
 

 

 
 

 

Edinburgh Research Explorer 
 
 

 
 

 
 

 
 

 

 
 

 
 

 
 

 
 

 
 

 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Amplitudes from Coulomb to Kerr-Taub-NUT

Citation for published version:
Emond, WT, Huang, Y, Kol, U, Moynihan, N & O'Connell, D 2022, 'Amplitudes from Coulomb to Kerr-Taub-
NUT', Journal of High Energy Physics, vol. 2022, no. 5, 55, pp. 1-43.
https://doi.org/10.1007/JHEP05(2022)055

Digital Object Identifier (DOI):
10.1007/JHEP05(2022)055

Link:
Link to publication record in Edinburgh Research Explorer

Document Version:
Peer reviewed version

Published In:
Journal of High Energy Physics

General rights
Copyright for the publications made accessible via the Edinburgh Research Explorer is retained by the author(s)
and / or other copyright owners and it is a condition of accessing these publications that users recognise and
abide by the legal requirements associated with these rights.

Take down policy
The University of Edinburgh has made every reasonable effort to ensure that Edinburgh Research Explorer
content complies with UK legislation. If you believe that the public display of this file breaches copyright please
contact openaccess@ed.ac.uk providing details, and we will remove access to the work immediately and
investigate your claim.

Download date: 25. May. 2023

https://doi.org/10.1007/JHEP05(2022)055
https://doi.org/10.1007/JHEP05(2022)055
https://www.research.ed.ac.uk/en/publications/3a53396a-f34d-45ca-900d-094dd501c818


Prepared for submission to JHEP

Amplitudes from Coulomb to Kerr-Taub-NUT

William T. Emond,1,2 Yu-tin Huang,3,4 Uri Kol,5 Nathan Moynihan6,7 and Donal
O’Connell7

1School of Physics and Astronomy, University of Nottingham, University Park, Nottingham NG7

2RD, United Kingdom
2CEICO, Institute of Physics of the Czech Academy of Sciences, Na Slovance 1999/2, 182 21 Prague

8, Czech Republic
3Department of Physics and Astronomy, National Taiwan University, Taipei 10617, Taiwan
4Physics Division, National Center for Theoretical Sciences, National Tsing-Hua University, No.101,

Section 2, Kuang-Fu Road, Hsinchu, Taiwan
5Center for Cosmology and Particle Physics, Department of Physics, New York University, 726

Broadway, New York, NY 10003, USA
6The Laboratory for Quantum Gravity & Strings, Department of Mathematics & Applied Mathematics,

University Of Cape Town
7Higgs Centre for Theoretical Physics, School of Physics and Astronomy, The University of Edinburgh,

EH9 3FD, Scotland

E-mail: william.emond@fzu.cz, yutinyt@gmail.com, urikol@gmail.com,

nathantmoynihan@gmail.com, donal@staffmail.ed.ac.uk

Abstract: Electric-magnetic duality, the Newman-Janis shift, and the double copy all

act by elementary operations on three-point amplitudes. At the same time, they generate

a network of interesting classical solutions spanning from the Coulomb charge via the dyon

to the Kerr-Taub-NUT spacetime. We identify the amplitudes corresponding to each of

these solutions, working to all orders in spin, but to leading perturbative order. We confirm

that the amplitudes double-copy when the solutions are related by the classical double copy.

Along the way we show that the Kerr-Taub-NUT solution corresponds to a gravitational

electric-magnetic duality rotation acting on the Kerr solution, again to all orders in spin, and

demonstrate that the asymptotic charges also transform simply under our operations.
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1 Introduction

Relations between classical solutions of gauge theory and gravity have been a subject of

intense research for many decades. We can classify these relations into two broad groups:

maps between solutions of different theories, and maps between different solutions of the same

theory. For instance, the double copy [1–4] provides a concrete relation between gravitational

solutions and those of Yang-Mills theory, so it is an example of the first group of maps.

Meanwhile, examples of the second kind of maps are (Montonen-Olive) electric-magnetic

duality, which rotates solutions in the same theory into each other, and the Newman-Janis

shift [5], which generates rotating solutions from static ones in both electromagnetism (EM)
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and general relativity (GR). We can view all of these maps as operations acting on classical

solutions, thereby generating other solutions. Our main purpose in this paper is to study the

interplay between these three examples: the double copy, electric-magnetic duality, and the

Newman-Janis shift.

In general, these operations could be technically involved and take complicated forms.

However, their manifestation on certain observables may be simple. The key idea we explore

in this work is that each of our three operations acts very simply on a scattering amplitude

which describes the leading order interaction between a classical background and a probe

particle. By following the action of the operations on solutions, and at the same time on

amplitudes, we are able to associate a specific amplitude to each background. For example,

we determine the three-point amplitude associated with the Kerr-Taub-NUT spacetime: a

very exotic object from the traditional perspective on scattering amplitudes. Astonishingly,

the amplitude associated with Kerr-Taub-NUT is a very simple object, closely connected to

the amplitude for a photon coupling to a point electric charge.

Our work will be restricted to the context of linearised gravity. The gravitational version

of electric-magnetic duality is best understood in linear theory, and in any case the compar-

isons we make between classical solutions and scattering amplitudes are already non-trivial

at linear order. It is possible to perform more detailed comparisons between amplitudes and

backgrounds at higher orders, but we leave this for future work. The linearised gravity ap-

proximation we have in mind (also known as the post-Minkowskian, or PM, approximation)

corresponds to expanding full GR results to linear order in masses. In spite of this expansion,

we will work to all orders in certain other parameters, notably the spin parameter a of the

Kerr metric. While the exact Kerr solution contains a naked singularity when a is larger than

the mass, there is no a priori reason to truncate the expansion in a from the point of view

of linearised gravity. Meanwhile recent progress in scattering amplitudes has shown that it is

very natural to work to all orders in a. We also note the compelling simplicity of the results

of Vines [6] on the linearised impulse in a Kerr background, to all orders in spin.

Combining our three operations will allow us to relate an interesting class of different

solutions and their associated scattering amplitudes. As we shall see, all three operations

commute with one another. Let’s begin with an overview of each operation separately.

The double copy is a relationship between scattering amplitudes in a pair of theories.

The original, and most well-studied, double copy1 expresses amplitudes in gravity in terms

of amplitudes in Yang-Mills theory. Although rooted in quantum field theory, amplitudes

describe the time evolution from the far past to the far future in any quantum theory in an

asymptotically Minkowski spacetime, including in the classical approximation [8–10]. There-

fore the double copy is present in at least certain aspects of classical gravity. In some cases

this extends to an all-order relation between classical solutions of Yang-Mills theory and

gravity, a relation classed the classical double copy [11–41]. For example, a Coulomb charge

double-copies to the Schwarzschild solution [11] (in the purely gravitational case) or to the

1The double copy has recently been reviewed in detail [7].
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JNW singularity [42] (in a larger theory including gravity, dilatons and axions [43]).

The second operation of interest to us is electric-magnetic duality. This is the rotation

of electric and magnetic fields into one another:

E′ = + cos θE− sin θB ,

B′ = + sin θE + cos θB .
(1.1)

By the equations of motion, the duality also rotates electric charges q and magnetic charges

g so that
q′ = + cos θ q − sin θ g ,

g′ = + sin θ q + cos θ g .
(1.2)

In particular, electric-magnetic duality rotates a Coulomb charge into a dyon. In terms of

the covariant field strength Fµν and its dual F̃µν = εµνρσF
ρσ/2, this duality is

F ′µν = + cos θ Fµν + sin θ F̃µν ,

F̃ ′µν = − sin θ Fµν + cos θ F̃µν .
(1.3)

(We provide details of our conventions in appendix A.)

The combined operation of electric-magnetic duality together with the double copy gives

rise to a gravitational duality. This gravitational electric-magnetic duality was studied in [23]

in terms of asymptotic charges, but it can also be realized using curvature invariants. Writing

the linearized Riemann tensor as Rµνρσ, one can define a dual Riemann tensor

R̃µνρσ ≡
1

2
εµναβR

αβ
ρσ . (1.4)

Then the gravitational electric-magnetic duality is defined by the rotation

R′µνρσ = + cos θ Rµνρσ + sin θ R̃µνρσ ,

R̃′µνρσ = − sin θ Rµνρσ + cos θ R̃µνρσ .
(1.5)

At least at the linearized level, such a duality operation is not new and was described well

before the advent of the double copy (see for example [44–47]). Here we will show that the

electric-magnetic duality (1.1) is related by the double copy to gravitational duality as defined

in (1.5).

As a concrete example, the action of the gravitational electric-magnetic duality on the

linearized Schwarzschild metric produces the linearized Taub-NUT metric [45–47]. The double

copy further maps the Taub-NUT metric and the dyon solution into each other [12]. In

particular, the mass aspect and the NUT parameter are mapped into the electric and magnetic

charges, respectively. We will refer to both the standard electric-magnetic duality and its

gravitational counterpart simply as “duality” below.

The third (and final) operation of interest to us is the Newman-Janis shift [5]. This
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Figure 1. Classical solutions related by the double copy (dashed blue arrow), duality (green arrow)
and the Newman-Janis shift (orange arrow). The double copy provides a map between solutions of
different theories. Duality and the Newman-Janis shift, on the other hand, map different solutions
within the same theory and depend on continuous parameters.

shift can be viewed as a translation, though with an imaginary parameter. Acting on the

Schwarzschild solution, this shift leads to the Kerr metric. The Newman-Janis shift was

recently understood in terms of a remarkable exponentiation of spin effects at the level of

three-particle amplitudes [48]. One can also apply the Newman-Janis shift in an electro-

magnetic context. For example, it relates the Coulomb charge to a solution of the Maxwell

equations describing a spinning charge configuration which was named
√

Kerr in [48].

As we have already seen, the three operations of our central interest relate a number of

interesting solutions to one another. In this article, we will address the full set of solutions

related by these three operations acting one after another. Indeed, a generalization of the

Newman-Janis shift was studied by Talbot [49] and provides a wider set of maps between

different solutions. In particular, Talbot found a complex shift that maps the Schwarzschild

metric into the Kerr-Taub-NUT spacetime. We show that this complex shift, at the linearized

level, can be viewed as a combination of duality and the Newman-Janis shift. We will explore

its physical origin and also study its single copy counterpart in gauge theory. Taken together,

our operations generate a network of eight different solutions which naturally has the structure

of the cube shown in figure 1.

Insight into the physical origin of the complex shift can be gained by studying the asymp-

totic charges that characterize this class of solutions. The group of asymptotic charges close

an algebra that describe the asymptotic symmetries of spacetime. This symmetry group

is comprised of Bondi-Metzner-Sachs (BMS) transformations [50, 51], which include Lorentz

transformation and supertranslations, as well as the recently discovered dual supertranslation

symmetry [52–54]. We can then understand the action of the operations discussed above on

the scattering amplitude as a manifestation of the asymptotic symmetry group. In particular,
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the duality operation corresponds to a mixing of standard and dual supertranslation charges

[23]. We will see that the combined operation of duality and the Newman-Janis shift involves

subleading BMS and dual BMS charges.

The vertical axis in figure 1 represents the classical double copy. In spite of considerable

recent work on the classical double copy, it remains the case that the traditional double

copy for scattering amplitudes is much better understood. In this paper we are able to

make a direct connection between both avatars of the double copy by directly identifying the

amplitudes associated with each of the eight solutions in the figure. We then check directly

that the solutions we claim are related by the double copy behave as expected. We do so by

computing a physical observable in two ways: firstly by using the equations of motion with

the known expression for the solutions, and secondly using amplitudes based on the methods

of [8]. We verify agreement between both approaches to assure ourselves that we have a

consistent picture.

