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The physics of adiabatic particle number in the Schwinger effect

Anton Ilderton1, ∗

1Higgs Centre, School of Physics & Astronomy, University of Edinburgh, EH9 3JZ, UK

The production of electron-positron pairs from light is a famous prediction of quantum electrody-
namics. Yet it is often emphasised that the number of produced pairs has no physical meaning until
the driving electromagnetic fields are switched off, as otherwise its definition is basis-dependent.
The common adiabatic definition, in particular, can predict the ‘creation’ of a number of pairs or-
ders of magnitude larger than the final yield. We show here, by clarifying exactly what is being
counted, that the adiabatic number of pairs has an unambiguous and physical interpretation. As
a result, and perhaps contrary to expectation, the large numbers of pairs seen at non-asymptotic
times become, in principle, physically accessible.

One of the most well-known non-perturbative predic-
tions of quantum electrodynamics is the Schwinger effect,
the creation of electron-positron pairs from light [1, 2]. It
is an example of quantum tunnelling (from the Dirac sea).
The Schwinger effect can be the dominant mechanism be-
hind charge loss from black holes [3], exhibits features of
universality [4, 5], and there are analogous effects in solid-
state physics, often realised through Landau-Zener “inter-
band” tunneling [6–9]. Experimental progress is bringing
us closer to the point at which Schwinger pair produc-
tion may be measurable in laser experiments [10–14], or
through analogue processes [15].

There exist many, mutually consistent methods by
which to calculate the asymptotically late time (final-
state) number of pairs which can be produced from a
given electric field profile [16–24]. However, attempts to
define a time-dependent number of created pairs, N(t),
while the electric field is still turned on, runs into trouble:
any definition of N(t) is unphysically basis-dependent,
and while all choices agree on the asymptotic number
of pairs, they differ greatly in their predictions at in-
termediate times. Even the most common and well-
known choice, that of a basis of adiabatic Hamiltonian
eigenstates, yields pair numbers which fluctuate wildly
in time, and can exhibit transient values orders of mag-
nitude higher than the final, unambiguous, number of
pairs. This has led to drastic overestimates for the num-
ber of pairs which could be created in experiments, and as
such it is now repeatedly emphasised that no direct phys-
ical meaning should be attributed to the non-asymptotic
number of pairs [25–28]. (The issue is exemplified by
‘solitonic’ cases for which N(t) is non-zero, but falls to
exactly zero asymptotically, meaning no pairs are ulti-
mately produced [26, 29, 30].)

It is, however, also possible to find particular ‘super-
adiabatic’ bases for which N(t) interpolates more
smoothly between 0 and its asymptotic value, without
the large oscillations of other bases [31, 32]. What, then,
is the ‘correct’ basis to use in order to describe the time
evolution of the number of pairs [32]? Do the transient
excitations have a physical meaning [33], or should a
method be found to remove them [28]? Similar ques-

tions arise in particle creation from spacetime curva-
ture [34–36], and in tunnelling ionisation [37]. There, de-
spite ever-increasing experimental capabilities which can
probe dynamics over short timescales [38, 39], tension
remains between theory and experiment in the mean-
ing of tunnelling time [37, 40–42]. Progress in under-
standing the meaning of adiabatic particle number would
therefore shed light on a fundamental, non-perturbative
phenomenon in quantum theory, of relevance to laser,
condensed-matter, gravitational and nuclear physics.

We will show here, by clarifying exactly what is be-
ing counted, that the non-asymptotic number of pairs
does have a physical interpretation. Rather than asking
which of the infinitely many possible bases is physically
relevant for pair production (if any), we will essentially
turn the question around, and ask instead what is the
physics contained in different bases?
Setup: We consider electron-positron pair production

from an external electric field E(t), working first in 1 + 1
dimensions for clarity. The electric field E(t) can be rep-
resented by the potential A0 = 0 and ∂tA1(t) = E(t),
with A1(−∞) = 0, vanishing in the asymptotic past. We
write, for e the electric charge, a(t) := eA1(t). The time-
dependent spatial momentum of a classical particle, mass
m and charge e moving in the field is π(t) = p−a(t), for p
the momentum at t = −∞. Energies are

