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Our understanding of homogeneous vapour bubble growth is currently restricted to asymp-8
totic descriptions of their limiting behaviour. While attempts have been made to incorporate9
both the inertial and thermal limits into bubble growth models, the early stages of bubble10
growth have not been captured. By accounting for both the changing inertial driving force11
and the thermal restriction to growth, we present an inertio-thermal model of homogeneous12
vapour bubble growth, capable of accurately capturing the evolution of a bubble from the13
nano- to the macro-scale. We compare our model predictions with: a) published experimental14
and numerical data, and b) our own molecular simulations, showing significant improvement15
over previous models. This has potential application in improving the performance of16
engineering devices, such as ultrasonic cleaning and microprocessor cooling, as well as17
in understanding of natural phenomena involving vapour bubble growth.18

Key words:19

1. Introduction20

Vapour bubble growth has long been an area of scientific interest, as they underpin numerous21
natural phenomena (Prosperetti 2017) and engineering applications, such as ultrasonic22
cleaning (Yasui 2018) and two-phase thermal management systems (Robinson & Judd 2004).23
Vapour bubble growth can also have deleterious effects; for example, they have been shown24
to play a significant role in the explosive failure of pressurised containers (Reinke 1997)25
and the dryout failure of pool boiling systems (Chu et al. 2013). Understanding the growth26
behaviour of vapour bubbles is therefore an important open problem, and current theoretical27
models remain incomplete.28

In one of the earliest theoretical analyses on homogeneous vapour bubble growth, Plesset &29
Zwick (1954) equated the latent heat required to grow the bubble to the heat available through30
conduction. Their Plesset–Zwick (PZ) model predictions showed excellent agreement with31
experimental results for water (Dergarabedian 1953) and later for other fluids (Florschuetz32
et al. 1969; Dergarabedian 1960). However, the PZ model was subsequently shown to33

† Email address for correspondence: Patrick.Sullivan@ed.ac.uk
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significantly overpredict the growth of bubbles at reduced pressures (Lien 1969), where34
there is an increased timescale at which thermal effects dominate the bubble’s growth. This35
overprediction results from an unphysical infinite initial velocity, instead of being limited by36
inertial forces until the thermal timescale has been reached.37

Mikic et al. (1970) accounted for this inertial limit and derived a formula that interpolates38
between the inertial velocity given by Rayleigh (1917) and the thermal velocity of Plesset39
& Zwick (1954); their model is now commonly referred to as the Mikic–Rohsenow–Griffith40
(MRG) model. The MRG model removes the infinite initial velocity predicted by the PZ41
model, instead bounding it by the inertial limit, which then better matched experimental data42
(Lien 1969). While the MRG model accurately captures the transition between the inertial-43
and thermal-limiting velocities, it still overpredicts the growth of an initially static bubble,44
as it assumes a finite initial velocity. Additionally, there does not exist a model capable of45
capturing the effects of capillarity and viscosity, which are both relevant to early-stage growth46
(Avdeev 2016).47

This theoretical bottleneck, coupled with the difficulties in obtaining high resolution data48
for isolated bubble growth, has led to the development of numerical techniques for the49
measurement of bubble growth rates (Dalle Donne & Ferranti 1975; Lee & Merte 1996).50
These numerical investigations have been used to show excellent agreement with the existing51
theories, failing only when the assumptions made by the theories are shown to be invalid52
(Robinson & Judd 2004). Most numerical models solve the coupled momentum and energy53
differential equations, with varying approximations for the treatment of heat transfer in the54
thermal boundary layer (Prosperetti & Plesset 1978). Recent works have investigated the55
approximations typically made in the momentum equation, such as Bardia & Trujillo (2019)56
who added the effects of mass transfer across the bubble interface. While these numerical57
studies provide high-resolution data for the growth of vapour bubbles, they do not provide58
additional clarity to the understanding of the relationship between the inertial and thermal59
limitations on bubble growth rates that can be obtained from an analytical model.60

In this paper we present a new class of inertio-thermal models for the growth of vapour61
bubbles that captures the competition between inertial and thermal effects on bubble growth.62
We find that the entire lifetime of the bubble can be modeled by limiting the growth by the63
available inertia. When compared with existing experimental and numerical data, we show64
better agreement than the MRG model. We are able to incorporate viscous and capillary65
effects that are required for nanoscale bubble growth, with comparisons against our own66
molecular simulations.67

2. Model Formulation68

2.1. Inertial Bubble Growth69

In the absence of thermal effects, the growth of a spherical vapour bubble with vapour pressure70
𝑃𝑣 surrounded by a liquid at pressure 𝑃∞ is described by the generalised Rayleigh–Plesset71
(RP) equation for Newtonian fluids (Prosperetti 1982):72

𝑅 ¤𝑈𝑙 +
3
2
𝑈2
𝑙 −

𝐽

𝜌𝑙

[
2𝑈𝑙 + 𝐽

(
1
𝜌𝑣

− 1
𝜌𝑙

)]
=

1
𝜌𝑙

(
𝑃𝑣 − 𝑃∞ − 2𝛾

𝑅
− 4`𝑈𝑙

𝑅

)
, (2.1)73

where 𝑅 and 𝑈𝑙 represent the bubble radius and the radial velocity in the liquid at the74
interface, respectively, with dots used to represent their time derivatives; while 𝜌𝑙 , 𝛾, and75
` represent the liquid’s density, surface tension, and dynamic viscosity, respectively. The76
term 𝜌𝑣 represents the density of the vapour and 𝐽 is the mass flux across the liquid-vapour77
interface. The mass flux can be used to relate the radial velocity of the bubble ¤𝑅 to the78
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velocity of the liquid at the interface 𝐽 = 𝜌𝑙
(
𝑈𝑙 − ¤𝑅