We emphasize again that while our results rely on the PM approximation, the spin

parameter is left finite and unconstrained throughout this work. That should be contrasted

against most treatments of the Kerr-Taub-NUT spacetime in the literature, which consider

different limits of the spin (see, e.g., [47, 55–57]).

The paper is organized as follows. We begin our discussion in section 2 by explaining

in more detail how our three operations build the cube in figure 1. We dwell on duality

in the gravitational context which is perhaps more unfamiliar, explaining the relationship

between duality as we described it above and the asymptotic symmetry group of spacetime.

We define what we mean by a spinning dyon, and also show that the linearized Schwarzschild

and Kerr-Taub-NUT metrics are related by the combined transformation of duality and the

Newman-Janis shift to all orders in spin. In section 3 we compute the impulse imparted

to a probe particle moving in the classical background using the equations of motion. In

section 4 we study how duality and the Newman-Janis shift act on certain massive three-

particle amplitudes in gauge theory and in gravity. We then use the amplitude description to

compute the impulse a second time, thereby verifying the double copy between the classical

solutions at linear order. Throughout this paper we will be using the mostly plus metric

signature (−+ ++).

2 A Network of Solutions

Each of the axes in figure 1 corresponds to one of our operations. Let’s now discuss how the

operations take us from one solution to the next, beginning with the simplest solution: the

Coulomb charge.

As we mentioned in the introduction, it is an elementary fact that electric-magnetic

duality relates the point Coulomb charge to the dyon. It is less well-known that the Newman-

Janis shift also acts in an interesting way on the Coulomb charge, though this action was also

discussed in Newman and Janis’s original paper [5]. We define the result of this action to be

the
√

Kerr solution.
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Restricting to the lower four (electromagnetic) solutions, it remains to discuss the spin-

ning dyon. This deserves more than a few words, so we postpone the discussion to section 2.2

below.

The upper set of backgrounds in the figure are solutions to the Einstein equation. The

Schwarzschild solution is, of course, the simplest of these. The Newman-Janis shift was

designed as a method to recover the Kerr metric from Schwarzschild. Duality in the gravita-

tional context is less well understood than in the electromagnetic case, so again it is worth

discussing the duality relation in the gravitational context in more detail. We do so below in

section 2.3 focusing especially on the Kerr-Taub-NUT case which is the most sophisticated

example we consider.

Before discussing the solutions in more detail, it will be useful for us to review the

Newman-Penrose formalism. This elegant formalism allows us to demonstrate how duality as

we described it in equation (1.5) induces a transformation on asymptotic charges which was

helpful for understanding Taub-NUT in [23].

2.1 Newman-Penrose and Asymptotic Charges

We introduce the Newman-Penrose (NP) formalism [58] by choosing a null tetrad

eµa = {`µ, nµ,mµ, m̄µ} , (2.1)

with the property that `µ is the tangent vector along outgoing lightlike geodesics. In Minkowski

space, we can choose ` and n to be real vectors with ` · n = −1, while m and m̄ = m∗ are

complex null vectors satisfying m · m̄ = 1. With this basis, we may define Newman-Penrose

scalars for both the electromagnetic and gravitational fields. In the electromagnetic case,

given a field strength Fµν , we define

Φ0 = Fµν`
µmν ,

Φ1 =
1

2
Fµν(`µnν + m̄µmν) ,

Φ2 = Fµνm̄
µnν .

(2.2)

These three complex scalars encode the six degrees of freedom in the field strength.

Similarly, in the gravitational case, the ten degrees of freedom in the metric can be

organized in terms of five complex scalars using the Weyl tensor Cµνρσ as follows

Ψ0 = Cµνρσ`
µmν`ρmσ ,

Ψ1 = Cµνρσ`
µnν`ρmσ ,

Ψ2 = Cµνρσm̄
µnν`ρmσ ,

Ψ3 = Cµνρσm̄
µnν`ρnσ ,

Ψ4 = Cµνρσm̄
µnνm̄ρnσ .

(2.3)
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Imposing a retarded boundary condition, the expansion of the complex Weyl scalars in large

radius r takes the “peeling” form [59]

Ψ0 = Ψ0
0

1

r5
+ Ψ1

0

1

r6
+ · · · ,

Ψ1 = Ψ0
1

1

r4
+ Ψ1

1

1

r5
+ · · · ,

Ψ2 = Ψ0
2

1

r3
+ Ψ1

2

1

r4
+ · · · ,

Ψ3 = Ψ0
3

1

r2
+ Ψ1

3

1

r3
+ · · · ,

Ψ4 = Ψ0
4

1

r
+ Ψ1

4

1

r2
+ · · · ,

(2.4)

Thus, Ψ0 and Ψ1 describe near-field components of the gravitational field that decay rapidly.

Ψ2 is dominant in the intermediate zone and describes the Coulomb components of the field.

Finally, Ψ3 and Ψ4 describe the radiative components of the field that dominate at large

distances.

It is sometimes useful to use a spinorial version of the Newman-Penrose formalism, which

will be particularly familiar to readers who are acquainted with the spinor-helicity formal-

ism in scattering amplitudes. Indeed the basic expressions in both of these formalisms are

identical. Details of our spinor conventions are given in appendix A.

Since the NP vector ` is null, we can find spinors |`〉 and [`| such that ` = |`〉 [`|. Further-

more, `µ is a real vector, so we choose the anti-chiral spinor [`| to be the complex conjugate

of |`〉. Since the space of chiral spinors at a given spacetime point is two dimensional, we

complete the basis by picking another spinor |n〉 such that 〈`n〉 6= 0. More specifically we can

choose |n〉 so that n = |n〉 [n|, where again [n| is the complex conjugate of |n〉.
The spinors |`〉 and |n〉 are a basis for the chiral spinors (and their conjugates are a

basis for the anti-chiral spinors). We can therefore complete the basis of vectors by choosing

m = |`〉 [n| with m̄ defined as the conjugate of m. In spinor-helicity terms, we are treating `

as a light-like momentum, n as a gauge choice, and the pair m and m̄ as polarisation vectors

of definite helicity.

The spinorial equivalents of the Φi and Ψi scalars are simply the spinorial forms of the

curvature. To discuss spinors in curved space, we first introduce a frame eµa for a = 0, · · · , 3
such that

eµagµνe
ν
b = ηab ,

eµaη
abeνb = gµν .

(2.5)

We define the Maxwell spinor as

Φαβ = Fµν e
µ
ae
ν
b σ

ab
αβ = Fµνσ

µν
αβ , (2.6)

where

σµν = eµae
ν
bσ

ab =
1

4
eµae

ν
b

(
σaσ̃b − σbσ̃a

)
. (2.7)
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Note that σabαβ is symmetric in its spinor indices α and β. Consequently, Φαβ is a symmetric

two-by-two matrix, containing three (complex) components. These are nothing but the NP

scalars Φ0, Φ1 and Φ2.

We similarly define the Weyl spinor Ψαβγδ as

Ψαβγδ = Cµνρσσ
µν
αβσ

ρσ
γδ . (2.8)

The Weyl spinor is totally symmetric under its four spinor indices, and therefore contains

precisely five components: the five Ψi NP scalars.

The Newman-Penrose form is inherently chiral, treating fields of given helicity differently

(equivalently, self-dual and anti-self-dual fields are treated differently). It therefore diago-

nalises the operation of duality. To see this, it is worth noticing that the Maxwell spinor can

be written in terms of the Pauli sigma matrices σ as

Φβ
α = (E− iB) · σβα , (2.9)

where E and B are the electric and magnetic fields, respectively. Thus under the duality (1.1),

we see that

Φ′ = e−iθΦ . (2.10)

As we will soon see, the gravitational case is identical.

Locally asymptotically flat spacetimes are invariant under the BMS group, which is com-

posed of Lorentz transformations and supertranslations, as well as the recently discovered

dual supertranslation symmetry [52, 54]. The standard and dual supertranslation charges are

given by the leading order components of the gravitational analogue of the Coulomb field,

integrated over the two sphere:

T (f) = − 1

4πG

∫
S2

dΩ
√
γ f(Ω)

[
Re Ψ0

2(u,Ω)
]
I+−
,

M(f) = − 1

4πG

∫
S2

dΩ
√
γ f(Ω)

[
Im Ψ0

2(u,Ω)
]
I+−
,

(2.11)

respectively. Here Ω represent the two coordinates on the celestial sphere, γ is the metric on

unit sphere, f(Ω) is the transformation parameter, u is the retarded null coordinate and I+−
is the lower boundary (u = −∞) of future null infinity I+. One can then define a complex

charge

Q(f) ≡ T (f) + iM(f) = − 1

4πG

∫
S2

dΩ f(Ω)
[
Ψ0

2(u,Ω)
]
I+−

(2.12)

and a corresponding duality operation [23]

Q′(f) = e−iθQ(f). (2.13)

Equivalently, this duality rotates the standard and dual supertranslation charges into one
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another
T ′(f) = + cos θ T (f) + sin θM(f) ,

M′(f) = − sin θ T (f) + cos θM(f) .
(2.14)

It is interesting to write these charges in terms of gravitational analogues of electric and

magnetic fields. These are simply a decomposition of the Weyl tensor given by

Eνσ = Cµνρσ (`µ + nµ) (`ρ + nρ) ,

Bνσ = C̃µνρσ (`µ + nµ) (`ρ + nρ) ,
(2.15)

where C̃µνρσ is the dual of the Weyl tensor. Therefore the duality (1.5) for the curvature (and

hence for the Weyl curvature) is

E′νσ = + cos θ Eνσ + sin θ Bνσ ,

B′νσ = − sin θ Eνσ + cos θ Bνσ .
(2.16)

Now, Newman and Penrose [58] showed that to leading order in the asymptotic expansion

Ψ2 = Zµνm
µm̄ν (2.17)

where

Zµν =
1

2
Eµν +

i

2
Bµν. (2.18)

Thus, the duality of equation (2.16) is simply a rephasing of the Newman-Penrose scalar

Ψ′2 = e−iθΨ2 . (2.19)

But this is simply the duality (2.13) for the charges.

In reference [23], the duality of the charges was used to demonstrate that Taub-NUT is

a duality rotation of Schwarzschild, justifying the relation between the two show in figure 1.

2.2 Spinning Dyons from Duality

Now we return to figure 1, and we ask the question: what precise electromagnetic solution

do we obtain by operating on the Coulomb charge with duality and the Newman-Janis shift?

The action of duality and the shift are understood separately. As we mentioned in the

introduction, it is a basic fact that duality rotates a point electric charge into a dyon. Newman

and Janis described the action of their shift on the Coulomb source in electromagnetism [5],

resulting in a configuration of charge which has an associated angular momentum, and so a

spin. It is a particular kind of rotating disc of charge, and can be viewed as the electromagnetic

field of the charged (Kerr-Newman) black hole. More recently, it was understood [48] that this

rotating disc solution is related by the double copy [11] to the Kerr solution, so the rotating

disc of charge which was called
√

Kerr in reference [48]. We shall use this terminology below.

The field strength of
√

Kerr is most conveniently discussed using the Maxwell spinor (2.6).

– 9 –



We write the Maxwell spinor of a Coulomb charge at the origin as ΦCoulomb(x). With this

notation, the
√

Kerr field strength spinor is

Φ√Kerr(x) = ΦCoulomb(x+ ia) , (2.20)

where aµ is a vector parameterising the spin of the object2.