√
p2 +m2 = p0

and
√
π2 +m2 = π0 as usual. Turning to the quantum

theory, it is advantageous to work in the Schrödinger pic-
ture, which yields particularly simple and clear expres-
sions. In terms of the usual ladder operators of free par-
ticles at t = −∞, obeying {bp, b†q} = {dp, d†q} = δ(p− q),
the Hamiltonian is (see Appendix A for details)

H(t) =

∫
dp Ω+(t)

(
b†pbp+d

†
−pd−p

)
+Ω−(t)(b†pd

†
−p+d−pbp) ,

in which

Ω+(t) :=
π(t)p+m2

p0
, Ω−(t) :=

m(π(t)− p)
p0

. (1)

So that we can focus on making the physics of states and
operators manifest, which is the problem of interest, we
work throughout with the modes above, rather than with
Bogoliubov transforms (for which see e.g. [43, 44]).
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The vacuum before and after: We begin in the vac-
uum | 0 〉, and turn on the electric field E(t) at t = t0,
which may be finite or −∞. The time-evolved state | 0; t 〉
obeying the Schrödinger equation i∂t| 0; t 〉 = H| 0; t 〉 is

| 0; t 〉 := exp

[
− iV ϑ(t) +

∫
dp Ωp(t)b

†
pd
†
−p

]
| 0 〉 , (2)

in which V is the spatial volume (over 2π) and the coef-
ficient functions obey Ωp(t0) = 0,

iΩ̇p(t) = 2Ω+(t)Ωp(t) + Ω−(t)
(
1− Ω2

p(t)
)
,

ϑ(t) =

t∫
t0

dt′
∫

dpΩ−(t′) Ωp(t
′) .

(3)

After the electric field turns off (again, at either finite
or asymptotic time) | 0; t 〉 may or may not have overlap
with states containing pairs. To make this concrete, con-
sider that when E(t) has turned off, the potential a(t)
becomes, and remains, a constant a∞ which in general is
nonzero – this is the same as a pure gauge background,
so to understand the physics of the time-evolved vacuum
we need to understand the construction of states in the
pure gauge vacuum |0 〉 obeying H|0 〉 = 0. (There are
no pair-number ambiguities here; there is no physics but
free physics in a pure gauge background.) It is instructive
to do this by solving the time-independent Schrödinger
equation, 0 = 2Ω+Ωp + Ω−

(
1− Ω2

p

)
, which implies

Ωp =
Ω+ − π0

Ω−
=: ∪p , (4)

in which the Ω± take constant values after the pulse has
turned off, and the given physical solution is that having
the correct zero-field limit. (We return to the other solu-
tion later.) The normalised vacuum state in the presence
of a pure gauge potential is thus

|0 〉 = exp

[ ∫
dp ∪p b†pd

†
−p −

V

2
log(1 + ∪2

p)

]
| 0 〉 . (5)

This has a form similar to (2), hence | 0; t 〉 may not con-
tain pairs at all. The vacuum persistence amplitude is
〈0 | 0;∞〉 (and not 〈 0 | 0;∞〉). Similarly, counting the
number of pairs produced, when the field has switched
off, is equivalent to counting free particle excitations in
the pure gauge vacuum. The Hamiltonian is easily diag-
onalised; the normalised operators which create electrons
and positrons of spatial momentum p from |0 〉 are, re-
spectively, B†p+a∞ and D†p−a∞ , where

B†p :=
b†p − ∪pd−p√

1 + ∪2
p

, D†−p :=
d†−p + ∪pbp√

1 + ∪2
p

, (6)

The momentum assignments of the modes do not corre-
spond to physical momenta because of the pure gauge

terms, but the relation between them is a simple transla-
tion. The number of pairs created from vacuum is equal
to the number of created electrons, so we define as usual
the number (density) of pairs of physical momentum p
created from a pulse of profile a(t) by

