
 

 

 
 

 

Edinburgh Research Explorer 
 
 

 
 

 
 

 
 

 

 
 

 
 

 
 

 
 

 
 

 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

One-loop multicollinear limits from 2-point amplitudes on self-
dual backgrounds

Citation for published version:
Adamo, T, Ilderton, A & MacLeod, AJ 2021, 'One-loop multicollinear limits from 2-point amplitudes on self-
dual backgrounds', Journal of High Energy Physics, vol. 2021, no. 12, 207, pp. 1-31.
https://doi.org/10.1007/JHEP12(2021)207

Digital Object Identifier (DOI):
10.1007/JHEP12(2021)207

Link:
Link to publication record in Edinburgh Research Explorer

Document Version:
Peer reviewed version

Published In:
Journal of High Energy Physics

General rights
Copyright for the publications made accessible via the Edinburgh Research Explorer is retained by the author(s)
and / or other copyright owners and it is a condition of accessing these publications that users recognise and
abide by the legal requirements associated with these rights.

Take down policy
The University of Edinburgh has made every reasonable effort to ensure that Edinburgh Research Explorer
content complies with UK legislation. If you believe that the public display of this file breaches copyright please
contact openaccess@ed.ac.uk providing details, and we will remove access to the work immediately and
investigate your claim.

Download date: 26. May. 2023

https://doi.org/10.1007/JHEP12(2021)207
https://doi.org/10.1007/JHEP12(2021)207
https://www.research.ed.ac.uk/en/publications/525a4cbd-12f1-4301-b995-7bc45cbc860f


One-loop multicollinear limits from 2-point amplitudes

on self-dual backgrounds

Tim Adamo,a Anton Ildertonb & Alexander J. MacLeodc

aSchool of Mathematics and Maxwell Institute for Mathematical Sciences

University of Edinburgh, EH9 3FD, United Kingdom
bHiggs Centre, School of Physics and Astronomy

University of Edinburgh, EH9 3FD, United Kingdom
cInstitute of Physics of the ASCR, ELI-Beamlines

Na Slovance 2, 18221 Prague, Czech Republic

E-mail: t.adamo@ed.ac.uk, anton.ilderton@ed.ac.uk,

alexander.macleod@eli-beams.eu

Abstract: For scattering amplitudes in strong background fields, it is – at least in principle –

possible to perturbatively expand the background to obtain higher-point vacuum amplitudes.

In the case of self-dual plane wave backgrounds we consider this expansion for two-point, one-

loop amplitudes in pure Yang-Mills, QED and QCD. This enables us to obtain multicollinear

limits of 1-loop vacuum amplitudes; the resulting helicity configurations are surprisingly re-

stricted, with only the all-plus helicity amplitude surviving. These results are shown to be

consistent with well-known vacuum amplitudes. We also show that for both abelian and

non-abelian supersymmetric gauge theories, there is no helicity flip (and hence no vacuum

birefringence) on any plane wave background, generalising a result previously known in the

Euler-Heisenberg limit of super-QED.
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1 Introduction

Modern techniques in quantum field theory (QFT) have given access to all-multiplicity ex-

pressions for scattering amplitudes at tree-level and beyond (cf., [1–3]). While most progress

has been made for amplitudes in vacuum, coupling QFT to non-trivial backgrounds offers an

environment in which to explore novel physical effects and their underlying structures.

Amplitudes in weak backgrounds can be calculated perturbatively in powers of an appro-

priate constant parametrizing the strength of the background. Strong backgrounds, however,

typically require the introduction of non-perturbative methods. An appropriate framework is

background field perturbation theory [4–8], in which the strong background is treated with-

out approximation, while scattering of particles on the background is treated in perturbation
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theory. The practical use of this method relies, though, on being able to solve the classi-

cal dynamics of particles in the chosen background exactly (or at least without recourse to

perturbation theory).

When this is possible, the resulting amplitudes can be far more complex than those in

vacuum, and exhibit new structures with important phenomenological consequences. For in-

stance, processes which are kinematically forbidden in vacuum have non-trivial amplitudes in

strong backgrounds. In strong field quantum electrodynamics (QED), where scattering ampli-

tudes in strong backgrounds have been studied for decades [9–13], there are many interesting

examples, including 1→ 2 non-linear Compton scattering and 1→ 3 trident pair-production,

with both being of past and future experimental interest [14–16]. A particularly famous ex-

ample is that of vacuum birefringence [17, 18]; while usually studied in low-energy (constant

background) Euler-Heisenberg effective theory [19, 20], it is underpinned by the one-loop

1→ 1 photon helicity flip amplitude on a background [21].

Given such background field amplitudes, one can – perhaps counter-intuitively – re-

expand in powers of the background and, stripping away the background itself, gain access

to vacuum amplitudes. These will be restricted in momentum/helicity configuration by the

support of the initial background configuration but, notably, may be of arbitrarily high mul-

tiplicity in external particle number. Exploring this expansion can provide insight into dif-

ferences and similarities between amplitudes in vacuum and in backgrounds, as well as useful

theoretical ‘data’; examples include extracting data for the gauge theory side of an explicit

double copy to gravity beyond flat backgrounds (e.g., [22–28]), or for alternative bases of

external states (e.g., [29–31]).

In this paper we consider scattering on self-dual plane-wave backgrounds in QED, Yang-

Mills and QCD. The motivation for this choice is three-fold. First, plane waves provide, due to

their high degree of symmetry, an analytically tractable setup for the calculation of amplitudes

on strong backgrounds. Second, amplitudes on self-dual backgrounds can exhibit a remarkable

and unexpected simplicity [32, 33]; indeed there are all-multiplicity formulae for tree-level

scattering amplitudes of Yang-Mills theory on these backgrounds [34, 35]. Third, self-duality

of the background cleanly controls the helicity configurations of vacuum amplitudes generated

by perturbative expansion, since every photon or gluon ‘extracted’ from the background will

be of positive helicity (with all-incoming conventions).

We focus on 2-point, one-loop scattering amplitudes on the background, and the extrac-

tion from them of N -point, one-loop amplitudes in vacuum, for arbitrary N . On the self-dual

background, the (non-vanishing) 2-point amplitudes have all-incoming helicity configurations

(++) or (−+), which correspond to the helicity flip and non-flip amplitudes, respectively,

in ‘physical’ in/out conventions. Consequently, the N -point, one-loop vacuum amplitudes

resulting from perturbative expansion of the background will be in the helicity configura-

tions (± + · · ·+). These configurations are interesting for many reasons: they are rational

functions when the electron/quark mass is zero, include the leading-colour contribution to

1-loop gluon scattering, and have all-multiplicity formulae (when the electron/quark is mass-

less) [36–40]. Remarkably, the all-plus helicity configuration in massless QCD is related to
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maximally supersymmetric Yang-Mills amplitudes with two negative helicity gluons [41, 42],

and this configuration is even linked with ultraviolet divergences in two-loop perturbative

gravity [43–45].

We find that, due to the properties of plane waves, the perturbative expansion of the

background-field amplitude reproduces the maximally mulicollinear (non-trivial) limits of

vacuum amplitudes. The limit and identification of recovered vacuum amplitudes can be

quite subtle, as we explore in both the massless and massive cases.

In the presence of supersymmetry, vacuum amplitudes for the (±+ · · ·+) helicity config-

urations vanish to all loop orders as a consequence of supersymmetric Ward identities [46–49].

This vanishing should be reflected in the perturbative expansion of the helicity flip and non-

flip amplitudes for super-QED and super-Yang-Mills on a self-dual plane wave background.

In fact, we find a much stronger result: helicity flip amplitudes of super-QED and super-

Yang-Mills vanish on general plane wave backgrounds of any shape and polarization. This

is an all-energies generalization of a result which was previously known only in the Euler-

Heisenberg regime of super-QED, and implies that there can be no vacuum birefringence in

supersymmetric gauge theories.

This paper is organised as follows. In the remainder of this section we introduce plane

wave backgrounds and illustrate the essential structures which are encountered throughout

by reviewing two-point, one-loop photon amplitudes in QED. We also explain the relation

to vacuum amplitudes through perturbative expansions in the background. In Section 2 we

perform this expansion in massless and massive QED to obtain highly collinear limits of

all-plus, one-minus-rest-plus and split helicity vacuum amplitudes, and provide consistency

checks with the literature. We consider analogous helicity amplitudes for gluon scattering

on Yang-Mills plane wave backgrounds in Section 3 for pure Yang-Mills theory and QCD. In

Section 4 we extend our results beyond self-dual backgrounds, showing that helicity flip cannot

occur on any plane wave background in supersymmetric theories. Section 5 concludes, while

appendices A – C include technical details of various calculations and consistency checks.