It is straightforward to construct the Maxwell spinor of the spinning dyon, which we

define to be the electromagnetic field configuration we obtain by acting with duality on the

field of
√

Kerr. We have seen that the duality acts by rephasing (2.10) the Maxwell spinor,

so
Φspinning-dyon(x) = e−iθΦ√Kerr(x)

= e−iθΦCoulomb(x+ ia) .
(2.21)

Notice that, like Kerr-Taub-NUT, the spinning dyon depends on three parameters: the electric

charge, the magnetic charge, and the spin.

Returning once again to the class of theories shown in figure 1, we have now described

each solution as well as the links between them induced by duality and the Newman-Janis

shift. Several of the double copy relations shown on the figure are also standard: for relation

between Coulomb and Schwarzschild [11] is among the most basic examples of the double

copy, and is easily generalised to relate
√

Kerr and Kerr [11]. The double copy relating a

dyon and Taub-NUT was described in terms of double Kerr-Schild solutions in [12] and more

recently investigated in terms of amplitudes and the impulse [23]. It remains for us to justify

the double copy relation we claim holds between the spinning dyon and Kerr-Taub-NUT. In

fact, the spinning dyon was previously [16] proposed as the “single” copy of Kerr-Taub-NUT.

We will demonstrate below that this proposal is correct. First we show that gravitational

duality relates Kerr-Taub-NUT to Kerr (to all orders in spin). Later, in section 4, we will

demonstrate that the standard double copy at the level of amplitudes is also consistent with

this identification.

2.3 Kerr-Taub-NUT from Duality

It remains for us to justify our claim that Kerr-Taub-NUT is related by duality to Kerr. Of

course it is natural to guess that Kerr-Taub-NUT must be the result of duality acting on

Kerr. But, as we will see, it is not too hard to demonstrate the result to all orders in spin.

The exact Kerr-Taub-NUT metric is given by

ds2 = −f (dt+ Ω dφ)2 +
ρ2

∆
dr2 + ρ2

(
dθ2 + σ2 sin2 θ dφ2

)
(2.22)

where

Ω = −2` cos θ − (1− f−1)a sin2 θ, ∆ = r2 − 2mr + a2 − `2, σ2 =
∆

fρ2
, (2.23)

2In the gravitational case of Kerr or Kerr-Taub-NUT, it is standard to choose aµ to be in the z direction.
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and

f = 1− 2mr + 2`(`− a cos θ)

ρ2
, ρ2 = r2 + (`− a cos θ)2. (2.24)

This metric depends on three parameters: mass m, NUT charge ` and spin a. We work in

units where all of these parameters have dimension of length; later on, we will use the symbol

M for the mass (with dimension of mass) of particles.3

The solution is of Petrov type D, so the only non-vanishing Newman-Penrose scalar is

Ψ2. In an appropriate frame, this scalar is [60]

Ψ2 =
m+ i`

(r − i`− ia cos θ)3
. (2.25)

Some more familiar solutions can be obtained as special cases of Kerr-Taub-NUT. The Kerr

metric is reproduced by setting the NUT parameter to zero; it describes a rotating black hole

solution with angular momentum

J = am . (2.26)

In a similar way, one can set the mass to zero; then the resulting solution describes a rotating

NUT spacetime with dual angular momentum

J̃ = a` . (2.27)

We will soon show that the duality operation (1.5) interchanges the roles of the angular

momentum J and its dual J̃ (as well as interchanging the mass with the NUT parameter).

Talbot [49] found that the exact Kerr-Taub-NUT metric can be obtained from the

Schwarzschild metric using a complex coordinate transformation given by

t −→ t− i`+ 2i` log sin θ ,

r −→ r − i`+ ia cos θ .
(2.28)

The complex coordinate technique is given by a non-rigorous algorithm whose physical origin

is not fully understood. For a recent discussion we refer the reader to [23]. Here, working

in linearised gravity, we interpret this complex shift as a combined operation of duality and

the Newman-Janis shift, bearing in mind that each one of these operations was separately

understood in [23, 48].

We work throughout to leading order in the linearised (or post-Minkowskian) approxi-

mation to general relativity. The explicit definition of this limit we use is

GMADM

r
=
m

r
� 1 ,

`

r
� 1 .

(2.29)

3The Taub-NUT solution and its rotating generalisation contain string singularities, which were recently
discussed in [23]. They will not be relevant below.
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Notice that we impose no conditions on the spin a. In fact, the metric (2.22) is flat for any

value of a if we set both m and ` to zero. Thus the first approximation beyond Minkowski

forces us to work to linear order in m or `, or both. We will take a to be arbitrary for the

rest of the paper, except where explicitly stated.

In this leading approximation, the Kerr-Taub-NUT metric takes the form

ds2Kerr-Taub-NUT = ds2Flat + ds2Kerr + ds2rotating-NUT , (2.30)

where

ds2Flat = −dt2 +
r2 + a2 cos2 θ

r2 + a2
dr2 +

(
r2 + a2 cos2 θ

)
dθ2 +

(
r2 + a2

)
sin2 θ dφ2 (2.31)

is the flat metric in spheroidal coordinates,

ds2Kerr = 2mr
1

r2 + a2 cos2 θ

(
dt− a sin2 θ dφ

)2
+ 2mr

r2 + a2 cos2 θ

(r2 + a2)2
dr2 (2.32)

is the additional contribution due to the linearized Kerr metric and

ds2spinning-NUT = −2l cos θ

(
a dt2 −

(
r2 + a2

)
(2dt dφ− a sin2 θ dφ2)

r2 + a2 cos2 θ
+

a

r2 + a2
dr2 + adθ2

)
(2.33)

is the spinning NUT contribution.

It will be useful for us to introduce a form of the curvature which extracts the linear

dependence on mass m and NUT charge `. So we write the Kerr curvature tensor as

RKerr
µνρσ = mΘKerr

µνρσ , (2.34)

where ΘKerr is independent of m. Similarly we may write the contribution of the spinning

NUT to the total curvature of Kerr-Taub-NUT as

Rspinning-NUT
µνρσ = `Θspinning-NUT

µνρσ . (2.35)

Thus the total linearised curvature of Kerr-Taub-NUT is

RKTN
µνρσ = mΘKerr

µνρσ + `Θspinning-NUT
µνρσ . (2.36)

The Newman-Penrose form of the curvature (2.25) takes a particularly simple form in

the linearised theory, which (up to an irrelevant overall normalisation) is

Ψ2 =
m+ i`

(r − ia cos θ)3
. (2.37)

It is straightforward now to take advantage of our understanding of the action (2.19) of duality
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on Ψ2, which immediately shows that duality acts on the mass and NUT charge as

m′ = + cos θm+ sin θ ` ,

`′ = − sin θm+ cos θ `
(2.38)

to all orders in the spin a. (Indeed the NUT charge is also referred to as the magnetic

mass.) Since the Newman-Penrose scalars capture the full curvature of the spacetime, we

conclude that duality rotates the linearised Kerr metric (2.32) into the linearised rotating

NUT metric (2.33). In other words,

Θ̃Kerr
µνρσ = Θspinning-NUT

µνρσ . (2.39)

It is possible to demonstrate the relationship (2.39) directly at the level of the Riemann

tensor rather than the Weyl spinor, at the expense of lengthier expressions. In appendix B

we describe one way to perform the calculation, and explicitly apply the method to the a = 0

case of equation (2.39). We attach a mathematica notebook repeating the computation with

a 6= 0. Explicit expressions in the limit a� 1 with J and J̃ kept fixed can be found in [47].

Another perspective on the duality relating Kerr and Kerr-Taub-NUT is available using

the method of complex Ernst potentials4. Reina and Treves have shown [61] that a complex

rephasing of the Ernst potential for the Kerr metric leads to the Kerr-Taub-NUT metric

(see also a more recent discussion by Astorino [62].) Since this rephasing introduces a NUT

charge, it is natural to presume that the Reina-Treves transformation is a manifestation of

gravitational duality at the level of the metric. Our computations in appendix B and the

attached notebook check that this notion of duality corresponds to the precise definition (1.5)

of gravitational duality at the level of the curvature tensor in the linearised case. More

generally, recent work has shown that transformations of Ernst potentials (for example, the

Ehlers transformation) are helpful for understanding the link between electric-magnetic and

gravitational duality in the double copy, including in the Einstein-Maxwell case [24, 27].

The result (2.39) implies that one can map the Schwarzschild and Kerr-Taub-NUT metrics

into each other, in the leading PM approximation, using the combined operation of duality

and the Newman-Janis shift. Referring back to our class of solutions, these observations

justify the links between the upper group of four solutions in figure 1.

We will soon be interested in computing the impulse on a probe particle moving in the

Kerr-Taub-NUT background. A direct computation using the Kerr-Taub-NUT metric is non-

trivial, so we will exploit duality to reduce the complexity. Using our result (2.39), we can

conveniently write the linearised Kerr-Taub-NUT Riemann curvature as

RKTN
µνρσ = mΘKerr

µνρσ + `Θspinning-NUT
µνρσ

= ReGMe−iθ
(

ΘKerr
µνρσ + iΘ̃Kerr

µνρσ

)
,

(2.40)

4We thank Eoin Ó Colgáin for an informative discussion on this topic.
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where m = GM cos θ and ` = GM sin θ .

We finish our overview of duality in gravity with some comments on duality and asymp-

totic charges. The duality relation between the angular momentum and the dual angular

momentum has been studied in terms of Lorentz and dual Lorentz charges in [47]. Here

we would like to demonstrate that the Lorentz charges can be realized as subleading BMS

charges that were studied in [63]. The first subleading complex BMS charge was derived in

[63] and it is given by

Q1(f) = − 1

8πG

∫
dΩ
√
γ f(Ω)

(
Ψ1

2 − ð̄Ψ0
1

)
. (2.41)

where ð̄ is a differential operator acting on Ψ0
1, and the large r (peeling) expansion coefficients

Ψj
i were defined in equation (2.3). In our application Ψ1 = 0 so we will not need the form of

ð̄. By expanding the linearised Newman-Penrose scalar of equation (2.37), we see that the

two leading order coefficients are

Ψ0
2 = m+ i` ,

Ψ1
2 = 3ia(m+ i`) cos θ .

(2.42)

Recall that Ψ0
2 determines the values of the leading BMS charges (2.12), and as we have just

seen, duality exchanges the roles of the mass m and the NUT parameter `. The real and

imaginary parts of the subleading BMS charge Q1 take the following values

ReQ1(f) = − 3J̃

8πG

∫
dΩ f(Ω) cos θ,

ImQ1(f) = +
3J

8πG

∫
dΩ f(Ω) cos θ.

(2.43)

The result (2.39) therefore implies that duality interchanges the roles of the real and imaginary

parts of Q1, or equivalently the angular momentum J and the dual angular momentum J̃ .

3 The Impulse

In this section, we compute the impulse imparted to a probe scalar particle in the backgrounds

of a spinning dyon and Kerr-Taub-NUT, at leading approximation using the equations of

motion. The manifestation of the double copy structure is apparent in the impulse. In

addition, we show explicitly how the double copy structure relates the electromagnetic and

the gravitational forces in those cases.

3.1 Spinning Dyon

In electromagnetic theory, we obtain the impulse by performing the total time integral of the

Lorentz force. To get started, then, we need to know the field strength tensor Fµν(x) of a

spinning dyon. First, let us define a little notation. We will take particle 1 to be the probe,
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scattering off the heavy, static particle 2. At leading order, we may take the worldlines of

both particles to be the straight lines

xi(τ) = bi + uiτ . (3.1)

We could choose one of the bi to be zero by choice of origin if we wished. The leading order

proper velocities are ui. Finally, we chose the electric charge of our probe to be e1.