)
. For cases away from the critical point,79

where 𝜌𝑙 ≫ 𝜌𝑣 , the contribution of mass transfer can be neglected, giving the classical80
Rayleigh–Plesset equation (details in SI):81

𝑅 ¥𝑅 + 3
2
¤𝑅2 =

1
𝜌𝑙

(
𝑃𝑣 − 𝑃∞ − 2𝛾

𝑅
− 4` ¤𝑅

𝑅

)
. (2.2)82

We can see from equation (2.2) that the stationary case of this model, i.e. when ¤𝑅 = ¥𝑅 = 0,83
returns the critical radius from nucleation theory 𝑅𝑐 = 2𝛾/Δ𝑃 (Kaschiev 2000, p. 49), where84
Δ𝑃 is the difference between liquid and vapour pressure, i.e. Δ𝑃 = 𝑃𝑣 − 𝑃∞. By integrating85
equation (2.2), it has been shown that the inertial bubble velocity reaches a maximum value86
of 𝐴, given as (Prosperetti 2017):87

¤𝑅RP,max = 𝐴 =

√︄
2Δ𝑃
3𝜌𝑙

. (2.3)88

Taking the initial acceleration of ¥𝑅 = Δ𝑃/𝜌𝑙𝑅0 (Brennen 2013, p. 38), the time taken by a89
stationary bubble of initial size 𝑅0 to reach this inertial velocity 𝐴, can be approximated as:90

𝜏RP =
𝐴

¥𝑅
= 𝑅0

√︂
2𝜌𝑙
3Δ𝑃

. (2.4)91

2.2. Thermal Bubble Growth92

Inertial bubble growth continues as long as the pressure difference across the bubble interface93
is maintained. However, in reality, heat must be conducted through the liquid as the bubble94
grows in order to balance the latent heat of vapourisation required to grow the bubble. This95
results in a drop in the bubble vapour pressure 𝑃𝑣 as it grows, and therefore a drop in the96
pressure difference Δ𝑃. In this section, an overview of existing thermally-limited bubble97
growth models is provided.98

Plesset & Zwick (1954) assumed that this heat is conducted through a thin thermal99
boundary layer, and equated it to the latent heat to obtain an expression for bubble velocity100
during thermally-limited growth (details in SI):101

¤𝑅PZ = 𝐽𝑎

√︂
3𝛼
𝜋𝑡

, (2.5)102

where 𝛼 = 𝑘/𝜌𝑙𝑐𝑝 is the thermal diffusivity of the liquid, 𝑘 is the thermal conductivity, and103
𝑐𝑝 is the specific heat capacity. The Jakob number 𝐽𝑎, is the ratio of sensible heat to latent104
heat, given by 𝐽𝑎 = 𝜌𝑙𝑐𝑝Δ𝑇0/𝜌𝑣ℎ𝑙𝑣 , where Δ𝑇0 is the initial liquid superheat, and ℎ𝑙𝑣 is the105
enthalpy of vapourisation.106

Mikic et al. (1970) rewrote equation (2.5) in the form:107

¤𝑅PZ =
𝐵

2
√
𝑡

(
1 − 𝑇v − 𝑇sat

Δ𝑇0

)
, (2.6)108

where 𝐵 = 𝐽𝑎
√︁

12𝛼/𝜋, 𝑇v is the instantaneous vapour temperature, and 𝑇sat is the saturation109
temperature of the liquid. Assuming that the instantaneous superheat and pressure difference110
vary linearly (Lee & Merte 1996; Theofanous & Patel 1976) i.e.:111

𝑇v − 𝑇sat
Δ𝑇0

=
𝑃v − 𝑃∞
Δ𝑃0

, (2.7)112
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where Δ𝑃0 is the initial pressure difference, equation (2.5) can now be rewritten in terms of113
the instantaneous pressure difference, 𝑃v − 𝑃∞:114

𝑃v − 𝑃∞ = Δ𝑃0

(
1 − 2

√
𝑡

𝐵
¤𝑅
)
, (2.8)115

where we have used ¤𝑅 in place of ¤𝑅PZ to clarify that the pressure difference varies with bubble116
velocity, consistent with literature on this topic (Prosperetti 1982; Lee & Merte 1996).117

Mikic et al. (1970) then modified the inertial-limiting velocity (equation (2.3)) presented118
in the previous section by using the instantaneous (time-varying) pressure difference to119
recalculate the velocity rather than the initial (constant) pressure difference typically used,120
resulting in the MRG model. Thus, the MRG model accounts for the change in vapour pressure121
as the bubble grows and cools, producing a quadratic equation for ¤𝑅. This is expressed in122
terms of the initial limiting velocity 𝐴0, calculated using the initial pressure difference Δ𝑃0.123
The negative root of this equation was rejected, giving:124

¤𝑅MRG = 𝐴0


√︄

𝐴2
0

𝐵2 𝑡 + 1 −

√︄
𝐴2

0
𝐵2 𝑡

 . (2.9)125

Equation (2.9) represents an improvement over the PZ model (equation (2.5)) as it extends126
the applicability of the model to earlier stages of bubble growth, removing the non-physical127
infinite initial velocity that would be obtained if the PZ model were extrapolated (as 𝑡 → 0,128
¤𝑅PZ → ∞ while ¤𝑅MRG → 𝐴). The MRG model has been shown to accurately predict the129

transition from inertially-limited to thermally-limited bubble growth (Lee & Merte 1996;130
Robinson & Judd 2004). Importantly, it sets the timescale:131

