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Distributed H∞ Controller Design and Robustness
Analysis for Vehicle Platooning Under

Random Packet Drop
Kaushik Halder , Umberto Montanaro , Shilp Dixit, Mehrdad Dianati , Senior Member, IEEE,

Alexandros Mouzakitis, and Saber Fallah

Abstract— This paper presents the design of a robust
distributed state-feedback controller in the discrete-time domain
for homogeneous vehicle platoons with undirected topologies,
whose dynamics are subjected to external disturbances and under
random single packet drop scenario. A linear matrix inequal-
ity (LMI) approach is used for devising the control gains such
that a bounded H∞ norm is guaranteed. Furthermore, a lower
bound of the robustness measure, denoted as γ gain, is derived
analytically for two platoon communication topologies, i.e., the
bidirectional predecessor following (BPF) and the bidirectional
predecessor leader following (BPLF). It is shown that the γ gain
is highly affected by the communication topology and drastically
reduces when the information of the leader is sent to all followers.
Finally, numerical results demonstrate the ability of the proposed
methodology to impose the platoon control objective for the BPF
and BPLF topology under random single packet drop.

Index Terms— Vehicle platoon, LMI, distributed H∞ control
with packet drops, robustness of closed-loop system.

I. INTRODUCTION

A PLATOON of vehicles is a group of two or more con-
secutive connected autonomous vehicles (CAVs) which

travel at the same speed with a short inter-vehicular distance.
The first vehicle in the fleet also known as platoon leader,
usually dictates the platoon speed, which is then imposed to
the other vehicles in the string, denoted as followers, through
control systems. The organisation of CAVs in platoons offers
several benefits in highway driving scenarios such as road
safety, highway utility and fuel economy [1], [2].
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Fig. 1. Examples of undirected topologies for vehicle platooning: (a) the
BPF topology and (b) the BPLF topology.

A platoon of vehicles can be either homogeneous or hetero-
geneous depending on the dynamics of the platoon vehicles.
The platoon is said homogenous when the platoon vehicles
have identical dynamics, otherwise, the vehicle platoon is
called heterogeneous [3], [4]. To maintain the cooperative
motion of vehicles in a platoon, the vehicles exchange their
information with the neighbours using wireless communica-
tion systems like vehicle-to-vehicle (V2V) [5], [6] and vehicle-
to-infrastructure (V2I) [6]. The pattern in which vehicles are
connected in the platoon via wireless communications defines
the network topology [1], [2]. A network topology can be
either directed or undirected. The topology is said undirected
when the communication for all the pairs of connected pla-
toon followers is bidirectional, otherwise it is said directed
[4], [7]. Typical topologies used to impose the platoon control
objectives are the predecessor following (PF), the predeces-
sor leader following (PLF), the bidirectional PF (BPF) [8],
the bidirectional PLF (BPLF) and the all-to-all topology [9].
For example, PF topology represents unidirectional infor-
mation exchange, where each vehicle in a platoon receives
the information only from its immediate predecessor vehicle
and sends its information only to the first follower vehicle.
PF topology is a typical example of directed topology [4], [10].
In the BPF topology, each platoon vehicle exchanges informa-
tion (i.e., sends and receives information) with its immediate
predecessor and follower vehicle as shown in Fig. 1. The BPF
topology is a typical example of undirected topology [10].
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A detailed study of various information topologies for vehi-
cle platoon has been reported in [10] and the references
therein. However, the wireless communication network used
for vehicle platooning could be effected by packet drops and/or
communication delay in data transmissions among the vehicles
as its reliability highly depends on bandwidth allocation,
signal strength, external disturbances etc. Stability and control
performance of vehicle platoon systems is affected by packet
drops and/or communication delay and these communication
constraints may also lead the vehicle platoon systems towards
instability [11], [12]. Hence, the control challenge is to ensure
the stability and the cooperative platoon motion with no ideal
network system. To this aim, network imperfections should be
systematically considered in the control design [13], [14].

In this paper, the longitudinal dynamics of homogeneous
platoons are controlled. The proposed control desing ensures
the internal stability and robust performance against random
single packet drop and external disturbances acting on the
dynamics of each platoon follower. To achieve this, the pla-
toon control problem is first converted into a synchronisation
problem of multi-agent systems as in [9], [14], [15] but
affected by random packet drops modelled as a Bernoulli
distribution and external disturbances. Then an LMI-based
control design is used to compute the gains of the distributed
controller to guarantee stability and robustness. Similar to [15],
the resulting high dimensional LMI can be scaled to a single
vehicle by considering the eigenvalues of the Laplacian and
the pinning matrix associated to the platoon topology, thus
facilitating its numerical solution. Finally, an analysis of the
robustness measure is systematically carried out for two undi-
rected platoon topologies, i.e., the BPF and BPLF topology.

The remainder of the paper is organized as follows.
Section. II provides the related work for vehicle platooning
and points out the contribution of the paper with respect to the
current literature. Section. III describes the platoon modeling
and the platoon control objectives as a synchronisation prob-
lem under random single packet drop scenario. The LMI-based
distributed controller design approach to impose the platoon
control objectives is presented in Section. IV while Section. V
describes the robustness analysis of the vehicle platoon under
single packet drop. Numerical results illustrating the effect
of BPF and BPLF network topologies (with random single
packet drop) on the H∞ norm bound γ as a function of num-
ber of platoon members together with time-based simulation
analysis are presented in Section. VI. Conclusions are drawn
in Section. VII. Finally, the Appendix collects the systematic
proofs of Theorems and Corollaries presented in the paper.

II. RELATED WORKS AND CONTRIBUTION OF THE PAPER

The importance of network topology for the platoon prob-
lem have been recently pointed out by many researchers [4],
[8], [9]. For example, Zheng et al. [4] designed a distrib-
uted controller and studied the impact of information flow
topology on internal stability and scalability for homoge-
neous vehicle platoon using algebraic graph theory and the
Routh-Hurwitz criteria. A distributed model predictive control
was proposed for heterogeneous vehicle platoon system with

directed topologies in [16]. To improve stability margin to
homogeneous vehicle platoon systems with undirected topol-
ogy, Zheng et al. [10] proposed to enlarge the information
flow topology and considered asymmetric control strategy.
An adaptive control strategy has been recently adopted in [9]
for adjusting both the network topology and control gains
of the distributed controllers based on the state mismatches
among platoon vehicles where the use of the σ -modification
strategy limits the growth of the adaptive gains in presence
of external disturbances. By utilising adaptive topologies,
it is possible to reduce the number of connections in the
topology, thus reducing the network load and the risk of
network congestion, while maintaining the cooperative platoon
motion. Moreover, the adaptive control gains together with the
σ -modification strategy allow the control of platoons of vehi-
cles affected by parameter mismatches and disturbances with
bounded adaptive gains. However, the aforementioned meth-
ods do not ensure stability and performance against network
imperfections (e.g. packet drop and/or communication delay)
in wireless communication systems [13], [17]–[19]. Moreover,
except for the method presented in [9], the aforementioned
techniques do not consider (ii) vehicle uncertainties such as
parametric uncertainty (i.e., vehicle mass, engine time constant
etc. [20]), and (iii) external disturbances (e.g., lead vehicle’s
acceleration, wind gust or road slope [15], [20], [21] acting
on the vehicles in a platoon). In the literature, researches have
analysed the stability and performances for vehicle platoon
systems considering packet drops [17], [22], communication
delays [14], [23], [24], parametric uncertainties [20], [25] and
external disturbances [15] either separately or by combining
two or more factors [18], [21]. For example, effect of packet
drops, and network access limitations have been analysed
for homogeneous platoon by modeling vehicle platoon as
discrete time switching system under packet drop rate in [17].
A decentralized model predictive controller (MPC) has been
designed by considering a short-range wireless communication
environment among platoon vehicles under low and high
communication latency in [26]. Other approaches have used
the concept of cooperative adaptive cruise control to analyse
string stability and performances of a platoon under packet
drops [17], [27] and communication delay [28], [29] for
vehicles connected through wireless communication systems.
The vehicle platoon control problem has been designed as
a synchronisation problem of networked multi-agent systems
with and without networked constraints (e.g. packet drop,
communication delay etc.) in [14], [24], [30] and [9], [31],
respectively, considering either algebraic graph theory and
syncronisation of dynamical systems [9], [14] or both algebraic
graph theory and concepts of networked control systems
(NCS) [30] to maintain the cooperative platoon motion.