We described how to determine the Maxwell spinor of the dyon in section 2.2. The field

strength in its usual form is then simply

Fµνspinning-dyon(x) = −Re Tr (σµνΦspinning-dyon(x)) , (3.2)

where the spinning dyon’s Maxwell spinor is given by equation (2.21) in terms of the simple

Coulomb Maxwell spinor5

ΦCoulomb(x) = 2ie2

∫
d̂4q δ̂(q · u2) eiq·(x−b2)

qµuν2σµν
q2

. (3.3)

With the help of the identity

Tr (σµνσρσ) = −1

2
(ηµρηνσ − ηµσηνρ + iεµνρσ) , (3.4)

it is then easy to show that the field strength of the spinning dyon is

Fµνspinning-dyon(x) = Re

[
ie2

∫
d̂4q δ̂(q · u2) eiq·(x−b2)e−(q·a+iθ)

qµuν2 − qνu
µ
2 + iεµν(q, u2)

q2

]
.

(3.5)

in terms of the notation of equation (A.5); in particular,

εµ(a, b, c) = εµνρσaνbρcσ , εµν(a, b) ≡ εµνρσaρbσ . (3.6)

In the electromagnetic field of the spinning dyon, the motion of our probe particle is

determined by the Lorentz force

dpµ

dτ
= e1 F

µν
spinning-dyon(x1(τ))u1ν(τ) . (3.7)

5The leading-order momentum-space four-vector potential generated by a classical source of charge e2
located at x2(τ) = b2 + u2τ is given by

Aµ(q) = e2 δ̂(q · u2)
uµ2
q2
e−iq·b2 ,

which straightforwardly leads to the position-space Maxwell tensor

Fµν(x) = 2ie2

∫
d̂4q eiq·(x−b2) q[µAν](q) = 2ie2

∫
d̂4q δ̂(q · u2) eiq·(x−b2)

q[µu
ν]
2

q2
.

Upon contracting Fµν with σµν , we arrive at eq. (3.3).
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The impulse is the total time integral of this force. At leading order, the trajectory is given

by equation (3.1) and we may take the velocity u1 to be constant, so we find

∆pµ1 = e1

∫
dτ Fµνspinning-dyon(b1 + u1τ)u1ν

= Re

[
ie1e2

∫
d̂4q δ̂(q · u1)δ̂(q · u2)eiq·be−(q·a+iθ)

qµ(u1 · u2)− iεµ(q, u1, u2)

q2

]
,

(3.8)

where b = b1 − b2 is the impact parameter.

This result for the impulse (3.8) reduces to that of
√

Kerr [48] when the angle θ, and

therefore the magnetic charge, is set to zero. It also reduces to the impulse due to a static

dyon [23] when the spin a is set to zero.

The result (3.8) was derived in the leading perturbative order (corresponding to the

leading PM order in the gravitational case) but for any value of the spin parameter a. It

is interesting to consider the approximation where a � r, which allows an easy comparison

to familiar formulae from undergraduate electromagnetism. In this limit, the electric and

magnetic fields of a spinning dyon are given by

F 0i
2 = Ei =

Q

4πr3
ri + Eidipole,

F ij2 = εijkBk = εijk
( Q̃

4πr3
rk +Bk,dipole

)
,

(3.9)

where the electric and magnetic charges are Q = e2 cos θ and Q̃ = e2 sin θ. The Lorentz force

acting on the probe particle can then be written as

dp1

dτ
= e1γ

(
E + v ×B

)
. (3.10)

Here the magnetic dipole field

Bdipole =
3(µmag · r̂)r̂

4πr3
−

µmag

4πr3
(3.11)

is given in terms of the magnetic dipole moment

µmag = e2 cos θ a. (3.12)

Notice that this dipole moment has its origin in the spatial Newman-Janis shift!

Similarly, the electric dipole field

Edipole =
3(µelec · r̂)r̂

4πr3
− µelec

4πr3
(3.13)
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is given in terms of the electric dipole moment

µelec = −e2 sin θ a. (3.14)

The field of a spinning dyon, expanded in spin a, therefore contains four moments: electric

monopole, magnetic monopoles, electric dipole and magnetic dipole6. Integrating the Lorentz

force (3.10) will now reproduce (3.8) with q · a� 1.

3.2 Kerr-Taub-NUT

We now turn to calculate the impulse of a probe particle moving in the Kerr-Taub-NUT

background. We will recover the impulse below using the double copy at the level of scat-

tering amplitudes, justifying at linear order the classical double copy connection between the

spinning dyon and Kerr-Taub-NUT.

Our setup is similar to the electromagnetic case. We again take particle 1 to be a light

scalar probe of mass M1, and will take the Kerr-Taub-NUT itself to be heavy and located

at the spatial origin. The parameters of the metric are m = GM2 cos θ and ` = GM2 sin θ,

where θ is a duality rotation angle.

It is difficult to compute the impulse on geodesics in Kerr-Taub-NUT using the metric.

It is far simpler to perform the calculation by taking advantage of the duality relation (2.40)

between Kerr and Kerr-Taub-NUT, which will allow us to reduce to a computation in a

Kerr background. Since we have discussed duality at the level of curvature, we compute the

impulse from the geodesic deviation equation. That is, we consider a family of geodesics,

parameterised by a number λ, and compute the leading order impulse on each geodesic as a

function of λ. At zeroth order, the geodesic are all straight lines, which we take to be

x(τ, λ) = λb+ u1τ . (3.15)

Thus, for λ → ∞, the geodesics are infinitely far from the Kerr-Taub-NUT source. The

separation vector sµ between these geodesics (that is, the tangent vector in the λ direction)

obeys
D2

Dτ2
sµ = RKTN

µνρσ(x)uν1u
ρ
1s
σ , (3.16)

where D/Dτ is the covariant differential in the τ direction. Since we work at linearised order,

we may replace D/Dτ with d/dτ on left-hand side of this equation; on the right-hand side, we

may take the velocity vectors to be constant, and evaluate the curvature on the unperturbed

straight line trajectories. We may also take sµ = dxµ(τ, λ)/dλ. Thus the deviation equation

is
d3

dλ dτ2
xµ = RKTN

µνρσ(λb+ u1τ)uν1u
ρ
1b
σ . (3.17)

We will focus specifically on the impulse on the λ = 1 geodesic. It is helpful to note that since

the curvature tensors fall off as r−3, there is no impulse on the λ→∞ geodesic. As a result

6To all orders in spin, the field of course contains an infinite set of higher multipole moments.
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we can compute the impulse on our λ = 1 geodesic by integrating the deviation equation

twice:

M1

∫ ∞
−∞

dτ

∫ 1

∞
dλ

d3

dλdτ2
xµ = M1

∫ ∞
−∞

dτ
d2xµ
dτ2

∣∣∣∣
λ=1

−M1

∫ ∞
−∞

dτ
d2xµ
dτ2

∣∣∣∣
λ→∞

= M1∆u1µ

∣∣∣
λ=1

= ∆p1µ .

(3.18)

In other words, the impulse can be obtained by integrating over the curvature

∆p1µ = M1

∫ 1

∞
dλ

∫ ∞
−∞

dτ RKTN
µνρσ(λb+ u1τ) uν1u

ρ
1b
σ . (3.19)

Now we can make good use of the duality relation (2.40) between the linearised curvatures

of Kerr-Taub-NUT and Kerr. Defining

Θ+
µνρσ = ΘKerr

µνρσ + i Θ̃Kerr
µνρσ , (3.20)

the impulse becomes

∆pµ1 = GM1M2 Re e−iθ
∫ 1

∞
dλ

∫ ∞
−∞

dτ Θ+µ
νρσ(λb+ u1τ) uν1u

ρ
1b
σ . (3.21)

This relation achieves our goal of reducing the problem of finding the impulse in Kerr-Taub-

NUT to an integral over the simpler curvature of Kerr.

To evaluate equation (3.21), it is most convenient to work in the tetrad formalism and

express curvature in terms of spin connections. At the linearized level, one can formulate the

Riemann tensor in terms of the spin connection as follows7

1

m
RKerr
µνρσ = ΘKerr

µνρσ = ∂ρωµνσ − ∂σωµνρ, (3.22)

where the spin connection itself is8

mωµνρ = ∂[νhµ]ρ . (3.23)

We have factored the linear dependence on the mass from the spin connection for convenience.

As the Riemann tensor is linear in the spin connection, the dual tensor is then simply given

by dualizing the latter:

Θ̃Kerr
µνρσ = ∂ρω̃µνσ − ∂σω̃µνρ , (3.24)

7We do not distinguish between indices in the frame bundle and on the manifold in this case as they are
the same at the linear level.

8We define x[αyβ] ≡ 1
2
(xαyβ − xβyα). More details can be found in appendix A.

– 18 –



where

ω̃µνρ =
1

2
εµν

αβωαβρ . (3.25)

In terms of the spin connection, we can immediately perform the λ integration in the

impulse (3.21) as follows. Let us write the self-dual projection of the spin connection as

ω+
µνρ = ωµνρ + iω̃µνρ , (3.26)

so that

∆p1µ = GM1M2 Re e−iθ
∫ 1

∞
dλ

∫ ∞
−∞

dτ
(
∂ρω

+
µνσ(λb+ u1τ)− ∂σω+

µνρ(λb+ u1τ)
)
uν1u

ρ
1b
σ

= GM1M2 Re e−iθ
∫ 1

∞
dλ

∫ ∞
−∞

dτ

(
d

dτ
ω+
µνσ(λb+ u1τ)uνbσ − d

dλ
ω+
µνρ(λb+ u1τ)uν1u

ρ
1

)
.

(3.27)

This expression simplifies considerably. The spin connection falls off as r−2, so we may drop

the total τ derivative: it evaluates to the spin connection evaluated at infinity. Similarly, the

total λ derivative evaluates to the ω+
µνρ(b + u1τ) − 0. The −0 here computes the vanishing

deviation of the λ→∞ geodesic, consistent with equation (3.18).

We have arrived at

∆p1µ = −GM1M2 Re e−iθ
∫ ∞
−∞

dτ ω+
µνρ(b+ u1τ)uν1u

ρ
1

= −GM1M2 Re e−iθ
∫ ∞
−∞

dτ (ωµνρ(b+ u1τ) + iω̃µνρ(b+ u1τ)) uν1u
ρ
1 ,

(3.28)

so the impulse is simply given by integrating the geodesic equation with a spin connection

given by duality. This would also be a reasonable starting point for a computation of the

impulse, but we felt it was worth making the link to the Riemann tensor explicitly.

Our goal now is to evaluate this impulse. We will break the computation up into two

parts: the “electric” impulse arising from ωµνρ (which is the impulse on a probe in Kerr) and

the “magnetic” impulse due to the dual spin connection. That is,

∆p1µ = −mM1

∫ ∞
−∞

dτ ωµνρ(b+ u1τ)uν1u
ρ
1 − `M1

∫ ∞
−∞

dτ ω̃µνρ(b+ u1τ)uν1u
ρ
1 , (3.29)

where we have defined the mass and NUT parameters as

m = GM2 cos θ , ` = GM2 sin θ . (3.30)

Since the on-shell amplitude approach that we will study in the next section yields a momen-

tum space amplitude, we find it convenient to work directly in momentum space and perform

the dualization there. It is helpful to exploit the kinematics of the problem to simplify the

final result (and to facilitate a comparison to scattering amplitudes). We discuss the details
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of the kinematics in appendix C; here, we will be content to use the various results from the

appendix when we need them.