N (p|a) := V −1 lim
t→∞
〈 0; t |B†p+a∞Bp+a∞ | 0; t 〉 . (7)

For electric fields with compact support t < tf , we may
drop the limit and evaluate (7) at any t > tf , where the
field has vanished. The example of a delta-function field,
illustrating all of the above, is detailed in Appendix B,
where we also solve a problem encountered in [26].
Adiabatic pair number: In describing pair produc-

tion at intermediate times, while the electric field is
still turned on, a common choice of basis states is
that of adiabatic (or instantaneous) eigenstates of the
Hamiltonian. The adiabatic vacuum is defined by pro-
moting ∪p and hence |0 〉 to time-dependent objects.
States are built on the vacuum by the ladder opera-
tors (6) which similarly become time-dependent. The
adiabatic ‘particle number’ Np(t) is then defined by
Np(t) := V −1〈 0; t |B†p(t)Bp(t)| 0; t 〉. By construction we
have limt→∞Np+a∞(t) = N (p|a). By evaluating the ex-
pectation value using the explicit form (2) the adiabatic
number of pairs is found to be

Np(t) =
|Ωp(t)− ∪p(t)|2

(1 + |Ωp(t)|2)(1 + ∪2
p(t))

. (8)

For finite times Np(t) can exhibit ‘transient’ oscillations
which are orders of magnitude larger than the final num-
ber of pairs; see for example [25–28] and Fig. 1.
∪p(t) is the first (lowest order) of an infinite num-

ber of approximations to Ωp(t) found from performing
an adiabatic expansion of the Schrödinger equation (3),
see [31, 32] and Appendix C for details. Each order of
approximation provides a candidate number of pairs, call
it nNp(t), obtained from (8) by replacing ∪p with the nth

order adiabatic approximation nΩp of Ωp; all differ, but
yield the same asymptotic N . This and (8) make explicit
an observation in [32]; the number of produced pairs is
supported on the difference between the exact solution
of the Schrödinger equation Ωp and its adiabatic approx-
imations nΩp. There is therefore a ‘pair producing part’
of the exact solution to which adiabatic approximations
are blind; a trans-series analysis of this result would be
interesting to pursue. Our focus here though is on finding
the meaning of the adiabatic particle number (8).
Physical interpretation: Take any given electric field

E(t) and imagine instantaneously switching it off at some
t = τ . To find the number of created pairs we solve
the Schrödinger equation for Ωp(t) with the continuous
background aτ (t) := a(t)θ(τ − t) + a(τ)θ(t − τ). Note
that aτ (∞) = aτ (τ). The solution Ωp(t) agrees exactly
with that in the background a(t) for t < τ , and crucially
is continuous at t = τ . For t > τ , Ωp(t) obeys the pure
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FIG. 1. Adiabatic pair number (8) calculated by numer-
ically solving the Schrödinger equation in the Sauter pulse
E(t) = E0 sech2ωt, a(t) = eE0/ω(1+tanhωt), with E0 = 1/4,
ω = 1/10 and p = 5/2, corresponding to final physical mo-
mentum = −5/2, in units where m = 1. The adiabatic num-
ber contains a great deal of structure, including a peak near
t = 0 which is almost three orders of magnitude larger than
the final number of pairs at t→∞.

gauge version of (3) where Ω± are evaluated at t = τ ,
together with the boundary condition Ωp(t) = Ωp(τ).
This part of the solution, at t > τ , is easily found:

Ωp(t) =
Ω+ − iπ0 tan

[
π0(t− τ)− iκ)

]
Ω−

, (9)

with Ω± ≡ Ω±(τ) and κ = tanh−1[(Ω+ − Ω−Ωp(τ))/π0].
Using (4) and (9) the asymptotic number of pairs is

N (p− a(τ)|aτ ) ≡ V −1〈 0; t |N̂p(t)| 0; t 〉
∣∣∣
t≥τ

=
|Ωp(τ)− ∪p(τ)|2

(1 + |Ωp(τ)|2)(1 + ∪2
p(τ))