For the consensus problem of networked multi-agent sys-
tems, various controller design methodologies, e.g., MPC
[16], [32], [33], state-feedback [34], [35], H∞ controller
[15], [18], [30] etc. have been investigated. For example,
robust H∞ controller has been designed for heterogeneous and
autonomous multi-agent systems without network constraints
and with time varying communication delay under undi-
rected topology in [31] and [36], respectively. Event triggered
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consensus has been investigated by designing the state-
feedback controller for homogeneous multi-agent systems
under undirected topology and packet drop modelled as
Bernoulli distribution in [37]. State-feedback controller has
been designed using LMI-based approach for the homoge-
neous multi-agent systems with undirected network topol-
ogy under Bernoulii distributed packet drop in [34], [38],
whereas LMI-based approach has been studied for average
consensus problem of linear multi-agent system with undi-
rected network topology under both time varying delays and
random packet drop in [39]. Utilizing the concept of syn-
chronisation problem of multi-agent systems, Tang et al. [22]
have considered homogeneous platoons and have designed an
LMI-based distributed state-feedback controller to achieve the
coordinated vehicle motion under packet loss modelled as
a Bernoulli distribution. The works presented in [22], [30],
[34], [37]–[39] modelled random packet drops as a mean
packet drop rate using Bernoulli probabilistic distribution and
considered symmetric packet drop rate in the communication
link for the synchronisation problem of multi agent system
with undirected topology. In [14], a Lyapunov based design
has been adopted to find out the maximum communication
delay that preserves the consensus. For consensus control of
heterogeneous platoon systems, a time-varying communication
delay has been considered in [40] and both probabilistic
packet drops and time-varying communication delays have
been considered in [24]. However, amongst these controller
design approaches, H∞ controller has become popular due to
its robustness and disturbance attenuation properties [15], [18],
[30], [41]–[44] and references therein. For the homogeneous
platoon control problem, stability and performance have been
analysed by designing an LMI-based distributed H∞ controller
where packet drops were modelled by using both Bernoulli
distributions and Markov chains [45]. A distributed H∞
controller design has been proposed to ensure robustness
and string stability for multi-vehicle systems with parametric
uncertainty in [46]. By considering the external disturbances,
an LMI-based distributed H∞ controller has been designed
for vehicle platoon systems in continuous-time domain with
undirected topology in [15], where authors also provided an
analytical derivation of a lower bound for the robustness
measure γ -gain. Both the methods proposed in [15] and [46]
do not analyse the stability and performances for vehicle
platoon system under network imperfections such as packet
drop and/or communication delays. However, the combination
of all these issues (e.g., packet drop and/or communication
delays, parametric uncertainty and/or external disturbances) is
still a challenging research problem for the platoon control
application [16], [19]. To best our knowledge, few researchers
have proposed control strategies for vehicle platoon control
with parametric uncertainty, external disturbances and packet
drop and/or communication delay [18], [21], [29]. For exam-
ple, an H∞ controller has been designed for heterogeneous
platoon systems under parametric uncertainty and uniform
communication delays in [18]. An LMI-based distributed H∞
controller has been designed for heterogeneous vehicle pla-
toons under parametric uncertainties, external disturbances and
bounded communication delays in [29] and for homogeneous

platoons under external disturbances and stochastic commu-
nication delays in [47]. However, methods in [29], [47] only
considered the PLF network topology for the communication
among the platoon vehicles. Difference from [29], [47], this
paper proposes a robust distributed H∞ controller design
methodology for homogeneous vehicle platoon systems for
undirected network topologies which guarantees closed-loop
stability and robustness to random single packet drop and
external disturbances. In addition, this paper also provides an
analytical understanding of the performance limitation of the
vehicle platoon systems with undirected topology in terms of
lower bound of the robustness measure (i.e., the γ -gain) under
single packet drop which has not yet been investigated in
the platoon literature. Hence, this work extends that presented
in [15] where stability and robustness were analysed in terms
of lower bounds for the γ -gain for homogeneous vehicle
platoon systems without packet drops, i.e., only for perfect
communication networks. Hence, the main contributions of
this paper can be summarized as follow.

• An LMI-based distributed H∞ controller ensuring mean
square stability (MSS) is designed for homogenous vehi-
cle platoons under random single packet drop mod-
elled via Bernoulli probabilistic distributions. Similar to
[15], [34], for undirected platoon topologies, a technique
for reducing the LMI that guarantees the MSS stability of
the entire platoon to an LMI condition on the dynamics of
a single vehicle is found, thus reducing the computational
complexity for the tuning of the distributed controller.

• For two undirected platoon topologies, namely BPF and
BPLF, lower bounds for the robustness measure (i.e., the
γ -gain) are derived from the perspective of energy ampli-
fication under external disturbances and random single
packet drop in discrete time domain. Moreover, a lower
bound of the γ -gain for undirected is analytically derived
and related to the eigenvalues of the Laplacian and
pinning matrices of the topology.

• An analytical and simulation study on the relation
between the lower bounds on γ -gain and information
exchanged between the platoon leader and platoon fol-
lowers is also presented.

III. VEHICLE PLATOON MODELING AND CONTROL

OBJECTIVES UNDER RANDOM PACKET DROP

This paper considers the vehicle platoon control problem as
a synchronisation problem of networked dynamical systems
with pinner node (i.e., the platoon leader) where a set of
follower vehicles (i.e., nodes) interact through a communi-
cation network. These nodes are controlled in such a way that
their dynamics converge towards those of the pinner node.
The main components of a network of dynamical systems are
(i) the individual node dynamics which describes the evalua-
tion of each node when not coupled with the network; (ii) the
network topology which describes the communication among
nodes; and (iii) the control action to each node for steering the
node dynamics to the pinner’s trajectory. This section describes
(i) the modeling of the platoon network topology and longi-
tudinal vehicle dynamics which represent the node dynamics
and (ii) the platoon control objectives.



4376 IEEE TRANSACTIONS ON INTELLIGENT TRANSPORTATION SYSTEMS, VOL. 23, NO. 5, MAY 2022

In what follows, some mathematical notations used through-
out the paper are introduced for the sake of completeness.
Rn and Rn×n are the n-dimensional real Euclidean space
and the n × n real matrix space, respectively. FT and F−1

denote the transpose and the inverse of a square matrix F,
respectively. F > 0 (F < 0) is a strictly positive (negative)
definite matrix, whereas, F = FT ≥ 0 (F = FT ≤ 0) denotes
a symmetric positive (negative) semi-definite matrix. λi (F)
is the i -th eigenvalue of a symmetric matrix F after they
have been sorted in ascending order, and λmin(F) denotes the
minimum eigenvalue of F. In is the unit matrix in the n × n
real matrix space. For a matrix φ with generic dimension,
σmax(φ) is the maximum singular value of φ. The symbol
(∗) represents the symmetric elements of a symmetric matrix.
The symbol (⊗) represents the Kronecker product between
two matrices. Given a random variable ξ , E(ξ) denotes its
expected value (mean value).

