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Abstract

The reservoir properties of carbonates are controlled both by deposition and

diagenesis, and the latter includes early calcite cementation which can exert a

strong control on the evolution of subsequent diagenetic pathways. Here we in-

vestigate early cement growth in grainstones to quantify the impact on evolving

pore space and partially to examine trends in the relationships between cemen-

tation and permeability. We compare process-based models of early cementation

in 2D (Calcite2D) and 3D (Calcite3D). Both models assume polycrystalline and

monocrystalline grain types, upon which grow isopachous and syntaxial calcite

cement types, respectively. We also model two common rhombohedral calcite

forms: the blocky form 011̄2 and elongated form 404̄1.

Results demonstrate the effect of cement competition: an increasing propor-

tion of monocrystalline grains creates stronger competition and a reduction in

the impact of individual grains on the early calcite cement volume and porosity.

Isopachous cement is effective in closing pore throats and limiting permeability,

especially in the 2D model. We also show that the impact of syntaxial cement

on porosity occlusion and therefore flow is highly dependent on monocrystalline

grain location and direction of the grain crystal axis. This can lead to very

different permeabilities in samples of the same porosity in both the 2D and 3D
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results.

3D modelling shows that for samples with crystal form 011̄2 at constant

porosity, permeability becomes lower as the proportion of monocrystalline grains

increase, although this impact is relatively minor. Samples with crystal form

404̄1 produce inconclusive results.

Poroperm data generated by Calcite3D can be fitted with an exponential

curve with a high coefficient of determination, as observed in natural media.

This is in contrast to the 2D study, where the variability at any given porosity

spans up to two orders of magnitude. Moreover, the clustering of Calcite2D

model outputs with different widths of isopachous cement suggests that this

cement type is a strong control on the permeability. Results of the 2D modelling

(0.01 − 8D) are in reasonable agreement with measured permeability reported

for grainstones (0.1mD − 5D) as well as for the plug data of the samples used

in modelling (porosity 22− 27%, permeability 0.2− 3D). Permeability results,

however, at any given porosity have a wide range due to the bias inherent to

the 2D flow modelling. Calcite3D is successful in modelling realistic changes in

cement volumes and in the pore space morphology, but permeabilities (0.01 −

30D) are above the range reported due to very high permeability of the initial

synthetic sediment deposit (58.9D).

These results illustrate that subtle differences in early carbonate diagenesis,

such as the exact location and orientation of the crystal axes of the monocrys-

talline grains, can have significant impact on the properties of cemented rocks.

We also highlight the importance of 3D, rather than 2D, digital rock modelling

and flow simulation to obtain reliable rock properties predictions.

Keywords: Digital rock, Synthetic rock, Carbonates, Porous Media, Porosity,

Permeability, Calcite cement, Isopachous cement, Syntaxial cement

1. Introduction

Carbonate rocks are complex, partially due to the heterogeneity of sediment

grain types but also due to diagenesis, which can take many pathways leading

2



to a multitude of final rock types. Porosity and permeability loss in carbon-

ates is due to mainly grain-to-grain chemical compaction (pressure solution),5

mechanical compaction and cementation. Pressure solution closes pore throats

thus isolating pore bodies [1] and cementation can reduce pore throats as well

as increases the surface area and tortuosity of pores. Mechanical compaction

is the least effective process in reducing permeability relative to an incremental

decrease in porosity, as permeability reduction is achieved mostly by a loss of10

porosity, increase in pore-throat lengths, and an increase in the tortuosity of

flow paths due to closer grain packing [1].

Given the diversity of subsurface carbonate rocks, rock modelling at the

pore scale has been widely used to predict reservoir rock properties such as

absolute permeability, capillary pressure, and relative permeability. Synthetic15

rock models are flexible and considerably less expensive than data obtained via

experiments. Importantly, such models can also be used to test hypotheses as

to the impact of specific diagenetic events on evolving flow properties.

Few models, however, have been dedicated to carbonates and they have used

either statistical reconstruction [2, 3, 4, 5] or process-based approach [6, 7, 8].20

Most process-based models, however, capture only one specific type of carbon-

ate or formation process [6, 7]. Nevertheless, these models report successful

prediction of rock petrophysical properties within the range of experimental

data.

1.1. Modelling Objectives25

Although diverse, carbonate-hosted hydrocarbon reservoirs have a set of

common cement types, which can be used to produce geologically-guided mod-

els of cementation. This study undertakes pore-scale rock modelling to quantify

how early diagenetic calcite cements influence the physical properties (porosity

and permeability) of carbonate rocks. Also explored is the role of initial carbon-30

ate sediment type in controlling the distribution of such early calcite cements,

as grain crystallinity can act as a strong influence on the type of cement seeded

[9]. This study focuses upon early marine cements in calcite-dominated grain-
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stones, as such rocks can often have good reservoir quality (high permeability

and producibility) [10, 11].35

We consider two types of grains which develop different types of early cal-

cite cement [10]; both are common in reservoir rocks. Syntaxial calcite cement,

sometimes also called epitaxial [12], is associated exclusively with monocrys-

talline grains (single crystal), while isopachous cement is a common early marine

cement that develops on polycrystalline grains (consisting of multiple, often sub-40

resolution crystals) [13]. We postulate that due to differences in the morphology

of these cement forms, their relative proportion will have varying impacts on

the evolution of pore space morphology and therefore on permeability.

In order to investigate the dependence of rock properties on sediment type,

a pore-scale cementation modelling methodology is developed and implemented45

in both 2D and 3D. The model is object- and process-based and focuses on

maintaining the geometries of isopachous and syntaxial cements. Processes

modelled include cementation in both models and also deposition in the 3D

implementation. The model aims to simulate cementation as it occurs in nat-

ural carbonates, taking into account the geometries of the developing cements,50

as well as such local phenomena such as grain-grain impact (or impingement).

We use the model to generate multiple synthetic rock samples of varying sed-

iment type, i.e. the ratio of monocrystalline and polycrystalline grains. The

Lattice Boltzmann method is then utilised to quantify the permeability of these

synthetic samples. The overall goal of this study is to establish trends in the55

evolution of permeability in carbonates with early cementation.

1.2. Crystallinity of Carbonate Grains and Early Calcite Cement Types

Lander et al. [9] demonstrated that the crystallinity of quartz grains influ-

ences the volume of cement developed around them. Monocrystalline grains tend

to produce large volumes of syntaxial overgrowth while polycrystalline grains60

develop thinner isopachous fringes [14]. In addition to volume, these two types

of cement have different geometries and so their impact on the morphology of

pore space varies.
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Most carbonate grain types are polycrystalline [14]. These include the ma-

jority of skeletal carbonates, as well as non-skeletal grains such as pellets and65

ooids. The surfaces of these grains can be described as a mosaic of seeding sites

with different crystal axes orientations and thus they develop cement typical for

polycrystalline grains [14].

Most monocrystalline carbonate grains are skeletal fragments of organisms

belonging to the phylum Echinodermata (sea urchins, starfish, brittle stars, sea70

lilies and sea cucumbers). Calcareous remains of echinoderms rarely constitute

more than 10% of modern sediment grains [14]. But in the past (especially in

the Palaeozoic) they had much greater quantitative significance, in some cases

even dominating the allochems [15].

The two types of early shallow marine calcite cements typical for grain-75

stones considered in this study are isopachous cement and syntaxial cement

or overgrowth (Figure 1). Syntaxial overgrowth is associated exclusively with

grains that can be treated as monocrystalline, while isopachous cement occurrs

around polycrystalline grains [15, 10, 16, 17, 18]. Early marine cementation oc-

curs rapidly before significant compaction takes place. Syntaxial and isopachous80

cements are both volumetrically significant early marine calcite cements.

monocrystalline
grain 

syntaxial
cement 

epitaxial
growth 

mantle
growth 

polycrystalline
grain 

isopachous
cement 

2mm 

1mm 

a) b)

4041

0112
c)

Figure 1: a) Thin section and model of a monocrystalline grain (brown) with syntaxial cement;
red represents the epitaxial growth and orange represents concentric (mantle) growth. b) Thin
section and model of isopachous calcite cement in a carbonate beachrock. c) Comparison of
the shape and size of crystals of the rhombohedral crystal form 011̄2 and 404̄1 circumscribed
on two spheres of the same size. The length of crystal form 404̄1 is 7.2 the length of form
011̄2 and the volume is 5.8 times bigger, however the volume of the cement (the volume of
the rhombohedron diminished by the volume of the sphere) is 9.6 times greater in case 404̄1.
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1.2.1. Syntaxial cement

Syntaxial cement seeds on a monocrystalline grain, most notably echinoderm

fragments, and grows in optical continuity to it [14]. In a growing crystal, ions

preferentially occupy the sites that result in greater release of energy. Non-85

euhedral faces of a grain provide a much greater release than euhedral faces

[19]. As a result of this, calcite overgrowth proceeds rapidly until euhedral faces

are achieved (epitaxial growth). Subsequently, the rate of growth decreases

considerably (mantle/concentric growth) [20, 9] (Figure 1a). In the absence of

any obstacles, monocrystalline grain grows rapidly until all faces are euhedral90

and the crystal form of calcite is achieved. As crystal forms of calcite are usually

elongated, cement growth on a monocrystalline grain is asymmetric and depends

on the orientation of the crystal axis of the grain. Once the euhedral faces of the

growing crystal are reached, cement growth can continue in a form of mantle

growth, often continuing into the burial zone [10].95

1.2.2. Crystal forms of calcite

Calcite belongs to a trigonal hexagonal scalenohedral crystal system [21].

Over 800 different forms of calcite have been described, the most common of

which are the rhombohedral and scalenohedral forms. This work focuses on the

rhombohedral form, but even within this group many variations exist. Such100

variations include forms with Miller-Bravais indices 101̄1, 404̄1 and 011̄2. The

index 011̄2 rhombohedron belongs to calcite forms most frequently observed in

nature, and also the most commonly derived in the laboratory [22]. Another

common rhombohedral form of calcite is 404̄1 [20]. The main difference between

these two rhombohedral forms is that 011̄2 is more blocky and 404̄1 is more elon-105

gated, which results in different volumes of syntaxial cement produced. Figure

1c illustrates that in the absence of any obstacles, rhombohedral crystal form

404̄1 produces significantly greater volume of epitaxial overgrowth than crys-

tal form 011̄2 [20]. There are no quantitative studies on the abundance of the

different crystal forms in the cement of carbonate rocks. Thus the approach in110

this work is to select crystal forms that are reported to be common (011̄2 and
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404̄1, Figure 1c), and perform studies for each of these forms.

1.2.3. Isopachous cement

Isopachous cement develops on grains that do not have the capacity to seed

a single crystal and form as fringes of either fibrous, bladed or microcrystalline115

crystals of nearly constant thickness around grains (Figure 1b) [10]. The thick-

ness of the fringe is typically 20 − 100µm [17]. Isopachous cement is common

in grainstones and is particularly typical in beachrock [23] (Figure 1b).

The crystals on the surface of the grain can be oriented in various directions,

but those oriented normal to the substrate grow fastest and, as precipitation120

proceeds, they eliminate the crystals of other orientations [14]. In similarity to

syntaxial cements, once euhedral faces are achieved, precipitation slows down

considerably.

1.2.4. Impact of early cements on pore space morphology and permeability

Grain type plays an important role in determining the resulting pore space125

morphology of the final rock through the preferential development of cement

type. The pore space of sediments composed predominantly of echinoderm

fragments (monocrystalline grains) is likely to be completely occluded by syn-

taxial cements and permeability significantly reduced [10, 24]. In fabrics where

monocrystalline grains are more sparse, cements tend to block local pore throats130

intermittently, creating a patchy cement distribution, and as such cementation

may have a fairly low impact on porosity and permeability [25].

In contrast, isopachous cement often precipitates evenly around all polycrys-

talline grains, and so does not penetrate deep into intergrain pore spaces [10].

By its nature, isopachous cement narrows all pore throats and, depending on the135

thickness of isopachous fringes, can close off many pore throats, so significantly

reducing pore connectivity and permeability.

1.2.5. Competition for growth space, impinging and ’shadow’ effects

Due to the proximity of carbonate grains, syntaxial overgrowth almost al-

ways encounters other grains, which may or may not be developing syntaxial140
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overgrowths. Thus the full crystal shape of calcite is often never reached and

euhedral faces overgrowths form compromise boundaries [26, 20]. The average

volume of syntaxial cement per grain in a cemented rock is dictated by the com-

petition during growth: the more monocrystalline grains there are that develop

syntaxial overgrowth, the smaller the average volume of cement produced per145

grain.

During cement growth, grains are very likely to impinge on one another,

and thus deactivate seeding sites and create compromise boundaries with other

grains before reaching euhedral faces. Depending on the arrangement of the

grains, impinging effects may lead to a ’shadow’ effect (J.A.D. Dickson, pers.150

comm.), whereby once an obstacle is encountered during epitaxial growth, a

portion of the seeding area on a non-euhedral face of the grain is blocked by it.

As a result, no further syntaxial overgrowth will be seeded by that area (Figure

2). Syntaxial cement can therefore only grow to its full extent in the absence of

other grains (Figure 2a). Once an obstacle is encountered, the seeding site of155

the growing cement that came in contact with the obstacle is blocked and the

zone in the ’shadow’ of the obstacle will not be produced. Fast epitaxial growth

ceases and a smaller volume of cement is formed (Figure 2b).

a) b)
obstacle

(e.g. polycrystalline
grain)

monocrystalline
grainpotential epitaxial

growth extent

cement absent 
due to the 

‘shadow’ effect 
of the obstacle

synthaxial
cement

Figure 2: ’Shadow’ effect of grains impinging on growing cement; a) extent of syntaxial
overgrowth that would develop in the absence of obstacles, b) final cement geometry.

1.3. Modelling in this study

We propose a process-based and object-based model of calcite cementation160

with a stochastic initial condition. An implementation of this model is given
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in 2D and in 3D: here termed Calcite2D and Calcite3D, respectively. The ce-

mentation model assumes static conditions, i.e. a supersaturated solution with

respect to calcium carbonate, which is realistic for early marine diagenetic con-

ditions, and concentrates on the geometries of the two types of early calcite165

cement typical for carbonates: syntaxial and isopachous (see Section 1.2).

In the initial stage of the cementation model, mono- and polycrystallinity is

assigned to grains at random as are the crystal axes directions of the monocrys-

talline grains (initial condition). Next a geometric approach is followed: syn-

taxial cement is modelled by circumscribing (or decorating) the grains with a170

shape of one of two rhombohedral forms of calcite (011̄2 or 404̄1) and isopachous

cement is modelled by adding a layer of constant thickness around the grains.

In the 2D study the structure on which cement is grown is an image of a natural

carbonate reservoir rock that has been stripped of cement. In the 3D study the

statistics of grain size and shape distribution serve to generate a 3D structure175

in a process-based model that mimics deposition.

Current 3D imaging methods, e.g. microcomputed tomography (µCT ), do

not differentiate between the grain and the cement, which is necessary before

one can segment the image and analyse the original deposit. The grains are

modelled as rigid bodies falling due to gravity and settling on one another in180

a 3D box using the collision physics of falling grains in an open-source Bullet

Physics Library [27] employed in a Blender environment [28]. The model is

flexible in terms of the shape and size distribution of grains, although in this

application, the shapes are limited to convex ellipsoids.

The inspiration for the modelling work stems from Prism2D, a 2D model sim-185

ulating sandstone diagenesis [9] which differentiates between monocrystalline

and polycrystalline grains, to model accurate shapes of growing quartz crys-

tals and to account for the effect of growing grains impinging on one another.

Prism2D is physically-based as it employs a kinetic rate law to model the growth

of cement, which is not the approach of this study. Here we follow a geometric190

approach, which focuses on recreation of shapes characteristic to calcite cements

(see Section 1.2). Prism2D models crystal growth on euhedral as well as on
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non-euhedral faces of the quartz crystal, while Calcite2D only models syntaxial

cement on non-euhedral faces in the rapid epitaxial stage. Calcite2D, however,

is fully flexible in terms of directionality of the crystal axes that monocrystalline195

grains can take, whereas Prism2D is limited to only four directions. Addition-

ally, we model more than one type of cement to explore competition effects, and

the model is implemented in 3D (Calcite3D) which enables better flow property

prediction.

1.4. Flow simulation in 2D vs 3D200

This work aims to provide insight into the permeability of porous media

through two approaches: a high resolution and large scale 2D study and a

lower resolution and smaller scale 3D study. After cemented synthetic samples

are derived using Calcite2D and Calcite3D, flow is simulated using the Lat-

tice Boltzmann (LB) method [29, 30, 31, 32, 33] in order to obtain absolute205

permeability.

Modelling permeability in 2D has limitations, the most significant of which

is a loss of the impact that rock anisotropy has on permeability. This is not an

issue in the work presented here, as carbonate grainstones, which are the focus

here, are relatively isotropic. Another limitation of the 2D method is the loss210

of connectivity of pores in the 3rd dimension, which affects permeability. As

a result, some 2D model outputs found to have no percolation might actually

have pore connectivity in the 3rd dimension and a non-zero permeability.