1.1 Two-point QED amplitudes on a plane wave background

We work in lightfront coordinates on d-dimensional Minkowski space,

ds2 = 2dx+dx− − dx⊥dx⊥ , (1.1)

in which ⊥= 1, . . . d − 2 labels the ‘transverse’ directions and x− is ‘lightfront time’. An

electromagnetic plane wave is a highly symmetric solution of Maxwell’s equations in vacuum,

and in lightfront coordinates is described by the potential1

eAbg(x) = a⊥(x−) dx⊥ , (1.2)

1In other applications, particularly for comparison with results for gravitational plane waves, it is convenient

to use the gauge equivalent potential eAbg(x) = −x⊥a′⊥(x−)dx−. Mapped to the gravitational setting, this

corresponds to the choice of using Brinkmann coordinates [50], which are global; see [22, 51] for discussions.
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with a± = 0. We assume that the components a⊥(x−) obey the ‘sandwich’ condition – that

they are compactly supported in lightfront time x− – but are otherwise freely chosen. Plane

waves posses 2d−3 symmetries, the generators of which form a Heisenberg algebra with centre

∂+, generating a covariantly constant null symmetry. In terms of scattering amplitudes, these

symmetries imply, as is also clear from the form of (1.2), that d− 1 momentum components

k+, k⊥ remain conserved; as such any N -point QED amplitude takes the form

(2π)d−1δd−1+,⊥ (k1 + k2 + · · ·+ kN )M , (1.3)

where the kj µ are (all-incoming) particle momenta, andM is the non-trivial part of the am-

plitude, on which we focus. The sandwich condition on the plane wave background ensures

that these scattering amplitudes are well-defined [22, 52]. The plane wave ‘profile’ functions

a⊥(x−) are otherwise of arbitrary strength and form. This, combined with the loss of just a sin-

gle momentum conservation law, leads to amplitudes of significantly greater complexity than

those calculated in vacuum. In particular, charged particle propagators and wavefunctions

carry a complicated functional dependence (they are ‘dressed’ by the background), and one

cannot transform to Fourier/momentum space in any practically useful way. To illustrate the

typical structures we restrict now to two-point photon amplitudes on the background, which

is the focus of this paper. From here on we work in d = 4, in order to later make contact

with spinor-helicity results.

Consider a two-photon amplitude on a plane wave background. These are trivial at tree-

level, but non-trivial at one-loop and beyond. Working in a basis of helicity states for the

photons, it is clearly enough to consider the two helicity amplitudes (++) and (−+). We use

all-incoming conventions, so the (++) amplitude describes, physically, positive to negative

helicity flip of a probe photon traversing the (strong) plane wave background. Note that

(1.3) then implies that the photon, because it is on-shell, is scattered forward: see Fig. 1. A

compact representation of the corresponding amplitude M++ can be given by first defining

the average F̂ of any function F (x−) of lightfront time by

F̂ :=
1

θ

φ+θ/2∫
φ−θ/2

dx− F (x−) , (1.4)

in which φ and θ arise as follows: the one-loop two-point amplitude contains two three-point

vertices, meaning two spacetime integrals in the amplitude. φ and θ are the average and

difference of the two lightfront times of these vertices. See Fig. 1. In terms of this average we

also define, for any particle of mass m, the dressed (‘Kibble’) mass (cf., [53]) which arises in the

computation of all amplitudes on plane-wave backgrounds, both in QED and beyond [12, 26]:

M2(φ, θ) := m2 − â2 + â 2 ≡ m2 + var(a) , (1.5)

which also defines the function ‘var’. While the Kibble mass has a long history, see [54] and

references therein, we do not need its detailed properties – only that it is quadratic in the

background and goes to zero for large argument in any sandwich wave [54].
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kµ, (+)ℓµ

x−

kµ, (−)

x− = φ − θ/2x− = φ + θ/2

ℓµ−kµ, (+) kµ, (+)

Figure 1. Left: the 1-loop QED amplitude for photon helicity flip on a plane wave background

with in/out conventions, i.e. physical variables. Double lines indicate the background-dressed fermion

propagator. The background depends non-trivially on lightfront time x−; our conventions for labelling

the vertex positions are shown. Right: converting to all-incoming conventions, we change the sign of

the outgoing photon momentum and swap its helicity state; hence this is the amplitude M++.

We define the dimensionless vector nµ by n · x = x− = x+ for any vector xµ (the latter

equality follows from (1.1)). Let ε
(+)
µ be the positive helicity polarisation vector of a probe

photon, momentum kµ, and define A := ε(+) · â. Derivatives of A are denoted by subscripts,

e.g. Aθ := ε(+) · ∂θ â and Aφ := ε(+) · ∂φ â. Then the (++) amplitude is [21]

M++ = −2i
α

π

∞∫
−∞

dφ

∞∫
0

dθ θ

(
A2
θ −

1

4
A2
φ

) 1∫
0

ds exp

[
− i

2n · k
θM2(φ, θ)

s(1− s)

]
, (1.6)

in which α is the fine structure constant, M2 dresses the electron mass as in (1.5), and the

variable s arises as the ‘lightfront momentum fraction’ of the loop electron momentum lµ,

specifically s = n · l/n · k. (The transverse loop degrees of freedom have been integrated out

and the amplitude is UV finite.) Note that 2-point scattering is forward on-shell because

3 momentum components are conserved – see (1.3) – so no particle labels are needed on

polarizations. The integral over s can be performed to yield Bessel functions [21], while those

over the lightfront times θ and φ can only be performed analytically for a few special cases.

The total probability of helicity flip is P = |M++|2/(n · k)2 [21, 55].

The fact thatM++ is non-vanishing yields macroscopic phenomena such as vacuum bire-

fringence [17, 18] (reviewed in [13]), where a beam of photons traversing a strong background

develops an ellipticity in its polarisation due to helicity flip of the constituent photons. This

ellipticity is directly related to the helicity flip amplitude [21].

We turn now to the one-loop (−+) amplitude. Physically, this describes forward scatter-

ing (no helicity flip) of a probe photon. In contrast to the corresponding one-loop amplitude

in vacuum, this expression contains non-trivial physics beyond renormalisation. The real part

of the amplitude gives the ‘vacuum refractive indices’ which form the low-energy description

of photon-photon scattering. At higher energies these indices become complex, exhibiting

both dispersive and absorptive behaviour [56]. In other words, the amplitude develops an

imaginary part equal to the total (tree-level) probability of electron-positron pair production

from a probe photon entering the plane wave2, see e.g. [9, 57, 58].

2In general, the helicity flip amplitude M++ also has an imaginary part. However, the interpretation of
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Defining the new quantity Ā := ε(−) · â, the amplitude M−+ is

M−+ = −2i
α

2π

∞∫
−∞

dφ

∞∫
0

dθ θ

1∫
0

ds e
− i

2n·k
θM2

s(1−s)

[
ε(−) · ε(+)

(
M2 −m2

θ2M2
∂θ(θM

2) +
âφ · âφ

4s(1− s)

)

− 1

2
ĀφAφ + 2ĀθAθ −

(
1− 1

2s(1− s)

)
Ā[θAφ]

]
,

(1.7)

where the square brackets in Ā[θAφ] denote anti-symmetrization (without a factor of 1/2).

This has a more complicated form than M++ largely due to the first term in large square

brackets, which results from renormalisation of the usual one-loop UV divergence, see [21]

for details. Analogous amplitudes can be found in Yang Mills and QCD on plane wave

backgrounds [55], as will be discussed below.

1.2 Access to higher-point amplitudes

Abelian plane waves are characterised by the same functional degrees of freedom, in both form

and number, as the on-shell degrees of freedom of a photon. (Analogous statements hold for

Yang-Mills plane waves and gluons, see below). As such, plane wave backgrounds can be

viewed as coherent superpositions of gauge bosons; this is made clear as follows. Let S[eA]

denote the standard QED S-matrix, in which we highlight, for what follows, the dependence

on the quantised gauge field Aµ. Consider a scattering amplitude in which the initial and final

states have, as well as some number of scattered particles, the same coherent state of photons,

|z〉. Using the representation of the coherent states in terms of a displacement operator, one

can show that [59, 60]

〈out, z|S[eA] |in, z〉 = 〈out|S[eA+ a] |in〉 , (1.8)

such that scattering between the coherent states is equivalent to scattering in a background

field a = eAbg obeying Maxwell’s equations in vacuum, ∂µF
µν
bg = 0. In terms of Fourier modes

the background is

aµ(x) =

∫
d3k

(2π)32k0

(
zµ(k)e−ik·x + z̄µ(k)e+ik·x

)
. (1.9)

The equality (1.8) holds up to contact terms; we assume that the particles implicit in |in〉
and 〈out| are scattered into regions of momentum space distinct from that on which the

background has support – for details, subtleties and extensions see [59–62]. Now, since a

coherent state is itself a superposition of states of definite photon number,

|z〉 =
∑
N=0

zN√
N !
|N〉 (1.10)

this is less clear, since (in the in-out picture) the probe photons have opposite helicity.
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it follows that if z is characterised by some amplitude a0, then the coefficient of aN0 in

the amplitude on background, 〈out|S[eA + a] |in〉, is proportional to the sum of all vacuum

amplitudes including N photons in all possible incoming/outgoing configurations, weighted

with numerical factors and convoluted with the field profile [26, 63, 64]. As a sandwich plane

wave of the form (1.2) has compact support, this is the same as saying that the vacuum

amplitudes contained in 〈out|S[eA+ a] |in〉 describe scattering between photon wavepackets.