A. Modeling of the Platoon Network
Topology and Packet Drop

The communication topology of the N followers (nodes)
can be represented by a graph GN = (VN , EN ), where VN =
{1, 2, . . . , N} is the set of vertices or nodes and EN ⊆ VN ×VN

is the set of arcs or edges. The pair (i, j) ∈ EN indicates that
the i th vehicle receives the information from the j th vehicle.
The adjacency matrix AN = [ai j ] ∈ RN×N is defined based
on the edges EN . It is assumed that (i) ai j = 1 when (i, j)
∈ EN and ai j = 0 otherwise, i.e., ai j = 1 implies that the
i th vehicle receives information from the j th vehicle, and
(ii) aii = 0, thus there are no self-loop in the network. The
degree matrix DN is a diagonal matrix where the i th entry
on its diagonal represents the number of edges pointing to
the i th follower. The Laplacian matrix L = [li j ] ∈ RN×N is
defined as L = DN −AN , thus lii = �

j 	=i
ai j , and li j = −ai j ∀

i 	= j . Ni denotes the neighbour set of the node i , i.e., Ni =
{ j ∈ VN | ai j = 1}. The platoon follower vehicles may be
connected to the leader and it is further assumed that all the
followers may receive information from the leader. However,
the followers will not send any information to the leader
[6], [9], [15]. To systematically consider the leader (i.e., pinner
of the network), the graph GN is augmented with node 0 and
the modified graph is denoted as GN+1 = (VN+1, EN+1) where
VN+1 = {0, 1, . . . , N} and EN+1 ⊆ VN+1 × VN+1, with
the index 0 representing the leader node. The corresponding
adjacency matrix is AN+1 = [ai j ] ∈ R(N+1)×(N+1) with
a0 j = 0, j = 1, 2, . . . , N , indicates that the followers do not
send information to the leader, ai0 = 1 indicates that the i th-
follower receives information from the leader otherwise ai0 =
0, i = 1, 2, . . . , N . P = diag{p1, p2, . . . , pN } represents
the pinning matrix which defines connection between each
follower to the leader where pi = 1 if node i is obtaining the
information from the leader through wireless communications,
i.e., node i is pinned to the leader, and pi = 0, otherwise. The
leader accessible set of node i is defined as:

Pi =
�

{0} if pi = 1,

∅ if pi = 0.
(1)

This paper considers undirected topologies, i.e., i ∈ Ni ⇔
j ∈ N j , ∀i , j ∈ VN . A spanning tree is a tree which connects
all nodes of a graph [48] and for the rest of the paper the
following assumption is supposed to hold.

Assumption 1 [15]: The leader is globally reachable to all
the followers in the augmented graph GN+1, i.e., at least one
spanning tree routing at the leader in the graph GN+1.

Assumption 1 guarantees that each follower receives infor-
mation from the leader either directly or indirectly. This con-
dition is required for ensuring the internal stability of a vehicle
platoon and it is commonly assumed in the literature. Further-
more, as the undirected topologies are assumed, Assumption
1 also implies that the matrices (L + P) is positive definite as
stated in the following Lemma.

Lemma 1 [49]: For any undirected topology λmin(L) = 0
with the corresponding eigenvector 1N = [1, 1, . . . , 1]T ∈
RN . Futhermore, as Assumption 1 holds, all the eigenval-
ues of (L + P) are greater than zero, i.e., λi (L + P) > 0,
i = 1, 2, . . . , N .

Lemma 1 is widely used in the synchronisation problem
of multi-agent systems and vehicle platoon control solutions
[4], [15], [34], [49] to analyse the closed-loop system under
different network topologies [4], [8], [15].

For each pair of vehicles ( j, i) ∈ EN , θi j (k) ∈{0, 1}
is a stochastic variable with a Bernoulli distribution which
models the packet drop in the communication within the pair.
When θ j i(k) = 0, the follower j receives the information
(i.e., the packet) from the i th-follower at the time instant k,
while in the case θ j i(k) = 1 then the packet is lost. The
following assumption is made:

Prob(θ j i(k) = 1) = E(θ j i(k)) = r,∀i 	= j, (2a)
E(1 − θ j i(k)) = 1 − r,∀i 	= j, (2b)

where, r is the mean packet drop rate of the communication
network.

B. Modeling of the Longitudinal Vehicle Dynamics

For vehicle platooning applications, the longitudinal vehi-
cle dynamics can be represented by a third order linear
time invariant system which provides a satisfactory trade-
off between accuracy and model complexity [4], [9], [15].
By defining the state of the i th-vehicle as xT

i (t) = [si , vi , ai ],
i = 1, 2, . . . , N , where {si , vi , ai } are its position, speed and
acceleration, respectively, the longitudinal vehicle dynamics
of the i th-follower in a homogeneous platoon subjected to
external disturbances are

ẋi (t) = Axi (t) + Bui (t) + Bwi (t), (3a)
yi (t) = C xi (t), (3b)

where, ui (t) ∈ R, wi (t) ∈ R ∈ L2[0,∞) and yi (t) ∈ R

are the system input, the exogenous disturbance, and output,
respectively, while the system matrices are

A =
⎡
⎢⎣

0 1 0
0 0 1

0 0 − 1

τ

⎤
⎥⎦ , B =

⎡
⎢⎣

0
0
1

τ

⎤
⎥⎦ , C = 


1 0 0
�
, (4)

with τ being the time lag of the powertrain.
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The continuous time system (3) can be discretised by using
the forward Euler discretisation method with sampling time Ts .
Hence, the equivalent discrete time vehicle dynamics are

xi (k + 1) = Ad xi (k) + Bd ui (k) + Bdwi (k), (5a)

yi (k) = C xi (k), (5b)

where, Ad = I3 + ATs and Bd = BTs as reported
in [50]–[52].

C. Platoon Control Objectives

The platoon control objective is twofold [9]: (i) to impose
the leader’s velocity to all followers and (ii) maintain a given
inter-vehicular distance between consecutive platoon vehicles
specified by a spacing policy [9], [15], [30]. If a constant
spacing is adopted and di,i−1, i = 1, 2, . . . , N denotes the
desired constant inter-vehicular distance between i th vehicle
and its predecessor, then the aim of the platoon control in
deterministic scenarios (i.e., without random packet drops) is
to find control law ui (k), i = 1, 2, . . . , N in (5) such that

lim
k→∞ � vi (k) − v0(k) � = 0, (6a)

lim
k→∞ � si (k) − si−1(k) − di,i−1 � = 0, ∀i = 1, 2, . . . , N,

(6b)

where, v0 is the leader’s velocity which can be assumed being
a constant speed (i.e., a0(k) = 0) [9], [15].

Notice that, by denoting di,0 the desired distance between
the leader and the i th-follower, i.e., di,0 = �i

m=1 dm,m−1, then
the second objective (6b) can be re-written as lim

k→∞ � si (k) −
s0(k) − di,0 �= 0 which together with the first objective (6a)
represents a synchronisation problem where the leader acts
as the pinner and provides the reference trajectory [9], [15].
Hence, by defining the tracking error for the follower i as
x̂i (k) = [ŝi (k), v̂i (k), âi (k)]T , with ŝi (k) = si (k)−s0(k)−di,0,
v̂i (k) = vi (k)−v0(k), âi (k) = ai (k) − a0(k), conditions (6)
becomes

� x̂i (k) �→ 0 when k → ∞, ∀i = 1, 2, . . . , N. (7)

However, conditions (7) do not consider (i) the presence
of the packet drops that might allow only the expected value
of the tracking errors converge to zero as the time goes to
infinite, and (ii) the effect of the external disturbances wi (t)
on the dynamics of the output yi (t), i = 1, 2, . . . N .