Despite these disadvantages, 2D permeability studies are still performed [33,

34] as samples of larger sizes and higher resolutions can be afforded. Cemented215

synthetic samples used in Calcite2D are 20002 pixels with a pixel size of 5µm.

This is effectively an order of magnitude higher than that usually undertaken

in 3D modelling. This sample size allows modelling of a large number of grains

and maintains grains ’smoothness’ (non-pixelation). Also, these model outputs

are large enough to allow for in-sample heterogeneity, e.g. the presence of areas220

with varying porosity within one sample.

A major disadvantage of modelling permeability in 3D is the limitation of
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sample size and resolution, as the computational cost scales with these. Most 3D

rock modelling utilising LB simulations use samples of around 4003 voxels [35,

36, 8, 37, 33, 38, 39]. Synthetic samples used in Calcite3D have a computational225

size of 3003 voxels and voxels 10µm in size. Samples of such resolution are

limited to a relatively small number of grains as well as to the accuracy of the

pixel representation of the grains: in some cases thin pore throats are lost due

to segmentation at a low resolution, which results in a loss of pore connectivity.

All these factors influence the quality of permeability prediction.230

2. Methodology

We introduce Calcite2D and Calcite3D, Matlab implementations of the

process-based cementation model in 2D and 3D focusing on two early marine

calcite cements: isopachous and syntaxial. Both implementations of the cemen-

tation model have two stages: Stage 1 defines the sediment type in terms of235

the ratio of monocrystalline to polycrystalline grains and the directions of the

crystal axes of the monocrystalline grains; Stage 2 implements cement growth

on both types of grains in a stepwise fashion - 1 pixel layer every iteration. Stage

1 is not computationally intensive but Stage 2 involves multiple iterations on

a large matrix (the size of the porous medium) and was performed using the240

Edinburgh Compute and Data Facility (’Eddie’) at the University of Edinburgh.

The processes taken into account in the models is cementation in both ver-

sions of the model and deposition in the 3D. In the 2D the process of deposition

is not modelled as the methodology utilises a back-stripped thin-section image

of a natural reservoir carbonate [2]. Calcite2D and Calcite3D take a geometric245

approach and focus on the recreation of shapes characteristic for calcite cemen-

tation. Syntaxial cement is only modelled on non-euhedral faces that occurs in

the rapid epitaxial stage.

2.1. Overview of the 2D methodology

The 2D methodology starts with the treatment of the initial medium, fol-250

lowed by two stages of Calcite2D and finishes with a procedure to obtain the
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absolute permeability using Lattice Boltzmann method (Figure 3). This pro-

cedure is used to create thousands of cemented synthetic samples for various

ratios of monocrystalline and polycrystalline cements and for two different cal-

cite crystal forms. Permeability is calculated only for a subset of all generated255

synthetic samples.

The 2D methodology starts with the segmentation and binarisation of a

thin-section image that serves as an input to Calcite2D (a). In Stage 1 of

Calcite2D, grains in the binary image are identified and a portion of them,

chosen at random based on a model input, is labeled monocrystalline (b). For260

every monocrystalline grain, the crystal axis (c-axis) is defined, also chosen at

random from all possible 3D orientations. In Stage 2 of Calcite2D, the cement is

grown on all of the grains (c). The type of cement is determined by grain type,

with syntaxial growth on the monocrystalline grains and isopachous cement

on the polycrystalline grains. The permeability of the cemented rock is then265

obtained via a Lattice Boltzmann simulation (d). The details of all steps of this

methodology are given in the following sections.

m

p

a) b) c) d)

thin section binary image labelled grains cement grown flow simulated

segmentation
and back-stripping

of cement

Calcite2D Stage 1:
labelling of grains

and c-axes

Calcite2D Stage 2:
cement growth

(many iterations)

Lattice Bolztmann
simulation

10mm

Figure 3: The methodology of the 2D cementation modelling; a) the thin-section image is
segmented into pore, sediment and cement; cement is stripped and the image is binarised, b)
Stage 1 of Calcite2D labels the grains as either monocrystalline (red, m) of polycrystalline
(blue, p) and determines the directions of the crystal axes of the monocrystalline grains, c)
Stage 2 of Calcite2D grows 1 pixel layer of cement every iteration until completion (reds -
syntaxial cement, blues - isopachous cement), d) a Lattice Boltzmann simulation is performed
on the final medium to obtain permeability.
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2.1.1. Treatment of the 2D Porous Medium

To illustrate the capabilities of Calcite2D a thin-section image of a real

carbonate grainstone reservoir rock with early calcite cements is chosen (Figure270

3a). The steps in the procedure that lead from the original colour thin-section

image (Figure 3a) to the binary image that is used as an input to the cementation

model (Figure 3b) are as follows (details are given in Appendix A):

1. first-pass automatic segmentation;

2. manual adjustment in a graphics package;275

3. image resizing (from 37792 to 20002 pixels);

4. grain separation (post-processing step 1);

5. fine grains removal (post-processing step 2).

Laboratory measurements are φ = 24.4% and κ = 4700mD. Due to the

heterogeneity of carbonates, and the fact that a thin-section image carries only280

2D information, the properties of the specific 2D rock image that is used in

the modelling (Figure 3a) are expected to be different. The porosity of the

segmented thin-section with natural cement is remarkably close to these data:

23.7%. The permeability, however, is dramatically different, as the naturally

cemented medium is found to be not percolating, which is equivalent to 0mD.285

2.1.2. Calcite2D

Calcite2D has two stages, each of which takes one input parameter (Figure

4). Stage 1 involves grain identification and labelling as either polycrystalline

of monocrystalline based on the input parameter α0 (Figure 4a) as well as

definition of crystal axes direction and establishing of the polygonal bounds of290

epitaxial growth (Figure 4b). In the code, α0 goes through a random number

generator and the resulting portion of monocrystalline grains in the sample α

may differ slightly from the input. Stage 2 of Calcite2D implements calcite

growth and takes as the input parameter the target width of the isopachous

cement that will coat all polycrystalline grains β (Figure 4c and d). The details295

of the implementation can be found in Appendix B.

13



a)

m

m

p
p

p

b)

m

m

p
p

p

c)

m

m

p
p

p

d)

m

m

p
p

p

monocrystalline
grain 

polycrystalline
grain 

isopachous
cement 

syntaxial
cement 

epitaxial growth
bounds 

Figure 4: Steps of the Calcite2D implementation; a) detection of grains and labelling a portion
of them monocrystalline based on the parameter α0, b) establishing the outer bounds of the
epitaxial growth for monocrystalline grains, c) growth of 1 pixel layer of cement around all
grains; growth is prohibited outside of the epitaxial bounds, d) repetition of the addition of
layers: for polycrystalline grains until the thickness of the isopachous cement fringes specified
by the input parameter β is reached, for monocrystalline grains - until all bounding polygons
are filled.

2.1.3. Example model output of Calcite2D

Figure 5 illustrates two cemented synthetic samples that are grown on the

20002 pixel porous medium (Figure 3b), one using the crystal form 011̄2 (a) and

the other using the crystal form 404̄1 (b). Both images exhibit textures realistic300

for calcite cementation. As crystal from 404̄1 is more elongated, there are more

elongated forms of syntaxial cement present in the sample shown in Figure 5b

than in Figure 5a. As the crystal form 404̄1 leads to more elongated forms of

syntaxial cement this results in more iterations necessary for the completion

of Stage 2 of Calcite2D. The synthetic sample with crystal from 011̄2 (Figure305

5a) required 109 iterations, while the synthetic sample with crystal from 404̄1

(Figure 5b) required 194 iterations until completion.

2.2. Overview of the 3D methodology

The methodology to create early calcite cement in a porous medium in 3D

starts from the analysis of a 2D thin-section to obtain a distribution of grain310

characteristics. This is followed by the generation of the 3D porous medium

based on these characteristics, and finally the two stages of Calcite3D and finish-

ing with the procedure to obtain the absolute permeability using Lattice Boltz-

mann method. This methodology is used to create a single synthetic grainstone

deposit, which is then used to generate thousands of cemented synthetic samples315
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a b

2000 pixels, 10mm

isopachous cementsynthaxial cementgrain pore

Figure 5: Model outputs of Calcite2D for both geometries of syntaxial cement with equal
amounts of monocrystalline and polycrystalline grains in the sample (α0 = 0.5) and isopachous
cement fringes of width 50µm (β = 10pixels); a) crystal form 011̄2, φ = 14.9%, b) crystal
from 404̄1, φ = 14.2%.

for various Calcite3D model input parameters (the content of monocrystalline

grains and the width of the isopachous cement fringes) and for two different

calcite crystal forms. 5946 cemented samples were generated using the crystal

form 011̄2, and 4086 samples were created using the crystal form 404̄1.

Permeability was quantified for a subset of all generated synthetic samples320

(457 samples or 4.5%), with simulations performed on Archer, a UK National

Supercomputing Service based around a Cray XC30 supercomputer.

Figure 6 shows the general steps in the cementation modelling methodology

in 3D. This starts with the segmentation and the binarisation of a thin-section

image and the extraction of a joint distribution of grain shapes and sizes. This325

distribution is used to create a packing of 3D grains in a process-based simula-

tion that mimics the grains falling and setting due to gravity. The packing of

grains is then cropped and voxelised to prepare as an input to the cementation

model Calcite3D. In Stage 1 of Calcite3D, grains are randomly labelled as ei-

ther monocrystalline or polycrystalline, based on a model input parameter. For330

every monocrystalline grain the crystal axis (c-axis) is defined, and chosen at
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random from all possible 3D orientations. In Stage 2 of Calcite3D, the cement

is grown on all of the grains. As in Calcite2D, the type of cement is determined

by the grain type, with the syntaxial cement growth on the monocrystalline

grains and the isopachous cement growth on the polycrystalline grains. The335

permeability of the cemented rock is then obtained via the Lattice Boltzmann

simulation. Below, the details of all the steps of this methodology are given.

thin section binary image
labelled grainscement grownflow simulated

grain distribution 3D deposit
deposit trimmed

a) b) c)

g)

segmentation
and back-stripping

of cement

derive size and
shape distribution

of grains

generation of
 3D deposit

Lattice Bolztmann
simulation

Calcite3D Stage 2:
cement growth

(many iterations)

Calcite3D Stage 1:
labelling of grains

and c-axes

e)f)

trim
m

ing of deposit
d)

10mm

3mm

Figure 6: The general Calcite3D methodology: a) a thin-section image is segmented and
stripped of cement, b) the joint distribution of grain size (the equivalent diameter) and shape
(the aspect ratio of a fitted ellipse) is determined, c) the synthetic 3D deposit is generated
based on that distribution, d) the synthetic deposit is cropped to avoid artefacts in grain
arrangement due to box boundaries, e) Calcite3D, Stage 1: grains are labelled monocrys-
talline or polycrystalline and the crystal axes of the monocrystalline grains are determined,
f) Calcite3D, Stage 2: the cement growth, g) the Lattice Boltzmann simulation of flow.

2.2.1. Generation of a 3D Porous Medium

To make the cementation model more realistic and versatile, the initial struc-

ture of the carbonate sediment should be close to the real carbonate deposit.340

To this end, a 2D thin-section image and the data extracted from it are used
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to generate a synthetic 3D deposit that serves as an input to the cementation

model Calcite3D.

The proposed methodology is process-based and follows similar published

models, such as the work of Bakke and Øren [40]. The grain size and the345

shape distributions are extracted from a thin-section image of a real carbonate

reservoir rock and used to generate a distribution of grains that are simulated

to fall and settle under gravity. The details of the methodology can be found in

Appendix C.

2.2.2. Comparison of the characteristics of the synthetic 3D deposit with the 2D350

thin-section

To allow comparison of the shapes and sizes of grains of the 3D medium

with the original 2D data, 30 sections spaced every 10 voxel (100µm) are taken

through the 3003 voxel synthetic deposit. To avoid any bias in the shapes and

sizes of grains due to image boundaries, only grains completely visible in these355

sections are considered, which amounts to 1412 grains. Figure 7b shows the

resulting distribution and probability density function of these two variables.

Figure 7: The joint distributions for grain size and shape for a) 523 complete grains visible in
the binary back-stripped image, b) 1412 complete grains visible in 30 sections spaced every
10 voxels (10µm) though the 3003 voxel synthetic deposit.

After analysing all possible 900 sections through the synthetic deposit in all

three directions, the largest grain in the 3D medium was found to have a major
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axis 1.3mm long. Since the sections through the medium are taken at 0.1mm360

intervals, inevitably some of the bigger grains are considered more than once

(Figure 7b) as manifested by the patterns of the trailing points in the large grain

range (around 1mm) in the centre of the image, which represent a single large

grain appearing in multiple sections. Ideally each grain would be represented

in the distribution only once. But to accomplish this, far fewer sections would365

need to be taken (no more than three), which would yield too few grains to be

statistically sound.

The mean size of grain in the back-stripped medium is 286µm, while the

mean size in the 3D medium is 260µm. The porosities of the two media are also

very similar: the 2D medium has a porosity of 36.31% and the 3D medium has a370

slightly higher porosity of 37.91%. We conclude that this method of generating

a 3D deposit is equally successful in reproducing grain sizes and porosity.

The method is less successful, however, in terms of the reproduction of grain

shapes. The joint distribution of shapes and sizes found in the 30 sections

through the 3D medium (Figure 7b) are not in good agreement in terms of the375

shape of the grains with the distribution derived from the 2D image (Figure

7a). The mean eccentricity of grains in the 2D image is 0.67 while the mean

eccentricity of the cross-sections of grains in the 30 sections of the 3D medium

is 0.82.

2.2.3. Calcite3D380

The cementation methodology implemented in Calcite3D is very similar to

the one implemented in Calcite2D. The main difference is that here the bounding

polyhedra of the potential syntaxial cement are represented in the voxel form,

i.e. a set of voxels in the bounding polyhedron for each monocrystalline grain

is retained as a grain property and modified along the course of the simulation385

due to impinging effects. This leads to greater memory requirements as well as

to longer time-to-solution.

Calcite3D has two stages, each of which takes one model input parameter.

The overall steps of Calcite3D implementation are equivalent to the stages of
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Calcite2D (Figure 4). The details of the implementation can be found in Ap-390

pendix D.

2.2.4. Example model output of Calcite3D

Figure 8 shows model outputs of Calcite3D. The simulation of the sample

with the crystal form 011̄2 (a) took 32 steps and 2.1h to complete, but the

simulation with the crystal form 404̄1 took 85 steps and 13.0h to complete395

because the crystal form 404̄1 produces more elongated syntaxial cement forms.

In both synthetic samples, cement is present that has grown into the plane

of the section, even though the grain that seeded that cement is not present in

that section. This applies to both isopachous (blue-green) and syntaxial (red-

yellow) cements (Figure 8b). This is an improvement over the 2D model, where400

this phenomenon is not taken into account. ’Shadow’ effects of impinging grains

can also be observed in a couple of syntaxial cements present in the synthetic

samples.

isopachous cementsynthaxial cementgrain pore

a) b)
‘shadow’

effect

cement seeded 
by a grain outside

of the plane of section

300 voxels, 3mm

Figure 8: Model outputs of Calcite3D a) for the crystal form 011̄2, α = 23.2%, β = 2 voxel,
φ = 20.8% b) for the crystal form 404̄1, α = 18.7%, β = 2 voxel, φ = 16.2%.
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2.3. Permeability Prediction Using Lattice Boltzmann Method

In order to quantify the absolute permeability of the model outputs of Cal-405

cite2D, a 2D version of the Lattice Boltzmann code (D2Q9) DL_MESO is used

to simulate the flow through the synthetic media. A 3D version of the Lattice

Boltzmann code (D3Q27) DL_MESO is utilised in the 3D study. DL_MESO

was developed under the auspices of the Engineering and Physical Sciences Re-

search Council (EPSRC) for the EPSRC’s Collaborative Computational Project410

for the Computer Simulation of Condensed Phases (CCP5) [41]. Overall, 457

simulations were performed on Archer, a UK National Supercomputing Service

based around a Cray XC30 supercomputer. The details of the simulation set-up

can be found in Appendix E and of the calculation of permeability in Appendix

F.415

3. Results

Results are presented in terms of several quantities of interest (Table 1):

the content of monocrystalline grains in the sample by volume (α), which is

controlled by the model input parameter (α0), the second model input param-

eter: the width of the isopachous cement fringes in pixels (β), porosity (φ) and420

permeability (κ).

3.1. Generated synthetic samples in 2D and 3D

Calcite2D and Calcite3D are used to generate multiple synthetic samples of

varying content of monocrystalline grains (α0) and varying width of the isopa-

chous cement fringes (β). Two geometries of syntaxial cement are investigated:425

one that occurs if it is assumed that all monocrystalline grains develop a syn-

taxial cement of the rhombohedral the crystal form 011̄2 and another one when

the crystal form 404̄1 is assumed. For both crystal forms, in the 2D study a

total of 6959 cemented synthetic samples are generated with input parameter

values for the content of monocrystalline grains α0 ranging from 0 to 100% and430

for the width of the isopachous cement fringes β ranging from 0 to 10 pixels
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Table 1: Quantities of interest.