Thus, to recover the vacuum limit of ‘standard’ amplitudes via a perturbative expansion in

the background, one must strip off the wavepacket such that the background photons are

treated as single Fourier modes. We will show below how this can be implemented through

appropriate choices of field profile, allowing us to extract any particular (N − r)-point to

r-point vacuum amplitude.

2 QED

It was established long ago that for photon scattering in massless QED, the helicity config-

urations (±+ · · ·+) have vanishing one-loop amplitudes unless the total number of external

photons is exactly four [36]. In the four-point case, the resulting amplitudes are rational

functions of the momenta, with extremely compact expressions in the spinor helicity formal-

ism. In a sense, this is not surprising since the all-plus configuration arises from the purely

self-dual sector of the theory, which is classically integrable, and the one-minus-rest-plus con-

figuration is a first perturbation away from this integrable subsector (cf., [65, 66]). While

these four-point amplitudes are not rational in massive QED, their rational part is the same

as the massless case (cf., [67]).

In this section we consider the perturbative expansion of the 2-point, 1-loop amplitudes

of strong field QED in a self-dual plane wave background. Self-duality ensures that the

perturbative expansion generates only positive helicity photons from the background.

2.1 Self-dual plane wave backgrounds

A generic electromagnetic plane wave can be decomposed as

aµ =
f(x−)√

2
(0, 0, 1, i) +

f̄(x−)√
2

(0, 0, 1,−i) , (2.1)

where f(x−) and f̄(x−) are related by complex conjugation for Lorentzian-real gauge fields.

In particular, f can be thought of as encoding the positive helicity portion of the plane wave,

while f̄ encodes the negative helicity portion. For complex fields, f and f̄ become independent

functions of lightfront time, and we can set f̄ = 0 while keeping f 6= 0. The resulting chiral

plane wave is a self-dual plane wave (SDPW), since its field strength is a self-dual 2-form

(with respect to Hodge duality on Minkowski space), and, from the above, can be viewed as

a coherent superposition of positive helicity photons.
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For such a SDPW, the potential aµ obeys a2 = 0 and can be represented in the 2-spinor

formalism as:

aµ(x−)↔
√

2f(x−)
|o〉 [ι|
〈o ι〉 , (2.2)

in which |ι〉, |o〉 is a spinor dyad obeying 〈ι o〉 = 1, with |ι〉 [ι| being the spinor representation

of the background direction nµ. (Our spinor helicity conventions are that 〈12〉[21] = 2p1 · p2.)
The background will generate only positive helicity photons, giving more control over the

helicity configurations that are generated by the perturbative expansion at one-loop. Two-

point amplitudes on SDPWs have not previously been considered in the literature, but they

are easily extracted from corresponding results in real plane waves by analytically continuing

the background and imposing (2.2).

2.2 Collinear limits of all-plus amplitudes (++++)

Consider the 2-point amplitude M++ of (1.6). Restricted to a SDPW background, the

perturbative expansion of M++ will generate 1-loop vacuum amplitudes with only positive

helicity external photons: two of these will be the probe photons from the initial 2-point

amplitude, with the rest being extracted from the SDPW background.

In massless QED, there is only one such all-plus helicity amplitude at 1-loop which is

non-vanishing in vacuum; this is the 4-point amplitude [36, 68]

A
(1)
4 (γ+1 , γ

+
2 , γ

+
3 , γ

+
4 ) = (2π)4 δ4

(
4∑
i=1

ki

)
i e4

2π2
[12] [34]

〈12〉 〈34〉 . (2.3)

All other (++ · · ·+)-helicity photon amplitudes vanish at 1-loop. The implication for the

perturbative expansion of M++ on SDPW background is clear: it must truncate at four

external photons.

Now, for a free photon with momentum kµ, it is convenient to take the reference spinor

in its polarisation vector to be aligned with the background direction nµ, so that positive and

negative helicity states are represented by

ε(+)µ ↔
√

2
|ι〉 [k|
〈ι k〉 , ε(−)µ ↔

√
2
|k〉 [ι|
[ι k]

. (2.4)

This corresponds to imposing a hybrid Lorenz-lightfront gauge, so that k · ε(±) = 0 = n · ε(±).
These explicit spinor representations can then be fed directly into the helicity flip am-

plitude M++ of (1.6). First, observe that for a SDPW background of the form (2.2), the

quantity var(a) which enters the Kibble mass vanishes since both â2 and â2 are zero, leav-

ing only the bare electron mass in the exponential part of the amplitude integrand. In the

pre-exponential portion of the amplitude, one finds

A = ε(+) · â = −f̂ [ι k]

〈ι k〉 , (2.5)
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M++ −→ A
(1)
4 (+ + ++)

lµ (+) → Jz = +1

z

t

kµ (+) → Jz = −1lµ (+) → Jz = +1

t

kµ (+)

lµ (+) : Jz = +1

z

t

kµ (+) : Jz = −1

lµ (−) : Jz = −1kµ (−) : Jz = +1

Figure 2. The perturbative expansion of M++ yields the four-point (++++) amplitude, here re-

expressed in physical (in/out) variables; the blue/wavy line indicates the probe photon, the red/dashed

line indicates the background photon. Momentum, helicity and angular momentum Jz are given for

each, the latter assuming a head-on collision. Space-time directions are included to allow easier

identification of the physical Jz assignments.

using the properties of the spinor dyad.

With this, the amplitude can be factored into a ‘vacuum’ part which contains the spinors

and is un-dressed by the background, and a background-dependent part:

M++ → −2i
α

π

∞∫
−∞

dφ

∞∫
0

dθ θ

1∫
0

ds e
− i

2n·k
θm2

s(1−s)
(
f̂ 2
θ −

1

4
f̂ 2
φ

) [ι k]2

〈ι k〉2
. (2.6)

Recalling that vacuum amplitudes are extracted by repeated functional differentiation with

respect to the background, we see immediately that the perturbative expansion of (2.6) cannot

generate vacuum amplitudes with more than four external legs. This is because (2.6) has only

pre-exponential dependence on the background, which is quadratic in the profile function f .

In other words, self-duality of the background kills all non-polynomial dependence on the

background, ensuring truncation of the perturbative expansion, as required.

Explicit comparison with the vacuum amplitude (2.3) is now possible by setting the

electron mass to zero and evaluating all integrals. To do this, we decompose the background

profile into linear incoming and outgoing modes of frequency ω (recall x− = n · x),

f(x−) = e cin e−iω n·x + e cout eiω n·x , (2.7)

and extract the coefficient of cin cout, so that one of the background photons is incoming and

the other outgoing; see Fig. 2. In physical variables, both the probe and background photons

undergo helicity flip: note that while the tensor structure of the SDPW background contains

only positive helicity polarisations, the physical meaning of these polarisations depends on

whether the corresponding photon is in the final state or initial state.

After computing the relevant coefficient of cincout one finds that (2.6) becomes:

M++ = −2i
α

π

∞∫
−∞

dφ

1∫
0

ds

∞∫
0

dt e
−i tm2

2ω n·k s(1−s)

(
2
(
t2 − 2

)
cos t− 4t sin t+ 4

t3

)
[ι k]2

〈ι k〉2
, (2.8)
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where we have changed variables from θ to dimensionless t defined by θ → t = θ/ω.

We comment further on the massive case in Appendix A, but for now set m = 0; all

three remaining integrals factorize, since the ratio of spinor brackets is independent of the

loop momentum and position space variables. The s integral gives a factor of 1, while the

t integral gives a factor of −1. The integral over φ gives the volume of lightfront time;

reintroducing the three-momentum delta function stripped off in (1.3), and writing k′µ for the

final state photon momentum, the volume factor may be written as 2πδ(0) = 2πδ(k′− + k−),

recovering full four-momentum conservation. Thus, combining (2.8) with (1.3) leaves

(2π)4 δ4(k′ + k + ωn− ωn)
i e4

2π2
[ι k]2

〈ι k〉2
, (2.9)

where the incoming and outgoing momenta±ωnµ of the background photons has been trivially

included in the overall momentum conserving delta function.

To compare with the all-positive helicity vacuum amplitude (2.3), we must take a doubly-

collinear limit of that amplitude since, in our SDPW calculation, the two photons from the

background are collinear and (by momentum conservation) the ‘probe’ photons are collinear.

Sure enough, in this limit

lim
1,3→ωn
2,4→k

i e4

2π2
[12] [34]

〈12〉 〈34〉 =
i e4

2π2
[ι k]2

〈ι k〉2
, (2.10)

in precise agreement with (2.9). Thus we recover the correct double collinear limits of the

rational all-plus amplitude in massless QED.

The calculation in massive QED is slightly more subtle, as the vacuum amplitude is no

longer a rational function. However, it can be shown that (2.8) with m 6= 0 correctly repro-

duces the double collinear limit of the massive vacuum amplitude – this calculation is detailed

in Appendix A. In Appendix B we provide a further check on our results, by expandingM++

of (1.6) to higher orders in a non-chiral plane wave background, and matching to a six-point

vacuum amplitude.