𝜏MRG =
𝐵2

𝐴2 , (2.10)132

when thermal effects cause the bubble growth to diverge from the inertial limit. Several133
papers have since made modifications to this model to better capture vapour bubble growth134
(Prosperetti & Plesset 1978; Board & Duffey 1971; Theofanous & Patel 1976). These135
modifications generally involve using a different relationship between the vapour pressure136
and temperature difference, typically a direct linear relationship (Robinson & Judd 2004; Lee137
& Merte 1996), instead of the Clausius–Clapeyron approximation originally used by Mikic138
et al. (1970).139

While the MRG model is an improvement over the PZ model, it still assumes that the140
bubble begins growing at the inertial-limiting velocity 𝐴, ignoring the finite time required141
for the bubble to reach this velocity from rest. This assumption implies an infinite radial142
acceleration in the case of an initially static bubble, which is clearly non-physical. In this143
work, we account for the finite acceleration of initially-static vapour bubbles rather than144
assuming the limiting value from equation (2.3), as elaborated in the next section.145

2.3. Inertio-Thermal Bubble Growth146

While equation (2.2) is challenging to solve analytically in its full form, an analytical solution147
can be obtained for the inviscid case (` = 0) (Dergarabedian 1953). However, this solution148
only provides the time taken for bubble growth for a given radius, and cannot be inverted to149
obtain an equation for the temporal variation in bubble radius. This prevents us from using a150
fully analytical solution to the RP equation with a time-varying vapour pressure, even in the151
case of zero viscosity.152

Instead, we develop a simplified model for the radial velocity in the absence of capillary153

Focus on Fluids articles must not exceed this page length
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and viscous effects (` = 𝛾 = 0) following the methodology of Avdeev (2016, pp. 55-58).154
The RP equation (2.2) can be written in the simplified form (Brennen 2013, p. 37):155

¤𝑅RP = 𝐴

√︄
1 −

(
𝑅0
𝑅

)3
. (2.11)156

Avdeev then integrates this expression in the limits of 𝑅 → 𝑅0 and 𝑅 → ∞ and provides a157
simpler approximation for the radius:158

𝑅 =
𝑅0
3

+ 2𝑅0
3

√︄
1 + 𝑡2

𝜏2
RP,0

, (2.12)159

by assuming a constant pressure difference Δ𝑃0, with 𝜏RP,0 representing the corresponding160
inertial timescale from equation (2.4), computed using Δ𝑃0 instead of Δ𝑃. Taking the time161
derivative of equation (2.12) returns the following approximation for the original expression162
given in equation (2.11):163

¤𝑅RP,0 =
𝐴0√︂

1 + 𝜏2
RP,0
𝑡2

. (2.13)164

This model interpolates between the linearly increasing velocity expected in the initial165
stages of the bubble growth ( ¤𝑅 ≈ ¥𝑅𝑡) and the constant velocity in the late stages, when the166
velocity has reached the inertial limit ( ¤𝑅 ≈ 𝐴0). This model has been shown to give excellent167
agreement with the exact solution (Avdeev 2016, p. 58).168

2.3.1. Full Inertio-Thermal Model169

Using this simple model for the evolution of the bubble’s radius, we can now develop a170
new model for the instantaneous velocity of the bubble ¤𝑅RP,i, accounting for the change in171
pressure as the bubble grows. As Avdeev (2016, pp. 55-58) did for constant pressure, we172
interpolate between the early and late stages of growth. In the early stages of growth, for173
𝑡 ≪ 𝜏RP, the radial velocity is given as ¤𝑅 = ¥𝑅𝑡 = 𝐴𝑡/𝜏RP. Similarly, in the late stages of174
growth, for 𝑡 ≫ 𝜏RP, the radial velocity is given by ¤𝑅 = 𝐴. Interpolating between these values175
gives us:176

¤𝑅RP,i =
𝐴√︃

1 + 𝜏2
RP
𝑡2

, (2.14)177

which describes the acceleration of the bubble from rest to its limiting value 𝐴, with a178
timescale of 𝜏RP (as opposed to 𝐴0 and 𝜏RP,0, respectively, in equation (2.13)). Note it is179
the term in the denominator that ensures the bubble velocity starts from zero, which is180
missing from equation (2.3) and therefore the MRG model (equation (2.9)). Equation (2.14)181
is equivalent to allowing the pressure to change over time in the velocity expression calculated182
from equation (2.13).183

Following Mikic et al. (1970), we substitute the instantaneous pressure difference from184
equation (2.8) into our new inertial growth equation (2.14), and treat the radial velocity terms185
as equivalent. We then obtain the following expression:186

¤𝑅 =

√√√√√√ 𝐴2
0

1 + 𝜏2
RP,0

𝑡2
(
1− 2

√
𝑡

𝐵
¤𝑅
)

(
1 − 2

√
𝑡

𝐵
¤𝑅
)
, (2.15)187
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where 𝐴2
0

(
1 − 2

√
𝑡

𝐵
¤𝑅
)
= 𝐴2 and 𝜏2

RP,0

/(
1 − 2

√
𝑡

𝐵
¤𝑅
)
= 𝜏2

RP, from equations (2.3) and (2.4),188

respectively. Here we switch from ¤𝑅RP to ¤𝑅 to equate the radial velocity terms, as was done189
with the MRG model. This expression accounts for the thermal effects on both the inertial-190
limiting velocity 𝐴 and on the inertial timescale 𝜏RP. Rearranging equation (2.15) gives a191
cubic expression in ¤𝑅:192