Name Definition Unit

α0 Stage 1 Calcite2D and Calcite3D input parameter:

the target content of monocrystalline grains in a syn-

thetic sample

%

β Stage 2 Calcite2D and Calcite3D input parameter:

the target width of the isopachous cement fringes

2D: pixel (5µm),

3D: voxel (10µm)

α content of monocrystalline grains by volume (actu-

ally the area of the grain cross-section in the 2D

study)

%

φ porosity %

κ permeability mD

(representing 0 to 50µm) (Figure 9a). In the 3D study 5946 cemented synthetic

samples are generated using the crystal form 011̄2, with model input parame-

ter values for the content of the monocrystalline grains (α0) ranging from 0 to

100% and for the width of the isopachous cement fringes (β) ranging from 0435

to 5 voxels (representing 0 to 50µm) (Figure 9b), and 4086 samples using the

crystal form 404̄1.

In order to save simulation time and data storage space, each of the outputs

of Stage 1 of Calcite2D is used to produce 11 cemented synthetic samples, each

one with a different input parameter for the width of the isopachous cement440

fringes (β) in Stage 2 of Calcite2D. In the 3D study, each of the outputs of

Stage 1 of Calcite3D is used to produce six cemented synthetic samples, with

the width of the isopachous cement fringes (β) ranging form 0 to 5, in Stage 2

of Calcite3D.

The monocrystalline grain content α0 passes through a random number gen-445

erator, and so the final the monocrystalline grain content in the sample by

number of grains (α) may differ slightly from the input parameter α0. In the

2D, the only percolating synthetic samples are generated for the width of the
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Figure 9: A comparison between the porosity of the synthetic samples produced with the
crystal form 011̄2 (blue) and 404̄1 (yellow) for the results of the 2D (a) and 3D (b) studies.

isopachous cement fringes smaller than 3 pixels (representing 15µm) and the

monocrystalline grains content less than 60%, while in the 3D all synthetic450

samples generated using the crystal form 011̄2 are percolating and only 13 of

the synthetic samples generated using the crystal form 404̄1 are not percolating.

3.1.1. Two crystal forms of calcite

The porosity in the case of the crystal form 011̄2 is generally higher for

synthetic samples of the same monocrystalline grain content by volume (α)455

than in the case of 404̄1 (Figure 9). The crystal form 404̄1 produces synthetic

samples with lower porosity, and the difference between the results associated

with the crystal form 011̄2 and 404̄1 increases with increasing content of the

monocrystalline grains. In the 2D results, for high monocrystalline content

samples, the porosity of the synthetic samples generated using the crystal form460

011̄2 converges to about 16% and the porosity of the synthetic samples generated

using the crystal form 404̄1 converges to about 13%, while these values in the

3D results are 17% and 4%, respectively.

This is further illustrated in Figures 10 and 11, which show the model outputs
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generated using the crystal form 011̄2 (a, b) and using the crystal form 404̄1 (c,465

d) for the 2D and 3D, respectively. In the high monocrystalline content synthetic

samples, the porosity of the samples with the crystal form 011̄2 is around 15.5%

in the 2D and 17% in the 3D and the porosity of the samples with the crystal

form 404̄1 is around 13.0% in the 2D and 4% in the 3D. Since there are so

few polycrystalline grains, the width of the isopachous cement fringes does not470

significantly affect porosity.

Figures 10 and 11 also demonstrate that the crystal form 404̄1 is much more

effective in occluding the pore space than the crystal form 011̄2. The elongated

shape of the crystal form 404̄1 causes syntaxial cement growth deep into the

pore space, while the more blocky crystal form 011̄2 produces a smaller volume475

of cement that occupies less pore volume.

3.2. Impact of Monocrystalline Grains on Cement Growth and Porosity

The volume of cement and the porosity of a synthetic sample cannot be

accurately determined a priori, before the cement growth simulation is com-

plete (Stage 2 of Calcite2D or Calcite3D). This is because even if the shape480

of the bounding polygons or polyhedra is known, the dynamics of the imping-

ing cements and the creation of the compromise boundaries in the course of

the cement growth can alter these pre-determined shapes. The following sec-

tions present the relationship between three quantities: the porosity (φ) and the

monocrystalline grains content by volume (α).485

3.3. Impact on porosity (φ vs α)

Figure 12 shows the porosity of all generated synthetic samples as a func-

tion of the monocrystalline grain content. The colour gradient in the direction

parallel to the y-axis suggests that there is a strong dependence of the porosity

on the amount of the isopachous cement in the sample.490

In the 2D study the curves in all cases are decreasing and concave upward

(Figure 12a and b). In the 3D all curves in the case of 404̄1 are decreasing

and they become progressively more linear for larger β (Figure 12d). Three
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isopachous 
cement

synthaxial 
cement

monocrystalline
grain

porepolycrystalline
grain

2000 pixels, 10mm

Figure 10: Calcite2D model outputs with a very high monocrystalline grain content for both
crystal forms 011̄2 (a, b) and 404̄1 (c, d) with no isopachous cement (a, c) and 10 pixel (50µm)
width of the isopachous cement fringes (b, d). The properties of each synthetic sample are as
follows: a) φ = 15.8%, α = 98.5%; b) φ = 15.5%, α = 98.5%; c) φ = 13.1%, α = 99.9%; c)
φ = 13.0%, α = 99.9%.
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isopachous cementsynthaxial cementgrain pore

a) b)

c) d)

300 voxels, 3mm

Figure 11: Very high monocrystalline grain content samples for both crystal forms 011̄2 (a, b)
and 404̄1 (c, d) with no isopachous cement (a, c) and 5 voxel (50µm) width of the isopachous
cement fringes (b, d). The properties of each sample are as follows: a) φ = 17.4%, α = 96.0%;
b) φ = 16.4%, α = 96.0%; c) φ = 4.0%, α = 96.0%; c) φ = 3.6%, α = 96.0%.
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Figure 12: Porosity φ vs the monocrystalline grain content in the sample by volume α for
synthetic samples with the crystal form 011̄2 (a, c) and 404̄1 (b, d) for the 2D (a, b) and the
3D (c, d) studies. The circles denote the percolating synthetic samples and the dots - non-
percolating ones. The colours correspond to different values of the width of the isopachous
cement fringes in the sample β: from blue (0µm) through to yellow (50µm).
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decreasing curves in the case of 011̄2, with β = 0, 1 and 2 voxels, are concave

upward (Figure 12c) . It is notable that not all curves are decreasing for greater495

values of α, as is the case in the 2D study. The curves for β = 3, 4 and 5 voxels

in the case of 011̄2 are increasing and are concave downward.

3.4. Impact on Permeability

The choice of the cemented samples for the flow simulation is made from the

pool of all percolating samples. In the 2D this includes 1636 synthetic samples500

in the case of the samples with the crystal form 011̄2 and 1331 samples in the

case of 404̄1. Only the samples with very thin isopachous cement fringes (β =

0, 1 and 2 pixels) are found percolating. In the 3D all 5946 synthetic samples in

the case of 011̄2 and 4073 synthetic samples in the case of 404̄1 are percolating.

The primary strategy for selecting samples for the LB simulation involves505

targeting synthetic samples at specific porosities. That way, the impact of the

monocrystalline grains content (α) on the permeability (κ) for samples of equal

porosity (φ) can be investigated. For each of the targeted porosities, at least

eight and preferably ten samples are selected from groups of samples with dif-

ferent widths of isopachous fringes (β).510

In the 2D study the choice of the porosity values is made based on the avail-

ability of the synthetic samples within a 0.1% tolerance range of the targeted

porosity, optimised for a uniform interval between the targeted porosities. The

same six porosity values are targeted in both crystal form cases: 25.6, 26.4, 27.4,

28.4, 29.6 and 30.5%. Depending on the availability of synthetic samples, the515

number of the samples selected for the LB simulation for each of these porosities

varies between 16 and 30 samples.

In the 3D the choice of these porosity values is made based on the availabil-

ity of samples within a 0.2% tolerance range of a targeted porosity optimised

for a uniform interval between the targeted porosities. Six porosity values are520

targeted in the case of the crystal form 011̄2: 12.3, 15.5, 17.1, 20.8, 24.7 and

28.2%. Since not enough synthetic samples with porosity 24.7% are available

in the case of 404̄1, this porosity value is substituted with 25.2%, so that the
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six porosities targeted in the case of the crystal form 404̄1 are: 12.3, 15.5, 17.1,

20.8, 15.2 and 28.2%. Depending on availability, the number of synthetic sam-525

ples selected for the LB simulation for each of these porosities varies between

20 and 40. In the case of 011̄2, most of the targeted porosities offer only two

groups with different width of the isopachous cement fringes, and only at porosi-

ties 15.5 and 20.8% three groups are available. In the case of 404̄1, due to the

decreasing nature of the φ-α curves, the number of available groups increases530

with decreasing porosity, from two groups at a porosity 28.2%, to four groups

at a porosity 12.3%. The number of samples selected for the LB simulation in

the case of 404̄1 is larger due to the increased availability of samples.

The secondary motivation for selecting samples for the LB simulation is to

cover the full range of the percolating synthetic dataset. For that purpose, in535

the 2D porosities spaced every 1% are targeted and the samples with the highest

and the lowest value of the monocrystalline content (α) are selected for the three

values of β, for which percolating samples are available (0, 1 and 2 pixels). This

way a maximum of six synthetic samples are picked for each targeted porosity.

In the 3D porosities from 5% to 30.5% spaced roughly every 1.5% are targeted540

and samples with the highest and the lowest value of the monocrystalline content

(α) are selected from each group of the synthetic samples which have the same

width of the isopachous cement fringes (β) available at any given porosity.

3.4.1. Impact of porosity on permeability (κ vs φ)

In 2D a slight trend of the logarithmic permeability increasing with the545

porosity is observed in the poroperm data for the synthetic samples of both

crystal forms of syntaxial cement (Figure 13a and b), especially in the case of

the samples with β = 0 and 1. Samples with β = 2 are grouped in the low

permeability zone. This illustrates the impact of isopachous cement on perme-

ability. The gradient of colour in Figure 13a and b, from blue in the bottom-right550

corner to yellow in the top-left corner of the plot, suggests a dependance of the

permeability on the monocrystalline grains content in the sample (α). In this

figure, however, this effect is not easy to isolate as it is ’contaminated’ by the
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effect that the porosity has on the permeability.

In 3D a clear trend of the permeability increasing with the porosity is ob-555

served for the synthetic samples of both crystal forms of syntaxial cement (Fig-

ure 13c and d), and this can be fitted with an exponential function. In the case

of 011̄2 there is a gradient of colour parallel to the y-axis, and samples with low

a monocrystalline grain content (α) have generally higher permeabilities. The

results in the case of 404̄1 are inconclusive as there is no clear dependence of560

the permeability on the monocrystalline grain content.

3.4.2. Impact of monocrystalline grains content on permeability (κ vs α)

Permeability decreases for a larger content of monocrystalline grains (α)

samples derived with Calcite2D (Figures 14a and b). This trend is particularly

clear with varying width of the isopachous cement fringes (β).565

In Calcite3D, in the case of 011̄2, the permeability decreases with the monocrys-

talline grains content (α) only for synthetic samples with a low content of isopa-

chous cement, and increases for samples with a higher content of isopachous

cement, e.g. where β = 5 (Figure 14 c and d). The permeability of the high

monocrystalline content samples converges to a value of about 3000mD. In the570

case of 404̄1, the permeability decreases for larger contents of monocrystalline

grains (α). This trend is particularly clear in the results showing the impact of

different widths of the isopachous cement fringes (β).

In both 2D and 3D the gradient of colour, from magenta in the top-left

corner to light blue in the bottom-right corner of the plot, suggests dependence575

of permeability on porosity.

4. Discussion

We proceed to interpret and discuss the results presented in the previous

sections highlighting the similarities and differences to the results of the 2D and

the 3D modelling, followed by the discussion of the methodologies.580
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Figure 13: The permeability (κ) on a logarithmic scale vs the porosity (φ) for the synthetic
samples with the crystal form 011̄2 (a, c) and 404̄1 (b, d) in the 2D (a, b) and the 3D
(c, d) studies. Different symbols denote samples with a different width of the isopachous
cement fringes. In the 2D results circles, dots, crosses represent samples with 0 voxels, 1 pixel
(5µm) and 2 pixels (10µm) width of the isopachous cement fringes. In the 3D results, circles,
dots, crosses, triangles, diamonds and stars represent samples with 0 voxels, 1 voxel (10µm), 2
voxels (20µm), 3 voxels (30µm), 4 voxels (40µm) and 5 voxels (50µm) width of the isopachous
cement fringes, respectively. The synthetic data are coloured by the monocrystalline grains
content in the sample by volume (α) from dark blue (low content) to yellow (high content).
The 3D results are fitted with a curve of the form: κ(φ) = ea·log(φ)+b.
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Figure 14: The permeability (κ) on a logarithmic scale vs the monocrystalline grain content
by volume (α) for the synthetic samples with the crystal form 011̄2 (a, c) and 404̄1 (b, d)
for the 2D (a, b) and the 3D study (c, d). In the 2D results the circles denote the synthetic
samples with no isopachous cement, the dots - samples with 1 pixel width of the isopachous
cement fringes, and x - samples with 2 pixels of the isopachous cement fringes. In the 3D
results circles, dots, crosses, triangles, diamonds and stars represent samples with 0 voxels, 1
voxel (10µm), 2 voxels (20µm), 3 voxels (30µm), 4 voxels (40µm) and 5 voxels (50µm) width
of the isopachous cement fringes, respectively. The synthetic data are coloured by porosity
(φ), from light blue (low porosity) to magenta (high porosity).
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4.1. Differences in the results between crystal form 011̄2 and 404̄1

The two crystal forms modelled differ in terms of shape and volume, so the

results for synthetic samples produced using these crystal forms also differ.

4.1.1. Porosity and syntaxial cement volume

In both the 2D and the 3D studies, the crystal form 404̄1 produces model585

outputs with a lower porosity than the crystal form 011̄2 (Figure 9), as the mean

volume of the syntaxial cement developed by the crystal form 011̄2 is lower than

that of the crystal form 404̄1. For the high monocrystalline content samples,

the porosity converges to about 17% for the synthetic samples with the crystal

form 011̄2, and to about 4% for the synthetic samples with the crystal form590

404̄1. This difference in the porosity in the 3D study (about 13%) stands in

contrast to the difference of about 3% in the 2D study, where the porosity of

the high monocrystalline content samples converges to about 16% in the case

of 011̄2 and to about 13% in the case of 404̄1.

This 4-fold difference in the porosity of the high monocrystalline samples in595

the 2D study compared to the 3D study stems essentially from the dimension-

ality of the two models. In the 3D model, the volume of the syntaxial cement

produced is controlled by the volume of the bounding polyhedron reduced by

the volume of the grain itself. As Figure 1c illustrates, the volume of the epi-

taxial overgrowth developed in the absence of obstacles on a spherical grain by600

a rhombohedral form 404̄1 is 9.6 times larger than the volume developed by the

crystal form 011̄2.

In the 2D methodology, however, the amount of the syntaxial cement is con-

trolled by the cross-sectional area of a crystal form circumscribed on a monocrys-

talline grain reduced by the area of the grain itself. The 2D methodology as-605

sumes that the grain visible in the plane of the porous medium is cut close to its

centroid (see Appendix B). As the crystal axis of a monocrystalline grain can be

oriented in any direction, the cross-section of the bounding polyhedron can take

a range of shapes and its area will vary accordingly. A comparison between the

mean cross-sectional area of the two crystal forms circumscribed on an identical610
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spherical grain (which is achieved by rotating the rhombohedra by a full range

of angles in the 3D) reveals that the mean amount of the syntaxial cement that

would be produced in the absence of obstacles in the case of 011̄2 is 5.5 times

smaller than in the case of 404̄1. This ratio is 1.7 times smaller than the ratio

of volumes of the syntaxial cement produced on a spherical grain by the two615

rhombohedral forms in the 3D model (which is 9.6). The difference in the ratios

between the 2D and the 3D model is the main reason for the difference in the

porosity of the cemented synthetic samples.

It should be noted, however, that in a porous medium syntaxial cement

will rarely develop to its full crystal form, due to the effect of the impinging620

grains. That is why the factor of 9.6 (in the 3D study) does not translate into

the difference in the cement volume produced in the 3D cemented synthetic

samples. In the absence of the isopachous cement (β = 0), the volume of the

syntaxial cement in the high monocrystalline content samples (α > 90%) is

about 21% in the case of 011̄2 and about 34% in the case of 404̄1. This yields a625

factor of 1.6, i.e. the crystal form 404̄1 produces 1.6 times more cement than the

crystal form 011̄2. In the 2D study, in the synthetic samples with no isopachous

cement, the amount of the syntaxial cement in the high monocrystalline content

samples is about 21% in the case of 011̄2 and about 24% in the case of 404̄1.

This yields a factor of 1.1. This is again smaller than the ratio of the mean630

cross-sectional areas for the two crystal forms (which is 5.5).