For these reasons, in this paper, the platoon control objec-
tives under random packet drop scenarios and external dis-
turbances are formulated in terms of MSS and bounded H∞
norm for stochastic dynamical systems. By defining the state
tracking error as X(k) = [x̂T

1 (k), x̂T
2 (k), . . . , x̂T

N (k)]T , and the
output tracking error as Y(k) = [ŝ1(k), ŝ2(k), . . . , ŝN (k)]T =
(I N ⊗C)X(k), the platoon control objectives is to impose MSS
and bounded H∞ norm as defined below.

Definition 1 [34]: The tracking error X(k) is said to
be MSS if lim

k→∞ E(� X(k) �2) = 0 for any initial state

X(0) ∈ R3N .

Definition 2 [53]: The output error dynamics, Y(k), are said
to have a bounded H∞ norm γ > 0, when the closed-loop
system is MSS and

∞�
k=0

E(� Y(k) �2) � γ 2
∞�

k=0

E(� W(k) �2), (8)

for all W(k) 	= 0 and X(0) = 0 with W(k) =
[w1(k),w2(k), . . . , wN (k)]T .

Remarks 1:

• Definition 1 requires that the expectation value of closed-
loop state (tracking error) converges to zero to be MSS,
i.e., lim

k→∞ E(� X(k) �2) = 0, thus it is the counterpart of

condition (7) in a stochastic framework.
• Definition 2 requires that the expectation value of dis-

turbance input W(k) should be non-zero for the output
Y (k) of a system to be bounded with an H∞ norm γ > 0.
Hence, Definition 2 provides a measure of robustness of
the closed-loop system in terms of disturbance propaga-
tion in a stochastic framework [53].

IV. PLATOON CONTROLLER DESIGN

UNDER PACKET DROP

As in [30], [34], the control action in presence of random
single packet drop is based on the following augmented states

x̄ j (k) = (1 − θ j i(k))x̂ j (k) + θ j i(k)x̂ j (k − 1), (9)

and

x̄ i (k) = (1 − θi j (k))x̂i (k) + θi j (k)x̂i (k − 1), (10)

where, x̄ j (k) represents tracking error for the j th vehicle that
the i th vehicle can use at time instant kTs as the i th-vehicle
knows whether the information packet from j th-vehicle has
been received or not. It is noted that r is the mean packet
drop rate in the communication network as detailed in
Section. III. As in [22], [30], [34], [37]–[39], it is assumed that
θ j i(k) = θi j (k), thus a link failure affects the packet drop in
both directions.

The distributed control action for each follower is a static
full state-feedback action based on the augmented states
(9)-(10) as that presented in [30], [34], i.e.,

u i (k) = K
�
j∈Qi

(x̄i (k) − x̄ j (k)),∀i = 1, 2, . . . , N, (11)

where, Qi = Ni ∪ Pi is the neighbour set of the i th-follower
in the GN+1 graph and K = [−Ks,−Kv ,−Ka] is the control
gain assumed to be identical for each follower as the platoon
is homogeneous [15], [30].

Now, defining the augmented states U(k) = [u1(k),
u2(k), . . . , uN (k)]T , the stack of control actions, the assump-
tion of undirected network topology implies,

U(k)=(L + P) ⊗ K [(1 − θi j (k))X(k) − (θi j (k))X(k − 1)].
(12)

Furthermore, when the control law (12) is applied to a
homogeneous platoon with vehicle dynamics (5) under packet
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drop scenarios, the closed-loop dynamics of the state tracking
error are

X(k + 1) = (I N ⊗ Ad )X(k) + ((L + P)(1 − θi j (k))

⊗ Bd K )X(k) + ((L + P)θi j (k) ⊗ Bd K )

× X(k − 1) + (I N ⊗ Bd )W(k),

Y(k) = (I N ⊗ C)X(k). (13)

The only control parameter in (12) that has to be tuned to
imposed the required control objectives to system (13) is the
control gain K . In this paper, an LMI-based approach is used
to provide sufficient conditions for the design of the control
gain K such that system (13) is MSS and has a bounded H∞
norm (see also Definition 1 and 2).

Theorem 1: The closed-loop system (13) with packet drop
modelled as in (2) with mean packet drop rate r is MSS with
a bounded H∞ norm γ if there exist P = PT = I N ⊗ P0 >
0 ∈ R3N×3N , Q = QT = I N ⊗ Q0 > 0 ∈ R3N×3N and Z ∈
R1×3 such that �1 < 0 (in (14), shown at the bottom of the
page), and

�2 =
 −M P̄

∗ − Q̄

�
≤ 0. (15)

where, P−1 = P̄ , Q−1 = Q̄, P−1 Q P−1 = M = I N ⊗ M0,
L̃ = (L + P) and the controller gain (12) is selected as K =
Z P̄0

−1 = Z P0 ∈ R1×3.
The LMI in Theorem 1 has a high dimension for a large

number of platoon followers (e.g., �1 ∈ R15N×15N and
�2 ∈ R6N×6N ) which may require high computation effort
and can result in an intractable and/or unfeasible problem.
To improve the efficiency of the computation, the concept
of orthogonally as that presented in [34] can be used for
decomposing inequality (14) as stated in the following Theo-
rem which provides an alternative approach for computing the
control gain.

Theorem 2: The closed-loop system (13) with packet drop
modelled as in (2) with mean packet drop rate r is MSS with
a bounded H∞ norm γ if there exist P0 = P0

T > 0 ∈ R3×3,
Q0 = Q0

T > 0 ∈ R3×3 and Z ∈ R1×3 for which the following
matrix inequalities hold ∀ λi � λi (L + P), i = 1, 2, . . . , N :

�̃
i
1 =

⎡
⎢⎢⎢⎢⎣

M0− P̄0 ∗ ∗ ∗ ∗
0 −M0 ∗ ∗ ∗
0 0 −γ 2 I1 ∗ ∗

(AdP̄0+λi (1−r)BdZ) λi rBdZ Bd −P̄0 ∗
C P̄0 0 0 0 −I1

⎤
⎥⎥⎥⎥⎦<0,

(16)

�̃2 =
 −M0 P̄0

∗ − Q̄0

�
≤ 0, (17)

where, P0
−1 = P̄0, Q0

−1 = Q̄0, P0
−1 Q0 P0

−1 = M0, and
the controller gain (12) is selected as K = Z P̄0

−1 = Z
P0 ∈ R1×3.

Remarks 2:
• The dimension of the set of LMIs (14)-(15) scales with

the number of platoon followers. Hence, for platoon sys-
tems with large number of follower vehicles, the solution
of such LMIs can become computationally intractable.
Consequently, the LMIs in (14)-(15) are decomposed for
individual vehicles to obtain the LMIs in (16)-(17).

• As {�̃
i
1, �̃2}, i = 1, 2, . . . , N , are affine in λi , the set

of LMIs (16)-(17) holds if and only if it holds for the
maximum and minimum eigenvalues of (L + P) [34].
Hence, the set of LMIs (16)-(17) does not depend on
the number of platoon followers.

• Inequalities (14) and (15) can be relaxed as presented
in [30], to facilitate their solutions.

The analytical proofs of Theorem 1 and Theorem 2 are
reported in Appendix B and C, respectively.

V. ROBUSTNESS ANALYSIS FOR VEHICLE

PLATOON UNDER PACKET DROP

This section describes robustness analysis of a vehicle
platoon system with an undirected network topology under
random packet drops. The lower bound for generic undirected
topologies is then tailored for two topologies, i.e., BPF and
BPLF topologies (see also shown Fig. 1 for a schematic
representation of such topologies), which are common undi-
rected topologies [15]. For both BPF and BPLF topologies,
the adjacency matrix AN = [ai j ] ∈ RN×N has entries ai j = 1,
aN,N−1 = 1, ai,i−1 = 1, a1,i+1 = 1, i = 2, . . . , N − 1 and
0 elsewhere. The pinning matrix P has entries p1 = 1, pi = 0,
i = 2, . . . , N in the case of the BPF, and pi = 1, i = 1, . . . , N
for the BPLF.