A further check on the multicollinear limits of vacuum amplitudes (both here and below)

is provided by angular momentum, Jz, conservation in the case that the initial state photons

collide head-on with the background (cf., [69, 70] for applications of this argument in the

context of double parton scattering). The Jz assignments of initial and final state photons

are most easily seen with in/out conventions, and these are shown in Fig. 2 for the four-point

vacuum amplitude derived from M++: angular momentum is conserved in this case, so a

non-vanishing result is allowed.

2.3 Collinear limits of one-minus-rest-plus amplitudes (−+++)

Starting from M−+ in a SDPW background, perturbative expansion will generate one-loop

photon amplitudes in vacuum with a single negative helicity photon and the remainder pos-

itive helicity; see Fig. 3. Much like the all-positive helicity case, the only non-vanishing one
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of these vacuum amplitudes in massless QED is at four points [68]:

A
(1)
4 (γ−1 , γ

+
2 , γ

+
3 , γ

+
4 ) = (2π)4 δ4

(
4∑
i=1

ki

)
i e4

2π2
〈12〉 [24] 〈41〉
〈23〉 〈34〉 〈24〉 , (2.11)

so we should find that the perturbative expansion ofM−+ truncates at four external photons.

Indeed, this property is trivially satisfied upon restricting (1.7) to a SDPW background,

even before performing the perturbative expansion: in a SDPW, M2 = m2, a2 = 0 (and

hence â2φ = 0), and Ā = 0 because f̄ = 0. In other words, the helicity non-flip amplitude

actually vanishes identically in an SDPW background,

M−+ → 0 . (2.12)

This is of course consistent with the vanishing one-minus-rest-plus amplitudes for five or more

photons. For the four-point amplitude, consistency requires that the double collinear limit of

the vacuum amplitude (2.11) should vanish. However, taking photons 1 and 3 to be collinear

with k and 2 and 4 collinear with n in (2.11) appears ill-defined, producing a 0/0 result. This

merely signals that further care is required when taking the double collinear limit in this

helicity configuration. The limit can be regularized by taking [71–73]

|1〉 → |k〉 , |3〉 → |k〉+ ε
|ι〉
〈k ι〉 , |2〉 → |ι〉 , |4〉 → |ι〉+ ε |o〉 , (2.13)

and similarly for the square bracket spinors, so that in the (almost) collinear limit

〈24〉 , [24]→ ε , 〈13〉 , [13]→ ε , (2.14)

and in the end the regulator ε→ 0.

The double collinear limit can be further clarified by exploiting a relation equivalent to

the photon-decoupling identity in non-abelian gauge theory (cf., [74–76]):

i e4

2π2
〈12〉 [24] 〈41〉
〈23〉 〈34〉 〈24〉 =

i e4

6π2

(
− [24]3 〈24〉

[12] 〈23〉 〈34〉 [41]
+

[34]3 〈34〉
[13] 〈23〉 〈24〉 [41]

+
[23]3 〈23〉

[12] 〈24〉 〈34〉 [31]

)
. (2.15)

Written in this fashion, the double collinear limit as defined by (2.13) becomes

i e4

6π2
lim
ε→0

(
−ε4

[ι k] 〈ι k〉 +
[ι k]2

ε2
− [ι k]2

ε2

)
= 0 , (2.16)

as the last two terms cancel prior to the ε→ 0 limit. Thus, the vanishing ofM−+ in a SDPW

background is consistent with the double collinear limit of the four-photon amplitude (2.11).

Note thatM−+ vanishes on a SDPW background for any value of the electron mass. For

massive QED, the (−+++) vacuum amplitude is given by a sum over terms, each of which is

proportional to (a permutation of) (2.11) multiplied by a scalar integral (cf., [67, 77]). Thus,

the doubly collinear limit of the massive amplitude also vanishes, as required.
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M−+ −→ A
(1)
4 (−+ ++)

z

kµ (+)

lµ (+) : Jz = +1

z

t

kµ (−) : Jz = +1

lµ (−) : Jz = −1kµ (−) : Jz = +1

=⇒ ΣJz = 2

=⇒ ΣJz = 0

Figure 3. The perturbative expansion ofM−+ yields the four-point (–+++) amplitude, here again

re-expressed in terms of physical (in/out) variables. Notation is as in Fig. 2. Note that angular

momentum is not conserved in the limit that the initial state photons collide head on, and indeed the

vacuum amplitude is found to be zero

2.4 Split helicity (−−++)

Unlike the (++++) and (−+++) helicity configurations, the one-loop split helicity ampli-

tude (−−++) is not a rational function of kinematic data in massless QED. This is the only

remaining helicity configuration at four-points, so it is natural to ask if its double collinear

limits can be recovered from two point amplitudes on a SDPW background. As the back-

ground can only contribute positive helicity photons, the split-helicity configuration must

arise from the perturbative expansion of M−− on the background.

Recall thatM−− is obtained fromM++ by simply replacing the probe polarization ε(+)

with ε(−). At the level of (1.6), this entails replacing A with Ā in the pre-exponential of

the integrand. However, on a SDPW background Ā = 0 and thus M−− = 0. This must be

reflected in the double collinear limit of the appropriate split helicity vacuum amplitude3.

To identify this amplitude, we must briefly return to in/out variables. Recall that for

four-point scattering in vacuum, the only interesting cases are 2 → 2 scattering (cf., Ap-

pendix B of [68]). If hi denotes the helicity of particle i and particles 1,2 are incoming

and 3,4 are outgoing, then configurations are denoted by A4(h1 h2;h3 h4). The possible split

helicity configurations are thus A4(++;−−), A4(−−; ++) or A4(+−; +−). In M−−, the

incoming probe photon has negative helicity, and the outgoing probe has positive helicity.

Perturbatively expanding the positive helicity background yields an additional positive (neg-

ative) helicity photon in the in-state (out-state); hence the amplitude of interest must be

A4(+−; +−), in which momenta k1 and k4 come from the background4; see Fig. 4.

Recalling that we use in/out conventions for a moment, the one-loop vacuum amplitude

3That M++ 6= 0 and M−− = 0 are not simply parity conjugates is, of course, explained by the fact that

the SDPW background is chiral, and thus breaks parity.
4The remaining cases describe highly degenerate scenarios in which the background photons appear only in

the in-state or out-state (and momentum conservation dictates that all the photons have collinear momenta),

corresponding to vacuum emission or absorption of photons, which is zero in a plane wave.
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M−− −→ A
(1)
4 (−−++)

z

kµ (+)

lµ (+) : Jz = +1

z

t

kµ (−) : Jz = +1

lµ (−) : Jz = −1kµ (+) : Jz = −1

=⇒ ΣJz = 2

=⇒ ΣJz = −2

Figure 4. Expanding M−− yields the split helicity amplitude A
(1)
4 (− − ++). The corresponding

physical situation is negative-to-positive helicity flip of a probe photon on the SDPW background,

expansion of which generates a four-point amplitude in which the initial state photons have opposite

helicity, and both undergo helicity flip. That M−− vanishes means that there is no negative-to-

positive helicity flip on a SDPW background. Again, this is consistent with (the violation of) angular

momentum conservation, as shown.

for A4(+−; +−) in massless QED is [68]

A
(1)
4 (γ+1 , γ

−
2 ; γ+3 , γ

−
4 ) =

e4

2π2

[
s2 + t2

2u2
ln2

(−t
s

)
− s− t

u
ln

(−t
s

)
+ 1

+iπ

(
s2 + t2

u2
ln

(−t
s

)
− s− t

u

)]
, (2.17)

where we have omitted the overall momentum-conserving delta function and s = 2k1 · k2,
t = −2k1 · k3 and u = −2k1 · k4 are the usual Mandelstam invariants, with s + u + t = 0.

Given the discussion above, we take the limit in which k1 and k4, corresponding to background

photons, become collinear (i.e., k1, k4 → n), while k1 · k2 → n · k remains fixed. Setting

ε = 2k1 · k4, this corresponds to the regime where s is fixed and non-zero, while u = −ε and

t = −s+ ε in the ε→ 0 limit. A straightforward – if tedious – calculation gives

A
(1)
4 (γ+1 , γ

−
2 ; γ+3 , γ

−
4 )→ −i

e4

3π

ε

s
+O(ε2) , (2.18)

which vanishes as ε→ 0, as required for consistency with the vanishing ofM−− on the SDPW

background.

3 Yang-Mills

For non-abelian Yang-Mills theory, there are non-vanishing one-loop gluon scattering am-

plitudes in vacuum for the helicity configurations (±+ · · ·+) to all multiplicity. These are

constrained to be rational functions since their cuts produce tree-amplitudes which vanish in

the relevant helicity configurations, and are given by remarkably compact all-multiplicity for-

mulae [37–40]. Recalling the discussion of Section 2, this simplicity can again be understood

as arising from the integrability of the self-dual sector of Yang-Mills theory (cf., [41, 65, 66]).

As in QED, we expect to be able to access highly collinear configurations of these rational

one-loop amplitudes by perturbatively expanding helicity-flip and helicity-non-flip two-point
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amplitudes on a self-dual plane wave background. One could worry that the collinear singu-

larities of Yang-Mills theory could produce divergent results, but the fact that all background

gluons are Cartan-valued means that the resulting vacuum amplitudes are in fact equivalent

to mixed gluon-photon amplitudes, whose structure is tightly constrained [37].