In the 3D study, in the absence of isopachous cement, the syntaxial cement

in the high monocrystalline content samples in the case of 404̄1 obscures 34%

of the total sample volume compared to 21% in the case of 011̄2. In the 2D

study the difference is smaller (2.5%). In both models, this is because elongated635

crystal form 404̄1 can protrude deep into the pore space and often manages to

bridge the pore space completely, which crystal form 011̄2 achieves much less

frequently, as illustrated in Figures 10 and 11.
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4.1.2. Mean volume of the isopachous and syntaxial cement per grain

Since the mean volume of the syntaxial cement developed by the crystal form640

011̄2 is significantly smaller than that in the case of 404̄1, the behaviour of the

β − α curves differs in the two cases in the 3D study. All the curves in the case

of 404̄1 are decreasing (Figure 12d), which suggests that at any monocrystalline

grain content, the mean volume of the syntaxial cement per grain is greater than

the mean volume of the isopachous cement per grain. In the case of 011̄2, only645

the curves for the synthetic samples with low width of isopachous cement fringes

(β = 0, 1 and 2 voxels) decrease (Figure 12c). The synthetic samples with β > 2

produce increasing curves, as the mean volume of the isopachous cement exceeds

that of the syntaxial cement as soon as isopachous cement fringes grown to a

width of at least 3 voxels (30µm).650

4.1.3. Permeability

In the 3D model results, the permeability at equal porosities of synthetic

samples with the crystal form 404̄1 is greater than of the synthetic samples

with the crystal form 011̄2 (Figure 13c and d). This is in contrast to the results

of the 2D study and occurs because the monocrystalline grains content in the655

case of 404̄1 in the 3D model has significantly stronger impact on the porosity.

The difference in the porosity of the synthetic samples with an equal content

of the monocrystalline grains (α) and equal width of the isopachous cement

fringes (β) in the 2D study reaches up to 3% for the high monocrystalline

content samples, the difference in the 3D study is about 13%. This is primarily660

an effect of the shape differences between the two rhombohedral forms of calcite

modelled. The crystal form 404̄1 generates more elongated features that may

reach further in the pore space, so blocking the flow paths. The probability of

closing the flow pathways that significantly contribute to the flow is therefore

greater, and this is reflected by the permeability being on average lower.665

In the 3D modelling, the permeability of synthetic samples of equal porosity

is higher in the case of 404̄1 than in 011̄2 because fewer monocrystalline grains

are needed to produce an equal volume of cement. Fewer monocrystalline grains
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producing syntaxial cement of the crystal form 404̄1 result in a patchy cement

fabric in the sample and in a higher permeability, than the more uniform distri-670

bution of cement produced by more monocrystalline grains in the case of crystal

form011̄2.

When we consider the synthetic samples with no isopachous cement, we

observe that slightly more monocrystalline grains are necessary to generate a

sample of equal porosity in the 3D study than in the 2D study in the case of crys-675

tal form 011̄2. However, in the case of 404̄1, significantly fewer monocrystalline

grains are necessary in the 3D study (see Figure 9). The fewer monocrystalline

grains there are, the less likely it is that they close off pore space and, so reduce

permeability.

4.1.4. Variability in the synthetic data680

In most results generated, the variability in the results is greater for synthetic

samples with the rhombohedral form 404̄1. This is explained by the potential

volume of cement generated by crystal form 404̄1, which is 9.6 greater than

crystal form 011̄2. The extent to which this volume is realised in the course of

the cement growth depends on the proximity of the neighbouring grains, the685

type of cement that the neighbouring grains develop and the orientation of the

crystal axis of the grain in question. The location of the neighbouring grains

is pre-determined as it is an input to the model in the form of the image of

grain deposit, and the cementation model has a limited control on changing the

neighbourhood of any given grain, as it can only add cement around the existing690

grains. However, the orientation of the crystal axis of a grain is determined

entirely at random in Stage 1 of Calcite2D or Calcite3D. Therefore, it is mainly

the orientation of the crystal axis that controls the amount of cement grown by

a monocrystalline grain.

This effect is illustrated in Figure 10c, where the elongated form of the695

syntaxial cement is visible in the top-left corner (coloured light orange). The

crystal axis of this grain is oriented vertically in the image, which enables the

cement growth into the large pore area above the grain. If the crystal axis was
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instead oriented horizontally, the cement growth would soon be blocked by the

grains impinging on both sides, resulting in a much smaller volume of cement700

for that grain. The effect of the impingement by the neighbouring grains on

limiting syntaxial cement growth can be observed e.g. for the largest grain in

the sample (Figure 10c, centre bottom of image, light orange cement).

The monocrystalline grains that grow according to the crystal form 404̄1

have the potential to grow a large volume of cement, but whether this potential705

is achieved depends on the direction of the crystal axis of the grain. Overall, the

crystal form 404̄1 can produce a wide range of cement volumes for a single grain.

As a result, the variability in the porosity of the cemented synthetic samples is

considerable. In contrast, the crystal form 011̄2 produces blocky cement shapes,

with a much smaller aspect ratio, and the random effect of the orientation of710

the crystal axes does not have such a great impact on the volume of cement

produced.

4.2. Cement volume

The porosity of the synthetic samples is generally lower in the 3D study

than in the 2D study, as the volume of cement produced is higher. The cement715

in the 3D model is grown in all three directions, and often reaches sections of

the 3D medium in which the grain that produces this cement is not visible, as

illustrated in Figure 8. The cement in the 2D model is seeded only by grains

that are visible in the plane of the porous medium, and thus the final cemented

medium lacks cement that could grow into that plane by grains that are not720

visible, and so leading to lower porosities.

4.2.1. Syntaxial cement

This section concerns the synthetic samples where only syntaxial cement is

present (β = 0). Syntaxial cement volume developed by a monocrystalline grain

depends on the shape of the grain, its size, the direction of the crystal axes, the725

proximity and the arrangement of the neighbouring grains, and the shape of the

crystal form developed.
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Let us consider a single grain of a diameter 250µm in both versions for the

model: the 3D model where the porous medium has dimensions of 3×3×3mm,

and the 2D model where the porous medium has dimensions of 10× 10mm. In730

the absence of any obstacles, the porosity occlusion by the syntaxial cement of

the crystal form 011̄2 growing on a spherical grain with diameter 250µm is 2.3

times greater in the 3D medium than in the 2D medium. An equivalent grain

developing syntaxial cement of the crystal form 404̄1 would obscure 3.9 times

as much porosity in the 3D medium than in the 2D medium. The volume of735

cement in the 3D model is calculated here as the volume of the circumscribed

polyhedron reduced by the volume of the grain. The ’volume’ in the 2D model is

the mean cross-sectional area of the bounding polyhedron with a plane passing

through the centre of the grain, again reduced by the surface area of the grain.

Although the syntaxial cement volume in the synthetic samples with the740

crystal form 011̄2 is very similar in the 2D and 3D studies (about 21% of the

volume of the sample), the factor of 2.3 obtained above suggests that the porosity

should be occluded more in the 3D modelling. In the case of 404̄1, a significant

difference in the cement volume produced is observed: 34% of the sample volume

in 3D and 24% in 2D, but the ratio is still significantly smaller than the factor745

of 3.9 obtained above for a spherical grain in the absence of obstacles.

The reason why the difference in the porosity occlusion between the 3D and

2D models is not as high as the factor 2.3 in the case of 011̄2 and the factor

3.9 in 404̄1, is primarily due to the effect of the impinging grains. This results

in that the full volume of the bounding polyhedron that would develop in the750

absence of impinging grains cannot realised at this stage of modelling.

An additional factor that curbs the ratio of the porosity occlusion in the

3D and the 2D models is the size of grains in the sample. The volume of the

cement produced is controlled by the size of the grain. The mean grain size

(equivalent diameter) is slightly smaller in the 3D study (260µm compared to755

285µm in the 2D study), which leads to a smaller cement volume per grain

produced. Moreover, the grains size distribution in the 2D model is wider and

the grains are on average larger than in the 3D medium, leading to a greater
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cement volume produced per grain in the 2D study.

Lastly, the difference in the complexity of grain shapes might influence the760

volume of cement produced by a grain. The grains in the 3D synthetic de-

posit are very regular and their 2D cross-sections show rounded convex shapes

(Appendix C). This is not the case in the 2D porous medium, which includes

non-convex grains, often with a convoluted perimeter (Figures ??. The irregu-

larity of the grain shapes leads to a greater occlusion of the porosity in the 2D765

model, particularly in the case of the syntaxial cement, as the cement needs to

fill in these concave irregularities.

4.2.2. Isopachous cement

In the synthetic samples with no or few monocrystalline grains, increasing

the width of the isopachous cement fringes (β) is very effective in decreasing770

porosity. This effect is even stronger in the 3D model results than in the 2D

results: a width of 50µm in the 3D study (5 voxels) occludes the porosity of the

synthetic samples by 31.2%, while the same width of 50µm in the 2D study (10

voxels) occludes the porosity by 21.2%.

The difference between the 2D and 3D model arises again from the dimen-775

sionality of the two models. In the 2D model, all grains develop equal thickness

of the isopachous cement fringes. In the 3D model, even though the true thick-

ness remains the same for all grains, the apparent thickness of the isopachous

cement fringes visible in the 2D sections of the 3D medium depends on the

distance of the centroid of the grain to the plane of section. The larger this780

distance is, the larger the apparent thickness of the isopachous cement fringes.

As the plane of section is unlikely to cut exactly through the center of the grain,

the vast majority of the isopachous cement fringes observed in any given section

have thicknesses appearing larger than the input to the cementation model (β).

Overall, this leads to seemingly differing thickness of the isopachous cement785

fringes in 2D sections of any 3D cemented synthetic sample.

The increased volume of the isopachous cement in the 3D study with respect

to the 2D study in the case of 011̄2, results in the mean isopachous cement vol-
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ume produced per a polycrystalline grain being bigger than the mean syntaxial

cement volume produced per a monocrystalline grain for β > 20µm. This is790

reflected in the decreasing curves in Figure 12.

4.3. Competition for pore space

The concave shape of the curves in Figure 12 suggests a competition between

the syntaxial and the isopachous cements for growth space. The change of slope

in the curves of the porosity as a function of the monocrystalline grains content795

is an effect of the competition between syntaxial cements for the available pore

space (see Sections 1.2). The more monocrystalline grains there are in a sample,

i.e. the larger α is, the smaller difference it makes for the final cement volume

if more monocrystalline grains are added. This is because a smaller volume of

the potential syntaxial cement can be actually grown, as there is less pore space800

available. The competition effect is found in other fields, such as the Langmuir

adsorption model, where the molecules are competing for the adsorption sites

[42].

The fact that the slopes in Figure 12 are becoming increasingly more linear

with the increasing width of the isopachous cement fringes (β), shows that the805

larger the width of the isopachous cement fringes (and the resulting average

amount of the isopachous cement produced per grain), the smaller difference

it makes if more monocrystalline grains are added. The thicker the isopachous

cement is allowed to grow, the more aggressive competitor for the pore space

it becomes for the syntaxial cement. As a result, the competition between the810

monocrystalline grains developing syntaxial cement has a smaller impact on the

overall volume of cement, i.e. the monocrystalline grains have smaller impact

in the synthetic samples with more isopachous cement.

4.4. Permeability

Here we examine the permeability results and discuss the effectiveness of815

the isopachous cement in closing the pore-throats, the variability in the results,

and a comparison of the poroperm results derived in our study with data for
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grainstones noted in the literature. Finally, the impact of the monocrystalline

grains on the permeability is discussed.

4.4.1. Effect of isopachous cement on limiting permeability820

The fact that there are no percolating cemented synthetic samples for the

isopachous cement fringes width of β = 3 pixels (15µm) and higher (e.g. Figure

9) in the 2D study, means that isopachous cement is very effective in closing

off the pore-throats. Just a 15µm-thick rim is enough to render a cemented

synthetic sample impenetrable, regardless of the content of the monocrystalline825

grains. For example, a synthetic sample with β = 3 pixels and no monocrys-

talline grains does not percolate. In contrast, in the 3D study almost all samples

are percolating, even those where the width of the isopachous cement fringes

reaches 50µm.

In the plots representing the dependence of the permeability on the porosity830

(Figure 13) and the monocrystalline grain content (Figure 14), the results for

the synthetic samples for different values of the width of the isopachous cement

fringes (β) are grouped together. In particular, the synthetic samples with β = 2

pixels in the 2D study form an isolated cluster in the low permeability zone.

This clustering suggests that the amount of the isopachous cement is a strong835

control on the permeability.

This is further illustrated in Figure 15, which shows the velocity of flow for

four samples: a back-stripped medium used as an input in Calcite2D and three

cemented synthetic samples with no or low monocrystalline grain content and

β = 0, 1 and 2 pixels. Model output b) illustrates that at a low monocrystalline840

grain content (α = 12.2%), syntaxial cement lowers the permeability by exclud-

ing from the flow regions of the pore space by cutting them off with interlocking

crystals (areas outlined with a green dashed line). The exclusion of these re-

gions from flow results in a 23% reduction in the permeability compared to the

back-stripped medium (a). This is not a dramatic change in the permeability.845

However, when a comparable amount of the isopachous cement is introduced

around all grains, as in the synthetic sample c), the change in the permeability is
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Figure 15: The log of magnitude of the flow velocity for the synthetic samples with none or
low monocrystalline cement content and varying width of the isopachous cement fringes: a)
the back-stripped sample (α = 0, β = 0, φ = 36.3%, κ = 7940mD), b) a synthetic sample
with no isopachous cement and a few monocrystalline grains (α = 12.2%, β = 0, φ = 33.5%,
κ = 6110mD), c) a synthetic sample with 5µm width of the isopachous cement fringes and no
monocrystalline grains (α = 0, β = 1, φ = 33.4%, κ = 2420mD), d) a synthetic sample with
10µm width of the isopachous cement fringes and no monocrystalline grains (α = 0, β = 2,
φ = 30.6%, κ = 130mD).
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much greater: it is reduced by 70% in comparison to the back-stripped sample a).

The isopachous cement fringes with a width of 1 pixel (representing 5µm) have

such a strong impact on the permeability because all pores are narrowed and850

thus the velocity of the flow through them decreases considerably. Increasing

the width of the isopachous cement fringes even further to 2 pixel (10µm) in the

synthetic sample d) results in a permeability reduction of 98% compared to the

back-stripped sample. The majority of the narrow pore throats in the synthetic

sample d) are closed off completely and the flow is possible only thanks to the855

high porosity pathway on the left side of the image.

Figure 16 illustrates flow velocity derived with a LB simulation in two model

outputs of Calcite3D. Both synthetic samples consist only of polycrystalline

grains. The synthetic deposit with no cement (Figure 16a) has a porosity of

37.8% and a permeability 59,800mD. The introduction of the isopachous ce-860

ment fringes of width 50µm (Figure 16b) decreases the porosity to 6.6% and

the permeability to 114mD. Although the isopachous cement fringes occlude

the vast majority of the pore space, the flow manages to continue due to the

connectivity of pores in all three dimensions, unlike in a 2D medium.

4.4.2. Variability in the synthetic data865

The permeability results in the 3D study span four orders of magnitude

(Figure 13c and d), but for the synthetic samples with similar porosity, the

variability in the permeability does not go beyond log(κ) = 0.54. The poroperm

can be fitted with an exponential curve with a high coefficient of determination

(R2), demonstrating a clear pattern with little variation in the synthetic data.870

This is in contrast to the 2D study, where the variability at any given porosity

spans up to two orders of magnitude, as illustrated in Figure 13a and b. The

fact that it is not the case in the 3D study is a result of the removal of the

2D bias in flow simulation. Flow simulated in 2D might lead to a bias in the

permeability and skewing of the results towards smaller values, as the 2D media875

lack the pore connectivity in the 3rd dimension. The clear trend in the poroperm

data exhibited in the 3D results confirms this speculation: the pore connectivity
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Figure 16: The magnitude of the flow velocity on a logarithmic scale displayed along the
streamlines for samples with no monocrystalline grains content and different width of the
isopachous cement fringes: a) a sample with no cement (α = 0, β = 0, φ = 37.9%, κ =
59800mD, S = 298mm2, T = 1.22), b) a sample with 50µm width of the isopachous cement
fringes (α = 0, β = 5, φ = 6.6%, κ = 100mD, S = 114mm2, T = 2.42).

is maintained in all three dimensions, and so the permeability results exhibit a

much narrower range.