A. Robust Performance Measures γ Gain

The robustness measure γ -gain is derived from the per-
spective of energy amplification under external disturbances
and random packet drops. We consider bounded external
disturbances W(k) ∈ RN which act on the acceleration of
each vehicle and have a finite energy, thus W ∈ L2 ∈ [0, ∞),
i.e., E{� W �L2} = �∞

k=0 E{W T (k)W(k)} < +∞ [53].
This disturbances effect the inter-vehicular spacing error of
the platoon follower Y(k) ∈ RN in the form of energy
amplification [15], [53]. In this framework, the γ -gain is used
to quantify how the distrubance propagates through the system
output, and thus it provides a measurement of the robustness of
platoon as to external disturbances and it is defined as follows.

Definition 3 [15], [41], [53]–[55]: For the homogeneous
platoon (13) the γ -gain representing amplification factor is

�1 =

⎡
⎢⎢⎢⎢⎣

M − P̄ ∗ ∗ ∗ ∗
0 −M ∗ ∗ ∗
0 0 −γ 2 I N ∗ ∗

((I N ⊗ Ad ) P̄ + L̃(1 − r) ⊗ Bd Z) L̃r ⊗ Bd Z I N ⊗ Bd − P̄ ∗
(I N ⊗ C) P̄ 0 0 0 −I N

⎤
⎥⎥⎥⎥⎦ < 0. (14)
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defined as:
γ = sup

�W�L2 	=0

E{� Y �L2}
E{� W �L2}

. (18)

The sensitivity of the platoon control system to external
disturbances with finite energy is analysed through (18). It is
possible to prove that the γ - gain is equal to H∞ norm of the
transfer function G(z) of closed-loop system (13) [41], thus

γ = � G(z) �H∞ = sup
ω

[σmax(G(e jωTs ))]. (19)

Identity (19) and the possibility of diagonalising the matrix
(L + P) for undirected topologies are used in Appendix D
and E to prove the results on the γ -gain presented in the next
subsection.

B. Scaling Trend of the γ -Gain for Vehicle Platooning With
Undirected Topologies and Under Packet Drop

For generic undirected topologies, a lower bound of the
γ -gain under random packet drops is given by the following
Theorem.

Theorem 3: Given the homogeneous closed-loop platoon
system (13) with an undirected topology under random single
packet drop, the γ -gain in (18) satisfies

γ ≥ 1

λmin (L + P)Ks
, (20)

where, Ks is the first entry of the control gain K in (12).
The lower bound in (20) can be tailored by upper bounding

λmin (L + P) as shown in Appendix E to prove the following
corollaries. These Corollaries can be used to study the effect
of the number of homogeneous follower vehicles and the
connectivity to the platoon leader on the γ -gain.

Corollary 1: Given the homogeneous closed-loop platoon
system (13) with an undirected topology under random single
packet drop, the γ -gain satisfies

γ ≥ γ † = N

	(N)Ks
, (21)

where, 	(N) represents the number of followers that are
pinned to the leader and N is the number of followers in
the platoon.

Next, Theorem 3 can be used to further tailor a lower bound
of the γ -gain of a homogeneous platoon for the BPF and
BPLF topologies under random packet drops as detailed in
Corollaries 2 and 3, respectively.

Corollary 2: Given the homogeneous closed-loop platoon
system (13) with a BPF topology under random single packet
drop, the γ -gain satisfies

γ ≥ γ 

B P F = N2

π2 Ks
, (22)

Corollary 3: Given the homogeneous closed-loop platoon
system (13) with a BPLF topology under random single packet
drop, the γ -gain satisfies

γ ≥ γ 

B P L F = N2

(N2 + π2)Ks
. (23)

The proof of Theorem 3 and Corollaries 1, 2 and 3 are
presented in Appendix D and E, respectively. It is interesting to

point out that the lower bounds provided by Theorem 3 and
Corollaries 1, 2 and 3 are those found in [15] for homoge-
neous vehicle platoons with an undirected topology in the
continuous-time case but with a perfect communication net-
work. However, as this work considers platoons in the discrete-
time domain and under random packet drops, the transfer
function (19) is different from that in [15], thus the lower
bounds need to be computed in this case. From the above
corollaries the following remarks can be derived which are
similar to those in [15].

Remark 3: From Corollary 1, it can be observed that
when more followers are connected to leader (i.e., a larger
	(N) value), the lower bound reduces. Furthmore, the lower
bound of the robustness measure for the BPLF topology is
smaller than that for the BPF topology. This supports the
intuitive rationale presented in [15] which stated that sharing of
leader’s trajectory information with a large number of platoon
followers help in improving the local follower’s behaviour in
tracking the leader’s trajectory also in presence of network
imperfections (such as packet drop). It can be also observed
from the Corollary 1 that the rate of growth of γ denoted as
�(N) increases at least as O(N) for the BPF topology (with
	(N) = 1) while this rate is an O(1), i.e., �(N) ∈ O(1),
for the BPLF topology (	(N) = N). Moreover, the lower
bound computed with Corollary 3 converges to that computed
through Corollary 1 for the BPLF topology when N increases.
Furthermore, Corollary 2 improves that scaling factor for the
γ -gain when the BPF topology is used, as it shows that the
γ -gain will increase as O(N2).

Remark 4: In the case of the BPF topology, Corollary 1 pro-
vides a smaller lower bound of robustness measure γ -gain
compared to Corollary 1 for any given controller gain (Ks)
and number of followers in the platoon, especially, for large
number of N . In the case of the BPLF, Corollary 3 always
provides tighter lower bound of robustness measure γ -gain as
compared to Corollary 1 and Corollary 2. Finally, the lower
bound for the γ -gain provided by the BPF is always larger
than that provided by the BPLF.

VI. NUMERICAL ANALYSIS AND

SIMULATION AND RESULTS

This section shows the effectiveness of the methodology for
achieving the cooperative platoon when BPF and BPLF topol-
ogy are used under random packet drops. The vehicle dynam-
ics of the followers are assumed to be homogeneous [15] with
a time-lag τ = 0.4 s [8], [9], [30]. Furthermore, the continuous
time system (3) is discretized as (5) with a sampling time
Ts = 0.1 s [16], [55]. In Section. VI-A, the effect of the
number of followers N and the mean packet drop rate r on the
γ -gain is analysed, while in Section. VI-B simulation results
in time domain are shown to confirm the ability of platoon
controller to steer the dynamics of the followers toward those
of the platoon leader.

A. Analysis of the γ Gain

The γ -gain measuring the closed-loop robustness in agree-
ment with (19) has been computed by using inequalities
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Fig. 2. Trend of the γ 2 with different number of follower vehicles and
under varying packet drop rate (from 0% to 30%) for (a) the BPF topology
and (b) the BPLF topology.

(16)-(17), in the following optimisation problem

min γ
P̄0, Q̄0,M0,Z,γ

,

s.t . (16) and (17).

This optimisation problem can be solved using available
toolboxes in the MATLAB environment. The YALMIP tool-
box [56], [57] has been used in this work as it provides a
proven and general framework for solving large scale opti-
misation problems and can be combined with the SeDuMi
solver [58] for its performance and ability to solve complex
optimisation problems efficiently (e.g., the computation of the
control gains for large vehicle platoon systems). The effect
of the topology (BPF and BPLF), number platoon followers
(N = 5, . . . , 15) and packet drop rate (r = 0, 0.1, 0.2, 0.3,
i.e., from no drop to 30% packet drop) on the trend of squared
value of γ is shown in Fig. 2. From Fig. 2 emerges for any
N-value, when packet drop rate increases, then the γ 2-gain
obtained from LMIs (16) and (17) increases for both the BPF
Fig. 2 (left panel) and BPLF topologies Fig. 2 (right panel).
Similarly, for any value of the packet drop rate, the γ 2-gain
increases when the number of platoon followers (N) increases.
The higher γ 2-gain implies a decrease in robustness. Further-
more, Fig. 2 shows that the gain γ 2 is always higher for BPF
topology when compared to the gain for the BPLF topology
under identical network constraints (i.e., packet drop rate)
and number of followers in the platoon, thus confirming the
importance of the leader information to improve closed-loop
robustness. Fig. 2 also provides a visual representation of the
Remark 3 for both the BPF and BPLF topologies.