,
(10)

constant for t ≥ τ and equal to its value at the switch-off
by continuity. The final expression in (10) is nothing but
the adiabatic number of pairs (8) at time τ , calculated
in the original field a(t). Hence we have the result

Np(t) = N (p− a(t)|at) , (11)

meaning that the adiabatic number of pairs at time t
is exactly the number of physical pairs which would be
observed, with a shifted momentum, if the field were
snapped off at time t. The remainder of the paper is
devoted to analysis and discussion of this result.
Examples: The result (11) may be verified numeri-

cally by calculating N (p − a(t)|at) in the field at and
comparing against Np(t) in the field a. This comparison
is shown in Fig. 2 for the Sauter pulse (as used in Fig. 1)
and for the following example. Consider the potential
asol(t) := (1/λ)sech t/λ. For p = 0 the exact solution to
the Schrödinger equation is Ωp=0(t) = (2λm cosh t/λ +
i sinh t/λ)−1. This is an example of a ‘solitonic’ pair of
field and momentum for which N0(t) 6= 0 butN (0|asol) =
0 and there is no pair production [26, 29, 30, 45, 46].
However, if we turn the field off at any time t, the soli-
tonic property is lost and indeed there are pairs.
UV behaviour: We recall that in expanding universes,

the total number of particles created in the adiabatic ap-
proximation is UV divergent, and requires higher-order
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FIG. 2. Top: A comparison of Np(t) and N (p − a(t)|at)
in the Sauter pulse, parameters as in Fig. 1. Both sets of
data are calculated numerically in different fields. The results
are identical, verifying (11). Bottom: In the solitonic case,
Np=0(t) is calculated analytically from Ωp=0 in the text, while
N (p−a(t)|at) is calculated numerically; again, the two agree.

adiabatic terms for its regularisation [34–36]. If the same
were true in QED, it could cast doubt on our interpreta-
tion of (11). This is, though, not the case: in Appendix D
we repeat our calculations in 1+3 dimensions and show
that the total number of pairs is finite. (We also bench-
mark with the literature.)
Smooth switch-off and pulse shaping: To what extent

do our results hold in the more physical case that the
electric field turns off rapidly and smoothly, rather than
instantaneously? To answer this, define aτ,∆(t) by re-
placing the step functions in aτ (t) with smooth func-
tions, such that the larger ∆ is, the more rapidly the
field switches off. Fig. 3 gives two examples of smooth-
ing function applied to the Sauter pulse, and of Np(t).

If ∆ is large then the numbers of pairs is, as shown, not
greatly affected by using a smooth switch-off, and N (p−
at(t)|at,∆) ' N (p − at(t)|at). As ∆ becomes smaller,
the asymptotic number of pairs N (p−at(t)|at,∆) may be
larger or smaller than the adiabatic number, depending
on the smoothing used but, importantly, it continues to
track the adiabatic number, independent of the choice of
smoothing function. This includes both the large peaks
of Np(t) and its finer details, see Fig. 3.

If the turnoff is slow (small ∆), such that the shape of
the electric field is changed significantly to the past of the
switch-off time, then the asymptotic and instantaneous
numbers obviously differ – this is also consistent with the
non-Markovian nature of pair production [47, 48], in that
the process depends on its past history.

As the final number of pairs tracks the adiabatic num-
ber even with a smooth (but rapid) turn off, it implies
that one can in principle, meaning with sufficiently good
pulse shaping, produce similar number of pairs as pre-
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FIG. 3. Top: Electric fields ET,∆(t) with smooth turn off de-
fined by two step regularisations; θ(t)→ 1

2
(1 + tanh ∆t) and

θ(t)→ 1
2

+ 1
π

tan−1 ∆t. Middle: Asymptotic particle number
N (p−a(t)|at,∆) for different smoothing functions and param-
eters (colour), compared to adiabatic number Np(t)(black).
The asymptotic number tracks the adiabatic, including its
large peaks and (bottom) finer structure.