Another trend observed in Figure 13a and b is that the variability in the 2D880

results decreases the more isopachous cement there is in the synthetic sample,

i.e. for higher β. This can be explained by the fact that there is less randomness

involved in the growth of the isopachous cement, as the only random step associ-

ated with the isopachous cement growth in the cementation model is determin-

ing whether a grain is to be treated as polycrystalline or monocrystalline. After885

a grain is labelled polycrystalline in Stage 1 of Calcite2D, isopachous cement

grows, pending adjustments due to the impinging grains, to a width determined

by the input parameter in Stage 2. In the case of the monocrystalline grains,

there is an additional random step of assigning the direction of the crystal axis

of the grain, which (together with the arrangement of the neighbouring grains)890

has a great impact on the volume of the syntaxial cement produced per grain

and its impact on flow (see Section 4.1.1).
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In other words, the amount of the monocrystalline grains in a sample controls

the variability in the permeability: the more monocrystalline grains there are,

the larger is the variability in the permeability, as there are more possibilities895

in the random choice of the placement of the monocrystalline grains in the

synthetic sample and in the directions of the crystal growth. Figure 14a and

b illustrates this phenomenon, as the three shaded regions for synthetic data

associated with the different widths of the isopachous cement fringes (β) increase

in width from left (low variability at low monocrystalline grain content) to right900

(higher variability at high monocrystalline grain content).

The randomness in the location of the monocrystalline grains and the direc-

tions of their crystal axes can lead to very different permeabilities in samples

of the same porosity,both in 2D (Figure 17) and 3D (Figure 18). All model

outputs used to simulate the flow shown in Figures 17 and 18 are generated905

with the crystal form 404̄1 and have no isopachous cement. Both 2D outputs

(Figure 17) have porosity of about 27.4%, and the 3D outputs (Figure 18) have

porosity very close to 12.3%. The 2D and 3D synthetic samples were selected

as two end-points of the synthetic data for β = 0 and φ = 27.4% in 2D and

φ = 12.3% in 3D in Figures 13b and 13d, respectively: one with the highest and910

one with the lowest permeability. The parameters that characterise these syn-

thetic samples (the width of the isopachous cement fringes, the monocrystalline

grain content, and the porosity) are very similar, but the resulting permeability

differs by an order of magnitude in the 2D case (22 times) and by a factor of

3.5 in the 3D case.915

This stark contrast in the permeability is directly due to the randomness of

the placement of the monocrystalline grains and the directions of the crystal

axes. In the high permeability 2D synthetic sample in Figure 17a, there is a

high-velocity flow channel in the portion of the sample with higher porosity (left

side), which remains open despite cementation and allows a fast flow of fluid920

though it. Monocrystalline grains are present in that high-velocity channel, but

their crystal axes are oriented in such a way that the syntaxial cements do not

interlock with other grains, and so do not obstruct the flow. The situation is
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Figure 17: The impact of the randomness in the location of the monocrystalline grains in the
synthetic sample and the orientations of their crystal axes on log of the flow velocity. From
the group of the synthetic samples with no isopachous cement generated with the crystal form
404̄1 and porosity of around 27.4%, two synthetic samples with the greatest difference in the
permeability are shown: a) α = 31.2%, β = 0, φ = 27.5%, κ = 2450mD, b) α = 30.8, β = 0,
φ = 27.4%, κ = 110mD.
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Figure 18: The impact of the randomness in the location of monocrystalline grains in the sam-
ple and the orientations of their crystal axes on the flow velocity (displayed along streamlines).
From the group of samples with no isopachous cement generated with the crystal form 404̄1
and with porosity of around 12.3%, two samples with the largest difference in the permeability
were selected: a) α = 54.4%, β = 0, φ = 12.5%, κ = 2030mD, b) α = 54.9, β = 0, φ = 12.3%,
κ = 580mD.
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very different in the low permeability 2D synthetic sample in Figure 17b, where

syntaxial cements block off the flow at the top and at the bottom of that high-925

porosity channel (green lines), and so shut down the main highway for flow

in the sample. The flow is therefore forced to continue in a convoluted way,

which makes the flow path much more tortuous and significantly lowers the

permeability. On the other hand, in the high permeability 3D synthetic sample

(Figure 18a) there are multiple high-velocity flow pathways present because the930

large grain visible in the middle of the cross-section is polycrystalline and so

has not developed any cement. In the low permeability 3D synthetic sample

(Figure 18b), this central grain has developed syntaxial cement, and as a result

it blocked pathways through the middle of the porous medium. This in turn

resulted in the majority of the flow concentrating in the top portion of the935

synthetic sample.

Another factor that contributes towards the wide range of permeabilities for

the synthetic samples at similar porosities is the dimensionality of the method-

ology. As discussed in Section 4.6, the synthetic samples that are percolat-

ing in 3D can have non-percolating 2D cross-sections. It is possible that the940

non-percolating 2D cemented synthetic samples in this study would be found

percolating, if 3D pore connectivity was allowed. Similarly, some of the low

permeability synthetic samples (e.g. the samples for β = 2) could have much

greater permeability in 3D. The wide range of permeability might therefore be

an artefact of the 2D methodology.945

4.4.3. Data from the published studies and the plug data

There is no experimental dataset containing the porosity and the perme-

ability data for natural samples with varying content of the monocrystalline

grains in grainstones, which would be most useful in validating the results of

this study. What does exist, however, are a few datasets of the porosity and the950

permeability for grainstones. Figure 19 compiles the synthetic poroperm data

for cemented samples generated in this study in the context of the published

data for natural grainstones, as well as the plug data for several natural samples
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of the same rock type as is used as an input porous medium in this study (see

Section 2.1.1).955
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Figure 19: The synthetic poroperm data for the 2D (black) and 3D (grey) model outputs
generated with the crystal form 011̄2 and data obtained from literature: the divisions from
the rock type classification by Lucia [43] (grey lines), the macroporosity data from Løn øy
[25] (blue) both for the interparticle (circles) and the intercrystalline porosity (diamonds), the
data for grainstones from Melzer and Budd [44] (green circles) and the plug data derived for
the same rock type as is used as the input in the study (yellow circles).

None of the synthetic samples with a porosity less than 20% generated in

the 2D study are percolating and so the flow through them cannot be simulated.

As a result, all of the permeability results from the 2D study are constrained

to a relatively narrow porosity range of the poroperm plot, unlike any of the

published poroperm data for grainstones. Moreover, the wide range of the960

permeability results for the available porosities might be an artefact resulting

from the 2D methodology (see Section 4.6), as mentioned in the previous section.

This should be taken into account when comparing poroperm results from this

study with experimental data.

Recall that the cementation model is based on an initial porous medium965

which is derived through the segmentation of a thin-section image followed by
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two post-processing steps: firstly the separation of grains and then the removal

of the fine grains. The post-processing steps have a negligible effect on the

porosity of the sample, but the effect on the permeability can reach up to 12%

(see Section 2.1.1). As a result, the permeability of the cemented samples gen-970

erated in this study might be higher than if they were generated using the

pre-processed image. The separation of grains affects the permeabilities of the

samples with no isopachous cement the most, and so the permeability of these

samples might be overestimated the most. The effect of the separation of grains

is canceled by the growth of the isopachous cement, so the permeability of the975

samples with isopachous cement fringes is probably not significantly different

than it would be if the pre-processed medium was used. Overall, if the pre-

processed medium was used, the samples with β = 0 would have a permeability

lower by up to 12%, while the permeability of the samples with β = 2 would

not change by much. This would shift the high-permeability samples down in980

the poroperm plot so that the range of permeabilities exhibited by all cemented

synthetic samples would be smaller.

The classification by Lucia [43] places the synthetic samples generated in the

study in the packstone sector of the poroperm (Figure 19), as the permeability is

too low to place it in the grainstone sector. Note, however, that the permeabil-985

ity results obtained in this study might be artificially low due to the modelling

of flow in the 2D, which might be causing the shift of the results down on the

poroperm plot, towards the packstone sector. Also, the permeability of the syn-

taxial samples with no isopachous cement (β = 0) might be overestimated due

to the use of the post-processed image of the porous medium. The interpar-990

ticle and the intercrystalline macroporosity data by Løn øy [25] have a decent

overlap with the synthetic data from this study, albeit the results in this study

show more variability in the permeability. Some of the natural samples of the

cement-dominated grainstones analysed by Melzer and Budd [44] fall within the

poroperm range as the synthetic samples generated in this study, particularly in995

the higher permeability portion. The same happens in the case of the plug data

associated with the rock used in this study. In summary it can be concluded
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that Calcite2D produces synthetic samples with porosities and permeabilities

that are more or less realistic for carbonates.

The permeability of the synthetic deposit, generated in the 3D study with1000

the use of the deposition model, is 59,800mD at porosity 37.9%. This is just

above the maximum (56,600mD) reported for Holocene grainstone sediment

permeabilities as reported by Enos and Sawatsky [45]. However, the highest

permeability grainstone samples in their study have porosities higher than the

one used in this study (45.2-48.2%). For samples in the porosity range 40.1-1005

42.0%, which is closer to the porosity of the synthetic deposit in this study,

permeabilities in the range 24,900-31,900mD are reported. This is significantly

lower than the permeability of the synthetic deposit produced by the deposi-

tional model used in this study.

This high permeability could be attributed to the approach taken to model1010

the shapes of grains and the fact that these are rounded and convex. The

ellipsoidal grains in the deposition model developed in this study have only few

points of contact with the neighbouring grains, so that the narrowest portions of

pore throats are effectively very short (Appendix C). The model thus results in

the creation of relatively large interstitial spaces, which allow for unobstructed1015

fluid flow. The effect of pore spaces being too large, and grains touching only at

few points of contact, is also due to the 3D modelling methodology not taking

the mechanical compaction into account. In natural porous media, grains fit

much closer together and narrow pore throats are common (Figure 3a), leading

to constriction of fluid flow and, as such, lower permeabilities.1020

Another reason for the increased permeability of the synthetic deposit in

the 3D model may be the choice that is made in the treatment of the porous

medium to remove the fine grains (Section 2.1.1). The absence of fine grains is

propagated from the 2D to the deposition model in the 3D (Appendix C). As

the statistics of grain shape and size are an input to the grain generation model,1025

the removal of fine grains results in very fine grains being absent from the 3D

deposition model. In addition, the pores and pore throats in the synthetic 3D

deposit are unnaturally wide due to the perfect convexity and regularity of the
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grain shapes (as discussed above). This allows fine grains that are generated in

the deposition model to fall freely through the wide pores to the bottom of the1030

deposit, which is then cropped to avoid artefacts (Appendix D). The result is

that the finest grains are altogether removed from the synthetic sample. Figure

7 illustrates that a good number of fine grains are present in the 2D medium (on

the left border of the image in Fig 7a) and the number of such small grains is

significantly reduced in the 3D medium (Fig 7b). The absence of fine grains in1035

the synthetic 3D deposit impacts its permeability by rendering the wide pores

and pore throats even less obstructed for fluid flow. Their absence also reduces

the potential seeding sites for cement, resulting in higher permeability of the

cemented model outputs.

As the permeability of the synthetic deposit is so high, the permeabilities of1040

the cemented synthetic samples are higher than values reported for the natural

carbonates and also higher than the samples of the same rock type as is used in

this study to generate the synthetic deposit (Figure 19). Eight reservoir samples

of the same rock type as the sample used in modelling (Figure 19) have a mean

porosity of 24.9% and a mean permeability of 1450mD, while this study predicts1045

a permeability of 13,000mD at this porosity.

Another reason for the mismatch between the permeability of the cemented

model outputs and the plug data is the difference in scale of the samples. The

synthetic samples in the 3D modelling are 3mm3, while the other data presented

in Figure 19 are plug data derived for cm-scale samples (typically with a diam-1050

eter of around 4cm). There is an order of magnitude difference in these scales

and, naturally, the larger scale samples have a potential of being more heteroge-

nous. The synthetic samples generated here model a single highly permeable

rock type. It is not inconceivable that some mm-scale sub-samples of the plugs

presented in Figure 19 are equally highly permeable and the fact that their per-1055

meability is much lower compared to model outputs is caused by the presence

of less permeable layers in the plug. The plug samples therefore capture more

of the heterogeneity of the rock, including the less permeable layers, and this is

one of the reasons why the cementation model over-predicts the permeability of
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the plug data.1060

Upon the investigation of the trend in the poroperm results of the synthetic

samples produced in this study, it can be concluded that their behaviour is very

similar to that of natural carbonate grainstones. The slope of the exponential

fit to the interparticle and intercrystalline macroporosity data by Lønøy [25]

(blue line in Figure 19) is strikingly similar to the fit to the synthetic samples in1065

the 3D study (dashed grey line). The slope differs somewhat from the fit to the

poroperm data for the cement-dominated grainstones analysed by Melzer and

Budd [44] (green line) but the classification by Lucia [43] (grey lines) places the

synthetic samples from this study in the grainstone sector of the poroperm.

It can be concluded that Calcite3D produces samples with permeabilities1070

higher than in the typical natural media, which can be attributed mainly to

the deficiencies of the deposition modelling methodology, which produced a

synthetic deposit with unnaturally wide pores. However, the response of the

synthetic deposit to cementation, which produces a similar poroperm trend as

observed in the natural media, suggests that the cementation methodology is1075

successful in modelling realistic changes in the cement volumes and in the pore

space morphology.

4.4.4. Dependence on the sediment type

One goal of this study is to investigate the impact of early calcite cement

growth on the evolution of permeability. This was achieved by changing the con-1080

tent of the monocrystalline grains. The 2D study suggests a strong dependence,

as illustrated by the steep slope of the contours in Figure 14a and b. However,

the steepness of slopes is a result of a significant variability in the permeability

for the synthetic samples of equal porosity, which in turn is an effect of the flow

modelling in 2D.1085

In the 3D study, in the case of the crystal form 011̄2, the dependence of the

permeability on the monocrystalline grain content is subtle but clear (Figure

14c). In the case of 404̄1 the contours are close to horizontal (Figure 14d),

thus the dependence of the permeability on the monocrystalline grains content
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remains inconclusive.1090

Overall, the results of this study suggest that the composition of a carbonate

deposit, i.e. the amount of the monocrystalline and polycrystalline grains in the

sample, is a weak control on the final permeability of the sample under the early

calcite cementation regimes investigated. Indeed, we show rather that the nature

of the dependence of the permeability on the content of monocrystalline grains1095

in a sample is controlled by the crystal form developed by syntaxial cement.

4.5. Model limitations

Implementation of cementation continues in pores even after they are cut off

from the percolating pore space by growing cement. This limitation is somewhat

mitigated by the fact that in realistic scenarios complete separation of pores1100

rarely happens as there is usually a micro-scale connection to the percolating

pore space. As the resolution of the models presented in this study is quite

coarse (5µm in the 2D study) micropores or pore throats are sub-resolution.

Moreover, in the case of the 2D model, the pores that are rendered disconnected

in 2D would almost always would have connectivity with percolating pore space1105

through the 3rd dimension.

4.6. Deficiencies of the 2D methodology

One of the caveats of the modelling methodology is that it requires two steps

of manual intervention to the binarised porous medium: 1) introduction of thin

pore throats to separate touching grains and 2) removal of very fine grains. Both1110

these interventions, however, result in a negligible increase of the porosity of the

medium, as it is increased by a mere 0.17% from 36.14% to 36.31%. The effect

of these interventions on permeability is larger, as it is increased by 860mD

from 7080mD to 7940mD (12.1% change), but it is still relatively minor.

In an effort to introduce a full flexibility in the directionality of the c-axes of1115

monocrystalline grains in 3D, Stage 1 of Calcite3D involves a creation of a sur-

rogate 3D grain, as noted in Appendix D. For that purpose a distance between

the 2D centroid and the 3D centroid is modelled with a normal distribution
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that takes into account the size of the grain. This choice is somewhat arbitrary

and it can be argued that other distributions would perform better in creating1120

a realistic porous medium (e.g. a uniform distribution).

In a 3D deposit, growing cement expands in all three dimensions. As a

result, a 2D cross-section of a naturally cemented 3D sample will often exhibit

cements grown by grains that lie outside of the plane of that section, i.e. the

cement is present in the section but the grain is not. In the 2D cement model1125

presented in this study, cement is only grown on the grains present in the initial

porous medium. The possibility of other grains growing cement into the plane

of the medium is not taken into account. This is another limitation inherent to

the 2D model set-up.

Lastly, the most notorious limitation of the 2D rock modelling in terms of its1130

usability in permeability prediction is the fact that the pore connectivity in the

3rd dimension is lost. This leads to unrealistically low permeability predictions.

For instance, the experimental permeability associated with the rock used in this

study is κ = 4700mD, while the segmented and binarised 2D image of the same

porous medium is not percolating (see Section 2.1.1). This stark difference in1135

permeability highlights the limitation of modelling permeability in the 2D. The

fact that there is no pore connectivity in a 2D cross-section of a 3D medium does

not mean that there would be no connectivity in the equivalent 3D medium.

Another contribution to the difference in permeability between experimen-

tal data and the thin-section image comes from the heterogeneity of the rock.1140

The fact that a sample of a given rock has a high permeability does not mean

that another sample of the same rock must have the same, or even similar,

permeability.

4.7. Comparison of 2D with 3D methodology

The deficiencies inherent to the dimensionality of the 2D methodology, as1145

discussed in Section 4.6, are eliminated in the 3D methodology. Modelling of

the distance between the surrogate 3D grain and the 2D grain is not an issue

as in the 3D methodology the actual 3D grains are used to find the bounding
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polyhedron. The cement grows in all three dimensions, and so certain sections

of a cemented 3D porous medium exhibit cement associated with a grain that1150

is not present in that section (Figure 8b). Modelling in 3D means that the

connectivity of pores is maintained in all three dimensions, so there is no bias

in the permeability modelling resulting from the lack of connectivity in the 3rd

dimension.

