasoning.

The results also show that there was a significant difference between the number of goal-driven
explanations given by the two formats. A possible reason for this is that the structure of the two-
column format might lead students to write more justifications than is expected with traditional
proofs. So, while a student was thinking to write an explanation for each unit they would often
write explanations related to the structure of the proof to move from one line to the other. In the
two-column format, students provided more backing to support their warrants.

The results also show that the number of backings positively correlated with the number of prin-
ciple based warrants. One possible reason for this is that when a student writes a statement and
justifies it using definitions or theorems, they usually support them to provide further evidence.
According to (Inglis et al., 2007), backing is usually used to provide more evidence to support the
warrants.

In addition, in the traditional groups, some students only stated the final answer as a numerical
value without writing whether the integral converges or diverges although that was a part of the
task and that was coded as an incomplete final unit.

While the study yielded a clear result, caution must be taken when interpreting the generality of the
finding. We highlight the following limitations. First, our findings apply exclusively and explicitly
on applying two-column format on improper integrals. Second, the study used a modest sample
of students (N = 80) from a single course at a single university. Nevertheless, we cannot claim
that our sample is representative of the broader population of students undertaking mathematics
modules at universities around the world.

In this study, we chose handwriting to gather the data because some understanding of what
students do in practice will be helpful to the future design of online assessments. In addition, we
do not wish to confound the possible format effect with an effect due to either lack of familiarity
(e.g. LaTeX is difficult for students to learn), or to resistance to change. However, we cannot
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be certain whether the effect is confounded with working on paper as opposed to the use of
technology. These limitations are readily overcome in future work. The same methods can be
applied to different materials, using different samples of the student population, and implementing
the two-column format using online systems.

A final possible limitation with this study is that students in the two-column groups generated
more paraphrased and repeated justifications due to the format effect. A possible reason is that
while some students were thinking about what to write in the justification column, they would
just repeat the calculation they had just done in words in the right column to fill the gaps.

4 Conclusion

The analysis of the data obtained from the experiment indicated that for particular workshop
tasks there is a difference in students’ marks, so that significant format effects can exist. Our
results also suggest that it is specific types of explanations that are associated with subsequent
marks which is in line with (Ainsworth & Burcham, 2007, 3). In this work we developed a coding
schemes adapted from (Hodds et al., 2014) and (Toulmin, 1958), combined with ideas of structured
derivations from (Back, 2010), and combined them to describe students’ arguments. The coding
scheme provided us with a useful tool to understand students’ writing more generally. It was found
that students in the two-column group produced significantly more higher quality explanations
than did the traditional group.

One drawback of the two-column format is that participants tend to justify all the steps which
resulted in producing some paraphrased and repeated explanations. However, the paraphrasing
can be considered as accepted truths as defined by (Stylianides, Sandefur & Watson, 2016). Even
if we consider paraphrasing as accepted truth, then this is still considered to be a limitation of
the format. For example, some accepted truths may be considered trivial or basic knowledge for
a particular audience and thus may be omitted from a proof. However, the novices found what
we called “paraphrasing” is important to be explicitly written. The importance of the accepted
truth to be explicitly referenced will depend on the audience of the proof.
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Universität Lüneburg, Universität Paderborn.

[Schulze and Sevenoak, 1913] Schulze, A. and Sevenoak, F. (1913). Plane Geometry. MacMillan,
revised edition.

[Stedall, 2002] Stedall, J. A. (2002). A discourse concerning algebra: English algebra to 1685.
Oxford University Press, Oxford, UK.

[Stewart, 2007] Stewart, J. (2007). Essential Calculus: Early Trancendentals. Thomson, interna-
tional student edition edition.

[Stylianides, 2007] Stylianides, G. J. (2007). Proof and proving in school mathematics. Journal
for Research in Mathematics Education, 38(3):289–321.

[Stylianides et al., 2016] Stylianides, G. J., Sandefur, J., and Watson, A. (2016). Conditions for
proving by mathematical induction to be explanatory. The Journal of Mathematical Behavior,
43:20–34.

[Toulmin, 1958] Toulmin, S. E. (1958). The Uses of Argument. Cambridge University Press,
Cambridge, United Kingdom.

[Weber, 2015] Weber, K. (2015). Effective proof reading strategies for comprehending mathem-
atical proofs. International Journal of Research in Undergraduate Mathematics Education,
1(3):289–314.

[Weiss et al., 2009] Weiss, M., Herbst, P., and Chen, C. (2009). Teachers’ perspectives on “au-
thentic mathematics” and the two-column proof form. Educational Studies in Mathematics,
70(3):275–293.

[Wolfe and Goldman, 2005] Wolfe, M. B. W. and Goldman, S. R. (2005). Relations between
adolescents’ text processing and reasoning. Cognition and Instruction, 23(4):467–502.

17



A Materials used in the study

Question 1. Explain why the following integral is improper and determine whether it converges or di-
verges.