For our purposes, it is useful to work with the linearized Kerr graviton (for finite Kerr

parameter a) in de Donder gauge. A useful expression was given by Vines in reference [6]:

hKerr
µν = Pµναβ

(
uα2u

β
2 cos(a · ∂) + u

(α
2 ε

β)
ρσλu

ρ
2a
σ∂λ

sin(a · ∂)

a · ∂

)
4m

r
, (3.31)

where u2µ is defined via u2 · ∂ = ∂t, and the trace reverser is defined as

Pµναβ :=
1

2
(ηµαηµβ + ηµβηµα − ηµνηαβ) . (3.32)

As in the electromagnetic case, it is useful to Fourier transform to momentum space.

Denoting the momentum-space form of the spin connection as Ω, we have

mΩµνρ(q) = −i
∫

d4x e−iq·xq[µh
Kerr
ν]ρ (x)

= −iδ̂(q · u2)
(

(2q[µu2ν]u2ρ + q[µην]ρ) cosh(a · q) + 2iq[µu2(ν]ερ)(u2, a, q)
sinh(a · q)
a · q

)
8πm

q2
.

(3.33)

Writing the electric part of the impulse as

∆pµ1,elec = −mM1

∫ ∞
−∞

dτ ωµνρ(b+ u1τ)uν1u
ρ
1, (3.34)

we see that it can be determined from the momentum space spin connection as follows

∆pµ1,elec = −mM1

∫
dτ

∫
d̂4q eiq·(b+u1τ) Ωµ

νρ(q)u
ν
1u

ρ
1 . (3.35)

Plugging eq. (3.33) into eq. (3.35), we find that the electric impulse is

∆pµ1,elec = −mM1

∫
dτ

∫
d̂4q eiq·(b+u1τ) Ωµ

νρ(q)u
ν
1u

ρ
1

= 4πimM1

∫
d̂4q δ̂(q · u1)δ̂(q · u2)

eiq·b

q2

×
[
qµ cosh 2w cosh(q · a)− 2iεµ(u1, u2, q) coshw sinh(q · a) +O(q2)

]
.

(3.36)

In arriving at this result, we exploited the kinematical discussion in appendix C to make the

replacement (C.4). We have also ignored terms proportional to q2 in the square brackets of

equation (3.36). These terms cannot contribute to the impulse, as we explain in detail in

appendix D. We will systematically neglect any terms of this form below.

The total impulse imparted to a probe particle in the Kerr-Taub-NUT background, is
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the sum (3.29) of this electric impulse and a magnetic contribution due to the dualized piece

of the spin connection. Transforming to momentum space, the dualized spin connection is

given by

Ω̃µνρ(q) =
1

2
ε αβ
µν Ωαβρ(q)

= −4πi

q2
δ̂(q · u2)

[
(2εµν(q, u2)u2ρ − εµνρ(q)) cosh(q · a)

+ i
(
εµν(q, u2)ερ(u2, a, q) + 2(q · a)q[µu2ν]u2ρ

) sinh(q · a)

q · a

]
.

We simplified this expression with the help of the result

εµν
β(q)εβ(u2, a, q) = 2u2[µqν](q · a) + 2a[µu2ν]q

2 , (3.37)

which follows by expanding the contraction of two Levi-Civita tensors, and setting q · u = 0

in view of the delta function in equation (3.37). As a result, the magnetic contribution to the

impulse (3.29) is

∆pµ1, mag = −`M1

∫ ∞
−∞

dτ ω̃µνρ(b+ u1τ)uν1u
ρ
1

= 4πi `M1

∫
d̂4q δ̂(q · u1)δ̂(q · u2)eiq·b

1

q2

[
2εµ(u1, u2, q) coshw cosh q · a

+i

(
−εµ(u1, u2, q)

ε(u1, u2, a, q)

q · a
+ qµ cosh2w

)
sinh q · a

]
.

(3.38)

A considerable simplification now occurs if we once again use equation (C.4) to replace the

vector εµ(u1, u2, q) with qµ in the last line. In doing so, we encounter the Gram determinant

ε(a, q, u1, u2)
2 which is evaluated in appendix C. We again ignore powers of q2, and find

∆pµ1, mag = 4πi `M1

∫
d̂4q δ̂(q · u1)δ̂(q · u2)eiq·b

1

q2
[2εµ(u1, u2, q) coshw cosh q · a

+iqµ cosh 2w sinh q · a] .

(3.39)

The total Kerr-Taub-NUT impulse is the sum of the electric (3.36) and magnetic (3.39)

contributions, namely

∆pµ1 = 4πiM1

∫
d̂4q δ̂(q · u1)δ̂(q · u2)eiq·b

1

q2

×
[

(mqµ cosh 2w + 2` εµ(u1, u2, q) coshw) cosh q · a

+ (2im εµ(u1, u2, q) coshw + i` qµ cosh 2w) sinh(q · a)
]
.

(3.40)

For later comparison to scattering amplitudes, it will be useful to rewrite this result in a
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slightly different form. We recall that the mass and NUT parameters defined in eq. (3.30) are

given in terms of the duality angle θ and simple trigonometry allows us to write the impulse

as

∆pµ1 = Re 4πGM1M2

∫
d̂4q δ̂(q · u1)δ̂(q · u2)

eiq·b

q2

× [iqµ cosh 2w − 2εµ(u1, u2, q) coshw] e−(q·a+iθ) .

(3.41)

It is startling how simple the final result is, particularly in view of the complicated form

of the linearised Kerr-Taub-NUT metric, equation (2.30). We will soon see that scattering

amplitudes make this simple form almost obvious from the beginning.

3.3 Geodesics

In the previous subsection we have computed the impulse in the Kerr-Taub-NUT background

directly, by dualizing the Kerr impulse. In this subsection we will study the geodesic equation

in non-relativistic form to bring out the physics more clearly. We will also expand in spin a

in the subsection, again to make the physics more transparent.

A test particle of mass M1 is described by its four-momentum

pµ1 = M1u
µ
1 , (3.42)

which is given in terms of the four-velocity

uµ1 =
dxµ1
dτ

= γ (1,v) . (3.43)

The motion of the massive particle is described by the geodesic equation

d2xµ1
dτ2

= −Γµνρ
dxν1
dτ

dxρ1
dτ

, (3.44)

so that the spatial components of the force are

dp1

dτ
= −M1γ

2
(

Γi00 + 2Γi0jv
j + Γijkv

jvk
)
. (3.45)

We have used the familiar expression γ = dt/dτ = (1− v · v)−1/2. We now wish to eval-

uate the geodesic equation on the Kerr-Taub-NUT background (2.22) in the leading post-

Minkowskian approximation. For simplicity we will also take now the spin parameter to be

very small a� r. In this case the metric can be expanded around flat spacetime as

gµν = ηµν + hµν , (3.46)
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where ηµν is the flat metric and the leading correction in Cartesian coordinates is given by

h00 =
2m

r
+

2J̃ cos θ

r2
=

2m

r
+

2J̃z

r3
,

h0i =
2

r3

(
`

z

(1− z2

r2
)

+ 2J
) +y

−x
0

 ,

hij =
2mxixj
r3

+
2J̃z

r3
δij .

(3.47)

where
J = am,

J̃ = a`,
(3.48)

are the angular momentum and dual angular momentum aspects. In polar coordinates we

have h0i dxi = −2` cos θ dϕ− 4J
r sin2 θ dϕ. The Christoffel symbols appearing in the geodesic

equation (3.45) then take the form

Γi00 = −1

2
∂ih00,

Γi0j =
1

2
ηik (∂kh0j − ∂jh0k) ,

Γijk = m

(
2xi

r3
δjk −

3xixjxk
r5

)
+
J̃

r3
δij

[
δ3k −

3z

r2
xk

]
+
J̃

r3
δik

[
δ3j −

3z

r2
xj

]
− J̃

r3
δjk

[
δi3 − 3z

r2
xi
]
.

(3.49)

Notice that the first and third terms in the geodesic equation (3.45) are proportional to the

mass aspect of the background metric and the dual angular momentum while the second term

is proportional to the NUT charge and the angular momentum aspect. We will soon see that

accordingly the first and third terms will contribute to the “electric” component of the force

while the second term will contribute to the “magnetic” component.

We can bring the geodesic equation to a form similar to the Lorentz force in gauge theory

(3.10) by defining

φ ≡ −1

2
h00,

Ai ≡ −
1

4
h0i.

(3.50)

The potentials φ and A are the analogues of the scalar and vector potentials in electrody-

namics. Explicitly, the resulting potentials are given by

φ = −m
r
− µelec · r̂

4πr2
,

A = ADirac + AGauge + Adipole.
(3.51)

– 23 –



Here, the electric dipole moment is proportional to the dual angular momentum

µelec = −4πJ̃ ẑ. (3.52)

The vector potential receives three distinct contributions; the first is the Dirac potential,

given by

ADirac =
2`

r

r× n

r − (r · n)
. (3.53)

The second contribution, given by

AGauge =
2`

r2 − z2
(r× n), (3.54)

is a pure gauge whose magnetic field ∇ × AGauge vanishes. Finally, the magnetic dipole

potential

Adipole =
a× r̂

4πr3
(3.55)

is given in terms of the magnetic dipole moment

a = −16πJ ẑ, (3.56)

which is proportional to the angular momentum aspect.

We can then write the geodesic equation (3.45) in terms of the scalar and vector potentials

as follows
dp1

dτ
= M1γ

(2γ2 − 1

γ
E + 4γ v ×B + FT + Fv

)
, (3.57)

where the electric and magnetic fields are given by

E = ∇φ = Emonopole + Edipole,

B = ∇×A = Bmonopole + Bdipole.
(3.58)

The different field components are given by the same precise form as their electromagnetic

analogues; the monopole fields are

Emonopole =
m

r3
r, Bmonopole =

2`

r3
r, (3.59)

and the dipole fields are

Edipole =
3(µelec · r̂)r̂

4πr3
− µelec

4πr3
,

Bdipole =
3(a · r̂)r̂

4πr3
− a

4πr3
.

(3.60)

In addition to the electric and magnetic forces we also find transient and velocity forces.
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The transient force is given by

(FT )i =
d

dτ

( 1

2γ
ηijvkhjk

)
, (3.61)

which can be expressed in terms of the electric field

FT =
d

dτ

((v · r)

γ2
E
)
. (3.62)

The velocity force is given by

Fv = −1

γ

m(v · r)

r3
v , (3.63)

and is proportional to the mass aspect. In the above derivation we have used the fact that

the velocity is constant at leading order in the post-Minkowskian approximation.

The geodesic equation (3.57) was studied in detail in [23]. The new contributions here are

due to the electric and the magnetic dipole moments, but the form of the geodesic equation

in terms of the fields E,B,FT and Fv is the same as in [23]. Let us summarize some of

the main features of the resulting force (3.57). First of all, in the post-Newtonian (PN)

approximation, where velocities are small (γ → 1), it reduces to the form of the Lorentz force

in electrodynamics (3.10)
dp1

dτ

∣∣∣
PN

= M1

(
E + 4v ×B

)
, (3.64)

where the charge of the test particle is replaced by minus its mass. At this point we would

like to emphasize that nowhere in this paper we consider the velocity of the probe particle

to be small. We use this limit as a check that our formula (3.57) reduces to the known form

of the force in the PN approximation, including the factor of 4 in front of the magnetic force

(see, for example, [64, 65]). In particular, note that both the transient and velocity forces

are negligible to leading order in the PN approximation. More generally, when the velocity

of probe particles is not assumed to be small, the electric and magnetic forces appear with

coefficients that depend on the Lorentz factor γ and there are two additional forces. The

transient force FT is a total derivative with respect to τ and therefore its contribution to the

impulse vanishes since the force decays to zero at the boundaries. The velocity force Fv is

not a total derivative but its contribution to the impulse is zero as well (see [23]). Both forces

FT and Fv represent transient, short-lived, effects that do not contribute to the impulse.