3.1 Self-dual plane waves & dressed spinor-helicity variables

In Yang-Mills theory, a plane wave solution has the same Heisenberg symmetry algebra as

in the abelian setting of QED. These symmetries constrain the gauge field to be valued in a

Cartan subalgebra of the gauge group [22, 78]:

aµ =
f(x−)√

2
(0, 0, 1, i) +

f̄(x−)√
2

(0, 0, 1,−i) , (3.1)

where f, f̄ are Cartan-valued functions, related by complex conjugation for Lorentzian-real

fields. Thus, a self-dual plane wave in Yang-Mills theory is defined by setting f̄ = 0 as in

(2.2); the only difference from QED is that f(x−) is now Cartan-valued.

By virtue of being Cartan-valued, Yang-Mills plane waves are essentially abelian in na-

ture. Nevertheless, there are important differences between QED and Yang-Mills theory in

plane wave backgrounds. For instance, gluons propagating – carrying generic non-abelian

colour – are dressed by the background, in contrast to photons [22]. One-particle gluon states

can be given explicitly, and their kinematic data (i.e., momenta and polarisations) are also

dressed. Fortunately, a dressed version of the spinor helicity formalism enables a compact

description of the dressed kinematics [34, 55].

For a gluon with initial on-shell momentum k = |k〉 [k|, the dressed momentum in a

SDPW background is

K = |k〉 [[K| , |K]] := |k]− ef(x−)√
k+

|ι] , (3.2)

where double-bracket notation denotes a spinor dressed by the background. Here, e is the

‘charge’ of the gluon perturbation with respect to the SDPW background, defined as follows.

Let aµ = aiµt
i for ti the generators of the Cartan. Then if Ta is the colour vector of the

gluon, valued in a root eigenspace of the Cartan, its charge is defined by [ti,Ta] = eiTa. It

follows that [aµ,T
a] = eiaiµT

a. The contraction of explicit colour indices between e and the

background is always suppressed, so we write e.g. eiaiµ = eaµ (and similarly for f in (3.1)).

Note that we sometimes abuse notation by separating out the charge, writing e.g. e2a2 instead

of (ea)2.

Chirality of the SDPW background ensures that only one of the initial momentum spinors

is dressed, namely the positive helicity one: |k]→ |K]]. As a result, the polarization of positive

helicity gluons is dressed in a SDPW while negative helicity gluons remain un-dressed:

E(+)(x−) =
√

2
|ι〉 [[K|
〈ι k〉 , E(−)(x−) ≡ ε(−) =

√
2
|k〉 [ι|
[k ι]

. (3.3)

There are also dressed formulae for the on-shell kinematics of massive particles [26], but since

we only consider massless external states they are not needed here.
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3.2 All-plus amplitudes (++++) and collinear limits

As was the case for QED, a multicollinear configuration of the all-plus helicity, one-loop gluon

vacuum amplitude should be obtained from the perturbative expansion ofM++ on a SDPW

background. In distinction to the abelian setting of QED, we must take into account the

colour trace structure of the resulting vacuum amplitude. In particular, the perturbative

expansion ofM++ will result in double-trace gluon amplitudes of a very particular structure:

the two initial probe gluons will be in one colour trace with all gluons extracted from the

background in the other. Since all background gluons are Cartan-valued, the second colour

trace will be totally symmetric, meaning that the resulting amplitude is equivalent to a mixed

gluon-photon amplitude, with the background gluons effectively serving as photons.

Now, the one-loop, all-positive helicity gluon vacuum amplitude in pure Yang-Mills theory

with gauge group SU(N) is given by [37, 38]:

A(1)
n (g+1 , . . . , g

+
n ) =

i gnN

〈1 2〉 〈2 3〉 · · · 〈n 1〉
∑

1≤i<j<k<l≤n
〈i j〉 [j k] 〈k l〉 [l i] , (3.4)

for the single trace, colour-ordered partial amplitude, where g is the dimensionless coupling

constant and we have dropped an overall numerical factor and suppressed the momentum

conserving delta function. The double-trace partial amplitudes in this configuration are re-

covered by using the photon-decoupling identity (cf., [74, 75]); those double-traces we expect

from the perturbative expansion of M++ are given by

A(1)
n (g+1 , g

+
2 |g+3 , . . . , g+n ) = −

∑
σ∈COP{2,1}{3,...,n}

A(1)
n (g+σ(1), . . . , g

+
σ(n)) , (3.5)

where COP{2, 1}{3, . . . , n} is the set of all permutations of {1, . . . , n} which preserve the

cyclic ordering within {2, 1} and {3, . . . , n} while allowing for all possible relative orderings

between the two sets. Identities of this form, combined with the vanishing of all pure-photon

amplitudes in the all-plus configuration for n > 4 [36], can be used to show that for mixed

gluon-photon amplitudes [37, 39]

A(1)
n (g+1 , g

+
2 , γ

+
3 , . . . , γ

+
n ) =

{
i g4N [14] [23]

〈14〉 〈23〉 if n = 4

0 for n > 4
. (3.6)

Thus, we should find that the perturbative expansion of M++ on a SDPW background only

gives a non-vanishing (double-collinear) result at four-points.

The gluon helicity flip amplitude was computed in [55] for a general Yang-Mills plane

wave background, and is

M++ = δa1a2
−i g2N

4π2

∑
el

+∞∫
−∞

dφ

∞∫
0

dθ θ

1∫
0

ds exp

[−iθ (el − se)2var(a)

2n · k s(1− s)

]
(el − se)2

(
A2
θ −

1

4
A2
φ

)

−→
SDPW

δa1a2
−i g2N

4π2

∑
el

+∞∫
−∞

dφ

∞∫
0

dθ θ

1∫
0

ds (el − se)2
(
A2
θ −

1

4
A2
φ

)
, (3.7)
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where on the second line we have restricted to a SDPW background. Here, the probe gluons

come with colour vectors Ta1 , Ta2 , normalised so that tr(Ta1Ta2) = δa1a2 , and have charge

e with respect to the background. The sum is over all colour charges el (with respect to

the Cartan-valued SDPW background) running in the loop which are compatible with charge

conservation. (For example, with gauge group SU(2) and initial probe charges e = +1 with

respect to the one-dimensional Cartan subalgebra, only el = 0,−1 are consistent with charge

conservation.) Structurally, this formula is very similar to the QED helicity flip amplitude:

the differences are, aside from overall colour factors, the absence of any exponentials in the

SDPW case (as Yang-Mills is massless) and weighting by the colour charge factor (el − se)2,
which introduces new loop momentum dependence.

As (3.7) is quadratic in the background, it is immediately obvious that its perturbative

expansion will truncate at four-points in vacuum, as required for consistency with (3.6).

The four-point vacuum amplitude is extracted in analogy with the QED calculation: in the

perturbative limit the background profile is decomposed into incoming and outgoing Cartan-

valued gluons as

f(x−) = g t cin e−iω n·x + g t cout eiω n·x , (3.8)

where t is a generator of the Cartan subalgebra of the gauge group. Upon extracting the

coefficient of cin cout in (3.7) and changing variables θ → t = θ/ω one finds

M++ = δa1a2
−i g4N

4π2

∑
el

∞∫
−∞

dφ

1∫
0

ds

∞∫
0

dt (el − se)2
(

2
(
t2 − 2

)
cos t− 4t sin t+ 4

t3

)
[ι k]2

〈ι k〉2

= δa1a2
i g4N

4π2
[ι k]2

〈ι k〉2
∑
el

(
e2l − e el +

e2

3

)
, (3.9)

with the symmetric trace over Cartan generators omitted. The sum over el just contributes

a numerical factor to the final answer; its precise value depends on the colour of the initial

probe gluons and the rank of the gauge group. (For the SU(2) example above, probe charge

e = +1 and el = 0 and −1, the sum yields 2/3.) As expected, this is in agreement with the

double-collinear limit of the mixed gluon-photon amplitude (3.6) at four points:

lim
1,2→k
3,4→n

A
(1)
4 (g+1 , g

+
2 , γ

+
3 , γ

+
4 ) = i g4N

[ι k]2

〈ι k〉2
, (3.10)

up to an overall numerical factor.

3.3 One-minus-rest-plus amplitudes and collinear limits

Again following the analogy with QED, collinear limits of the 1-loop vacuum amplitude with

one negative helicity gluon and arbitrarily many positive helicity gluons should be obtained

from the perturbative limit of the helicity non-flip amplitudeM−+ on a SDPW background.

The gluon vacuum amplitude in this helicity configuration is rational and has a compact
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expression at all multiplicities [38, 40], but since all gluons extracted from the background are

functionally photons, we only need to compare against the mixed gluon/photon amplitudes;

there are good reasons to believe that these also obey a vanishing theorem:

A(1)
n (g−1 , g

+
2 , γ

+
3 , . . . , γ

+
n ) =

{
i g4

8π2
〈12〉 [24] 〈41〉
〈23〉 〈34〉 〈24〉 if n = 4

0 for n > 4
. (3.11)

Unsurprisingly, the kinematic part of the non-vanishing n = 4 amplitude is equivalent to

the QED result (2.11). As a result, the double-collinear limit of the (−+ · · ·+) amplitude

vanishes. We therefore expect the perturbative limit of M−+ to vanish as well.