2
√
𝑡

𝐵
¤𝑅3 +

(
4𝐴2

0𝑡

𝐵2 − 1 −
𝜏2

RP,0

𝑡2

)
¤𝑅2 −

4𝐴2
0
√
𝑡

𝐵
¤𝑅 + 𝐴2

0 = 0, (2.16)193

which can be solved analytically using Cardano’s formula. The solution to equation (2.16)194
is what we refer to as the full inertio-thermal (FIT) model. While it can be shown that the195
three roots to equation (2.16) are real through discriminant analysis, the roots can only be196
expressed in a complex form (details in SI). For the case of 𝜏RP,0 = 0, corresponding to the197
velocity initially having a value equal to the inertial limit, the roots of the equation are exactly198
the PZ model (equation (2.5)), the rejected negative result from the MRG derivation, and the199
MRG model (equation (2.9)), respectively. As the FIT model presents as a complex equation,200
we can alternatively find approximations to the solutions of equation (2.16), which are less201
accurate than the FIT, but potentially more useful. These approximations further allow us202
to include the effects of capillarity and viscosity, which are not accounted for in equation203
(2.14).204

2.3.2. Approximate Inertio-Thermal Model205

If we return to the derivation of equation (2.13), the assumption of constant pressure difference206
manifests in the integral (Avdeev 2016, p.55):207 ∫ 𝑡

0

𝐴

𝑅0
𝑑𝑡 ≈ 3𝑡

2𝜏RP,0
. (2.17)208

If we substitute the integral from equation (2.17) into equation (2.12) rather than the209
approximated value, we retrieve an expression for the radius of the bubble with a time210
varying pressure:211

𝑅 =
𝑅0
3

+ 2𝑅0
3

√√√√
1 +

(
3
∫ 𝑡

0
𝐴
𝑅0
𝑑𝑡

2

)2

. (2.18)212

Taking the time derivative of equation (2.18) gives us an approximation for the radial velocity213
with varying pressure:214

¤𝑅RP,i =
𝐴√︄

1 +
(

2
3
∫ 𝑡

0
𝐴
𝑅0

𝑑𝑡

)2
. (2.19)215

Taking 𝐴 = 𝐴0

√︃
1 − 2

√
𝑡

𝐵
¤𝑅 as before, the integral term in equation (2.19) can be216

approximated by taking a Taylor series expansion around 𝑡 = 0 giving:217 ∫ 𝑡

0

𝐴

𝑅0
𝑑𝑡 =

𝐴0
𝑅0

∫ 𝑡

0

√︄
1 − 2

√
𝑡

𝐵
¤𝑅𝑑𝑡 = 𝐴0

𝑅0

(
𝑡 − 2𝑡3/2 ¤𝑅(0)

3𝐵
− 𝑡2 ¤𝑅(0)2

4𝐵2 +𝑂 (𝑡5/2)
)
. (2.20)218

Evaluating this approximation for the initially static case ¤𝑅(0) = 0 and ignoring the higher219
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order terms lets us approximate equation (2.19) as:220

¤𝑅 =
𝐴0

√︃
1 − 2

√
𝑡

𝐵
¤𝑅√︂

1 + 𝜏2
RP,0
𝑡2

. (2.21)221

Solving this expression for ¤𝑅 gives:222

¤𝑅AIT =
𝐴0√︂

1 + 𝜏2
RP,0
𝑡2


√√√√√√ 𝐴2

0

𝐵2
(
1 + 𝜏2

RP,0
𝑡2

) 𝑡 + 1 −

√√√√√√ 𝐴2
0

𝐵2
(
1 + 𝜏2

RP,0
𝑡2

) 𝑡

, (2.22)223

which we will refer to as the approximate inertio-thermal (AIT) model. Alternatively, rather224
than the above process, we can directly replace the inertial-limiting velocity 𝐴0 in the MRG225
model (equation (2.9)) with the instantaneous velocity from equation (2.14), which again226
gives equation (2.22).227

The AIT accounts for the need for the bubble to have grown (and phase change to have228
occurred), in order for the temperature gradient to form in the liquid. We can rewrite the229
AIT model more generally in terms of the instantaneous velocity predicted by the constant230
pressure RP model equation (2.13), ¤𝑅RP,0, as:231

¤𝑅AIT = ¤𝑅RP,0


√︄

¤𝑅2
RP,0

𝐵2 𝑡 + 1 −

√︄
¤𝑅2
RP,0

𝐵2 𝑡

 . (2.23)232

This allows us to include the effects of capillarity and viscosity in our model through the233
calculation of the inertial velocity ¤𝑅RP,0 directly from equation (2.2). This is achieved in our234
case by numerically calculating the value using a Runge–Kutta ODE solver.235

The AIT model offers us a clearer insight into the coupling of inertial and thermal effects236
in the growth of vapour bubbles. We can now see how the inertial growth of the bubble causes237
the heat transfer behaviour to change. As the bubble accelerates, a greater heat transfer rate238
is required to maintain the growth, slowing down the bubble’s velocity. Similarly, the model239
captures how, in the absence of significant inertial effects, the timescale for thermal diffusion240
controlled growth can be significantly increased. Most importantly, the effects of surface241
tension and viscosity can be included in the AIT model by explicitly calculating the value of242
¤𝑅RP,0 from equation (2.2) (note that this is not possible in the FIT model). Using this model243

we can now better understand the coupled inertia and thermal diffusion effects on the growth244
of vapour bubbles when capillarity and viscosity are relevant.245