To demonstrate the tighter lower bound provided by
(22) and (23) with respect to (21) and show the effect of leader
information to the followers on the closed-loop robustness
under varying packet drop rates and number of follower
vehicles, the scaling trend of lower bounds for the γ 2-gain
analytically computed through (21), (22) and (21), (23) for
the BPF and BPLF topologies are shown in Fig. 3a and
Fig. 3b, respectively. Notice that, for the BPF, the value of
	(N) = 1 and for the BPLF 	(N) = N . Similar to the
results presented in Fig. 2, Fig. 3 shows an increasing trend
of γ 2 when either the number of followers or the rate rate
of packet drops increase. Furthermore, for the BPF topology,

Fig. 3. Analytical lower bounds of the γ 2-gain with different number of
follower vehicles under varying packet drop rate (from 0% to 30%) for (a) the
BPF topology by using γ †2 (solid line) in (21) and γ 
2

B P F (dotted line) in (22);
and (b) the BPLF topology by using γ †2 (solid line) in (21) and γ 
2

B P L F
(dotted line) in (23).

Fig. 3a confirms that the trend of γ 2 obtained from (22) is
higher than the analytical expressions provided by (21), thus
expression (22) gives a better prediction of a lower bound of
bound of γ 2-gain. Fig. 3b shows that the analytical expressions
(21) and (23) for the BPLF topology provide smaller lower
bounds of γ 2-gain as compared to the analytical expressions
(21) and (22) for packet drop rate as discussed in Remark 4.
Moreover, the comparison of the trend of γ 2-gains in trend of
γ 2-gains in Fig. 3a and Fig. 3b further confirms that BPLF
topology is more robust as it always provides smaller γ 2-gains.
This was expected as the leader information is sent to all the
followers in the case of the BPLF topology but Fig. 3 provides
a quantitative analysis of this feature.

B. Time-Based Simulation Analysis

For the time based simulations, the desired spacing is
set to di,i−1 = 25 m and 10 followers are considered. The
initial vehicle states are chosen randomly. However, the max-
imum initial position mismatch among consecutive follower,
i.e., (ei,i−1(k) = si (k) − si−1(k) − di,i−1), is limited to 3 m,
thus guaranteeing no vehicle collisions at the initial time
t = 0 s. Furthermore, the same initial states are used for the
BPF and BPLF topologies. The leader’s speed is constant at
72km h−1 [4], [9], [29]. The external disturbance input to
the acceleration of all the followers is a single square wave
(i.e., Heaviside function) with amplitude one, starting at t =
500 s and with duration 5 s, thus ensuring a limited energy,
i.e., a bounded L2 norm � wi (k) �L2 .

For both topologies, a 30% of random packet drop
is considered. By solving the LMIs (16)-(17), the con-
troller gains K = −[0.0817, 0.6793, 0.2587] and K =
−[2.0820, 3.7923, 1.2232] are obtained for the BPF and the
BPLF topology, respectively. The corresponding value of γ -
gains obtained with LMIs (16)-(17) are γB P F = 423.1194
and γB P L F = 3.7388 for the BPF and BPLF topology,
respectively. As expected these values are larger than the lower
bounds provided by Corollary 2 and Corollary 3 which provide
γ 


B P F = 124.0484 as lower bound for the BPF topology, and
a lower bound of γ 


B P L F = 0.4158 for the BPLF topology,
respectively.
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Fig. 4. Legend for Figs. 5, 6 and 7.

Fig. 5. Initial transient response for 10 follower vehicles (see colour legend
in Fig. 4) under 30% packet drop rate when the topology is (a) the BPF
(left panel) and (b) BPLF (right panel). The grey dotted line is the leader’s
velocity/acceleration.

Fig. 6. Closed-loop response to transient disturbance for 10 follower vehicles
(see colour legend in Fig. 4) under 30% packet drop rate when the topology
is (a) the BPF (left panel) and (b) BPLF (right panel). The grey dotted line
is the leader’s velocity/acceleration.

The color legend for the following analysis in the time
domain is shown in Fig. 4. Fig. 5 shows that when the control
system is activated the vehicle dynamics of the followers
converge to the cooperative platoon motion, i.e., zero inter-
vehicular distance error, matching to leader’s velocity, and
zero accelerations. Furthermore, the converging time to the
cooperative motion reduces when the BPLF topology is used
instead of the BPF topology as the leader reference is sent
to all the followers. followers. Fig. 6 shows the behaviour of
follower’s states when the external disturbances is follower.
The resulting inter-vehicular distance error and the time for
recovering the platoon motion are larger when the BPF topol-
ogy is used (e.g., the maximumin inter-vehicular distance error
is of 17 m in the case of the BPF topology). A better closed-
loop rejection of disturbance is obtained when BPLF topology
is used, as it provides a maximum inter-vehicular distance
error of about 0.5 m and a time for re-establishing vehicle
platooning of about 4 s. Furthermore, for BPLF topology the

Fig. 7. Control inputs for 10 follower vehicles (see colour legend in Fig. 4)
under 30% packet drop rate during the initial transient (upper panel) and when
the external disturbance is applied (lower panel) in the case of (a) the BPF
topology (left panel) and (b) the BPLF topology (right panel).

largest inter-vehicular distance error is always between the
leader and the first follower, while for the other followers the
position errors are negligible since all the followers have zero
initial error (at steady state) before applying the disturbance
and they are also pinned to the leader, thereby maintaining
same dynamic evolution [4]. It is noted that the amplification
of velocity errors is higher for BPF topology when compared
to BPLF topology. Moreover, all the followers almost maintain
the same velocity and acceleration when BPLF topology is
used.

Finally, Fig. 7 depicts the control actions of on-board
controllers and confirms that all the control inputs converges
to zero for both topologies before the disturbance is applied
and after it is rejected. Fig. 7 also shows that the control
inputs have larger oscillations for the platoon system with the
BPF topology when compared to those provided by the BPLF
topology, especially during the application of the external
disturbance. Hence, higher control efforts are required when
the BPF topology is selected instead of the BPLF topology.

VII. CONCLUSION

In this paper, an LMI-based distributed state-feedback con-
troller satisfying bounded H∞ norm has been designed for
homogeneous vehicle platoons under random single packet
drop. The proposed design can consider different undirected
network topologies, leader-to-follower connection strategies,
and network imperfections. Lower bounds of the γ -gain,
which provides a robustness measure of the closed-loop system
to L2 norm bounded disturbances, were analytically derived
for the platoon system with undirected topology under random
packet drops. The scaling trend of the bounded H∞ norm γ
for two platoon network topologies, i.e., the BPF and BPLF,
as a function of the number of platoon followers under varying
random packet drop has been also analytically investigated.
The proposed controller was numerically validated in a sim-
ulation environment when the platoon followers are operated
with BPF/BPLF network topologies and under random single
packet drop. Simulation results demonstrated the effectiveness
of the proposed controller to maintain the required platoon
motion. Furthermore, the simulation analysis shown that better
performance can be achieved when leader is connected to
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all the followers (i.e., when BPLF topology is used instead
of the BPF topology) in terms of maximum inter-vehicular
error and rejection time of L2-norm bounded disturbances.
As part of future research, the robustness measures γ -gain
will be investigated for vehicle platoons under undirected
topologies to obtain a general-purpose H∞ platoon control
solution. Moreover, the LMI design to analyse stability and
robustness measures γ -gain for the platoon systems under
both undirected and directed topologies will be extended to
accommodate multiple packet drop, variable time delays and
asymmetric packet drop rate.