dicted by the adiabatic Np(t). This means in particular
that the large pair numbers seen at intermediate times,
such as in Fig. 2, are not something to be removed or
avoided, but can in principle be pursued. The first step
is to identify where the large peaks in Np(t) lie, which we
can do here. Using the Schrödinger equation to simplify,
extrema in Np(t) are given by

∂tNp = 2
[
(∪2
p−1)ReΩp−(|Ωp|2−1)∪p

]
∂t∪p = 0 . (12)

If ∂t ∪p (t) = 0 then E(t) = 0, which is not of interest.
The non-trivial extrema are given by the vanishing of the
factor in square brackets in (12); this condition describes,
writing Ωp(t) = x(t)+iy(t), a circle in the complex plane,

(x− Ω+/Ω−)2 + y2 = π2
0/Ω

2
− , (13)

which, once Ωp(t) is known, is to be solved for t to find the
local maxima of Np(t). Note that if the imaginary part is
zero then (13) reduces to Ωp = ∪p, implying that | 0; t 〉
has collapsed back to the vacuum. Hence we are only
interested in solutions of (13) with, somewhat naturally,
an imaginary part ImΩp 6= 0. To illustrate, we can solve
(13) in the solitonic case, using the exact form of Ωp=0(t);
the maxima occur at t = λ log(

√
2± 1). (That these are

the locations of the electric field maxima seems to be a
coincidence due to the properties of the solitonic pair.)
Combining (13) with the results for a smooth switch-off
thus offers a route to investigating optimal pulse shapes
for Schwinger pair production [49–54].

Discussion: We have shown that adiabatic particle
number in Schwinger pair creation has, in contrast to
common belief, a definite physical interpretation. The
adiabatic number of pairs at any given time is the num-
ber of physical pairs which would be observed, with a
properly identified momentum, if the field were (very)
rapidly switched off at that time. As a lesson in pulse-
shaping, this means that steep field gradients (implying
high frequency components) can be beneficial for creat-
ing the very large number of pairs predicted by adiabatic
particle number.

Our results suggest a change in perspective: rather
than trying to identify a ‘correct’ pair number for use at
intermediate times, one can instead try to identify what
a given number operator really measures. Our results
suggest that different bases describe different observables,
and the challenge is to understand what these are.

As a simple first example in this line of investigation,
we recall (see the quadratic above (4)) that there is a
second solution of the Schrödinger equation describing
both the pure gauge and the adiabatic vacuum. This
solution is ∩p := −1/∪p. It diverges in the free-field limit
and so will not count the asymptotic number of pairs
correctly, but when the field is on we can still define a
vacuum and basis of states from it, and an instantaneous
number of excitations (of something) Ñp(t) follows as in
(8) but with ∪p replaced by ∩p. The physical content of
this basis is easily found: a direct calculation shows that
Ñp(t) is, due to Pauli blocking, the ‘unoccupied’ number
density Ñp(t) = 1 − Np(t), i.e. Ñp is trivially counting
one-minus the adiabatic number of pairs, for which we
have already established the physical meaning.

There are several avenues to pursue in future research.
One is to better understand the structure of the adia-
batic number itself, and how e.g. quantum interference
contributes to it [19, 55, 56]. Another is to identify the
physical meaning of particle number in higher-order adi-
abatic and super-adiabatic bases. The results here can
also be extended to related, and analogue, Schwinger ef-
fects in other areas of physics.
A.I. thanks B. King for comments on the manuscript,

and G. Torgrimsson for many useful, fruitful discussions.
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A: SETUP

The Hamiltonian for a fermion ψ coupled to a time-dependent electric field with potential Aµ is, in 1+1 dimensions
and in the gauge A0 = 0,

H(t) =

∫
dx ψ̄(x)

[
m− iγ1D1

]
ψ(x) , (14)

in which Dµ = ∂µ + ieAµ. Using the gamma-matrix basis

γ0 =

(
0 1
1 0

)
γ1 =

(
0 1
−1 0

)
, (15)

we expand the field operators in a basis of solutions to the free Dirac equation:

ψ(x) =

∫
dp√
2p0

bpe
−ipx

(√
2p+√
2p−

)
+ d†pe

ipx

( √
2p+

−
√

2p−

)
, (16)

in which p± := (p0 ± p)/2 > 0. From here the Hamiltonian (1) in the text follows by direct evaluation of (14).