2.3.3. Simple Inertio-Thermal Model246

In cases when the ratio of the inertial timescale 𝜏RP (equation (2.4)) to the thermal timescale247
𝜏MRG (equation (2.10)) is low i.e. for 𝜏RP/𝜏MRG < 1, inertial effects occur on a faster timescale248
than thermal effects, allowing them to be treated as independently changing parameters. This249
allows further simplification of the AIT model as the bubble will have approached its inertial250
limiting velocity before thermal effects on growth are significant, giving:251

¤𝑅SIT =
¤𝑅RP,0 ¤𝑅MRG

𝐴0
. (2.24)252

We call equation (2.24) the simple inertio-thermal (SIT) model. As with the AIT model,253
when 𝑡 ≫ 𝜏RP,0 the effect of changing inertia can be disregarded in the SIT model as well. In254
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addition, when 𝑡 ≪ 𝜏MRG, the 𝜏RP,0/𝑡 terms in equation (2.22) can be disregarded, justifying255
the simplification in equation (2.24). Again, capillary and viscous effects can be included by256
explicitly calculating the instantaneous inertial velocity term ¤𝑅RP,0 from equation (2.2). In257
general, we can perform this simplification and use the SIT model whenever 𝜏RP < 𝜏MRG.258

The FIT, AIT, and SIT models, from equations (2.16), (2.22), and (2.24) respectively,259
represent a new class of inertio-thermal models for vapour bubble growth. For the cases with260
𝜏RP < 𝜏MRG, the SIT model can be used, as inertial and thermal effects occur on different261
timescales. For 𝜏RP > 𝜏MRG, the AIT model should be used, as it captures the interaction262
between inertial and thermal effects. The FIT can be used for all timescale ratios, but only263
in the absence of viscous and capillary effects. An analysis of the agreement of the three264
models has been presented in the SI, highlighting the poor agreement of the SIT model for265
𝜏RP > 𝜏MRG, but an improved agreement for 𝜏RP < 𝜏MRG.266

3. Model Validation267

3.1. In the absence of viscous and capillary effects268

We can quantify the effect of capillarity through the ratio of the bubble’s initial radius to269
the critical radius R = 𝑅0/𝑅𝑐. The effect of viscosity can be quantified by the Reynolds270
number, Re = 𝐴0𝑅0𝜌𝑙/`. We would expect the capillary and viscous effects to be greater for271
lower values of R and Re, respectively. In the absence of viscous and capillary effects, we272
would expect our inertio-thermal model to deviate most from the MRG model predictions273
when the thermal timescale is smaller than the inertial, i.e. 𝜏RP/𝜏MRG > 1. The experiments274
of Florschuetz et al. (1969) meet this criterion as 𝜏RP/𝜏MRG ≈ 42.5 > 1. The effects of275
capillarity and viscosity can be neglected for this case as R ≈ 60 and Re ≈ 1700.276

The predictions of the MRG (equation (2.9)) and IT models are compared to the data in277
Florschuetz et al. (1969) in figure 1(a). We can see from the figure that the IT models better278
describe the early stages of the bubble’s growth. The initial inertial velocity predicted by the279
MRG model overpredicts the actual growth rate. In the latter stages of the bubble’s growth,280
the velocities predicted by both models converge to the limiting value of the PZ model.281
Therefore, in the absence of viscous and capillary effects, the MRG model overpredicts the282
experimental data overall, while the IT model predictions (which lie on top of each other)283
are more accurate. In this case, we see good agreement between all three IT models, as there284
are no effects of capillarity or viscosity.285

It is worth noting that the results reported by Florschuetz et al. (1969) were for reasonably286
isolated bubbles that nucleated in the bulk liquid. This ensured that the thermal boundary287
layer of the bubble was not disrupted by the presence of other bubbles or the walls of the288
test vessel during the measurement period. In contrast to Lien (1969), where the maximum289
disruption to the thermal boundary layer was expected in the early stages of growth due to290
the electrodes used caused the bubble nucleation, Florschuetz et al. (1969) nucleated bubbles291
on natural nucleation sites in the bulk liquid. In this case, the greatest deviation from theory292
is expected in the later stages of growth, when the bubble has grown sufficiently large for its293
thermal boundary layer to interact with the surroundings. For this reason, we can attribute294
the disagreement of the early stage experimental results and the MRG model to the limiting295
inertia and not the presence of other bubbles or walls.296

3.2. The effect of capillarity297

Capillary effects become important in determining the growth of bubbles when they are298
close to the critical size. In these cases, the available hydrodynamic pressure in the bubble299
is reduced by the Laplace pressure across the interface. Both numerical (Lee & Merte 1996;300
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Figure 1: Comparisons of the predictions of the MRG and our IT models to the
experimental work of (a) Florschuetz et al. (1969), and (b) Dergarabedian (1953). Note
the symbol 𝛾 in (b) represents the inclusion of surface tension in the calculation of the

AIT and SIT models.