In fact, gluon helicity non-flip on a general Yang-Mills plane wave background has not

been calculated previously, so we provide details of the calculation in Appendix C; the final

result is

M−+ = −iδa1a2
g2N

8π2

∫ ∞
−∞

dφ

∫ ∞
0

dθ θ

∫ 1

0
ds e

−i θvar(a) (el−se)
2

2n·k s(1−s) (el − se)2

×
[
ε(+) · ε(−)

(
1

θ2
∂θ

[
θvar(a)

]
− âφ · âφ

(1− s)s

(
1− 1

2(1− s)s

))
+ 2AθĀθ −

1

2
AφĀφ +

(
1− 2

(1− s)s

)
Ā[φAθ]

]
(3.12)

where the gauge group is SU(N). As in QED, the first term proportional to ε(+) ·ε(−) has been

regularised by subtracting off the vacuum contribution, and so is UV finite. Comparing with

the corresponding QED amplitude (1.7), the general structure here is similar, though there

are some notable differences. In particular, there is a different dependence on the lightfront

momentum fraction s, which goes beyond the weighting by colour charge factors. This is in

contrast to the comparison of the photonic and gluonic all-plus amplitudes (1.6) and (3.7).

It is easy to see that M−+ vanishes for a SDPW background, as in that case var(a),

Ā and a2 all vanish, and hence the integrand of (3.12) vanishes. M−+ is therefore zero on

the self-dual background, in accordance with the double collinear limits of the conjectured

vanishing theorem (3.11).

3.4 QCD

It is fairly straightforward to extend these results to QCD with nf flavours of fundamental-

valued quarks, even with distinct masses, as the additional contributions from the quarks

closely mimic those of the electron in QED. On the vacuum amplitude side, the vanishing

theorems (3.6) and (3.11) still hold with quark contributions inside the loop; once again,

only the (++++) amplitude will survive in the double collinear limit. The relevant mixed

gluon/photon amplitude for n = 4 is given by simply including the quark loop contribu-

tions [77]:

− i g4
[14] [23]

〈14〉 〈23〉

nf∑
i=1

(
m4
i I4 −

1

6

)
, (3.13)
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up to an overall numerical factor, where I4 is a scalar box integral and {m1, . . . ,mnf } are the

quark masses (see Appendix A for details).

The contribution of quarks to M++ was computed in [55] for a general plane wave

background:

Mquark
++ = δa1a2

i g2

(2π)2

nf∑
i=1

∑
µl

+∞∫
−∞

dφ

∞∫
0

dθ θ

1∫
0

ds exp

[
− i

θM2
i [µl]

2n · k s(1− s)

]

× (µl − se)2
(
A2
θ −

1

4
A2
φ

)
, (3.14)

where the second summation is over the fundamental charges µl of the quarks in the loop

with respect to the Cartan-valued background and M2
i [µl] is the Kibble mass of each quark

M2
i [µl] := m2 + (µl − se)2 var(a) . (3.15)

Restricting to a SDPW background is straightforward, and combining with the contribution

from pure Yang-Mills, the perturbative limit yields:

MQCD
++ → δa1a2

i g4

4π2
[ι k]2

〈ι k〉2

[
N
∑
el

(
e2l − e el +

e2

3

)

+

nf∑
i=1

∑
µl

∞∫
−∞

dφ

∫ 1

0
ds

∞∫
0

dt e
−i tm2

i
2ω n·k s(1−s) (µl − se)2

(
2
(
t2 − 2

)
cos t− 4t sin t+ 4

t3

) . (3.16)

For the simplest case of nf massless quarks, all integrals are readily evaluated to give

δa1a2
i g4

4π2
[ι k]2

〈ι k〉2

[
N
∑
el

(
e2l − e el +

e2

3

)
− nf

∑
µl

(
µ2l − e µl +

e2

3

)]
, (3.17)

which generalises the pure Yang-Mills results (3.9) and is clearly consistent with the double

collinear limit of (3.13) in the massless case. Correspondence with the double collinear limit

of (3.13) for non-zero quark mass is established using the same methods as employed for

massive QED in Appendix A.

4 N = 1 SUSY gauge theories

The low-energy (photonic) dynamics of QED is described by the Euler-Heisenberg effective

Lagrangian which ascribes, to constant or slowly varying electromagnetic fields, two vacuum

refractive indices. These modify the propagation of probe photons, leading to the effect of

vacuum birefringence [18]; that is, the polarisation rotation of a beam of photons traversing a

strong electromagnetic background (clearly a genuine loop effect; see [13, 79, 80] for recent and

related investigations). This effect is supported on the difference of the refractive indices, but
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in supersymmetric QED (as in e.g. Born-Infeld theory), the refractive indices are equal [81],

so there is no vacuum birefringence [82] (see also [83]).

In terms of scattering amplitudes, though, and beyond the Euler-Heisenberg limit, vac-

uum birefringence is really the macroscopic result of a non-vanishing photon helicity flip

amplitude, that is M++ [21]. As such, we here extend the preceding calculations from QED

to N = 1 supersymmetric QED (SQED), and from Yang-Mills to N = 1 super-Yang-Mills

(SYM). Note that we will consider completely general (not just self-dual) plane wave back-

grounds.

To calculate the helicity flip amplitude in SQED we need to add, to the QED amplitude,

the contribution of two additional scalars running in the loop. Both the QED and scalar QED

helicity flip amplitudes on a general plane wave background may be found together in [84];

the scalar result is given by exactly −1/2 times the fermion result (1.6):

Mscalar
++ = −1

2
M++ . (4.1)

So in SQED, where one fermion and two scalars run in the loop, the contributions cancel and

the flip amplitude vanishes (MSQED
++ = 0) on any plane wave background, at all energies.

To establish whether a similar result exists in non-abelian supersymmetric gauge theories,

we consider N = 1 super-Yang-Mills (SYM) theory. The only new ingredient in the gluon

helicity flip amplitude for this theory (as compared to pure Yang-Mills) is the presence of a

gluino loop. Recall that the gluino, the super-partner of the gluon, is a massless Weyl fermion

valued in the adjoint representation of the gauge group. The calculation of its contribution

to gluon helicity flip requires only the gluino propagator, defined by the kinetic term in the

N = 1 SYM Lagrangian

Lgluinokin = tr
(

Ψ̃α̇Dαα̇Ψα
)
, (4.2)

where Dαα̇ is the gauge connection of the plane wave background. This is easily constructed

using ingredients encountered above and in [55].

The calculation contains no surprises, so we present instead a simple argument to obtain

the result directly from the quark loop term for helicity flip in QCD, given by (3.14). Let

the nf quarks, valued in the fundamental representation of the gauge group, have identical

masses. To obtain the analogous contribution for adjoint-valued fermions, one simply replaces

µl → el, and nf with 2N , where the factor of two arises from the distinction between the

Casimir invariants Tfund = 1
2 and Tadj = 1. To account for the distinction between Dirac and

Weyl/Majorana fermions the result must be multiplied by a factor of 1
2 . Finally, setting the

mass to zero yields

Mgluino
++ = δa1a2

i g2N

(2π)2

∑
el

+∞∫
−∞

dφ

∞∫
0

dθ θ

1∫
0

ds exp

[
− i

θ var(a)

2n · k s(1− s) (el − se)2
]

× (el − se)2
(
A2
θ −

1

4
A2
φ

)
. (4.3)

– 19 –



Comparing to the Yang-Mills result (3.7), we see immediately that Mgluino
++ = −MYM

++ ; the

gluino loop exactly cancels the pure Yang-Mills contributions and thus MSYM
++ = 0 in N = 1

SYM – the gluon helicity flip amplitude vanishes.

This gives an explicit generalisation of existing results beyond the Euler Heisenberg limit

(i.e. to arbitrary energies) in both abelian and non-abelian settings, as well as to arbitrary

plane wave backgrounds with any strength and profile. The phenomenological consequence

is that in SUSY theories, there is no vacuum birefringence in any plane wave background.

The reason behind this is not immediately obvious. In particular, it is not clear that

M++ = 0 as a consequence of any SUSY Ward identity, since the purely photonic/gluonic

plane wave is not a fully supersymmetric solution. Recall, though, that a key component of

helicity conservation in 2 → 2 SUSY processes [85, 86] is that the SUSY transform between

gluons and gluinos, when projected onto physical one-particle states, is helicity conserving.

We conjecture that this property extends to scattering on plane-wave backgrounds, and is

therefore responsible for the vanishing of helicity flip.