B: PAIR PRODUCTION IN A DELTA-FUNCTION PULSE

To illustrate the counting of particles in the pure gauge vacuum, consider pair production in a delta-function electric
field, E(t) ∼ δ(t) meaning a potential step a(t) = a∞θ(t) with a∞ a constant. The potential is everywhere pure gauge,
except at t = 0. This setup was considered in [26] using Vlasov-type methods, but observables such as the number of
produced pairs were found to carry an unphysical time dependence even for t � 0, where the field is wholly absent.
Although the resolution of this can be deduced from [29], it does not seem to have appeared explicitly in the literature,
so we present it as part of the following.

As in the text, we need to solve the Schrödinger equation to identify how the vacuum evolves through the delta-
function pulse; the equation for the vacuum state covariance Ωp(t) is

i∂tΩp(t) = 2Ω+Ωp(t) + Ω−
(
1− Ω2

p(t)
)
, where Ω+ =

{
0 t < 0
(p−a∞)p+m2

p0
t > 0

, Ω− =

{
0 t < 0

−ma∞p0 t > 0
. (17)

Clearly Ωp(t) ≡ 0∀ t < 0. While the potential and Ω± jump at t = 0, the covariance Ωp(t) must remain continuous for
the Schrödinger equation to be obeyed; hence we just need to solve (17) for t > 0 with the initial condition Ωp(0) = 0.
This is trivial because the Ω± are constants at t > 0. The solution is

Ωp(t) =
Ω−

iπ0 cot(π0t)− Ω+

, (18)

which is time-dependent, but there is no reason it should not be. (The covariance must carry, for example, the free
energy phases ∼ exp(−2iπ0t) of any created pairs.) From here we calculate the number of produced pairs from the
expectation value in (7), finding that at any t > 0

N (p|a∞θ) =
|Ωq(t)− ∪q|2

(1 + ∪2
q)(1 + |Ωq(t)|2)

∣∣∣∣
q=p+a∞

=
∪2
p+a∞

1 + ∪2
p+a∞

, (19)

which is time-independent, as it should be. Note that (19) says that the number of created pairs is supported on the
deviation of Ωp, the solution of the Schrödinger equation, from the pure gauge (empty!) vacuum, which is sensible.
N is easily evaluated explicitly:

N (p|a∞θ) =
1

2
− Ω+

2π0
=

1

2
− pa∞ + p2

0

2p0

√
(p+ a∞)2 +m2

, (20)

and is plotted in Fig. 4. This resolves the issues in [26]; the unphysical time-dependence encountered there was
due only to incorrectly defining physical states at t > 0 in terms of the Fock vacuum | 0 〉, instead of the physical
vacuum |0 〉. A direct calculation of 〈0 | 0〉 shows that the vacuum persistence probability is also constant at t > 0:

Ppersist =
∣∣〈0 | 0; t〉

∣∣2∣∣∣∣
t>0

= exp

[
− V

∫
dp log(1 + ∪2

p)

]
. (21)
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FIG. 4. Momentum distribution N (p|a∞θ) of produced pairs with physical momentum p, (20), created in a delta pulse
of various strengths a∞/m = −2,−4 . . . as labelled. The distribution becomes broader as |a∞| increases, and its peak is at
p = −a∞/2.