Robinson & Judd 2004) and experimental (Dergarabedian 1960) studies have focused on the301
growth of critically-sized bubbles. One of the earliest such studies was that of Dergarabedian302
(1953), who experimentally measured the growth of vapour bubbles at low superheats. The303
case shown in figure 1(b) is of the growth of a water vapour bubble at a superheat of304
Δ𝑇 = 3.1 K. The bubble is grown from close to the critical radius, with R ≈ 1.05. The effect305
of viscosity can be neglected as Re ≈ 100. The SIT model (with capillary effects included,306
shown as SIT + 𝛾 in figure 1(b)) can be used to predict the bubble growth here, as 𝜏RP < 𝜏MRG307
(𝜏RP ≈ 2.3 `s and 𝜏MRG ≈ 5.3 `s). The SIT model allows us to use the exact inertial velocity,308
calculated from numerically integrating the RP equation (2.2), which includes the effects of309
capillarity, using a Runge–Kutta ODE solver. We can see from figure 1(b) that the SIT curve310
provides better agreement with the experimental data than the MRG model, most notably311
during the earlier stages of growth. The AIT model (with capillary effects included, shown as312
AIT + 𝛾 in figure 1(b)) also provides good agreement for the growth of the bubble, predicting313
a slightly higher radius than the SIT model. The FIT model, which does not include capillary314
effects, does not show the same level of agreement. In this case, when capillarity dominates315
the early stage growth behaviour, the FIT model predicts bubble radii noticeably closer to316
those of the MRG model than the AIT and SIT models.317

Again, as with the case in figure 1(a), the effects of surrounding bubbles and the walls of318
the experimental container are deemed negligible in their effect on the experimental results319
as their distances are significantly greater than the thermal boundary layer thickness 𝛿𝑇 ,320
which we can approximate as 𝛿𝑇 =

√
𝛼𝑡 ≈ 𝑅/2𝐽𝑎 (Dergarabedian 1953). This allows us to321

attribute the decreased growth rate in the early stages of growth to the limiting inertia, rather322
than limited thermal diffusion due to the disruption of the boundary layer (Enrı́quez et al.323
2014).324

Numerical modelling of the growth of sodium bubbles was performed by Dalle Donne325
& Ferranti (1975) who coupled the Energy and Rayleigh–Plesset equations directly, and326
solved them with a Runge–Kutta solver. Prosperetti & Plesset (1978) additionally included327
the thin thermal boundary layer assumption of Plesset & Zwick (1954) to simplify the energy328
equation. These bubbles are initiated at close to their critical size, and capillary effects329
therefore play a significant role in the dynamics of the bubbles.330

Figure 2 tracks the bubble radius 𝑅 for cases representing (a) high, (b) moderate and (c)331
low superheats, respectively, compared to the MRG and IT model predictions. We can see332
from these plots that the AIT and SIT models, with capillary effects included, provide better333
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agreement with the numerical data across the range of superheats. During the early stages334
of the bubble growth, the MRG model fails to capture the acceleration of the initially-static335
bubble. This leads to the overprediction of the velocity and, subsequently, the radius of the336
bubble as seen for each of the three cases in figure 2(a–c). This overprediction does not occur337
for the AIT and SIT models, which capture these dynamic inertial effects. Little disagreement338
between the FIT and MRG models is seen due to the strong effects of capillarity in these339
near critically sized bubbles, which is not included in either model. During the late stages of340
the bubble growth, the agreement between all our IT models and the MRG model improves,341
as with previous cases. When the bubble has grown to the point where the dynamic inertial342
effects have stabilised, the growth is determined entirely by thermal effects. In the case of the343
low superheat, shown in figure 2(c), some disagreement between the results of Prosperetti344
& Plesset (1978) and the MRG model, and by extension the SIT model, is observed at345
larger timescales. This is attributed to the invalidity of the thin thermal boundary layer346
approximation at low Ja where additional terms ignored in the PZ model become important347
(Avdeev 2016; Plesset & Zwick 1954).348

Robinson & Judd (2004) perform similar numerical calculations, investigating the tran-349
sition from surface tension- to thermally-controlled growth of water vapour bubbles across350
a range of operating conditions. Their analysis shows that the assumptions in the MRG351
model are invalid at low 𝐽𝑎, showing disagreement with their results for 𝐽𝑎 < 10. This is352
attributed to the theoretical limits of the PZ model, which is not accurate for 𝐽𝑎 < 4 (Avdeev353
2016). We account for this disparity by considering the changing inertial driving force in our354
inertio-thermal models. Figure 2(d) shows vastly improved agreement between the results of355
Robinson & Judd (2004) and the AIT and SIT models when compared to the MRG model for356
𝐽𝑎 = 9. When the IT models are compared to each other, there is slightly better agreement357
visible with the SIT model than the AIT model, which will be elaborated on in the next358
section. Note that the bubble radius data from Robinson & Judd (2004) is offset by the initial359
radius, and the time data is offset by a thermal time constant, which is the time taken for the360
system to react to a change in the thermal environment and is given as 𝑡𝑐 = 4𝛾2/

(
9𝛼Δ𝑃2) .361

3.3. The effect of viscosity362

So far, we have only analysed bubble growth in the absence of viscous effects. Viscosity has363
been shown to be largely insignificant in many of the cases analysed in literature (Robinson364
& Judd 2004), and so is typically not included in numerical investigations (Dalle Donne &365
Ferranti 1975; Lee & Merte 1996). However, for critically-sized bubbles at near-spinodal366
conditions, viscosity becomes one of the determining factors in the growth rate of the bubble367
(Avdeev 2016, p. 63). These conditions are difficult to produce experimentally. The small368
critical radii near the spinodal mean that it is very likely that a nucleation event will occur in an369
unplanned location, making it harder to study. Combined with the difficulties of measurement370
on the length and time scales necessary to capture the bubble growth in sufficient detail,371
this means that experimental data is not readily available to make comparisons. Thus, to372
validate our model predictions for bubble growth within this regime, we performed molecular373
dynamics (MD) simulations (details in SI).374