Finally, we express the γ-dependent coefficients in (3.57) in terms of the rapidity w,

defined by

γ = coshw,
√
γ2 − 1 = sinhw,

2γ2 − 1 = cosh 2w, 2γ
√
γ2 − 1 = sinh 2w,

(3.65)

such that the geodesic equation now takes the form

dp1

dτ
= M1γ

(cosh 2w

coshw
E + 2

sinh 2w

sinhw
v ×B + FT + Fv

)
. (3.66)
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The double-copy structure relates gauge theory amplitudes with rapidity w to those in gravity

with a doubled rapidity 2w. As in [23], we see that the double-copy structure is realized in

the equations of motion via the coefficients cosh 2w
coshw and sinh 2w

sinhw .

4 A Network of Amplitudes

So far, we have justified the “double copy” axis of figure 1 by appealing to previous work [16]

on the application of the double copy to classical solutions. In this section, we take a significant

new step by finding amplitudes associated with each of our solutions. As we will see, these

amplitudes double-copy precisely when we claim the solutions do so.

4.1 Connecting Amplitudes to Solutions

We begin by assigning a three-point amplitude to each node in the network of solutions,

making use of knowledge the community has gathered about how duality [23, 29, 66], the

Newman-Janis shift [48], and the double copy [1–4] act on amplitudes. Our starting point is

the simplest solution: the Coulomb charge.

We will use the massive four-dimensional spinor formalism developed in Ref. [67]. This

language allows us to discuss any massive amplitude in four dimensions, and will be particu-

larly helpful below to construct the four point amplitudes which describe scattering at leading

order.

Three-particle amplitudes are constructed from SL(2,C) (Lorentz) invariants, but nev-

ertheless they have little group charge (except for the case of a purely scalar interation). We

use spinors to carry the little group weight. For many three point amplitudes, a simple basis

of spinors exists [67]. For examples (like our Coulomb amplitude) involving a massless line,

we may write the massless momentum as λαλ̃α̇. Then we build our basis from λα and λα̇p
α̇α
1

where p1 is the momentum of one of the massive legs at the vertex.

In the case at hand, however, the two massive lines in the amplitude have the same mass,

which leads to a degeneration in this basis. In fact, a basis of linearly independent massless

spinors cannot be constructed. Instead, we can define their constant of proportionality x [67]

x1λ
α =

λ̃α̇p
α̇α
1

M1
,

1

x1
λ̃α̇ =

pα̇α1 λα
M1

, (4.1)

The so-called x-factor carries the little group weighting of the propagating massless particle.

The Coulomb amplitude is simply this x factor up to normalisation:

A±3 =
√

2eMx± , (4.2)

where the charge is e. Notice that the power of the x factor controls the helicity of the photon

at the vertex.

With this starting point, we can use our three operations to take us on a journey visiting

each node of figure 1, assigning an amplitude to each node. We just need to understand how
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the operations act on amplitudes. The double copy is easy: the only available dynamical ob-

ject is x, and in the gravitational amplitude the factor must appear with power ±2 depending

on the graviton polarisation. Thus, up to a constant of proportionality, the gravitational

amplitude M3 is simply the square of A3:

M3 =
κ

2
M2x±2 . (4.3)

The action of duality on a gauge amplitude is also straightforward [23, 29]. As we have

seen in earlier sections of this paper, duality rotates the self-dual (or anti-self-dual) curvature

by a phase. Three-point helicity amplitudes are themselves chiral objects, so they also pick

up a phase under duality:

A±3
′ = e±iθA±3 . (4.4)

This holds for both electromagnetic and gravitational amplitudes. Our application of this

operation will be to purely classical observables, but we note that reference [68] introduced a

new approach to magnetically charged amplitudes.

It remains to see how the Newman-Janis shift acts on amplitudes. The shift was recently

understood beginning with the electromagnetic amplitude for a massive spin S particle using

the formalism of massive spinor-helicity in four dimensions [67]. Quite remarkably, in the

limit where ~ is taken to zero while S the spin angular momentum S~ is held fixed, the

amplitude becomes

A±3
′ = e±q·aA±3 , (4.5)

where a is a vector parameterising the spin (see [69] for a finite spin approach). We are

unaware of a simple a priori argument for this action. The NJ shift in gravity is again simply

the double copy of the shift in EM.

Starting from the Coulomb case, it is now an easy matter to write down amplitudes

associated with each node of our network. The result is figure 2. In the figure, we strip the

coupling constants from the Coulomb amplitude for clarity, leaving the core dynamics in the

factor x. Green arrows in the figure are associated with duality rotation, so the introduce

factors of e±iθ (or its square in gravity). Orange arrows introduce the spin factor e±q·a (or

the square). Meanwhile the dotted blue arrows implement the double copy by squaring the

amplitudes. We also have written the gravitational duality and Newman-Janis phases with a

factor 2 so that the double copy is manifest. This choice is purely a convention; for notational

simplicity we will omit the factor 2 in the explicit computations below.

So we have a unique assignment of amplitude to each of our solutions. The amplitudes,

by construction, double-copy from gauge theory to gravity as they should. We can now use

these amplitudes to check that the solutions which we claim are related by the double copy

indeed behave as they should. Specifically, we will recompute the impulses of section 3 using

the methods of scattering amplitudes. We will obtain a precise match between impulses

between pairs of solutions related by the classical double copy, and impulses computed using

the double copy of amplitudes.
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Spin

Duality

Gravity

Gauge Theory
xe±i!

x

x2

xe±q!a

x2e±2q!a

xe±(i!+q!a)

x2e±2i! x2e±2(i!+q!a)

Figure 2. Three-particle amplitudes related by the double copy (dashed blue arrow), duality (green
arrow) and the Newman-Janis shift (orange arrow). For brevity, throughout the paper we have rescaled
the gravitational phase factors by a factor of half.

4.2 Electromagnetic Impulses from Amplitudes

We begin with a discussion of impulse and amplitudes in the electromagnetic case. This will

be a useful warm-up for the (similar) gravitational case, and also provides a sanity check that

duality and the Newman-Janis shift act as expected on our three-point amplitudes.

In the electromagnetic case, we scatter a probe charge off our electromagnetic back-

grounds. One can readily determine the leading order impulse imparted on the scalar probe

particle via [8]

∆pµ1 =
1

4M1M2

∫
d̂4q δ̂(q · u1)δ̂(q · u2)eiq·b iqµA4(1, 2→ 1′, 2′)

∣∣
q2→0

, (4.6)

where u1 and u2 are the proper velocities of particles 1 (the probe) and 2 (the classical source),

and A4 is the four-particle tree amplitude corresponding to the interaction between them9.

In fact, we do not need the full four-point amplitude, but only the coefficient of the q2

pole. Terms in the amplitude without this pole (contact terms) cannot contribute to the

impulse, as reviewed in appendix D. This fact was useful to us in the classical computations

of section 3.2. In the context of amplitudes, the simplification is clear: we can reconstruct

all relevant terms in the amplitude by cutting only the t channel pole, corresponding to the

exchange of a photon.

Let us now describe our construction of the relevant four-point amplitude, shown in

figure 3. We have a test scalar of mass m1 and charge e1, probing the electromagnetic field

generated by a second particle which has (classical) spin aµ, mass m2 and charge e2.

9It is perhaps worth emphasising that the mass M appearing explicitly in this formula is inert under
gravitational duality: the duality rotation acts on the amplitudes, not the momenta.
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2 1
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m2 m1

Figure 3. Electromagnetic probe of a charged, spinning particle

Two three-point amplitudes are involved in this figure. One is the Coulomb three-point

amplitude (4.2) for the test particle. For the background, we take the amplitude for the spin-

ning dyon, obtained by multiplying the Coulomb amplitude with both a duality phase (4.4)

and a Newman-Janis phase (4.5). Thus the amplitudes are

A3[1, 1
′, q±] =

√
2e1M1x

±
1 , A3[2

s, 2′s, q±] =
√

2e1M2x
±
2 e
±(iθ+q·a) . (4.7)

Amplitudes for a dyon or
√

Kerr background are obtained by setting appropriate parameters

to zero.

We “glue” these three-point amplitudes to construct the four-particle amplitude in the

q2 → 0 limit, in this case given by

A4 =
2e1e2M1M2

q2

[
x1
x2
e−iθ−q·a +

x2
x1
eiθ+q·a

]
. (4.8)

To compare to classical results from section 3 it is helpful to rewrite the four-point

amplitude in terms of the natural variables of the classical theory. Using the definition of the

x variables in eq.(4.1), we can write10

x1
x2

= − 1

M1M2

〈η|p1|q]
〈ηq〉

〈q|p2|η]

[qη]
=

(p1 · p2)
M1M2

+i
ε(η, p1, q, p2)

M1M2(q · η)
= u1 · u2 + i

ε(η, u1, q, u2)

q · η
, (4.9)

where ui ≡ pi/Mi and |η〉[η| is an auxiliary null vector which encodes the direction of the

Dirac-string like singularity. The fact that the amplitude depends on the position of the Dirac

string has been discussed in [66]: while the amplitude is expected to be gauge invariant, it

can transform non-trivially under large gauge transformations. Since the string singularity

remains visible at large distances, gauge transformations that do not vanish at infinity can

move the position of the Dirac string, and thus the amplitude is expected to depend on

its position. However, this dependence must drop out of physical observables such as the

classical impulse, and indeed it does. To see this, we plug our result (4.9) for the x-ratio into

10See Appendix B of [23] for a detailed derivation.
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the amplitude, finding

A4 =
2e1e2M1M2

q2

[
u1 · u2

(
e−q·a−iθ + eq·a+iθ

)
+ i

ε(η, u1, q, u2)

q · η

(
e−q·a−iθ − eq·a+iθ

)]
.

(4.10)

With this amplitude in hand, equation (4.6) directly gives us the classical impulse in the form

∆pµ1 =
ie1e2

2

∫
d̂4q δ̂(q · u1)δ̂(q · u2)eiq·b

qµ

q2
×

×
[
u1 · u2

(
e−q·a−iθ + eq·a+iθ

)
+ i

ε(η, u1, q, u2)

q · η

(
e−q·a−iθ − eq·a+iθ

)]
.

(4.11)

We have not yet removed the apparent dependence on the unphysical vector η. It is

not hard to do so: the basic idea was already used in section 3.2 where we sometimes found

it useful to use a dual basis. In the present context, we can resolve qµ on to a dual basis

given by εµ(q, u1, u2), ε
µ(u1, u2, η), εµ(u2, η, q), and εµ(η, q, u1). The details are discussed in

appendix C. Taking advantage of equation (C.4) and the fact that polynomials in q2 do not

contribute, the impulse becomes

∆pµ1 = Re ie1e2

∫
d̂4q δ̂(q · u1)δ̂(q · u2)eiq·b

1

q2
[qµ u1 · u2 − iεµ(q, u1, u2)] e

−(q·a+iθ) . (4.12)

This is precisely the expression (3.8) we found by integrating the classical equations of mo-

tion. Thus we have confirmed that the assignments of three-point amplitudes in figure 2 are

consistent with our knowledge of the impulse in the classical backgrounds of figure 1.