To support this, note that propagation through the plane wave conserves individual

particle helicity [87], despite the fact that the plane wave is not a SUSY background. This

is already clear from the dressed gluon polarisation vectors (3.3), which are obtained from

their vacuum counterparts simply by replacing the asymptotic particle momentum with the

dressed momentum. Conservation of helicity can also be made explicit for fermions, as dressed

spinors U are related to undressed spinors u by

U =

(
11 +

/n/a(x−)

2n · p

)
u =

(
11 +

f̄(x−) |ι〉 〈ι| − f(x−)|ι][ι|√
2n · p

)
u , (4.4)

so what is initially left (right)-handed remains left (right)-handed after entering the sandwich

plane wave. Further, only the transversely projected (i.e., physical) helicity states in the

loop contribute to helicity flip [21, 55]. Put together, these results suggest that the helicity

conservation of SUSY theories continues to hold in general plane wave backgrounds; it would

be interesting to investigate this in more detail.

5 Conclusions

In this paper, we extracted maximally collinear limits of one-loop scattering amplitudes in

vacuum through the expansion of one-loop, 2-point amplitudes in gauge theories on self-dual

plane wave backgrounds. These 2-point amplitudes are calculated for arbitrary background

strength and profile due to the high degree of symmetry of the plane wave, and as such con-

tain structures not found in vacuum amplitudes, which in turn leads to novel physics such

as vacuum birefringence. Restricting to self-dual backgrounds yields some significant simpli-

fications and gives direct access to well-studied helicity configurations, in particular all-plus

and one-minus-rest-plus. While self-duality of the background ensures that the perturbative

expansion truncates at 4-point vacuum amplitudes, matching the perturbative expressions
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with those vacuum amplitudes is surprisingly subtle, particularly in the massive case and at

higher orders (see appendices A, B).

Despite the complexity of the amplitudes themselves, we have demonstrated that, in

general plane wave backgrounds, the helicity flip amplitude vanishes in N = 1 supersymmet-

ric QED and Yang-Mills theory. This result was already known in the low-energy (Euler-

Heisenberg) limit of QED, but our results hold for non-abelian gauge theories, arbitrary

energies and non-constant plane wave backgrounds of arbitrary strength.

The results presented here could be extended in a number of ways. The double copy

relationship between vacuum scattering amplitudes in Yang-Mills theory and gravity has

been shown to hold to high-multiplicity and loop level (see [88] for a review). It has also

been extended to low-multiplicity tree-level scattering amplitudes on plane wave background

fields [22, 24, 26, 89], giving access to non-perturbative features of scattering on gravitational

waves. Generalising the results of the present paper to the background field double copy

would be a natural step in further exploring this relationship, and the collinear aspects of the

corresponding vacuum gravitational amplitudes at one loop.

One could also consider higher-point, and higher-loop order amplitudes on the back-

ground. For example – and unlike in vacuum – the 3-point photon amplitude on a background

is nonvanishing (see e.g. [90] for the plane wave case) as Furry’s theorem does not apply. The

perturbative expansion of this amplitude would give direct access to helicity configurations

beyond those considered here.
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A All-plus amplitude in massive QED

In Sect. 2 we demonstrated that by perturbatively expanding 2-point amplitudes on a plane

wave background we could reproduce the maximally collinear limits of scattering amplitudes in

vacuum, in massless QED. We show here that the results also hold for massive QED, limiting

our discussion to the all-plus helicity configuration as only this one can be non-vanishing on

a SDPW background, as is clear from (1.6)) and (1.7).

The all-plus scattering amplitude in massive QED is given by (see e.g. [77]),

A
(1)
4 (γ+1 , γ

+
2 , γ

+
3 , γ

+
4 ) =

∑
perms

i

16π2
[12] [34]

〈12〉 〈34〉
(
m4 I4 −

1

6

)
, (A.1)

where the sum is over permutations of k1 . . . k4 and the scalar box integral I4 is defined by

I4 =

∫
d4p

(2π)4
−16 iπ2

(p2 −m2)
(
(p− k1)2 −m2

)(
(p− k1 − k2)2 −m2

)(
(p+ k4)2 −m2

) . (A.2)
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The spinor structure is actually independent of the ordering, so can be brought outside the

sum. Performing the momentum integral in (A.2), one obtains an expression in terms of the

dilogarithm; our expression for the massive amplitude is, however, (2.8) and the s-integral

can be expressed in terms of Bessel functions using

1∫
0

ds e
−i x

2s(1−s) = ix e−ix
(
K1(ix)−K0(ix)

)
. (A.3)

To show equivalence between (A.2) and (2.8), one must convert the scalar box I4 back to

position space, and evaluate the integrals in lightfront coordinates, in order to match the

calculation on the SDPW background.

The p− integral of the scalar propagator is evaluated by residues first, yielding the light-

front form of the propagator

G(x) = i

∫
d4p

(2π)4
e−ip·x

p2 −m2 + iε
=

∫
d2p⊥ dp+

(2π)3 |2p+|
Θ(p+x

−) e−ip·x . (A.4)

We then integrate out the ‘spatial’ coordinates x⊥ and x+, at each vertex. The two x−

integrals are evaluated against the various step functions, and give trigonometric functions

of the loop momentum s, as in (2.8). Changing to the average (φ) and difference (θ ≡ t/ω)

phase variables for the two remaining x− integrals, one finds

∑
perms

(
m4I4 −

1

6

)
= −1− 2

b2

∞∫
0

dt

1∫
0

ds e
− i

2b
t

s(1−s)

[
1

(1− s)2 +
1

s(1− s)

]
sin2(t/2)

t
, (A.5)

in which b := ωk+/m2.

Despite appearances, this is indeed the same as the massive QED expression (2.8). The

key lies in the first term in square brackets of (A.5) which, as it is not a function of s(1− s),
appears be to be incompatible with (2.8). However, the exponential which appears in all

our expressions is symmetric in s ↔ 1 − s over the s-integration range, meaning that the

pre-exponential can be symmetrised; the terms in square brackets of (A.5) then become

1

2

(
1

(1− s)2 +
1

s2

)
+

1

s(1− s) =
1

2

1

s2(1− s)2 . (A.6)

This is, up to factors, just the second derivative of the exponent with respect to t. Writing

the integrand as such, we integrate by parts in t. There is no boundary contribution from the

first integration, while the second yields a nonzero, finite contribution at t = 0; this boundary

term exactly cancels the ‘rational part’ subtracted from I4. Evaluating the derivatives in the

remaining bulk term gives

∑
perms

(
m4I4 −

1

6

)
=

∞∫
0

dt

1∫
0

ds e
− i

2b
t

s(1−s)
2(t2 − 2) cos t− 4t sin t+ 4

t3
, (A.7)

exactly reproducing our expression (2.8) for the massive QED result.
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B Consistency check: non-chiral backgrounds and higher-points

We have seen that the restriction to a SDPW background ensures that the perturbative

expansion of both helicity flip and non-flip amplitudes cannot result in higher than 4-point

vacuum amplitudes. However, on general, non-chiral plane wave backgrounds, it is possible

to obtain non-vanishing vacuum amplitudes in these helicity configurations at higher points,

since there is an additional, exponential dependence on the background entering through the

quantity var(a) defined by (1.5), and each insertion of var(a) obtained by Taylor-expanding

the exponential will lead to a pair of external photons of opposite helicity.

For example, expanding the helicity flip amplitude M++ of (1.6) to first order in the

exponent generates a (nonzero) six-photon vacuum amplitude in the helicity configuration

(+ + + + +−). As long as m 6= 0, there is no contradiction posed by this expression, since

the 6-point, 1-loop vacuum amplitude with one (or zero) negative helicity photons is non-

vanishing in massive QED (cf., [67, 91, 92]). However, in the massless case this expression

must vanish to be consistent with Mahlon’s vanishing theorem [36]5. Setting m = 0, one

obtains the six-photon expansion of the helicity-flip amplitude:

M++ → −
α

n · k π

1∫
0

ds

s(1− s)

∞∫
−∞

dφ

∞∫
0

dθ θ2
(
A2
θ −

1

4
A2
φ

)
var(a) , (B.1)

where two positive helicity photons come from the probe on the background, two more posi-

tive helicity photons come from the pre-exponential, and a positive/negative helicity pair of

photons is encoded in var(a).

The s-integral in (B.1) is divergent in massless QED and requires regularization. One can

either insert explicit cutoffs into the s–integral, or perform the entire calculation in transverse

dimensional regularization, going to 2 + 2ε transverse directions (see [94] for details). We will

work with the latter method, which has the benefit of not changing any properties of the

background; this results in an additional factor of (s(1− s))ε in (B.1). The s-integral is then

convergent for ε > 0, with a simple expression in terms of gamma functions, so we leave the

regularization implicit from now on.

Now, take the background dependence in (B.1) to be the momentum eigenstate version

of (2.1):

aµ = eiλx
−

(0, 0, 1, i) + e−iωx
−

(0, 0, 1,−i) , (B.2)

where we ignore overall normalizations for the time-being. In terms of physical variables,

with λ, ω > 0 this field describes incoming negative helicity photons of energy ω and outgoing

negative helicity photons of energy λ. The important building blocks of the amplitude are

easily evaluated; for example,

A = −eiλφ sinc

(
λθ

2

)
, (B.3)

5For non-vanishing helicity configurations at 6-points see e.g. [93]

– 23 –



while var(a) has the somewhat unrevealing expression

var(a) =
ei(λ−ω)φ

λ− ω

[
sinc

(
θλ

2

)(
λ cos

(
θω

2

)
+ (ω − λ) sinc

(
θω

2

))
−ω cos

(
θλ

2

)
sinc

(
θω

2

)]
, (B.4)

Observe that the φ-dependence of var(a) is exp i(λ−ω)φ, and that the product of (derivatives

of) A go like exp 2iλφ. Thus, the φ-integral in (B.1) yields the ‘missing’ overall conservation

of momentum expected for vacuum amplitudes, fixing 3λ = ω.