Our MD simulations allow us to measure the growth of argon vapour bubbles with high375
spatial and temporal resolution. Simulations were performed with bubbles of initial radius376
5 nm and 7 nm, each at two operating conditions; temperatures of 130 K and 135 K, and377
pressures of 0.1MPa and 1MPa, respectively. These cases have Reynolds numbers in the range378
Re = 2.6 − 4.7, meaning that viscous effects are of greater importance here than previous379
cases. The value of 𝜏RP/𝜏MRG ranges from 0.01 − 0.4, permitting the SIT model to be used380
for these cases. The plots in figure 3 compare the MD results to the predictions of the RP,381
MRG and IT models. Inset in figure 3(a) is a series of simulation snapshots showing a section382

Rapids articles must not exceed this page length
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Figure 2: A comparison of the predictions of the MRG and IT models to the numerical
studies of (a) high, (b) moderate, and (c) low superheats from the work of Prosperetti &

Plesset (1978), and (d) Robinson & Judd (2004).

of the MD simulation alongside the measured bubble profile and the model predictions. We383
consistently see that the MRG model overpredicts the initial growth rate. The RP prediction384
matches the early stage growth rate, but overpredicts at later stages. We can see excellent385
agreement with the SIT model predictions for the entire timespan for each of the cases, along386
with reasonable agreement of the AIT model.387

These results imply consistently improved agreement of the SIT model over the AIT388
model, despite the additional simplifications made in the derivation of the SIT model. From389
the derivation, we would expect the SIT model to underpredict the radius of the bubble390
as it predicts a greater cooling of the bubble than the available inertia would allow as the391
bubble accelerates from rest. However, the linear temperature-pressure relationship used392
in the derivation of the MRG model, and through it the IT models (i.e. equation (2.7))393
overpredicts the vapour pressure during the growth process (Prosperetti & Plesset 1978) and394
has been shown to overpredict bubble radii by up to 40% (Lee & Merte 1996). Therefore,395
the apparent advantage of the SIT over the AIT only results from the cancellation of these396
errors, and not due to greater accuracy in modelling capacity (more details on this are given397
in section S5 of SI). Both the SIT and AIT models are well within this range of error for398
the MD cases presented in figure 3, at 15% and 20% respectively. Meanwhile the error in399
the MRG model predictions is considerably higher during the early stages of growth, only400
reducing to an acceptable level as the bubble grows far from its initial size.401

The effect of viscosity in isolation can be studied by comparing the predictions of the SIT402
model with and without viscosity. Plotted in figure 4 is the case from figure 3(a) comparing403
the SIT model, the SIT model without viscosity (SIT ` = 0), the SIT model without viscosity404
and capillarity (SIT ` = 𝛾 = 0), and the FIT model with the MD data. We can see from this405
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Figure 3: Comparison of the predictions of the RP, MRG, and IT models to the MD
simulations for four different conditions; (a) 𝑅0 = 7 nm, 𝑇 = 135 K, and 𝑃 = 1 MPa, (b)
𝑅0 = 5 nm, 𝑇 = 135 K, and 𝑃 = 1 MPa, (c) 𝑅0 = 7 nm, 𝑇 = 130 K, and 𝑃 = 0.1 MPa, and
(d) 𝑅0 = 5 nm, 𝑇 = 130 K, and 𝑃 = 0.1 MPa. Inset in (a) is a series of simulation snapshot
segments (left) alongside the measured bubble profile and model predictions at times of 0,

0.5 and 1 ns. Note the symbols 𝛾 and ` represent the inclusion of surface tension and
viscosity, respectively, in the calculation of the AIT and SIT models.
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Figure 4: Comparison of the predictions of the SIT model with and without viscosity and
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plot that, in the absence of viscosity and capillarity, the SIT model is quite close to the FIT406
model. Figure 4 shows how viscosity can be readily included into the AIT and SIT models407
when needed.408

4. Conclusions409

Accounting for the changing inertial effects during the growth of an isolated vapour bubble410
has allowed us to extend the applicability of the existing bubble growth models. We present411
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a new class of inertio-thermal (IT) models that capture the bubble’s inertially-limited growth412
from rest, removing the singularity in the acceleration of the bubble that is present in other413
models. We show excellent agreement with experimental and numerical data from literature414
as well as our own molecular simulations.415

The full inertio-thermal model (FIT) describes the growth of an isolated bubble in the416
absence of viscous and capillary effects, and will be most applicable for describing the417
growth of large vapour bubbles, where the effect of viscosity and capillarity is reduced.418
The approximate inertio-thermal model (AIT) provides an approximate solution to the FIT419
model, in a manner resembling the MRG model. Despite introducing some predictive errors,420
it captures the interplay between the thermal and inertial effects, with the effect of thermal421
diffusion becoming more relevant as the bubble grows from rest. When the timescale ratio422
between inertial and thermal growth is low, the simple inertio-thermal model (SIT) can be423
used. This provides a simple scaling of the velocity but does not account for the interplay424
between the thermal and inertial effects, treating them as independently changing parameters.425
We have shown that in certain cases when inertial effects occur on a quicker timescale than426
the thermal effects, i.e. 𝜏RP < 𝜏MRG, the SIT model can give more accurate results than the427
AIT model despite its simpler form. This improved agreement is likely due to the cancellation428
of errors introduced in the model derivations (Theofanous & Patel 1976) rather than a more429
accurate modelling of the problem. The exact criterion for when the intrinsic error in the430
SIT model outweighs the systematic error in the temperature-pressure relationship remains431
uncertain. However, we hope that this work will motivate further research into this topic and432
better complete our understanding of the interplay of inertial and thermal effects. The AIT433
and SIT models have the added advantage that they can include effects such as viscosity and434
capillarity, which are needed to accurately reproduce bubble growth rates.435