One aspect where the comparison of the two methodologies reflects unfavor-1155

ably on the 3D model is the resolution and the sample size that can be achieved.

Voxel size in the 3D study is twice as big as the pixel size in the 2D study (10µm

vs 5µm). Sample size in the 3D study is 0.3 the sample in the 2D study (3mm

vs 10mm, respectively). The number of grains modelled, however, is almost

150% the number of grains considered in the 2D study (604 and 893 grains,1160

respectively). So, even though the sample is smaller, a larger representation of

grains is considered in the 3D model.

4.8. Deficiencies of the grain deposition model in 3D

One step in the 3D methodology identified as a potential source of inaccura-

cies in the modelling is the methodology to create a 3D synthetic deposit based1165

on statistics describing the size and shape distribution of grains observed in a 2D

thin-section image (Section 2.2.1). While this method is successful in generating

deposit with very similar porosity and grain size distribution to those observed

in the 2D thin-section, the distribution of the grain shapes differs considerably.

The current 3D method produces grains that are on average considerably more1170

rounded than those observed in the 2D thin-section image (see Appendix C).

The mismatch in grain shapes might arise from the way in which 2D statistics

are used to define the shape of the 3D grain. The 3D grains are created in the

form of ellipsoids with one major axis and the other two axes equal, so that

the ratio of the length of the minor and the major axes is equal to the shape1175

parameter (the eccentricity). All of the cross-sections in the direction parallel to

the longest axis of such an ellipsoidal grain are circular. Since it is the longest

axis of the grain, the number of cross-sections in a voxelised medium is also the
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largest in that direction. As a result, grain cross-sections that can be visible in

a section of a 3D porous medium are more likely to be close to circular.1180

To address this issue several steps may be undertaken:

1. The shape and the size parameters derived from the 2D thin-section may

be used in some other way, e.g. by applying the shape parameter as a ratio

of the length of the major and a minor axis of the ellipsoid and modelling

the length of the third axis in some other way.1185

2. The library of shapes available can be extended to introduce more convex

shapes, e.g. cylinders or cones, and perhaps even non-convex shapes.

3. Other variables describing the grains visible in the 2D thin-section can be

explored, e.g. the equivalent diameter that is used as present as the size

parameter could be substituted with the length of the major axis of the1190

grain.

5. Conclusions

The work presented here examines early calcite cementation on the evolu-

tion of porosity and permeability. For that purpose a 2D and a 3D model is

developed which implements syntaxial cement growth on the monocrystalline1195

grains and isopachous cement growth on the polycrystalline grains. This model

is used to generate cemented samples based on a real rock deposit following

the methodology detailed in Section 2. Model outputs are generated for two

common crystal forms of calcite. The generated synthetic samples are analysed

with respect to several quantities of interest: the monocrystalline grain content,1200

porosity and permeability.

The results demonstrate the effect of the competition of growing grains for

the available pore space: the more monocrystalline grains there are in the sam-

ple, the stronger the competition is and the smaller the impact of each individual

grain on the resulting early calcite cement volume or porosity.1205

Concerning the model outputs produced using different crystal forms of cal-

cite, the differences in the volume of the syntaxial cement and the porosity,
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arising from the difference in the shapes and volumes of the two crystal forms,

are more pronounced in the 3D model results than in the 2D results. In the

3D model, the cements are 3-dimensional and their growth is not restricted to1210

sections of the 3D medium where the grain seeding the cement is present.

The synthetic samples with syntaxial cements grown according to the more

elongated crystal form 404̄1 have porosity lower compared to the samples grown

according to the more blocky crystal form 011̄2 at the same monocrystalline

grains content. Moreover, in the 2D the permeability at constant porosity is1215

smaller for the synthetic samples with the form 404̄1 but in 3D the permeability

at constant porosity is also higher for the synthetic samples with the crystal

form 404̄1. Additionally, samples with the crystal form 404̄1 exhibit greater

variability in the results because this rhombohedral form is more elongated and

has a greater potential for producing larger volume of cement.1220

The variability in the results stems from randomness in the location of the

monocrystalline grains and the directions of their crystal axes. Contrary to

polycrystalline grains, the methodology for monocrystalline grains dictates an

additional random step of assigning the direction of the crystal axis of the grain,

which (together with the arrangement of the neighbouring grains) has a great1225

impact on the volume of the syntaxial cement produced per grain and its impact

on flow. As a result, it can lead to very different permeabilities in samples of

the same porosity in both the 2D and 3D results.

The dependence of the permeability on the monocrystalline grains content

under the early calcite cementation regimes investigated in this study is found1230

weaker in 3D than in 2D. This may be attributed to the deficiencies of the 2D

modelling methodology. The permeability results for some synthetic samples

(particularly the low permeability ones) in the 2D study may be artificially low

due to the modelling of the flow in the 2D. Additionally, the permeability of the

synthetic samples with no isopachous cement or very thin isopachous cement1235

fringes (which are typically high permeability) may be overestimated due to

the fact that a post-processed porous medium with artificially separated grains

is used. Both of these deficiencies lead to a higher range of permeabilities at
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any given porosity in the 2D modelling, and can lead to the dependence of the

permeability on the sediment type being exaggerated.1240

The 3D poroperm can be fitted with an exponential curve with a high coeffi-

cient of determination (R2), demonstrating a clear pattern with little variation

in the synthetic data. This is because the pore connectivity is maintained in all

three dimensions, and so the permeability results exhibit a narrow range. This

is in contrast to the 2D study, where the variability at any given porosity spans1245

up to two orders of magnitude. Moreover, the synthetic samples with β = 2

pixels in the 2D study form an isolated cluster in the low permeability zone.

This clustering suggests that the amount of the isopachous cement is a strong

control on the permeability.

The poroperm results of the 2D modelling (10 − 8000mD) are in a reason-1250

able agreement with the data reported for grainstones in the literature (0.1 −

5000mD) as well as for the plug data of the samples used in the modelling

(porosity 22− 27%, permeability 200− 3000mD), however the permeability re-

sults at any given porosity have a wide range due to the bias inherent to the

2D flow modelling and to the fact that a post-processed medium with separated1255

grains was used in as a basis for the cement growth. The poroperm results in

the 3D modelling (10 − 30, 000mD) exhibit permeabilities above the range of

these reported in the literature (0.1− 5000mD) or the plug data of the samples

used in modelling (porosity 22 − 27%, permeability 200 − 3000mD), but the

reason for that is the initial synthetic deposit, which has a very high permeabil-1260

ity (58, 900mD). However, the trend in the poroperm results closely resembles

those reported in natural carbonate rocks.

The advantage of working in the 2D is the higher resolution that can be af-

forded and the significantly lower computational cost. Simulating permeability

in 2D, however, has limitations (see Section 4.6) and as a result of these limita-1265

tions, the permeability results for some synthetic samples might be incorrect.

Regarding the 3D model, we conclude that although the cementation method-

ology is successful in modelling realistic changes in the cement volumes and in

the pore space morphology, as the response of the synthetic deposit to cemen-
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tation produces a similar poroperm trend as observed in the natural media,1270

the depositional methodology is less successful in generating a synthetic deposit

with realistic permeabilities. This will be addressed in further work, which will

involve expanding the shape library used by the model to introduce less regular

grain shapes. A methodology will be developed to optimise the parameters of

the depositional model so that the 2D sections of the 3D medium more closely1275

resemble the characteristics of the 2D thin section images of the natural porous

media.
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Appendix A. Details of the Treatment of the 2D Porous Medium

Appendix A.1. Automatic segmentation

Since Calcite2D requires a binary image of carbonate sediment, the prepa-1285

ration of a thin-section must include segmentation that differentiates between

grain, cement and pore as well as binarisation. Automatic methods for image

segmentation did not work well for these purposes and significant amount of

manual processing was necessary. This is because automatic methods do not

differentiate well between grain and cement, which have very similar colour in1290

the original image (Figure 3a). Cement tends to be slightly lighter than the rim

of the grain, however the same colour can be found in the grain interior or in

other grains located elsewhere in the image. It is therefore impossible to specify

a colour filter to target exclusively cement without also targeting a significant

amount of grain pixels.1295

The first-pass automatic segmentation that is undertaken here results in

the segmentation of the original image (Figure 3a) into two classes that are

essentially ’pores’ and ’solids’. This segmentation is performed in Matlab on

the original image, which has three colour channels: red, green and blue (RGB)

and is based on filtering these three colour channels. The ’pore’ class is observed1300

to be either blue (high values of the blue channel) or white (high values of all

channels), while the ’solids’ class has much lower values of the blue channel and

significantly higher values of the green and red channels.

Appendix A.2. Manual segmentation

After the initial automatic segmentation differentiating between the pores1305

and solids in the original RGB image is performed, a significant amount of

manual adjustment in a graphics package is undertaken to strip the cement off

the grains. The resolution of the original colour image (Figure 3a) is 3779 pixels

per 1cm (2.65µm) and manual segmentation is performed at that resolution.

The resulting sediment image has 775 grains and both convex and concave1310

grains are present.
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Appendix A.3. Image resizing

Before the back-stripped binary image undergoes the two post-processing

steps the image is resized to a more computationally manageable size of 2000

pixels per 1cm. This is a good compromise between the resolution (5µm is1315

sufficient for the type of modelling in this thesis) and sample size that can be

afforded computationally. Resizing results in a negligible change in porosity:

the porosity of the 37792 pixel image is 36.15% and the porosity of the 20002

pixel image is 36.14%.

Appendix A.4. Grain separation1320

As the cementation methodology requires that all grains in the initial porous

medium are disconnected, a manual intervention is required in a post-processing

of the back-stripped binary image. In the few instances that two grains are

touching, a thin pore-throat is manually added to separate them. Such com-

plete separation of grains is artificial as it does not occur in natural media,1325

especially for those that underwent compaction. Shortly after deposition the

grains in grainstone have just a few points of contact in 3D, which in a 2D

section manifests as nearly all grains appearing to be disconnected and not

touching. However, in the process of compaction the areas of contact between

the grains increase, as the grains are pushed against each other. That is why1330

some of the grains are observed to be touching in the thin-section image. How-

ever, due to the fact that the number of grain separations required is small, this

artificial manual intervention has a negligible impact on porosity: an increase by

0.13% from 36.14% to 36.27%. The impact of grain separation on permeability

is larger, but not dramatic: an increase by 640mD from 7080mD to 7720mD1335

(9.0% change, see Table A.2).

This post-processing step impacts the porosity and permeability results of

the cemented model outputs. It may artificially increase the porosity of the

model outputs by up to 0.13% and the permeability by up to 9%. However, this

is an issue mostly for the cemented model outputs with very little cement, as1340

cement growth is very effective in closing the pore throats and making up for
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the material that was removed in this post-processing step. This is especially

true for the isopachous cement, which renders the all samples non-percolating

after only three iterations, which is equivalent to cement fringe 3 pixels or 15µm

thick.1345

Table A.2: Changes to the properties of the porous medium due to post-processing procedures.

Processing stage of the binary

image

Porosity [%] Permeability (LB) [mD]

back-stripped image 36.14 7080

step 1: grains separated 36.27 7720

step 2: fine grains removed 36.31 7940

Appendix A.5. Fine grains removal

As a further post-processing step, the connected solid pixels with an area

smaller than 26 pixels (650µm2) are removed from the image (the solid pixels

are replaced with pore pixels). These fine ’grains’ are mostly artefacts of the

automatic segmentation and partly of the manual segmentation procedures and1350

as such are not ’real’ grains and a choice is made not to include them in the

set of grains of the sample. There are 171 such ’grains’ and their removal

causes a reduction of the number of grains by 22% from 775 to 604 grains.

These very fine ’grains’ have a negligible effect on the porosity of the medium

as after their removal it is increased merely by 0.04% from 36.27% to 36.31%.1355

Permeability is increased by 220mD from 7720mD to 7940mD (2.8% change,

see Table A.2). The fine ’grain’ removal makes the subsequent steps in the

methodology (Calcite2D stages 1 and 2) less computationally expensive, as the

run time of simulations scales with the number of grains. Moreover, the volume

of syntaxial cement that would develop on such fine grains would be close to1360

none, rendering the inclusion of these fine ’grains’ in cement modelling moot.

Overall, this post-processing step impacts the porosity and permeability re-

sults of the cemented model outputs only slightly: the effect on porosity is

negligible and the permeability may be artificially increased by up to 2.8%.
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Moreover, the fact that these fine ’grains’ are mostly artefacts of the segmenta-1365

tion procedures justifies their removal from the image.

Appendix B. Details of the Implementation of Calcite2D

Appendix B.1. Stage 1: grain labelling and crystal axes definition

Appendix B.1.1. Grain properties

After the input porous medium is read, the grains are detected and a struc-1370

ture is created with the properties of each grain: the area in pixels, the position

of the centroid, the convex hull area, the list of pixels belonging to the grain,

and grain perimeter length. Another property calculated is the list of pixels on

the outline of the grain (solid pixels 4-connected to at least one pore pixel).

Appendix B.1.2. Grain labelling1375

After the allocation of grain properties, grains are labelled as either monocrys-

talline or polycrystalline based on a random number generator that uses model

input parameter α0; the post-labelling ratio or monocrystalline to all grains αn

will differ slightly from that input. The grain type property is added to the

grain structure when the labelling is completed and grain properties are used to1380

calculate the ratio of the ’volume’ (actually area) of monocrystalline grains in

pixels to all grains αv as well as the ratio of ’surface area’ (actually perimeter

length) of monocrystalline grains to all grains αa.

Appendix B.1.3. Bounds of epitaxial cement

Once the monocrystalline grains are labelled, the bounding polygon that1385

will be filled with cement must be determined. In the case of epitaxial growth,

the cement is seeded on non-euhedral faces of the grain in optical continuity

to the grain until all faces become euhedral. Due to the fact that calcite be-

longs to a hexagonal crystal system and the inherent crystal form of calcite is

rhombohedral, the shape produced in this rapid growth on non-euhedral faces1390

is a parallelepiped. A parallelepiped, just like a rhombohedron, consists of three
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pairs of parallel faces. While all faces of a rhombohedron are rhombs, the faces

of a parallelepiped are parallelograms.

The reason for this implementation stems from calcite kinetics. Once a eu-

hedral facet with the same orientation as the calcite rhombohedron is reached1395

during the process of precipitation, epitaxial growth ceases [20]. As a result,

only the region within a parallelepiped with three pairs of parallel faces, each of

which is tangent to the grain, is created via the very rapid epitaxial growth. Af-

ter the full shape of the epitaxial overgrowth is reached, mantle growth initiates

at a much lower growth rate [20, 9]. Figure B.20 demonstrates the resulting dif-1400

ference in volume between the full rhombohedral form (or rhomb in 2D) and the

form that grows epitaxially in the shape of a parallelepiped (or a parallelogram

in 2D).

b) a)

monocrystalline
grain c-axis 

Figure B.20: The difference in the volume between the full crystal form (a) and the form of
the syntaxial cement that is developed around a grain in the epitaxial phase, as a result of a
rapid growth on the non-euhedral faces (b).

Since the this is a 2D model, the bounding crystals are not in the form of

3D parallelepipeds, but in the form of 2D polygons that can take any possible1405

shape of a section of a parallelepiped: a triangle, a tetragon, a pentagon or a

hexagon. The approach to finding the shape of this bounding polygon is through

a brief venture into the 3rd dimension. For that purpose, a surrogate 3D grain

is defined based on the 2D section of the grain as seen in the porous medium

image. The smallest parallelepiped that can be circumscribed on this surrogate1410

grain is found and the intersection of that parallelepiped with the plane of the

image is determined.
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Appendix B.1.4. Plane orientations of the chosen rhombohedral form

Two common rhombohedral forms of calcite are selected for modelling: 011̄2

and 404̄1 (see Section 1.2.2). The details of the implementation are presented on1415

the example of the rhombohedral crystal form with Miller-Bravais index 011̄2.

In the hexagonal system a plane has four Miller-Bravais indices (hkil) which

come from intersection of the plane with axes x, y, u and z. Axis u is coplanar

with axes x and y and at 60◦ to both of them [21]. The plane with index 011̄2

is parallel to the x-axis (h = 0), crosses y-axis at y = b (k = 1) and z-axis at1420

z = 1
2 · c (l = 2) (Figure B.21). The following formula can be used to find the

vector normal to this plane [21]:

n = h ~a∗+ k ~b∗+ l ~c∗ (B.1)

where h, k and l are Miller-Bravais indices of the plane and

~a∗ =
~b× ~c

~a · [~b× ~c]
, ~b∗ =

~c× ~a
~b · [~c× ~a]

, ~c∗ =
~a×~b

~c · [~a×~b]
(B.2)

where ~a, ~b and ~c are the vectors defining the unit cell.

x

y

z

b

c

a

α
β

γ

Figure B.21: The unit cell of calcite with the 011̄2 plane (shaded), a = b = 4.991, c = 17.062,
α = β = 90◦, γ = 120◦.
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The vector normal to the plane with index 011̄2 is found using ~a = ~b =1425

(4.991, 0, 0) and ~c = (0, 0, 17.062). The result is ~n1 = (0, 0.2314, 0.1172). Due

to the 3-fold rotational symmetry of the hexagonal system about the z-axis the

orientations of the remaining planes of the rhombohedral form can be deter-

mined by rotating the known plane by 120◦ and 240◦ degrees about the z-axis.