4.3 Gravitational Impulses from Amplitudes

We now turn to the computation of the impulse in gravity using amplitudes. We scatter

a probe mass off (linearised) Kerr-Taub-NUT, obtaining the Kerr and Taub-NUT cases as

limits. We will again consider a scalar test-particle with mass m1, probing a spacetime

generated by particle 2, which has classical spin aµ and mass m2, as in Fig. 4. Our aim

here is to calculate the impulse imparted on the test particle due to its interaction with the

spacetime generated by particle 2 at first-order (1PM) of the post-Minkowskian expansion of

the metric.

We will proceed as in the electromagnetic case and evaluate the impulse by computing the

on-shell four-particle amplitudes arising from Fig. 4. In particular, we highlight the efficiency

afforded by modern scattering amplitude techniques in calculating observable quantities in

the PM expansion.
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Figure 4. Gravitational probe of a charged, spinning particle

The long range behavior of black holes can be well captured by minimally coupled parti-

cles [21, 23, 70–74], a fact which can be attributed to the no hair theorem, where the classical

solutions are labelled by the same set of quantum numbers as elementary particles: mass,

charge and spin. Although not strictly a black hole solution, the Kerr-Taub-NUT metric can

also be described by a similar set of quantum numbers, in this case the mass, NUT charge

(dual mass), and spin.

Proceeding as we did in the electromagnetic case, the relevant three-particle amplitudes

for this scattering process at lowest order are11

M3[1, 1
′, q±2] =

κ

2
(M1x

±
1 )2, M3[2

s, 2′s, q±2] =
κ

2
M2

2x
±2
2 e±(iθ+q·a) , (4.13)

where κ2 = 32πG. Note that the phase picks up an extra sign with the change of helicity. This

extra sign can be attributed to the fact that the positive (negative) helicity state correspond

to the (anti)-self dual Riemann tensor in the linear approximation. We have defined the

duality and NJ phases with a factor of two with respect to the electromagnetic case in order

to highlight the double copy structure. However, this is purely conventional and could be

absorbed into a re-definition of the phases.

It is a straightforward matter to glue these into a four-point amplitude in the q2 → 0

11By choice of convention, we could introduce a factor 2 in the duality and Newman-Janis phases as in
figure 2. Such a choice would have the virtue of making the double copy more evident. However, we chose not
to do so for notational convenience.
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limit. Let us first discuss the Taub-NUT case where a = 0, so that

M4 =
(κ

2

)2 M2
1M

2
2

q2

((
x1
x2

)2

eiθ +

(
x2
x1

)2

e−iθ

)

=
(κ

2

)2 M2
1M

2
2

q2

(
2 cos θ

(
(p1 · p2)2

M2
1M

2
2

− ε(η, p1, q, p2)
2

M2
1M

2
2 (q · η)2

)
−4 sin θ

(p1 · p2)ε(η, p1, q, p2)
M2

1M
2
2 (q · η)

)
= κ2

M2
1M

2
2

q2

(
cos θ

(
(p1 · p2)2

M2
1M

2
2

−1

2

)
− sin θ

(p1 · p2)ε(η, p1, q, p2)
M2

1M
2
2 (q · η)

)
.

(4.14)

We used the result (4.9) to simplify the ratio of x factors, and removed the squared deter-

minant with the help of the kinematics discussed in appendix C, specifically equation (C.6).

Notice that the dependence on the Misner string singularity [75, 76], parameterised by η,

drops out when the phase θ is zero, i.e. in the Schwarzschild case. This is as expected: when

the magnetic mass vanishes, the amplitude is gauge invariant.

Next, we consider a 6= 0. The amplitude (ignoring classically irrelevant contact terms) is

M4 =
(κ

2

)2 M2
1M

2
2

q2

((
x1
x2

)2

eiθ+q·a +

(
x2
x1

)2

e−(iθ+q·a)

)
. (4.15)

We can again simplify the x ratio using equation (4.9), and find the impulse on the probe

using (4.6). The result is

∆pµ1 =
(κ

2

)2 M1M2

4

∫
d̂4q δ̂(q·u1)δ̂(q·u2)eiq·b

iqµ

q2

×
∑
±

(
cosh 2w∓2i coshw

ε(η, u1, q, u2)

q · η

)
e±(iθ+q·a) .

(4.16)

where we simplified the product ε(η, u1, q, u2)
2 using equation (C.6).

As in the electromagnetic case, the vector η must drop out irrespective of the value of θ

since the impulse is an observable. The details are precisely as in the electromagnetic case,

allowing us again to make the replacement (C.4). We find

∆pµ1 = Re 4πGM1M2

∫
d̂4q δ̂(q·u1)δ̂(q·u2)

eiq·b

q2

× (iqµ cosh 2w − 2εµ(u1, u2, q) coshw) e−(q·a+iθ).

(4.17)

which coincides with (3.41).

We have a detailed match: impulses computed using the double copy of amplitudes are

equal to impulses computed in classical backgrounds which we claim should double copy.

It is amusing to demonstrate the power if the scattering amplitudes approach by writing

down the impulse on two Kerr-Taub-NUTs scattering at leading order. We need only intro-
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duce separate duality and NJ phases for each object; otherwise the computation is precisely

as above. The result is, by inspection,

∆pµ1 = Re 4πGM1M2

∫
d̂4q δ̂(q·u1)δ̂(q·u2)

eiq·b

q2

× (iqµ cosh 2w − 2εµ(u1, u2, q) coshw) e−i(θ2−θ1)−q·(a2+a1) ,

(4.18)

where the duality angles and spins of particles 1 and 2 are θ1, θ2 and a1, a2. The q integral

has been discussed elsewhere [8], and we provide the explicit evaluation in equation (D.4).

Note that the duality angles subtract because of the relative signs of the duality phases in

the three-point amplitudes (4.5). The spins add, because the momentum q is incoming from

the point of view of one three-point amplitude, but outgoing for the other. It is not so trivial

to reproduce this computation using traditional classical methods known to us.

We could also easily compute the change in spin (“angular impulse”) on these objects

during scattering using the methods of [9, 73], which require only the scattering amplitude.

5 Discussion

The key idea in our work was to use duality, the Newman-Janis shift, and the double copy as

guides through a network of solutions and an associated network of scattering amplitudes.

Beginning from the EM field of a Coulomb charge, these operations build up the class of

eight solutions shown in figure 1. Crucially, the same three operations also act on three-point

amplitudes by a simple multiplication of phase factors. We were therefore able to associate a

unique scattering amplitude to each of our solutions, beginning with the well-known amplitude

for a photon interacting with a heavy point charge. The result is the network of amplitudes

shown in figure 2. This unambiguous connection between amplitude and solution is one of

the principal achievements of our work.

Our knowledge of which amplitude is associated to which solution provides strong evi-

dence in support of the classical double copy, especially in its formulation through the Weyl

spinor [16]. In spite of considerable work, the classical double copy is still based on matching

symmetries and structural properties of EM and GR solutions. From this perspective it is very

satisfying that we have been able to link amplitude to solution so directly. We went further

by explicitly showing that a particular classical observable — the impulse — maps from gauge

to gravitational solution as predicted by the double copy. We achieved this by computing the

impulse by two entirely different methods. The first was to use the known classical solutions

and equations of motion, thereby determining the impulse due to an EM background and due

to its classical double copy. The second method made use of amplitudes, and of the double

copy for amplitudes. Building on the three-point amplitude associated with each of our so-

lutions, we constructed a four-point amplitude describing the leading order (tree) interaction

between a probe particle and the background. These four-point amplitudes double copy as

expected. The impulse is computable from four point amplitudes, and we verified agreement
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with the previous classical computation. In this way we matched impulses related by the

classical double copy to impulses related by the amplitudes double copy. The match between

both computations provides firm evidence supporting the Weyl double copy.

Another set of physical quantities which transform simply under our three operations are

the asymptotic charges. We have seen throughout this work that the action of our operations

on asymptotic charges can be understood clearly when the charges are formulated using

Newman-Penrose scalars. The Newman-Penrose formalism is also closely connected to the

classical double copy [16, 34]. Moreover, certain scattering amplitudes are closely associated

with the NP scalars, or rather with the Maxwell and Weyl spinors which are in one-to-one

correspondence with them [77]. It would be exciting to explore the mutual connections among

these topics in more depth.

At the level of classical solutions, one novel aspect of our work is that we have not

expanded in the spin parameter a. This contrasts with previous work on Kerr-Taub-NUT [47,

55–57], for instance. It is important to note that if one sets the mass m and the NUT charge

` of Kerr-Taub-NUT to zero, the curvature vanishes for any value of the spin. But the

curvature is non-vanishing for other (real) values of m or `. Thus the first post-Minkowskian

expansion forces us to linearise in m and `, but has nothing to say about the spin. The issue

of whether a singularity is naked or shrouded by a horizon is not yet accessible to scattering

amplitudes, which in any case require a perturbative expansion, so censorship considerations

need not force us to assume that a is small when we expand in m and `.

Our work suggests a number of interesting questions for future work. For example, there

are several proposals for how to implement the classical double copy to all orders [11, 12, 16,

34]. These proposals differ in their details, and apply to different sets of solutions. However

they agree when their domains of validity overlap. Our method of testing a proposed classical

double copy using the impulse may be useful for excluding or refining proposals.

Beyond linearised order, we must also face the fact that the double copy relates Yang-

Mills theory (not electromagnetism) to gravity. Our work highlights a non-trivial test for

the classical double copy: we have checked that the leading order impulse double copies as

expected, but what about the next-to-leading order correction? The correction could be

computed both by standard classical methods, and also using higher order amplitudes. If

these computations match (as we expect) it will provide further evidence that the classical

double copy holds to all orders. Curiously, a recent investigation [10] of the impulse at next-

to-leading order in Yang-Mills theory found that the non-abelian terms in the next-to-leading

order amplitude did not contribute: it would be interesting to understand how this can be

consistent with the non-linearity of classical general relativity at this order.

We benefited from an understanding of gravitational duality at leading order which, for

example, allowed us to identify the three-point amplitude associated with Kerr-Taub-NUT.

It would be very interesting to understand gravitational duality beyond linearised order in

more detail. The double-Kerr-Schild form of the Kerr-Taub-NUT metric, which exists in a

complexified spacetime or a different signature, is a promising place to start [16].

From the traditional perspective of scattering amplitudes, it seems quite amazing that
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a simple amplitude exists for an esoteric-seeming object like Kerr-Taub-NUT, which has a

magnetic mass and a large classical spin. These properties are foreign to the particle physics

objects (quarks, gluons, leptons, . . . ) more commonly associated with amplitudes. We built

on the explosion [8, 13, 14, 21, 23, 69–74, 78–116] of interest in applications of scattering

amplitudes to gravitational wave physics, where the spinning Kerr solution is particularly

important. Magnetic charges are also unusual in the context of amplitudes because charge

quantisation indicates that the product of electric and magnetic charge is a poor expansion

parameter. However, applications of amplitudes to classical physics involve an expansion in

scattering angles [8] rather than in charges, so that a perturbative series exists even in the

presence of magnetic charge. Perhaps scattering amplitudes will find a still wider application

beyond particle colliders.
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A Conventions

We work in signature (−,+,+,+) throughout. For the Levi-Civita tensors, we set

ε0123 = +1 , ε123 = +1 . (A.1)

As we frequently encounter expressions (anti-)symmetrised over pairs of indices, we define

x[µyν] =
1

2
(xµyν − xνyµ) ,

x(µyν) =
1

2
(xµyν + xνyµ) .