APPENDIX

Before presenting the proof of the main Theorems and
Corollaries, the closed-loop dynamics (13) is converted into
expected value dynamics due to presence of probabilistic ran-
dom packet drop and the related transfer function is presented
and used in the proof of Theorem 3.

A. Closed-Loop Expected Value Dynamics and
Its Transfer Function

By using (2) and applying the expectation value to the
closed-loop system (13), the expected value of the closed-loop
dynamics is

E(X(k + 1)) = ((I N ⊗ Ad ) + ((L + P)(1 − r) ⊗ Bd K ))

× E(X(k)) + ((L + P)r ⊗ Bd K )E(X(k − 1))

+ (I N ⊗ Bd)E(W(k)),

Y (k) = (I N ⊗ C)E(X(k)). (24)

Now, let η(k) = X(k − 1) be the state for the unit delay,
the augmented closed-loop state is X̃(k) = [XT (k), ηT (k)]T ,
whose the mean value dynamics obtained from (24) are

E(X̃(k + 1))

=


(I N ⊗ Ad)+(L+P)(1−r)⊗ Bd K (L + P)r ⊗ Bd K
I3N×3N 03N×3N

�

× E(X̃(k)) +


I N ⊗ Bd

03N×N

�
E(W(k)). (25)

Now, with the assumption of zero initial tracking error,
the transfer function from E(W(k)) to E(Y(k)) is (26) which
is shown on the bottom of the page.

B. Proof of Theorem 1

By defining the Lyapunov function candidate as:
V (k) = XT (k)P X(k) + XT (k − 1) QX(k − 1), (27)

where, P = PT > 0 and Q = QT > 0, the aim is to
show that the LMIs in (14)-(15) are sufficient conditions for
imposing

V (k + 1) − V (k) + Y T (k)Y (k) − γ 2W T (k)W(k) < 0, (28)

which is the condition required for having a bounded H∞
norm γ in accordance with bounded real lemma (BRL)
[53]–[55]. Now, by taking expectation value of (28), the fol-
lowing holds [53]:

E{V (k)} + E{Y T (k)Y(k) − γ 2W T (k)W(k)} < 0, (29)

where, V (k) = V (k + 1) − V (k).
By replacing (25) in (29) and recalling from (2) that

E(θi j (k)) = r and E(1−θi j (k)) = 1 − r , the expected value of
the variation of the Lyapunov function in (29) can be written
as in (30) which is shown on the bottom of the page, with
Ād = I N ⊗ Ad + (L + P)(1 − r)⊗ Bd K , and L̃ = (L + P).

As in [53],

E{(Y T (k)Y (k) − γ 2(W T (k)W(k))}
= E



XT (k) XT (k − 1) W T (k)

�
×

⎡
⎣ (I N ⊗ C)T (I N ⊗ C) 0 0

∗ ∗ 0
∗ ∗ −γ 2 I N

⎤
⎦ E

⎡
⎣ X(k)

X(k − 1)
W(k)

⎤
⎦ .

(31)

By summing (30) and (31), for any non-zero �(k) = E

{


XT (k) XT (k − 1) W T (k)

�T
}, condition (29) is satisfied

when (32) (which is shown on the bottom of the next page)
holds.

Inequality (32) is a bilinear matrix inequality (BMI) prob-
lem which has the properties of nonlinear programming and
provides non-convex feasible solution. This kind of problem is
difficult to solve computationally due to the lack of existance
of off-the-shelf algorithms [59]. Therefore, to overcome this
problem, (32) is converted into an LMI form as in [60]. To this
aim (32) is first re-written by matrix factorization method as
(33) (as shown on the bottom of the next page).

G(z) = Ts
3z[In · (τ z4 + (Ts − 3τ )z3 + (3τ − 2Ts)z

2 + (Ts − τ )z) + (L + P)((Ka − Kv Ts + Ks Ts
2)Tsr

+ ((Ka − Kv Ts + Ks Ts
2)(1 − r) − (2Ka − Kv Ts)r)Tsz + ((Kv Ts − 2Ka)(1 − r) + Kar)Ts z2 + Ka Ts(1 − r)z3)]−1.

(26)

E{V (k)} = E


XT (k) XT (k − 1) W T (k)

�

×
⎡
⎢⎣ Ā

T
d P Ād + Q − P Ā

T
d P(L̃r ⊗ Bd K ) Ā

T
d P(I N ⊗ Bd)

∗ (L̃r ⊗ Bd K )T P(L̃r ⊗ Bd K ) − Q (L̃r ⊗ Bd K )T P(I N ⊗ Bd)

∗ ∗ (I N ⊗ Bd )T P(I N ⊗ Bd)

⎤
⎥⎦ E

⎡
⎣ X(k)

X(k − 1)
W(k)

⎤
⎦ .

(30)
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Using Schur complement [59]–[61] to (33) yields,⎡
⎢⎢⎢⎢⎣

Q − P ∗ ∗ ∗ ∗
0 − Q ∗ ∗ ∗
0 0 −γ 2 I N ∗ ∗

Ād L̃r ⊗ Bd K I N ⊗ Bd −P−1 ∗
I N ⊗ C 0 0 0 −I N

⎤
⎥⎥⎥⎥⎦ < 0.

(34)

Now, using change of variable technique for representing the
controller gain K with a new variable Z, as K = Z P0 as
reported in [59], [60], [62], both sides of (34) are multiplied
by diag{P−1, P−1, I N , I N , I N }. Now, by defining P−1 =
I N ⊗ P0

−1, Q = I N ⊗ Q0 and K = Z P0, the LMI (14)
is obtained. It is seen that (34) is an LMI with nonconvex
constraints {P−1, Q−1}. Therefore, to overcome this problem,
the following variables are introduced in (34):

P−1 Q P−1 = M, P−1 = P̄, and Q−1 = Q̄. (35)

Equation (35) can be written into the LMI form (15), thus
completing the proof.

C. Proof of Theorem 2

For LMIs (14) and (15), the matrices { P̄ , Q̄, M, I N ⊗ Ad ,
I N ⊗ Bd , I N ⊗ C , γ 2 I N } are block diagonal matrices and
L̃ is a symmetric matrix. Therefore, an orthogonal matrix �

∈ RN×N satisfying �T = �−1 such that �−1 L̃� = D must
exist, where D is a diagonal and real matrix where the entry
of the diagonal are the eigenvalues of L̃ = (L + P), i.e., D =
diag{λ1, λ2, …, λN }, with λi = λi (L + P), i = 1, 2, . . . , N .

By defining �̄ = diag{�̄0, �̄0, �̄0, �̄0, �̄0} and �̄
−1 =

diag{�̄
−1
0 , �̄

−1
0 , �̄

−1
0 , �̄

−1
0 , �̄

−1
0 } with �̄0 = � ⊗ I3,

we define the matrices �̃1 as in (36) (which is shown on
the bottom of the page) and �̃2 as:

�̃2 = �̄
−1

�2�̄
−1 =

�
−�̄

−1
0 M�̄0 �̄

−1
0 P̄�̄0

∗ −�̄
−1
0 Q̄�̄0

�
< 0.

(37)

By using the properties of the Kronecker product
(i.e., Equations 2 and 3 of [34]) in (36) and (37), the matrix
�̃1 can be recast as in (38) (which is shown on the bottom
of the page) while �̃2 can be written as:

�̃2 =
 −I N ⊗ M0 I N ⊗ P̄0

∗ −I N ⊗ Q̄0

�
< 0. (39)

Since � is an orthogonal matrix, thus satisfying �T = �−1,
the following holds:

�1 ⇔ �̃1 < 0,�2 ⇔ �̃2 < 0. (40)

Furthermore, all the submatrices in LMIs (38) and (39) are
block diagonal. Hence, (38) and (39) can be re-written by
using the decomposed form in (16) and (17), thus completing
the proof of Theorem 2.