For that purpose, the Rodrigues’ rotation formula can be used:1430

~vrot = ~vcosθ + (~k × ~v)sinθ + ~k(~k · ~v)(1− cosθ) (B.3)

where ~v is the vector to be rotated, ~k is the unit vector in the direction or

the axis of rotation (in this case ~k = (0, 0, 1)) and θ is the angle of rotation.

Rotating ~n1 by 120◦ around the z-axis yields ~n2 = (−0.2004,−0.1157, 0.1172)

and rotating by 240◦ yields ~n3 = (0.2004,−0.1157, 0.1172). A rhombohedron

consists of three pairs of parallel faces, so these three vectors ( ~n1, ~n2 and ~n3)1435

are sufficient to describe the orientations of all the faces of the rhombohedron.

The three vectors ~n1 = (0, 0.2314, 0.1172), ~n2 = (−0.2004,−0.1157, 0.1172)

and ~n3 = (0.2004,−0.1157, 0.1172) describe the angular relationships in the

011̄2 rhombohedral form in the case where the crystal axis is parallel to the

z-axis. In order to randomise the orientations of the crystals in the sample,1440

all three vectors must be rotated by random angles about the x, y and z axes:

θx, θy and θz. This can be achieved with the use of he rotation matrices:

Rx =


1 0 0

0 cosθx −sinθx

0 sinθx cosθx

 ,Ry =


cosθy 0 sinθy

0 1 0

−sinθy 0 cosθy

 ,Rz =


cosθz −sinθz 0

sinθz cosθz 0

0 0 1


(B.4)

according to the formula:

~nrot = RxRyRz~n (B.5)

where ~n is the vector to be rotated and ~nrot is the rotated vector.
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Appendix B.1.5. Surrogate 3D grain1445

The remaining steps leading to the determination of the 2D bounding poly-

gon are presented in Figure B.22.

a) b) c)

d) e)

monocrystalline 
grain 

2D plane 
of section 

c-axis

projection 
of c-axis 
onto the plane 
of section

3D centroid 
mirrored grain 
pixels 

intersection of the parallelepiped 
with the plane of the section 

overscribed 
parallelepiped

d 

Figure B.22: The procedure leading to the determination of the bounding polygon for syntaxial
cement growth: a) the c-axis direction is defined; b) the 3D centroid is determined; c) the
grain pixels are mirrored about the 3D centroid to yield the surrogate 3D grain; d) three
pairs of tangential planes are found; they constitute the bounding parallelepiped in 3D; e) the
intersection of the parallelepiped with the plane of the porous medium is found.

After the direction of the c-axis is determined with the use of the rotation

matrices (Figure B.22a), a 3D representation of the 2D grain is needed to find

the three pairs of parallel planes of the bounding polyhedron. For that purpose1450

a distance d is defined between the known centroid of the 2D grain and the

unknown centroid of the surrogate 3D grain (Figure B.22b). This distance is

selected from a normal distribution N(0,
√
A

10 ), where A is the area of the grain

in pixels. In other words, the distance is sampled from a normal distribution

with standard deviation of σ = 0.3r, where r is a length equivalent to a radius of1455

a circle with the same area as the grain. The choice of distribution is arbitrary,

but it is made on an assumption that it is likely that the 3D centroid is in

close proximity to the 2D centroid visible in the section (normal distribution).

Moreover, this choice ensures that the distance between the 3D and 2D centroids

are at most equal to the equivalent radius r (σ = 0.3r), which is a natural1460

assumption.
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Following the determination of the distance d for a given grain, the vector ~cc

pointing from the 2D centroid to the 3D centroid is calculated by rotating the

vector (0, 0, d) using the rotation matrices (Rx,Ry and Rz). The grain pixels

are then mirrored by the means of translation by the vector 2~cc. Figure B.22c1465

shows the surrogate 3D grain which consists of the pixels of the original 2D

grain and the mirrored pixels.

Appendix B.1.6. Tangent parallelepiped

The next step involves the determination of the bounding parallelepiped,

which consists of three pairs of parallel faces tangential to the surrogate 3D1470

grain (Figure B.22d). The first pair of parallel planes is found using the vector

~n1 and a formula for a plane crossing a point: ~n · (~x − ~p) = 0, where ~n is the

vector normal to the plane and ~p is the directional vector of the point. Point

~p is the centroid of the surrogate 3D grain, so that the resulting plane N ~cc
1

crosses the 3D centroid. To derive planes parallel to N ~cc
1 that are tangential1475

to the grain, we proceed to calculate the distances between all vertices of the

convex hull of the surrogate 3D grain and the plane N ~cc
1 . The vertex ~v11 with the

maximum distance from plane N ~cc
1 is the point that the first tangential plane

N
~v11
1 crosses. The coordinates of the vertex ~v11 and the normal vector ~n1 are

used in the expression above to derive the equation of the tangential plane N
~v11
1 .1480

We then proceed to calculate the distances between plane N
~v11
1 and all of the

vertices of the convex hull of the surrogate 3D grain. Again, vertex ~v21 with the

maximum distance is the point crossed by the second tangential plane N
~v21
1 and

it is used to derive the equation of that plane.

This procedure is repeated for the remaining two pairs of parallel planes, us-1485

ing vector ~n2 to derive equations of planes N
~v12
2 and N

~v22
2 and vector ~n3 to derive

planes N
~v13
3 and N

~v23
3 . Finally, eight vertices of the parallelepiped are calculated

as the points of intersection of eight combinations of three non-parallel planes

using the formula:

~x =
( ~x1 · ~n1)( ~n2 × ~n3) + ( ~x2 · ~n2)( ~n3 × ~n1) + ( ~x3 · ~n3)( ~n1 × ~n2)

| ~n1 ~n2 ~n3|
(B.6)
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where | ~n1 ~n2 ~n3| is the determinant of the matrix formed by the vectors normal1490

to the planes and ~x1, ~x2 and ~x3 are the points that define the planes. These

points are the set of vertices of the convex hull of the surrogate 3D grain found

earlier in the procedure: ~v11 , ~v21 , ~v12 , ~v22 , ~v13 and ~v23 .

Appendix B.1.7. 2D bounding polygon

Finally, the bounding polygon (Figure B.22e) is derived by intersecting the1495

parallelepiped with the plane of the 2D medium (plane z = 0). The polygon

is determined with the use of intersectPlaneMesh of the geom3d-2014 toolbox

[46]. The intersection between the parallelepiped and the plane can have a

minimum of three sides and a maximum of six sides. The polygon constitutes the

maximum bounds within which epitaxial growth can occur and syntaxial cement1500

in Calcite2D is prohibited outside these bounds. However, due to obstacles

encountered during growth in the form of impinging grains, only very rarely the

full form of the polygon will develop.

To facilitate Stage 2 of the implementation (see Section Appendix B.2.3), the

vertices of the intersection polygon most distant from each other are determined1505

and a line passing through then is saved as one of the properties of the grain.

Stage 1 is completed after a structure with all grain properties is saved.

Appendix B.2. Stage 2: cement growth

Once polycrystalline and monocrystalline grains are defined and the associ-

ated polygonal outer bounds of the epitaxial growth are established, the cement1510

growth algorithm of Stage 2 of Calcite2D can be applied. Stage 2 takes the

target width of the isopachous cement fringes β as an input parameter.

After the input porous medium and the grain properties structure is read,

the first step in the code is a verification whether the sample percolates or not.

A percolation check is performed in both directions (x and y). This is followed1515

by an iterative process of growing a layer of cement 1 pixel thick until no cement

is produced anymore. In the case of the isopachous cement, that stopping point

is determined by the input β to Stage 2 code. In this study values from 0 to 10

68



pixels are used. When the target width of isopachous cement fringes (β) is set

to the maximum value used in this study: 10 pixels (an equivalent of 50µm),1520

10 iterations of Stage 2 of Calcite2D are necessary to grow all of the isopachous

cement.

The maximum possible extent of the syntaxial cement is determined by

the bounding polygons, which are established in Stage 1. Although the outer

bunds of syntaxial cement are determined in Stage 1, the volume of syntaxial1525

cement cannot be determined before Stage 2 is completed. This is because

the hypothetical extent of syntaxial cement delineated by the maximum bounds

is often not achieved due to the effect of grains impinging on one another.

Syntaxial cement for a given grain stops growing either when the entire bounding

polygon is filled, or when all seeding sites of the grain are blocked by impinging1530

grains. Syntaxial growth in the entire medium ceases when all grains have

reached that point. The amount of iterations necessary to achieve that point

depends on the size of the bounding polygons, which is controlled by the size of

the monocrystalline grains, and on the arrangement of the grains with respect

to each other (the impinging potential). In general, Stage 2 takes a significant1535

number of iterations until completion (in this study usually up to 100, but

sometimes more than 200) and this number cannot be accurately determined

before the simulation.

Appendix B.2.1. Isopachous cement growth

Firstly, 1 pixel layer of isopachous cement is grown around all polycrystalline1540

grains, but only if the target width of the isopachous cement fringes β has not

been achieved yet. The growth involves an iterative procedure on all outline

pixels of each polycrystalline grain. For each of the outline pixels, the pixels in

its 4-connected neighbourhood (north, south, east and west) are investigated in

terms of their type (whether they are pore or solid). If a neighbouring pixel is1545

found to be a pore pixel, it is turned into a solid (cement) pixel. If it is found to

be a solid pixel, it means that an obstacle is encountered and that pixel is not

available for cement growth for that grain. After this procedure is completed
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for all outline pixels of the grain, grain properties are updated with the new

isopachous cement layer for that grain.1550

The iteration on all outline pixels is repeated for all of the polycrystalline

grains and upon its completion the porous medium matrix is updated with the

new layer of isopachous cement.

Appendix B.2.2. Syntaxial cement growth

The following steps and rules are followed for each monocrystalline grain in1555

each iteration of Stage 2:

1. If a grain is monocrystalline and still active, i.e. it has grown cement in

the previous iteration, steps 2 through 4 are followed for all outline pixels

of that grain.

2. If an outline pixel is within the bounds of the current bounding polygon,1560

investigate all 4-connected neighbouring pixels of that grain (north, south,

east and west) in terms of their type (pore of solid).

3. If the neighbouring pixel is a pore and lies within the bounding polygon,

it becomes a solid (cement).

4. If any of the neighbouring pixels is solid and belongs to another grain,1565

implement ’impinging’ effect to update the bounding polygon (details in

a Section below).

5. After all outline pixels of a grain have undergone this procedure, update

the grain properties with the new syntaxial cement.

6. If no new cement is added for a grain in a given iteration, deactivate the1570

grain (implemented for runtime efficiency).

7. After iteration is completed for all monocrystalline grains, update the

porous medium with the new cement.

Appendix B.2.3. Impinging grains and the ’shadow’ effect

As mentioned in Section 1.2.5, the impinging effect, where grains create1575

compromise boundaries and block each other’s seeding sites, and the ’shadow’

effect, where the cement behind an obstacle is not grown because non-euhedral
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seeding sites have been blocked, are observed in natural carbonate rocks (J.A.D

Dickson, pers. comm). Calcite2D implements these effects by noting that every

time an obstacle pixel is encountered, the area in its ’shadow’ is of the form of a1580

parallelogram with edges parallel to the two closest sides of the bounding poly-

gon sides. The bounding polygon is adjusted by removal of that parallelogram.

This is achieved by replacing the vertices of the bounding polygon that are in

the ’shadow’ with new points.

Figure B.23 illustrates the intricacies of the ’shadow’ effect implementation.1585

Polygon vertices that are in the ’shadow’ are found and replaced in a correct

order with new points. First, all lines going through the outline point that

encountered the obstacle (Pfail) and parallel to polygon edges are calculated as

well as the points of intersection of these lines with the edges of the bounding

polygon. For each of these lines only the intersection point closest to Pfail is1590

considered (Figure B.23a). The number of these points depends on the number

of the edges of the bounding polygon and can vary from 2 to 3. All new vertices

of the updated polygon are among these intersection points.

In order to aid the elimination of the points that are not to be the vertices

of the updated bounding polygon from the set of the intersection points, a list1595

of intersection points properties is made. This list includes: 1) the distances

between the intersection point and Pfail, 2) the polygon edge number the point

lies on and 3) the point coordinates. Following that, a line passing through

Pfail and the grain centroid is calculated and the line perpendicular to it a

small distance away from Pfail towards the grain centroid is determined (the1600

’perpendicular’ line). The intersection points that lie on the opposite side of the

perpendicular line to Pfail are eliminated from the list of potential new vertices

of the updated polygon (Figure B.23b).

This finalises the list of the new vertices. All that remains is the determina-

tion of the correct order in which they are to be inserted in the list of bounding1605

polygon vertices (a grain property), and the determination of the polygon ver-

tices to be replaced by them, as they are in the ’shadow’. The list of eligible

intersection points has a maximum of two points and there are several cases
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Figure B.23: The steps in the implementation of the impinging and ’shadow’ effects: a) the
lines through the point that encounters the obstacle (Pfail) that are parallel to the edges of
the bounding polygon, l1, l2 and l3, intersect the sides pf the polygon at points I1, I2 and I3
respectively (red); b) only the intersection points on the same side of the perpendicular line
as Pfail (green) are considered; c) the remaining intersection points I1 and I2 (red) together
with Pfail replace vertex V that lies in the ’shadow’ zone to yield the updated bounding
polygon.
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that need to be investigated. If both of these intersection points lie on the

same edge of the current bounding polygon, it means that no current bounding1610

polygon vertex is in the ’shadow’ and no action is necessary. If the intersection

points lie on two different edges, then at least one of the vertices of the current

bounding polygon lies in the ’shadow’ zone. Depending on the edges the inter-

section points lie on, i.e. whether they are two consecutive edges of the polygon

or not, the current polygon vertices connecting these edges are replaced with1615

three points: I1, Pfail, I2. This results in an updated bounding polygon (Figure

B.23c).

Figure B.24 illustrates the result of the impinging and ’shadow’ effect as

implemented in Calcite2D. In a very simple synthetic porous medium with three

monocrystalline grains two of them encounter obstacles during the growth. The1620

bounding polygons are adjusted accordingly to accommodate the effect of the

obstacles and the resulting cement volume is diminished by the volume denoted

by green stars.

polycrystalline
grain

monocrystalline
grain

pore

synthaxial 
cement

potential epitaxial 
growth extent

epitaxial growth 
extent adjusted 
for ‘shadow’ effect

‘shadow’

Figure B.24: The ’shadow’ effect implemented in Calcite2D illustrated in a simple synthetic
medium of size 1002 pixels.

Appendix B.2.4. Finishing steps

For runtime efficiency purposes, only the outlines of all grains are updated at1625

the end of each cement growth iteration, i.e. the interiors of the grains are not
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considered. Before all outputs are saved, it is investigated whether the medium

still percolates in both directions (x and y).

The entire procedure detailed in Section Appendix B.2 is repeated until no

cement is produced in an iteration.1630

Appendix C. Details of the Implementation of the Deposition Model

in 3D

Appendix C.1. 2D data from a segmented thin-section

The 3D deposition model aims to mimic the same carbonate rock type as

is used in the 2D modelling, so the same thin-section image is used. The thin-1635

section image (Figure 3a) is segmented and stripped of cement, following the

methodology detailed in Section 2.1.1. The binary back-stripped image (Figure

3b) is then used to extract a joint distribution of grain shapes and sizes using

Matlab’s Image Processing Toolbox (function regionprops). Only the grains

fully visible in the 2D image are considered. Inclusion of grains interrupted by1640

the boundaries of the image could result in lowering of the average size of grain,

and a shape distribution skewed towards the more elongated shapes. Excluding

these incomplete grains avoids this bias. Of the 604 grains in the binary back-

stripped image, 81 are incomplete, i.e. touching a boundary of the image, and

523 are completely visible.1645

The shape parameter is the aspect ratio of the grain. More specifically, it is

the eccentricity of the ellipse with the same second-moments as the section of

the grain visible within the plane of the image. The size parameter is the length

equivalent to a diameter of a circle with an area equal to the area of the section

of the grain (the equivalent diameter).1650

Figure C.25a shows the shape and size data for the 523 complete grains

visible in the binary back-stripped image as well as a probability density function

of the two variables obtained with the use of the kernel density estimation [47].

The obtained probability density function is subsequently used to generate a

sample of 6000 pairs of grain shape and size variables, as shown in Figure C.25b.1655
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The generated sample has a probability distribution almost identical to the

distribution of the grain shape and size parameters in the binary back-stripped

image.