What remains, upon changing variables θ → t := λθ, is given by

δ(3λ− ω)

1∫
0

ds

s(1− s)

∞∫
0

dt

t4
sin

(
t

2

)(
t2 − 2t sin(t)− 2 cos(t) + 2

) [
3t cos

(
t

2

)
− 2 sin

(
3t

2

)]
,

(B.5)

up to a constant of proportionality. While cumbersome, the t-integral is elementary and

evaluates to zero. Since the remaining s-integral is regularized, this kills the entire amplitude,

as desired. Hence, we see that higher-order perturbative expansions on non-chiral plane wave

backgrounds remain consistent with the vanishing theorems of massless QED at one-loop.

C Yang-Mills helicity non-flip on a general plane wave background

The gluon helicity flip amplitude for Yang-Mills on a general plane wave background is given

in [55], but the corresponding non-flip amplitude has not previously appeared in the literature.

Its calculation proceeds as for helicity flip [55], to which we refer the reader for details. Here

we present an outline, working in d = 4.

We consider the (necessarily forward, see below) scattering of an on-shell gluon with

initial momentum kµ and polarisation εµ, where k2 = 0 = k · ε, and work in lightcone gauge

n · ε = 0. Before entering the sandwich wave background, the gluon is described by the

wavefunction Taεµe−ik·x, where Ta is the generator of the gauge group and a = 1, . . . , N2 − 1

for SU(N). Inside the background field the polarisation and momentum of the gluon become

dressed, such that the wavefunction is

TaEµ(x−) exp
[
− iφk(x)

]
, where φk(x) = k · x+

∫ x−

−∞
dt

2ea(t) · k − e2a2(t)
2n · k , (C.1)

and e is the (Cartan) colour charge of the initial gluon (as described below (3.2)). The dressed

momentum of the gluon, Kµ(x−), is defined by

Kµ(x−) =

(
kµ − eaµ(x−) +

2ea(x−) · k − e2a2(x−)

2n · k nµ

)
, (C.2)
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and is obtained through acting on the exponential with the background field covariant deriva-

tive, Kµ(x−) = ieiφk(x)Dµe−iφk(x). Alternatively, it can be written as a field and momentum-

dependent Lorentz boost acting on the asymptotic momentum kµ,

Kµ(x−) =

(
ηµν −

eaµ(x−)nν − eaν(x−)nµ
n · k − e2a2(x−)nµnν

2(n · k)2

)
kν ≡ Λµν(x−; k)kν , (C.3)

which also defines the dressed polarisation

Eµ(x−) = Λµν(x−; k)εν . (C.4)

Working in Feynman-’t Hooft gauge, we need to calculate both the gluon loop and ghost

loop contributions to the amplitude. The background dressed gluon propagator is

Ga1a2µν (x, y) = −iδa1a2
∮

d4l

(2π)4
Dl
µν(x, y)

l2 + iε
e−iφl(x)+iφl(y) , (C.5)

where the tensor structure is, using (C.3),

Dl
µν(x, y) = Λµλ(x−; l)Λ λ

ν (y−; l) , (C.6)

with lµ continued off-shell. The corresponding ghost propagator is just (C.5) with the tensor

structure set to unity. For the background field 2-point amplitude we require only the 3-point

gluon and gluon-ghost vertices. The gluon tadpole contributes only background-independent

terms equal to those in vacuum, and so is subtracted entirely by renormalization, see [55] for

details. These vertices are, respectively,

Γa1a2a3
µνσ (x) = gfa1a2a3

∫
d4x
[
ηµν
(
D1 −D2

)
σ

+ ηνσ
(
D2 −D3

)
µ

+ ησµ
(
D3 −D1

)
ν

]
, (C.7)

Γa1a2a3
µ (x) = gfa1a2a3

∫
d4xD1µ , (C.8)

where fa1a2a3 are the colour structure constants, and a subscript on the background covariant

derivative denotes the particle on which it acts.

With these ingredients one can write down the no-flip amplitude and proceed by evalu-

ating position and momentum integrals. Due to the non-trivial space-time dependence of the

background only the integrations over x+ and x⊥ can be performed at each vertex to give

(six) momentum-conserving δ-functions, which eliminate three loop momenta. Two further

loop integrals in l− and l′−, for propagator momentum lµ and l′µ, respectively, are performed

by contour integration, putting them on-shell. Written covariantly, the momentum l′ is then

l′µ = lµ − kµ +
(k − l)2

2n · (k − l) nµ , (C.9)

and it can easily be shown that this relationship extends to the dressed momenta (L for

dressed `, K for dressed k, etc.)

L′µ(x−) = Lµ(x−)−Kµ(x−) +
(K(x−)− L(x−))2

2n · (k − l) nµ . (C.10)
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The remaining loop integrals are over l⊥ and s = n · l/n · k.

The amplitude then takes the form

A = (2π)3δ3+,⊥(k′ + k)M(k) , (C.11)

with

M(k) =
g2N δa1a2

8k+(2π)3

∫
dφ

∫ ∞
0

dθ

∫ 1

0

ds

s(1− s)

∫
d2l⊥ exp

[
i

∫ φ+θ/2

φ−θ/2
dt

K(t) · L(t)

n · k(1− s)

]
×
(
Tghost −

1

2
Tgluon

)
, (C.12)

for the tensor structures

Tghost = E(x−) · L(x−)E ′(y−) · L(y−) , (C.13)

and

Tgluon =
[
− ηµρ

(
Kσ(x−) + Lσ(x−)

)
+ ηρσ

(
Lµ(x−) + L′

µ
(x−)

)
+ ησµ

(
Kρ(x−)− L′ρ(x−)

)]
× Eµ(x−)E ′ν(y−)Dl−k

σα (x−, y−)Dl
βρ(y

−, x−)

×
[
ηνα
(
Kβ(y−)− L′β(y−)

)
+ ηαβ

(
L′
ν
(y−) + Lν(y−)

)
− ηβν

(
Lα(y−) +Kα(y−)

)]
.

(C.14)

The exponent in (C.12) can be expanded as∫ φ+θ/2

φ−θ/2
dt

K(t) · L(t)

n · k(1− s) =
θ

2n · ks(1− s)
[
q2⊥ − var(a)(el − se)2

]
, (C.15)

where the variance is defined by (1.5) and we have changed variables to

q⊥ = l⊥ − sk⊥ − (el − se)â⊥ . (C.16)

It is a straightforward, though lengthy, exercise to evaluate the complete pre-exponential

tensor structure.

To (slightly) reduce the number of terms, we specialize to helicity non-flip, taking ε = ε(+)

and ε′ = ε(−), and defining A = ε(+) · â and Ā = ε(−) · â. One finds

Tghost −
1

2
Tgluon =− 4qq̄ − 2 θ2

(1− s)s

(
1− 1

2(1− s)s

)
(el − se)2 â2φ

− 2θ2(el − se)2
[
− 1

2
ĀφAφ + 2ĀθAθ +

(
1− 2

s(1− s)

)
Ā[φAθ]

]
, (C.17)

where q = (q1 + iq2)/
√

2 and q̄ = (q1 − iq2)/
√

2. Analytically continuing θ → θ + iδ, the

(Gaussian) integrations over the transverse components q⊥ can be performed analytically [95].
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The scattering amplitude is then

M−+ =
g2N δa1a2

2(2π)2

∫
dφ

∫ ∞
0

dθ

∫ 1

0
ds exp

[
− i

θ var(a)

2n · k s(1− s)
(
el − se

)2]
×
{

2n · ks(1− s)
(θ + iδ)2

+
iθ

(1− s)s

(
1− 1

2(1− s)s

)(
el − se

)2
â2φ

− iθ
(
se− el

)2[− 1

2
ĀφAφ + 2ĀθAθ +

(
1− 2

s(1− s)

)
Ā[φAθ]

]}
. (C.18)

The first term in this expression is proportional to the UV-divergent free-field scattering

amplitude, seen here as a contact divergence ∼ θ−2 at θ = 0. All other terms are UV finite.

The amplitude is renormalised by subtracting the free-field contribution, following [96], after

which it may be written

M−+ = −iδa1a2
g2N

8π2

∫ ∞
−∞

dφ

∫ ∞
0

dθ θ

∫ 1

0
ds e

−i θ var(a)(el−se)
2

2n·k s(1−s)
(
el − se

)2
×
[
ε(+) · ε(−)

(
1

θ2
∂θ

[
θvar(a)

]
−

â2φ
(1− s)s

(
1− 1

2(1− s)s

))
+ 2AθĀθ −

1

2
AφĀφ +

(
1− 2

(1− s)s

)
Ā[φAθ]

]
. (C.19)
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