2∫
1

x√
x− 1

dx

Question 2. Explain why the following integral is improper and determine whether it converges or di-
verges.

0∫
−∞

xexdx
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Presenting mathematical arguments

A mathematical argument is normally written in correct sentences and paragraphs.

Please read the following example carefully to help you understand how you can write a typical
mathematical argument yourself.

Example

Evaluate the following using l’Hopital’s Rule:

lim
x→∞

ex

x2

Solution

Consider
lim

x→∞

ex

x2 .

We have lim
x→∞

ex =∞ and lim
x→∞

x2 =∞, so l’Hopital’s Rule gives

lim
x→∞

ex

x2 = lim
x→∞

d
dx (ex)
d

dx (x2)
= lim

x→∞

ex

2x
.

Since ex →∞ and 2x→∞ as x→∞, the limit on the right side is also indeterminate, but a
second application of l’Hopital’s gives

lim
x→∞

ex

x2 = lim
x→∞

ex

2x
= lim

x→∞

ex

2 =∞.

Advice
Arguments should be self-contained and so should begin with the information that is
provided. When writing an argument use correct and complete sentences to provide both
a statement and any justification. It should be clear when you reach the final conclusion,
showing that the statement has been proved. You can decide what level of detail is needed,
and how to write steps in your argument.
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Presenting arguments using a two-column format

A mathematical argument in two-column format is written in columns, separating out the state-
ments in the argument from the justifications of those statements.

Please read the following example carefully to help you understand how to use this format yourself.

Example: Use l’Hospital’s Rule to evaluate the given limit

lim
x→1

ln x

x− 1

Solution (using two-column format):

No. Statement Justification

1 Consider lim
x→1

ln x

x− 1 Problem statement

2 lim
x→1

ln x = 0 and lim
x→1

x− 1 = 0 Direct evaluation gives 0
0 which is an

indeterminate form

3 Now consider lim
x→1

d
dx ln(x)
d

dx (x− 1)
Attempt l’Hospital’s Rule

4 = lim
x→1

1/x

1 Evaluate derivatives

5 = 1 Evaluate limit, which exists

6 So lim
x→1

ln x

x− 1 = lim
x→1

d
dx ln(x)
d

dx (x− 1)
Apply l’Hospital’s Rule

7 lim
x→1

ln x

x− 1 = 1 5 & 6: Conclusion

Advice To use the two-column format, please apply the following steps:

1. Start with the given information

2. Number each step

3. Write justifications in the second column referring to step numbers as needed

You can decide what level of detail is needed, and when to combine small steps into a single
step.

B Key abbreviation
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No. Statements Justification

1 Consider
2∫
1

x√
x−1 dx Problem statement

2 U1:

2∫
1

x√
x− 1

dx

D1

= lim
t→1+

2∫
t

x√
x− 1

dx

C1

(2 marks)
(WP1) By def’n of improper integral

(Q1) x√
x−1 has the vertical asymptote

x = 1, so the integral is improper

3 U2, U3, U4 and U5:

2∫
t

x√
x− 1

dx

D2

=
1∫

t−1

u + 1√
u

du

C2/D3

(4 marks)
(WP2) Using integration by substitution

=
1∫

t−1

u√
u

+ 1√
u

du

C3/D4

= 8
3 −

2
3(t− 1)3/2 − 2(t− 1)1/2

C4/D5

= 8
3

C5

(WR3) Algebraic rearrangement
(WR5) Evaluate integral

4 U6 and U7:

2∫
1

x√
x− 1

dx

D6

= 8
3 − 0− 0

C6/D7

= 8
3

C7/D8

(3 marks)
(WN6) Taking limits using 3

5 U8: C8 The integral is convergent (1 mark) Conclusion

Table 1: A model solution for Question 1
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Abbreviation Definition

U1 The first unit in the proof.

D1 Data for U1 in the proof.

C1 The conclusion of D1 in the proof.

WP1 A principle based warrant used to connect D1 and C1.

Q1 Qualifier for C1.

U2 The second unit in the proof.

D2 Data for U2 in the proof.

U3 The third unit in the proof.

C2/D3 Conclusion of U2 is the data for U3.

WP2 A principle based warrant used to connect D2 to C2.

U4 The fourth unit in the proof.

C3/D4 Conclusion of U3 is the data for U4.

WR3 A paraphrasing warrant used to connect D3 to C3.

U5 The fifth unit in the proof.

C4/D5 Conclusion of U4 is the data for U5.

C5 Conclusion of D5 in the proof.

U6 The sixth unit in the proof.

D6 Data for U6 in the proof.

WN6 A noticing warrant used to connect D6 to C6.

U7 The seventh unit in the proof.

C6/D7 Conclusion of U6 is the data for U7.

U8 The eight unit in the proof.

C7/D8 Conclusion of U7 is the data for U8.

C8 Conclusion of D8 in the proof.

Table 4: Key abbreviations for the model solution
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