It is hoped that this improved understanding of homogeneous vapour bubble growth will436
lead to improvements in control of bubble systems. As technologies become more precise and437
more compact, understanding the growth behaviour of the full lifetime of vapour bubbles438
will become more significant. While there are additional modelling considerations that439
must be made to better represent these applications, such as the presence of a wall during440
heterogeneous bubble growth, the IT models presented here represent the most accurate441
theoretical approach to predict homogeneous vapour bubble growth across all length and442
time scales.443

Declaration of interests. The authors report no conflict of interest.444

Funding. This work was supported in the UK by the Engineering and Physical Sciences Research Council445
(EPSRC) under Grant Nos. EP/N016602/1, EP/R007438/1 and EP/V012002/1. For the purpose of open446
access, the authors have applied a CC BY public copyright licence to any Author Accepted Manuscript447
version arising from this submission. All MD simulations were run on ARCHER and ARCHER2, the UK’s448
national supercomputing service.449

Data Availability Statement. The data that support the findings of this study are openly available in the450
Edinburgh DataShare repository at https://doi.org/10.7488/ds/3507.451

REFERENCES

Avdeev, A. A. 2016 Bubble Systems. Springer International Publishing.452
Bardia, R. & Trujillo, M. F. 2019 Assessing the physical validity of highly-resolved simulation benchmark453

tests for flows undergoing phase change. Int. J. Multiph. Flow 112, 52–62.454
Board, S. J. & Duffey, R. B. 1971 Spherical vapour bubble growth in superheated liquids. Chem. Eng. Sci.455

26 (3), 263–274.456
Brennen, C. E. 2013 Cavitation and bubble dynamics. Cambridge University Press.457



14 P. Sullivan, D. Dockar, M. K. Borg, R. Enright and R. Pillai

Chu, K. H., Joung, Y. S., Enright, R., Buie, C. R. & Wang, E. N. 2013 Hierarchically structured surfaces458
for boiling critical heat flux enhancement. Appl. Phys. Lett. 102 (15), 151602.459

Dalle Donne, M. & Ferranti, M. P. 1975 The growth of vapor bubbles in superheated sodium. Int. J.460
Heat Mass Transf. 18 (4), 477–493.461

Dergarabedian, P. 1953 The Rate of Growth of Vapor Bubbles in Superheated Water. J. Appl. Mech.462
20 (4), 537–545.463

Dergarabedian, P. 1960 Observations on bubble growths in various superheated liquids. J. Fluid Mech.464
9 (1), 39–48.465

Enrı́quez, O. R., Sun, C., Lohse, D., Prosperetti, A. & Van Der Meer, D. 2014 The quasi-static growth466
of CO 2 bubbles. J. Fluid Mech 741, 1.467

Florschuetz, L. W., Henry, C. L. & Khan, A. R. 1969 Growth rates of free vapor bubbles in liquids at468
uniform superheats under normal and zero gravity conditions. Int. J. Heat Mass Transf. 12 (11),469
1465–1489.470

Kaschiev, D. 2000 Nucleation: Basic Theory with Applications. Butterworth Heinemann.471
Lee, H. S. & Merte, H. 1996 Spherical vapor bubble growth in uniformly superheated liquids. Int. J. Heat472

Mass Transf. 39 (12), 2427–2447.473
Lien, Y. 1969 Bubble growth rates at reduced pressure. PhD thesis, Massachuesetts Institute of Technology.474
Mikic, B. B., Rohsenow, W. M. & Griffith, P. 1970 On bubble growth rates. Int. J. Heat Mass Transf.475

13 (4), 657–666.476
Plesset, M. S. & Zwick, S. A. 1954 The growth of vapor bubbles in superheated liquids. J. Appl. Phys.477

25 (4), 493–500.478
Prosperetti, A. 1982 A generalization of the Rayleigh-Plesset equation of bubble dynamics. Phys. Fluids479

25, 409.480
Prosperetti, A. 2017 Vapor bubbles. Annu. Rev. Fluid Mech. 49, 221–248.481
Prosperetti, A. & Plesset, M. S. 1978 Vapour-bubble growth in a superheated liquid. J. Fluid Mech.482

85 (2), 349–368.483
Rayleigh, Lord 1917 On the pressure developed in a liquid during the collapse of a spherical cavity. Philos.484

Mag. 34 (200), 94–98.485
Reinke, P. 1997 Site deactivation techniques for suppression of nucleation in superheated liquid. Exp. Heat486

Transfer 10 (2), 133–140.487
Robinson, A. J. & Judd, R. L. 2004 The dynamics of spherical bubble growth. Int. J. Heat Mass Transf.488

47 (23), 5101–5113.489
Theofanous, T. G. & Patel, P. D. 1976 Universal relations for bubble growth. Int. J. Heat Mass Transf.490

19 (4), 425–429.491
Yasui, K. 2018 Acoustic Cavitation and Bubble Dynamics. Springer, Cham.492


