
Supplementary Materials 
 
1. Semi-empirical potentials 

All potentials developed in the present study can be found in the LAMMPS 
format [1] within the Supplementary Materials to this manuscript and in [2].  
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2 Lattice-switch Monte Carlo calculations

2.1 Computational details

Our LSMC calculations were performed using the LSMC packagemonteswitch, avail-
able athttps://github.com/tomlunderwood/monteswitch. The main program
in this package requires an input file namedlattices in which specifies both at once the
geometry of the system and the nature of the lattice-switch move between phases to be
used in the forthcoming calculation. We used thelattices in bcc hcp program within
monteswitch to generate thelattices in files for our calculations. Details of the associ-
ated lattice switch can be found in the user manual formonteswitch, which is included
with the package.

Most of our calculations utilised supercells containing 384 atoms, with dimensions
sufficiently large that no atom could ‘see’ its own image, i.e., the dimensions of the
supercell were always more than twice the cut-off of the potential under consideration.
However we also performed a single calculation using a larger supercell containing
1296 atoms to explore whether the 384-atom calculations were converged with respect
to system size. This calculation was performed using potential Ti2 at the transformation
temperature for that potential predicted by our MD simulations.

Our methodology for determining the thermodynamic quantities at each temper-
ature is similar to that of the worked example for Zr includedwith monteswitch, an
account of which can be found in themonteswitch user manual. The only noteworthy
differences between our methodology and that of the worked example are as follows.
Firstly we used 640,000 and 1,000,000 sweeps for weight-function-generation and
production calculations respectively for the 384-atom calculations, and 160,000 and
700,000 sweeps respectively for the 1296-atom calculation. Secondly we ‘tapered’ the
weight functions obtained from weight-function-generation calculations before using
them in production calculations. To elaborate, a weight-function-generation calcula-
tion by construction yields a weight function which, when used in the multicanonical
production calculation, results in the considered range oforder-parameter space be-
ing sampled uniformly. This means that regions of order-parameter space which are
rarely sampled at thermodynamic equilibrium are ‘oversampled’ relative to the under-
lying canonical ensemble. In LSMC it turns out that such a weight functionη(M) has
a double-well shape, with minima at order parametersM = Mmin,1 andMmin,2 and a
peak atM ≈ 0, whereMmin,1 < 0 andMmin,2 > 0. By ‘tapering’ the weight function
we mean that we setη(M) = η(Mmin,1) for M < Mmin,1 andη(M) = η(Mmin,2) for
M > Mmin,2, thus suppressing the oversampling in the regions outwith the two minima.
This improves the efficiency of the LSMC calculation becauseLSMC only requires
oversampling in the regionMmin,1 < M < Mmin,2 (in order to reach the gateway states
at M ≈ 0); oversampling elsewhere is unnecessary and inefficient.

2.2 Derivation of iterative procedure

The procedure we used to iteratively determineThcp→bcc, described in the main text,
is, in fact, the Newton-Raphson method. To elaborate, the Newton-Raphson estimate
for T such that∆G = 0 (which is where the transition occurs), given informationat
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T = T (n), is

T (n+1) = T (n)
−

∆G(n)

(

∂∆G/∂T
)(n)

. (S1)

Using the relations∂G/∂T = −S andG = H −T S, whereS denotes the entropy for
the phase under consideration, it can be shown that

∂∆G/∂T = (∆G−∆H)/T, (S2)

which, when applied to Eqn. (S1), yields Eqn. (6) after rearranging.

2.3 Full results

The results of our calculations are presented in Table S1, along with those of our MD
simulations for comparison. From the table it can be seen that the LSMC and MD
results are in agreement. Note also that the ‘LSMC’ and ‘LSMC†’ results for potential
Ti2 are in agreement, which demonstrates that the iterativeprocedure used to locate the
transformation temperature is unaffected by the starting temperatureT (1). Furthermore
the ‘LSMC’ and ‘LSMC†’ results for potential Ti2 are both in agreement with the
results of ‘LSMC‡’, which demonstrates that the 384-atom results are converged with
respect to system size.
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Ti1 Ti2 Ti3
MD LSMC MD LSMC LSMC† LSMC‡ MD LSMC

Thcp→bcc (K) 1150(5) 1152(3) 1148(2) 1150(2) 1151(3) 1153(1) 1148(2) 1149(1)
Thcp→bcc,sim(K) - 1154.2 - 1148.6 1149.5 1148.6 - 1148.5

∆Ghcp→bcc (eV/atom) - -0.00004(6) - 0.00004(5) 0.00005(7) 0.00012(3) - 0.00002(4)
Hbcc (eV/atom) - -5.18103(8) - -5.0436(5) -5.0434(2) -5.0438(1) - -5.1819(3)
Hhcp (eV/atom) - -5.2030(1) - -5.0754(1) -5.07537(9) -5.0754(2) - -5.2224(1)

∆Hhcp→bcc (eV/atom) 0.022 0.0219(1) 0.032 0.0319(5) 0.0319(2) 0.0316(2) 0.041 0.0406(3)
Vbcc (Å3/atom) - 17.9798(7) - 18.290(3) 18.295(2) 18.291(2) - 18.499(3)
Vhcp (Å3/atom) - 18.101(2) - 18.2956(6) 18.294(1) 18.296(1) - 18.376(1)

∆Vhcp→bcc/Vhcp (%) -0.70 -0.67(1) -0.03 -0.03(2) 0.01(1) -0.03(1) 0.71 0.67(2)

Table S1: Quantities pertaining to the hcp–bcc transformation for potentials Ti1, Ti2 and Ti3 obtained via MD and LSMC asdescribed
in the main text. ‘LSMC†’ denotes the set of LSMC calculations in which the iterativeprocedure was bootstrapped withT (1) = 900K,
as opposed to the MD-determined transformation temperature. ‘LSMC‡’ denotes the single LSMC calculation performed using a system
comprised of 1296 atoms, as opposed to 384 atoms. For the LSMCresults,Thcp→bcc,sim is the temperature at which the final LSMC
calculation (or, in the case of ‘LSMC‡’, the only calculation) was performed, whileThcp→bcc is the predicted transformation temperature
obtained by using Eqn. (6) in conjunction with the∆Ghcp→bcc and∆Hhcp→bcc from that calculation. Furthermore the LSMC quantities
∆Ghcp→bcc, Hhcp, Hhcp, etc. and their associated uncertainties (standard error of the mean [68% confidence interval] via block averaging)
pertain to the calculation atThcp→bcc,sim. By contrast the uncertainty inThcp→bcc reflects uncertainty propagation through Eqn. (6).
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