C: (SUPER) ADIABATIC BASES IN THE SCHRÖDINGER PICTURE

Though normally considered via solutions of the Klein-Gordon and Dirac equations [31, 32], the adiabatic expansion
of the Schrödinger equation is easily found; we rearrange (3) to write the ‘solution’ as

Ωp(t) =
Ω+(t)−

√
π2

0(t)− i~Ω−(t)∂tΩp(t)

Ω−(t)
, (22)

in which we have re-instated ~ and again fixed the sign of the square root using the zero-field limit. The adiabatic
expansion is an expansion in powers of time-derivatives, which are clearly counted here simply by powers of ~. We
denote the nth order adiabatic expansion of Ωp by nΩp; low orders are easily constructed from (22),

0Ωp(t) =
Ω+(t)− π0(t)

Ω−(t)
≡ ∪p(t) , 1Ωp(t) = ∪p(t) + i~

∂t ∪p (t)

2π0(t)
, (23)

although general expressions for higher n quickly become unwieldy1. We can then define an nth order adiabatic
number of pairs nNp from the ‘vacuum’ nΩp and excitations built on it using operators like those in (6). Provided we
deal with electric fields which vanish smoothly as t→∞, each of the nΩp go over to 0Ωp = ∪p asymptotically, and so
each give the same value for the asymptotic number of pairs. We have:

nNp(t) :=
|Ωp − nΩp|2

(1 + |Ωp|2)(1 + |nΩp|2)
, N (p|a) = lim

t→∞ nNp+a∞ for all n . (24)

We illustrate this in Fig. 5 using the Sauter pulse

E(t) = E0sech2(ωt) , a(t) =
eE0

ω

(
1 + tanh(ωt)

)
, (25)

and see immediately the appearance of the super-adiabatic behaviour presented in [31, 32]; as the order n of the
adiabatic expansion increases, the transient oscillations in the nNp(t) decrease in amplitude to an almost monotonically
increasing function interpolating between 0 and the asymptotic value N . This continues until an ‘optimal’ order, here
n = 6, beyond which (we have confirmed) the oscillations re-emerge. From (24) we see that pair production is
supported entirely on the difference between Ωp(t) and its adiabatic expansions. Similarly to [32], we find that there
is a phase difference between the real and imaginary parts of (Ωp − nΩp)

2 in the numerator of nNp(t) which is
responsible for the oscillations in the pair number, and that this sums to give an almost monotonic, smooth function
at the optimal truncation order. The physical interpretation of these higher-order adiabatic particle numbers is an
intriguing topic for future work.

1 We note in passing that one could perform a partial resummation
of the series by retaining the square root in (22) and expanding
only under it; for the examples considered here the effect seems

to be roughly equivalent to advancing the entirely perturbative
approach by one order.
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FIG. 5. (Super)-adiabatic particle number in the Sauter pulse (25) with parameters as in Fig. 1 in the text. The fluctuations
in particle number decrease in size as the order n of the adiabatic expansion increases, up to n = 6, then begin to re-emerge.

D: SCALAR PAIR PRODUCTION IN 3+1, UV BEHAVIOUR & BENCHMARKING

An objection to the interpretation of our results could be raised by observing that, in the analogous process of
particle creation from an expanding universe, the lowest order adiabatic particle number is, when summed over all
momenta, UV divergent [34]. This is unphysical and, moreover, in order to define a finite total number of created
pairs one must instead go the next order of the adiabatic expansion [36].

As UV behaviour is sensitive to the number of dimensions, we give here the extension of our methods and results
to 1+3 dimensions. We will show that the total number of pairs created according to our results is UV finite. For
this investigation we go to scalar rather than spinor QED: this is partly for simplicity, and partly as it will afford us
an opportunity to benchmark against the literature. There are many similarities to QED 1+1, so we can be brief.

The gauge field is now eAµ = (0, 0, 0, a(t)) and the Hamiltonian is, for φ the charged scalar and Π its canonical
momentum,

H(t) =

∫
d3x Π†Π + |∂⊥φ|2 + |i∂zφ− a(t)φ|2 +m2|φ|2 . (26)

We use the usual free-field mode expansions,

φ =

∫
d3p√

(2π)22p0

e−ip.x
(
ap + b†−p

)
, Π =

∫
d3p√

(2π)22p0

ip0e
ip.x
(
ap − b†−p

)
, (27)

with [ap, a
†
q] = [bp, b

†
q] = δ3(p− q). The Hamiltonian takes a similar form to that in QED 1+1,

H(t) =

∫
d3pΩ+(t)(a†pap + b†−pb−p) + Ω−(t)(a†pb

†
−p + apb−p) , (28)

but note that the definitions of Ω± differ:

Ω±(t) =
π2

0(t)± p2
0

2p0
, (29)

in which the classical energy is now π0 :=
√
p2
⊥ + (pz − a(t))2 +m2, with p⊥ = (px, py). The time-evolved vacuum

state is

| 0; t 〉 = exp

[
− iV ϑ(t)−

∫
d3pΩp(t)a†pb

†
−p

]
| 0; t 〉 , i∂tΩp = 2Ω+Ωp − Ω−(1 + Ω2

p) , (30)

in which the Schrödinger equation for the covariance Ωp(t), shown on the right, differs in signs compared to that for
spinors. From these expressions we read off the adiabatic vacuum and associated creation/annihilation operators:

∪p (t) =
Ω+(t)− π0(t)

Ω−(t)
, A†p =

a†p + ∪pb−p√
1− ∪2

p

, B†−p =
b†−p + ∪pap√

1− ∪2
p

. (31)

The adiabatic number of pairs Np(t) is easily found. Solving the Schrödinger equation for a field which is snapped
off at some time t, one finds the same direct interpretation of the adiabatic pair number as in (11) for 1+1 QED:

Np(t) =
|Ωp(t)− ∪p(t)|2

(1− ∪2
p(t))(1− |Ωp(t)|2)

= N (p⊥, pz − a(t)|at) . (32)
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FIG. 6. Adiabatic pair number (32) in the Sauter pulse Ez(t) = E0sech2ωt, a(t) = eE0/ω(1 + tanhωt), with E0 = 1/4,
ω = 1/10, p⊥ = 0 and pz = 5/2, corresponding to final physical z-momentum = −5/2, in units where m = 1. Parameters are
chosen to benchmark against Fig. 1 in [31]; our physical momentum assignments correspond to k⊥ = 0 and k‖ = 0 in that
paper (where the gauge potential is not zero in the asymptotic past): the curves are identical to those in [31] and we find the
same asymptotic number of pairs, as highlighted by the red line in the second panel.

We pause to benchmark our expression for Np(t) against [31], in which more common methods based on ‘second order’
approaches were used. The reason for doing so is that, if the adiabatic particle number really is a good observable as
we claim, then we should be able to calculate using any method we choose. Fig. 6 shows exact agreement with [31].

The total number of pairs and the UV.

The total number of pairs created is given by integrating Np(t) over all momenta p. We will show here that this
integral is UV finite. We thus need to know how Np(t) behaves in the UV, i.e. for large |p|.

Going to polar coordinates, let pz = |p| cos(θ) and |p⊥| = |p| sin(θ). We now solve the Schrödinger equation (30)
for an arbitrary background a(t) in a large |p| expansion. We find

Ωp(t) = −a(t) cos(θ)

2|p|
− a(t)2 cos(2θ) + ia′(t) cos(θ)

4|p|2
+O(|p|−3) . (33)

The corresponding expansion of the adiabatic vacuum (31) is

∪p (t) = −a(t) cos(θ)

2|p|
− a(t)2 cos(2θ)

4|p|2
+O(|p|−3) . (34)

The leading order terms, in powers of |p|−1, in (33) and (34) are the same, hence it is necessary to go to next to
leading order to identify the first nonzero contribution to the number of pairs. Interestingly, the real part of the next
to leading order term in (33) is also exactly equal to that in the adiabatic vacuum. There is, though, an imaginary
part on which the number of pairs has its support, and we conclude from (32)–(34) that

Np(t) ∼ a′(t)
2

16|p|4
cos2 θ +O(|p|−5) . (35)

Dropping irrelevant constants, the UV contribution to the total number of pairs thus behaves as

∫
d3p Np(t) ∼ a′(t)2

∞∫
d|p|
|p|2

, (36)

and is finite. This supports our interpretation of the adiabatic particle number as an observable.
It would, in this light, be very interesting to reconsider the properties of operators other than the number of pairs,

such as the current, its adiabatic approximations, and their renormalisation [28, 57, 58].
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