(A.2)

We frequently Fourier transform to momentum space, writing

f(x) =

∫
d̂4q eiq·x f̃(q) f̃(q) =

∫
d4x e−iq·x f(x) . (A.3)

Hatted measures and delta functions absorb factors of 2π:

d̂q =
1

2π
dq , δ̂(q) = 2πδ(q) . (A.4)
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The Levi-Civita tensor plays an important role in our work. We introduce the notation

εµ(a, b, c) = εµνρσaνbρcσ ,

εµν(a, b) = εµνρσaρbσ ,

εµνρ(a) = εµνρσaσ ,

(A.5)

to clarify these contractions.

We write the Clifford algebra as

σaσ̃b − σbσ̃a = −2ηab , (A.6)

where η is the Minkowski inner product on tangent spaces, and a, b are frame indices. We

pick
σa = (1,σ) ,

σ̃a = (1,−σ) .
(A.7)

Furthermore, we write

σab =
1

4
(σaσ̃b − σbσ̃a) . (A.8)

We raise and lower spinor indices with the two-dimensional Levi-Civita ε. Aside from the

sign of the metric in the Clifford algebra, we adopt the detailed spinor-helicity conventions

described in Appendix A of [71].

Turning to electrodynamics, the Maxwell equations and Lorentz force are

∂µF
µν(x) = −Jν(x) ,

dpµ

dτ
= eFµν(r(τ))uν , (A.9)

where e is the electric charge of a particle with worldline r(τ). We define (as usual) Fµν =

∂µAν − ∂νAµ , so that the electric and magnetic fields are

Ei = Fi0 , Bi =
1

2
εijkFjk . (A.10)

In particular, the scalar electric potential is A0. The electric and magnetic fields can also be

written in terms of the dual tensor

F̃µν =
1

2
εµνρσF

ρσ . (A.11)

In our conventions, the explicit relation is

Ei =
1

2
εijkF̃jk Bi = −F̃i0 . (A.12)

The geodesic equation is
duµ

dτ
= −Γµνρu

νuρ . (A.13)
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We define the Riemann curvature to be

Rµνρσ = ∂ρΓ
µ
νσ − ∂σΓµνρ + ΓµρλΓλνσ − ΓµσλΓλνρ . (A.14)

B Duality, Kerr and Spinning NUTs

In the main text, we used the fact that a duality rotation deforms the linearised Kerr metric

into the linearised Kerr-Taub-NUT metric. This duality is evident from the Weyl spinor

given in equation (2.37). This spinor determines the Weyl tensor, which equals the Riemann

tensor in our vacuum application. So it must be the case that the Riemann tensor of a pure

spinning NUT is the dual of the Riemann tensor of Kerr, once the masses and NUT charges

are interchanged.

We can also demonstrate that the duality holds directly at the level of the Riemann ten-

sors, which may be a more familiar language. The price is that the expressions are lengthier.

In this appendix, we explain how to see the duality in the simpler case when the spin a = 0.

In other words, we show that the curvature of the static NUT contribution to the linearised

Taub-NUT metric is equal to the dual of the linearised Schwarzschild curvature.

We attach a mathematica notebook performing precisely the same calculation for the

a 6= 0 case, with the final result that the Riemann curvature of the spinning NUT is equal to

the dual of the Riemann curvature of Kerr as expected.

To keep the notation straight, it is useful to write the linearised curvature in a tensorial

form

R :=
1

4
Rµνρσ(dxµ ∧ dxν)⊗ (dxρ ∧ dxσ) . (B.1)

We will work (in this appendix) in spherical coordinates, using the frame

et = dt , er = dr , eθ = r dθ , eφ = r sin θ dφ . (B.2)

Then we may also write the curvature as

R =
1

4
Rabcd(e

a ∧ eb)⊗ (ec ∧ ed) . (B.3)

For example, the explicit linearised curvature of Schwarzschild is

RSchw =
1

r3

[
−2er ∧ et ⊗ er ∧ et + 2eθ ∧ eφ ⊗ eθ ∧ eφ + eθ ∧ et ⊗ eθ ∧ et

+eφ ∧ et ⊗ eφ ∧ et − er ∧ eθ ⊗ er ∧ eθ − er ∧ eφ ⊗ er ∧ eφ
]
.

(B.4)

It is easy to compute the dual curvature in this form. The Hodge dual is

∗ea ∧ eb =
1

2
εabcd e

c ∧ ed (B.5)
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as usual. The duality (1.4) acts only on the left two-form in our tensorial curvature

∗R ≡
(

1

2
εab

efRefcd

)
1

4
(ea ∧ eb)⊗ (ec ∧ ed)

=
1

4
Rabcd(∗ea ∧ eb)⊗ (ec ∧ ed) .

(B.6)

The linearised curvature of Taub-NUT is the sum of the linearised Schwarzschild curva-

ture, and the curvature due to the NUT. This second contribution is, explicitly,

RNUT = − `

r3

[
−2eθ ∧ eφ ⊗ er ∧ et + 2et ∧ er ⊗ eθ ∧ eφ + eφ ∧ er ⊗ eθ ∧ et

+er ∧ eθ ⊗ eφ ∧ et − et ∧ eφ ⊗ er ∧ eθ − eθ ∧ et ⊗ er ∧ eφ
]
.

(B.7)

It is easy to check that
1

m
∗ RSchw =

1

`
RNUT . (B.8)

Consequently, we may write the linearised Riemann tensor of Taub-NUT in the form

RTN
µνρσ = GM Re e−iθ

(
ΘSchw
µνρσ + iΘ̃Schw

µνρσ

)
, (B.9)

where m = GM cos θ and ` = GM sin θ, and (as in the main text) the Θ tensors extract the

linear dependence of the curvature tensors on the mass:

ΘSchw
µνρσ =

1

m
RSchw
µνρσ . (B.10)

For the a 6= 0 case, we use spheroidal coordinates and the spheroidal frame generalising

the spherical one (B.2) above. The calculation is otherwise exactly analogous, and we find

1

m
∗ RKerr =

1

`
Rspinning-NUT . (B.11)

Explicit details are contained in the notebook.

It follows that the linearised Riemann tensor for Kerr-Taub-NUT can be written as

RKTN
µνρσ = mΘKerr

µνρσ + `Θspinning-NUT
µνρσ = GM Re e−iθ

(
ΘKerr
µνρσ + iΘ̃Kerr

µνρσ

)
, (B.12)

where, again, the parameters are related by m = GM cos θ and ` = GM sin θ.

C Scattering Kinematics

In the main text of the paper, it was important to understand the scattering of two classical

objects in detail. We gather some aspects of the kinematics in this appendix.
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The unperturbed trajectories of our objects are the straight lines

x1(τ) = b+ u1τ , x2(τ) = u2τ . (C.1)

The impact parameter is constrained to satisfy u1 · b = 0 = u2 · b . In either the classical or

quantum treatments of the scattering, the total change in momentum (the impulse) arises as

an integration over an object qµ. Classically, this q is a wavenumber. Quantum mechanically,

it is the momentum of the photons or gravitons mediating the interaction. The amplitude,

which is large in the classical approximation, weights the momentum exchanged by the indi-

vidual messenger bosons. In any case, the vector q satisfies the constraints u1 · q = 0 = u2 · q .
Our classical and quantum computations involved additional vectors: the spin a and (in

the amplitudes approach) a gauge η. Thus we have a basis of vectors: u1, u2, q and η. (The

impact parameter could be included in a basis, though it appears in the computations in a

rather simple way and needs no further manipulation. We may replace η with a below where

appropriate.)

In the main text, it was often useful to resolve these vectors on a dual basis. For example,

consider

qµ = Aεµ(q, u1, u2) +B εµ(u1, u2, η) + C εµ(u2, η, q) +D εµ(η, q, u1) , (C.2)

where A, B, C and D are coefficients to be determined. But since q · u1 = 0 = q · u2 on the

support of the integral, it immediately follows that C = 0 = D. Continuing, we find

qµ ε(η, q, u1, u2) = q · η εµ(q, u1, u2)− q2 εµ(u1, u2, η) . (C.3)

Now, the impulse computed in the main text has the property that polynomials in q2 do not

contribute. Thus, we may replace

qµ
ε(η, u1, q, u2)

q · η
→ −εµ(q, u1, u2) (C.4)

in the impulse.

We also encounter the determinant ε(η, q, u1, u2) at various points. For simplicity, we

assume that η · u2 = 0; this would be true by definition if η = a and is a valid gauge choice

for the η encountered is scattering amplitudes. First, it is straightforward to compute the

square of this determinant which is

ε(η, q, u1, u2)
2 = −(cosh2w − 1)(η · q)2 + q2((η · u1)2 − (cosh2w − 1)η2) , (C.5)

where we define the rapidity w via coshw = −u1 · u2 . Thus, when we can neglect q2,

ε(η, q, u1, u2)
2 = −(cosh2w − 1)(η · q)2 . (C.6)
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D Fourier integrals

Finally, we provide a few remarks about the Fourier integrals appearing in computations of

the impulse. Whether in electromagnetism or gravity, working classically or using amplitudes,

the impulse has the structure

∆pµ = N
∫

d̂4q δ̂(q · u1)δ̂(q · u2) eiq·b
iqµ

q2
f(q) , (D.1)

where the function f(q) is a scalar function, depending on the vector qµ and perhaps other

parameters (for example, the spin a). The number N here is a normalisation factor, and u1
and u2 are vectors having the interpretation of the particles’ proper velocities in the main

text. Meanwhile, b is the impact parameter vector, satisfying ui · b = 0 for i = 1, 2.

It is important to realise that we may ignore terms in f(q) which are polynomials in q2. To

see this, suppose the function has the structure f(q) = c1+c2 q
2 , where c2 has no dependence

on q. It is easy to see that the contribution of c2 to the impulse is proportional to δ2(b), the

delta function in the two-dimensional space transverse to u1 and u2. Since u1 · b = 0 = u2 · b,
the impact parameter is exactly zero on the support of the delta function: the particles must

collide head-on. This region is outside the domain of validity of our calculation, which relies

on small scattering angles and perturbative interactions. It is also outside the domain of

validity of the classical approximation to the quantum field theory [8]. Similar comments

apply to higher powers of q2 in f(q2), which evaluate to derivatives of delta functions. As

a result, we may ignore polynomials of q2 in f(q), which is useful at various stages in the

computation of the impulse.

Now let us provide the evaluation of the specific Fourier integral which appears in the

impulse. We define

Iµ ≡
∫

d̂4q δ̂(q · u1)δ̂(q · u2) eiq·b
iqµ

q2
. (D.2)

The integral is easy to compute, and has been discussed in detail for example in reference [8].

The integral evaluates to

Iµ = − 1

2π

1

b2| sinhw|
bµ . (D.3)

More generally, with a complex parameter, the integral is∫
d̂4q δ̂(q · u1)δ̂(q · u2) eiq·(b+ia)

iqµ

q2
= − 1

2π

1

| sinhw|
(b+ iΠa)µ

(b+ iΠa)2
, (D.4)

where Πµ
ν is the projector onto the plane perpendicular to u1 and u2. Notice that only the

components of a in this plane are present on the left-hand side of equation (D.4); this is the

origin of the projector. We can conveniently write the projector as

Πµ
ν =

εµα(u1, u2)ενα(u1, u2)

cosh(w)− 1
. (D.5)
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