D. Proof of Theorem 3

By using the spectral composition of the matrix L̃ =
(L + P) introduced in Appendix C (i.e., �−1 L̃� = D),
the transfer function of the closed-loop system (26) can be

⎡
⎢⎣Ā

T
d P Ād + Q − P + (I N ⊗ C)T (I N ⊗ C) Ā

T
d P(L̃r ⊗ Bd K ) Ā

T
d P(I N ⊗ Bd)

∗ (L̃r ⊗ Bd K )T P(L̃r ⊗ Bd K ) − Q (L̃r ⊗ Bd K )T P(I N ⊗ Bd )

∗ ∗ (I N ⊗ Bd )T P(I N ⊗ Bd ) − γ 2 I N

⎤
⎥⎦<0.

(32)

⎡
⎣Q − P 0 0

∗ − Q 0
∗ ∗ −γ 2 I N

⎤
⎦+

⎡
⎣ (I N ⊗C)T

0
0

⎤
⎦


(I N ⊗C) 0 0
�+

⎡
⎢⎣ Ā

T
d

(L̃r ⊗ Bd K )T

(I N ⊗ Bd)T

⎤
⎥⎦ P



Ād (L̃r ⊗ Bd K ) (I N ⊗ Bd )

�
<0.

(33)

�̃1 = �̄
−1

�1�̄
−1

=

⎡
⎢⎢⎢⎢⎢⎢⎣

�̄
−1
0 (M − P̄)�̄0 ∗ ∗ ∗ ∗

0 −�̄
−1
0 M�̄0 ∗ ∗ ∗

0 0 −�̄
−1
0 (γ 2 I N )�̄0 ∗ ∗

�̄
−1
0 ((I N ⊗ Ad ) P̄ + L̃(1 − r) ⊗ Bd Z)�̄0 �̄

−1
0 (L̃r ⊗ Bd Z)�̄0 �̄

−1
0 (I N ⊗ Bd)�̄0 −�̄

−1
0 P̄�̄0 ∗

�̄
−1
0 ((I N ⊗ C) P̄)�̄0 0 0 0 −�̄

−1
0 I N �̄0

⎤
⎥⎥⎥⎥⎥⎥⎦

<0.

(36)

�̃1 =

⎡
⎢⎢⎢⎢⎣

I N ⊗ M0 − I N ⊗ P̄0 ∗ ∗ ∗ ∗
0 −I N ⊗ M0 ∗ ∗ ∗
0 0 −γ 2 I N ∗ ∗

((I N ⊗ Ad)(I N ⊗ P̄0) + D(1 − r) ⊗ Bd Z) Dr ⊗ Bd Z I N ⊗ Bd −I N ⊗ P̄0 ∗
(I N ⊗ C)(I N ⊗ P̄0) 0 0 0 −I N

⎤
⎥⎥⎥⎥⎦ < 0. (38)
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G(z) = Ts
3z[In · (τ z4 + (Ts − 3τ )z3 + (3τ − 2Ts)z

2 + (Ts − τ )z) + � D�−1((Ka − Kv Ts + Ks Ts
2)Tsr

+ ((Ka − Kv Ts + Ks Ts
2)(1 − r) − (2Ka − Kv Ts)r)Tsz + ((Kv Ts − 2Ka)(1 − r) + Kar)Tsz2 + KaTs(1 − r)z3)]−1

= �[Ts
3z[In · (τ z4 + (Ts − 3τ )z3 + (3τ − 2Ts)z

2 + (Ts − τ )z) + D((Ka − Kv Ts + Ks Ts
2)Tsr

+ ((Ka−Kv Ts +Ks Ts
2)(1−r)−(2Ka−Kv Ts)r)Ts z+((Kv Ts −2Ka)(1−r) + Kar)Tsz2 + Ka Ts(1 − r)z3)]−1]�−1.

(41)

Gi (z) = Ts
3z[(τ z4 + (Ts − 3τ )z3 + (3τ − 2Ts)z

2 + (Ts − τ )z) + λi ((Ka − Kv Ts + Ks Ts
2)Tsr

+ ((Ka − Kv Ts + Ks Ts
2)(1 − r) − (2Ka − Kv Ts)r)Tsz + ((Kv Ts − 2Ka)(1 − r) + Kar)Tsz2 + KaTs(1 − r)z3)]−1.

(43)

� Gi (z) �H∞

= sup
ω

�������������

(Ts
6(cos2(ωTs) + sin2(ωTs)))/[(τ (cos4(ωTs) + sin4(ωTs) − 6 cos2(ωTs) sin2(ωTs))+

λi (Ts − 3τ + Ka Ts(1 − r))(cos3(ωTs) − 3 cos(ωTs) sin2(ωTs))+
λi (3τ + ((Kv Ts − 2Ka)(1 − r) + Kar − 2)Ts)(cos(ωTs) − sin2(ωTs))+

λi (((Ka − Kv Ts + Ks Ts
2)(1 − r) − (2Ka − Kv Ts)r + 1)Ts − τ ) cos(ωTs) + λi (Ka − Kv Ts + Ks Ts

2)Tsr)2

+(τ (4 cos3(ωTs) sin(ωTs) − 4 cos(ωTs) sin3(ωTs)) + λi (Ts − 3τ + KaTs(1 − r))(3 cos2(ωTs) sin(ωTs) − sin3(ωTs))
+λi (3τ + ((Kv Ts − 2Ka)(1 − r) + Kar − 2)Ts)(2 cos(ωTs) sin(ωTs))+

λi (((Ka − Kv Ts + Ks Ts
2)(1 − r) − (2Ka − Kv Ts)r + 1)Ts − τ ) sin(ωTs))

2]
≥ 1

λi Ks
≥ 1

λmin Ks
,∀i = 1, 2, . . . , N. (45)

re-written as (41) (which are shown on the top of the page),
which implies,

G(z) = �

⎡
⎢⎢⎢⎣

G1(z)
G2(z)

. . .

GN (z)

⎤
⎥⎥⎥⎦�−1, (42)

with Gi (z) being given in (43) (which is shown on the top of
the page) where λi = λi (L + P), i = 1, 2, . . . , N .

Consequently, the γ -gain in (19) can be obtained as:
γ = � G(z) �H∞= sup

ω
[σmax(G(e jωTs ))]

= sup
ω

�
λ(Ḡ(e jωTs )G(e jωTs ))

= sup
ω

max
i

�
Ḡi (e jωTs )Gi (e jωTs )

= max
i

� Gi (z) �H∞, ∀i = 1, 2, . . . , N. (44)

where, Ḡ(·) represents the complex conjugate of G(·).
By replacing z with e jωTs = cos(ωTs) + j sin(ωTs) in (44),
� Gi (z) �H∞ can be lower bounded as (45) (which is shown
on the top of the page).

Hence, γ ≥ 1

λmin Ks
holds.

E. Proof of Corollaries 1, 2 and 3

If θ is a positive real number for which λmin(L + P) ≤ θ ,
then from Theorem 3

γ ≥ 1

λmin(L + P)Ks
≥ 1

θ Ks
. (46)

In [15], it was proven that

λmin(L + P) ≤ 	(N)

N
, (47)

while in Lemma 3 and Lemma 4 in [4] proved that

λmin(LB P F + PB P F ) ≤ π2

N2 , (48)

λmin(LB P L F + PB P L F ) ≤ 1 + π2

N2 . (49)

By using (46) with either (47), (48) or (49),
Corollaries 1, 2 and 3, hold, respectively.
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