Figure C.25: Joint distributions for grain size and shape for a) 523 complete grains visible in
the binary back-stripped image, b) the sample generated using the kernel density estimation
on the distribution in the back-stripped image. The grain shape parameter is the eccentricity
of the ellipse that has the same second-moments as the section of the grain visible in the 2D
plane. The grain size parameter is the equivalent diameter of a circle with the same area as
the grain.

Appendix C.2. Deposition simulation

The generated sample of grain sizes and shapes is used to create a grainstone1660

deposit. Grains are created and simulated in Blender, a free and open-source

3D creation suite [28]. The grains are initially created in the form of spherical

meshes with 42 vertices and 80 triangular faces and a diameter specified by the

size variable from the generated sample (the equivalent diameter). Their shape

is subsequently modified by reducing two of the axes of the sphere so that the1665

ratio of the two minor axes of the resulting ellipsoid to the major axis is equal to

the shape parameter from the generated distribution (the eccentricity). Next,
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the grain meshes are randomly rotated, so that there is no bias arising form the

pre-simulation orientations of the elongated grains.

In addition, an impenetrable static box is created with a base of 4 × 4mm1670

and a height of 5mm, in which the grains will be deposited. 1904 grains are

created and arranged in 119 layers of 4×4 grains directly above the box, spaced

so that they do not intersect with each other.

The open-source Bullet Physics Engine [27], incorporated in Blender, is then

used for simulation of the physical interactions of grains falling and settling due1675

to gravity. Bullet Physics implements gravity and collision physics and is a

well established physics engine used for scientific modelling as well as game

programming. For the purposes of the simulation, grains are treated as rigid

bodies, which ensures that they do not deform when they collide with other

objects. The friction coefficient is set high (0.9) so that the grains behave like1680

natural grains, which seldom have smooth surfaces. A high damping coefficient

(0.9) as well as a high rotation damping coefficient (0.9) are used to mimic the

environment of deposition in a fluid, as opposed to deposition in air, which

is characterised by a relatively small damping of movement. Lastly, a mass

proportional to d3, where d is the size parameter from the generated distribution1685

(the equivalent diameter), is applied to each grain. This ensures that the grains

have a momentum proportional to their mass, thus larger grains have more

impact in case of collision with smaller grains, just like in the physical world.

Figure C.26a shows the state of the grains after the physics simulation in

Blender is completed and 1904 grains have fallen and been deposited in the1690

box of dimensions 4 × 4 × 5mm. The output of the model is a mesh-based

grain accumulation structure, i.e. the grains are described by a set of vertices

and faces. The grains are subsequently saved in a Wavefront.obj format, which

contains the coordinates of the vertices and faces of each grain.

Appendix C.3. Voxelised 3D porous medium1695

Before the product of the simulation of the settling grains can be used as an

input in the cementation model, the grain packing needs to be post-processed.
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Figure C.26: The model output of the deposition simulation: a) the end-state of the physics
simulation using Bullet Physics Engine in Blender, 1904 grains (white) are deposited in a
4 × 4 × 5mm box (blue); b) post-processed synthetic deposit ready for cement simulation,
grain packing in mesh representation is cropped to 3mm3 and voxelised to 3003 voxels so that
only 893 grains (white) remain.

The procedure starts with reading the output of the grain deposit simulation

in the form of meshes (Figure C.26a) into Matlab using a function read_wobj

[48]. A structure containing all grains is created, including the coordinates of 421700

vertices and a list of 80 faces for each grain. The vertices and faces are retained

as properties of each grain to be used in the cementation model.

In order to avoid artefacts in the arrangement of the grains arising from the

proximity of the grains to the sides of the deposit box, the original deposit of

dimensions 4 × 4 × 5mm is cropped by 0.5mm from all sides except from the1705

top, where it is cropped by 1.5mm. The deposit is cropped mainly from the

top, because this area has a tendency to be uneven, as opposed to all the other

sides, which are controlled by the sides of the deposit box. Cropping the top

by 1.5mm ensures that no empty spots are captured. This procedure yields a

porous medium of dimensions 3×3×3mm and with a smaller number of grains.1710

Since both Calcite3D and the Lattice Boltzmann method require a voxelised

medium as an input, the grains are then converted from a mesh to a voxel

representation. The voxelisation of the mesh is achieved by choosing the number

of voxels in each dimension. In this study the size of 3003 voxels is chosen, which,
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combined with the porous medium of dimensions 3×3×3mm, results in a voxel1715

size of 10µm. This is twice as big as the pixel size in the 2D study.

After all coordinates of vertices of grain meshes are converted from Blender

units to grid units, each grain is voxelised. This is achieved by finding the ex-

trema of the grain mesh in three dimensions so as to determine the smallest box

with faces parallel to the faces of the 3D porous medium that can be circum-1720

scribed on the grain. Next, all grid points in the enclosing box are investigated

as to whether they are located inside or outside of the grain mesh using func-

tion inhull by [49]. The grid points inside the grain mesh are designated as solid

voxels and the ones that are outside - as pore voxels. Figure C.26b shows the

cropped porous medium voxelised to a 3003 voxel grid.1725

Appendix D. Details of the Implementation of Calcite3D

Appendix D.1. Stage 1: grain labelling and crystal axes definition

The procedure starts with the reading of the inputs. This consists of a

structure with grain properties including a mesh representation of a grain, i.e.

the coordinates of vertices and the list of faces, and a set of voxels belonging1730

to that grain as well as the voxelised 3D porous medium, which differentiates

between pore and solid voxels.

Appendix D.1.1. Grain labelling

The grains are labelled either monocrystalline of polycrystalline, based on

the input parameter α0 and a random number generator, so that the final con-1735

tent of monocrystalline grains (αn) might differ slightly from the model input

parameter.

Appendix D.1.2. 3D bounding polyhedron

For each monocrystalline grain the circumscribed crystal is determined. This

is achieved following the methodology to find a tangent parallelepiped on a sur-1740

rogate 3D grain described in Section Appendix B.1. The difference is that

instead of the surrogate grain, vertices of the mesh representation of the actual
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3D grain are used. The technical details involved in this methodology are pre-

sented in Section Appendix B.1 and what follows here is only a short description

of the steps followed.1745

The orientation of the crystal axis of the monocrystalline grain is selected at

random by rotating the planes associated with a rhombohedral form of calcite

(either 011̄2 or 404̄1) in three directions using the rotation matrices. Afterwards,

the six planes tangential to the grain are found. The intersections of the planes

define the bounding parallelepiped which delineates the maximum potential1750

extent of syntaxial cement growth for that grain, pending impinging effects.

Appendix D.1.3. Other grain properties

To facilitate Stage 2 of the cementation model, the grain properties are

supplemented with a list of faces that bear a given vertex and a list of vectors

normal to the faces of the grain (performed using the function patchnormals1755

developed by [50]). All grains are then given an ’active’ label. The two most

distant vertices (extrema) of the bounding polyhedron are found and retained

as a pseudo c-axis of the grain. The extrema are used in the implementation of

the impinging and the ’shadow’ effects (details below).

Appendix D.1.4. Representations of the content of monocrystalline grains: αn,1760

αv and αa

After all grains are labelled, the number of the monocrystalline grains is

calculated, which enables the derivation of the ratio of the number of monocrys-

talline grains to all grains (αn). The volume of monocrystalline grains in voxels

is also determined, so that the ratio of the volume of the monocrystalline grains1765

to the volume of all grains (αv) can be determined. Finally, the surface area

of all grains is determined using the mesh representation of the grains and the

package geom3d [46], so that the ratio of the surface area of the monocrystalline

grains to the surface area of all grains (αa) can be calculated.

Appendix D.1.5. Outputs1770

The outputs saved at the end of Stage 1 of Calcite 3D include:
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• A 3D porous medium matrix that differentiates between pores, monocrys-

talline and polycrystalline grains;

• A grain structure with grain properties common to both types of grains:

– the coordinates of grain vertices and a list of faces;1775

– a set of grain voxels;

– a list of vectors normal to grain faces;

– a list of faces which bear a given grain vertex;

– an active/inactive label;

– a monocrystalline/polycrystalline label;1780

• Grain properties exclusive to monocrystalline grains:

– the coordinates of the centroid of the grain;

– the plane orientations associated with the bounding parallelepiped;

– the coordinates of of the vertices the bounding parallelepiped and a

list of its faces;1785

– the coordinates of the two most distant vertices (extrema) of the

bounding parallelepiped.

Finally, all bounding parallelepipeds (crystals) are voxelised and saved as

an output to be used in Stage 2 of Calcite3D. The voxelisation procedure is

memory-intensive, as the voxel volume of all bounding polyhedra might many1790

times exceed the volume of the 3D medium (3003 voxels), particularly in the

high-monocrystalline grain content cases (high α0). However, this is imple-

mented to accelerate Stage 2 and avoid many inhull calls, which are time-

consuming.

Appendix D.2. Stage 2: cement growth1795

Once the polycrystalline and monocrystalline grains are defined and the as-

sociated polyhedral outer bounds of the epitaxial growth are assigned to them,
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the cement growth algorithm of Stage 2 of Calcite3D can be applied. Stage 2

takes the target width of the isopachous cement fringes (β) as an input param-

eter.1800

After the outputs of Stage 1 are loaded, the first step of Stage 2 determines

whether the 3D porous medium percolates in all three directions. If the code

is run for the first time, the simulation time is initialised to 0 and the cur-

rent width of the isopachous cement fringes is set to 0. If the simulation is

restarted, the current time step and the current width of the isopachous cement1805

fringes are loaded from the last save point of Stage 2. The cement growth is

then started, first with 1 voxel layer of isopachous cement growth on the poly-

crystalline grains, followed by a layer of syntaxial cement growth around the

monocrystalline grains.

Similarly to Calcite2D, the isopachous cement growth stops as soon as the1810

target width of isopachous cement fringes is reached, as set by an input β to

Stage 2. In this study, values from 0 to 5 voxels are used, which means that a

maximum of 5 iterations are necessary to grow the isopachous cement fringes

to a thickness equivalent of 50 µm.

Note that the maximum possible volume of the syntaxial cement is deter-1815

mined by the bounding polyhedra found in Stage 1. The syntaxial cement for

a given grain stops growing either when the entire bounding parallelepiped is

filled, or when all seeding sites of the grain are blocked by impinging grains.

The syntaxial cement growth in the entire medium ceases when all grains have

reached that point. The amount of iterations necessary to achieve that point1820

depends on the size of the bounding polyhedra, which are controlled by the size

of the monocrystalline grains, and on the arrangement of the grains with respect

to each other (the impinging potential). Stage 2 takes a significant number of

iterations until completion (in this 3D study usually up to 100) and this number

cannot be accurately determined before the simulation.1825
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Appendix D.2.1. Isopachous cement growth

If the current width of the isopachous cement fringes is smaller than the

target width specified by the input to Stage 2 of Calcite3D (β), the following

steps are repeated for all polycrystalline grains:

1. Expand the mesh of the grain by translating all faces of the grain outward1830

by 1 voxel (Figure D.27a). This is achieved by translating each face along

its normal (a grain property) by a length of 1 voxel and deriving the new

plane using the equation of the plane passing through a point. The list

of faces that each grain vertex is on (a grain property) is then used to

determine the points of intersection of the expanded grain mesh. Grain1835

properties are then updated with the new vertices.

a) b)

original
grain
mesh

expanded
grain mesh

volume of
the expanded

grain mesh outside
of the bouding polyhedron

original bouding polyhedron
(parallelepiped) 
mesh

Figure D.27: a) The grain mesh is expanded by translating all the faces outward by 1 voxel.
b) The bounding polyhedron is circumscribed on a monocrystalline grain. New cement is
added only in the intersection zone of the expanded grain and the bounding polyhedron.

2. If a grain is active, determine the set of voxels that are in the expanded

grain, but not in the original grain - this set of voxels is the potential new

isopachous cement. This is achieved by voxelising the expanded grain

using the same method as described earlier to voxelise each grain of the1840

synthetic sample (see Section Appendix C.3).

3. From the set of the voxels contained in the expanded grain, remove the

voxels that are also contained in the original grain.

4. From the obtained set of voxels in a form of a 1-voxel-thick shell, remove
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the voxels that are already designated as solid, i.e. the voxels that belong1845

either to another grain or to cement, as of the previous iteration of cement

growth. The voxels that remain in that set are the new isopachous cement

for that grain produced in that iteration.

5. If that set is empty, i.e. if no isopachous cement is produced for that grain

in the current iteration, deactivate the grain.1850

6. Otherwise update the porous medium matrix with the new isopachous

cement and update the properties of the grain to include the new cement.

After the procedure is repeated for all polycrystalline grains, the volume of

isopachous cements found in this iteration is determined and the current width

of the isopachous cement fringes is increased by 1.1855

Appendix D.2.2. Syntaxial cement growth

If there are any active monocrystalline grains left, i.e. if any monocrystalline

grain produced a non-zero volume of the syntaxial cement in the previous iter-

ation, repeat the following steps for all monocrystalline grains:

1. If a grain is active, expand the grain mesh, just like in the case of the1860

isopachous cement growth (Figure D.27a).

2. Voxelise the expanded grain and remove from that set voxels belonging

to the original grain, so as to form 1-voxel-thick shell of voxels. Any

new syntaxial cement that is going to be produced for that grain in that

iteration is in that set of voxels.1865

3. Remove from that set any voxels that lie outside of the bounding polyhe-

dron (Figure D.27b). This is achieved with the use of the inhull function.

4. For each of the voxels form the resulting set, verify whether they are al-

ready solid, i.e. are in another grain of cement as of the previous iteration.

This is achieved by investigating the entries in the 3D porous medium ma-1870

trix. The voxels that are found to be already solid are the ’obstacle’ voxels

and for each of them the following steps implementing the impinging effect

are followed:
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(a) Find the ’extremum’ of the bounding polyhedron of the grain (a grain

property) that is closest to the ’obstacle’ voxel.1875

(b) Calculate three planes with orientations equivalent to the orientations

of the faces of the bounding polyhedron (a grain property) and which

are crossing the ’obstacle’ point/voxel.

(c) Determine the three planes of the bounding polyhedron that meet at

the closer ’extremum’ of the bounding polyhedron.1880

(d) Intersect eight triplets of non-parallel planes of these six planes to

obtain eight vertices of a parallelepiped (Figure D.28a). This par-

allelepiped is the ’shadow’ parallelepiped that is prohibited from

growth by the fact that it is blocked by the ’obstacle’ point.

100vx
A

B

C

a) b)

‘obstacle’
voxel

bouding polyhedron
(parallelepiped) of a 
monocrystalline grain

‘shadow’
parallelepiped

‘shadow’
effect

‘shadow’
effect

obstacle

mono-
crystalline

grain

Figure D.28: The impinging effect. a) Syntaxial cement growing around a monocrystalline
grain encounters another grain at an ’obstacle’ point (green star). As a result, the voxels
inside of the ’shadow’ parallelepiped (red) are removed from the list of the potential syntax-
ial cement voxels. b) The impinging and ’shadow’ effects implemented in Calcite3D. Three
monocrystalline grains, which developed syntaxial cement of the crystal form 404̄1, are vox-
elised in a 1003 voxel box. Syntaxial cement grown on these grains impinges on one another
and the cement volume is limited.

(e) From the set of voxels describing the current maximum extent of1885

syntaxial cement growth, i.e. the current state of the bounding poly-

hedron modified by any previous impinging effects, remove the voxels

that lie within the ’shadow’ parallelepiped. This updates the maxi-

mum possible extent of the syntaxial cement growth for that grain.
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5. From the set of the potential syntaxial cement voxels for that grain, remove1890

the ones that are not in the set of the voxels belonging to the updated

bounding polyhedron. This completes the removals of voxels from that set

as only the voxels that constitute the new syntaxial cement now remain.

6. If this set is empty, i.e. if no new syntaxial cement is produced for that

grain in that iteration, deactivate the grain.1895

7. Otherwise update the 3D porous medium matrix with the new syntaxial

cement and update the grain properties to include the new cement and

the updated set of voxels of the bounding polyhedron.

After the procedure is repeated for all monocrystalline grains, the volume of

syntaxial cements found in this iteration is determined.1900

Appendix D.2.3. Impinging grains and the ’shadow’ effect

The idea behind the implementation of the impinging effect, as described in

the previous section, is the same as in the case of the 2D model (see Section

Appendix B.2.3). It is based on an observation that when syntaxial cement

encounters an obstacle during its growth, that ’obstacle’ point is blocked and1905

will not seed any more cement (Section 1.2.5). Thus a ’shadow’ is created where

no syntaxial cement can be produced by that grain. In the 2D case this ’shadow’

takes a form of a parallelogram (Figure B.23), while in the 3D case it takes a

form of a parallelepiped (Figure D.28a).

In the 2D model it is possible to retain the representation of the bounding1910

polygon in a form of its vertices and edges and implement the impinging effect

based on that representation. However, due to the increased complexity, in the

3D model it is not possible to implement the effect of impinging using the mesh

representation of grains. This is the main reason why a voxel-based approach is

chosen, even though memory and run time requirements are significantly larger.1915

Figure D.28b shows a result of the implementation of the impinging effect on

an example of three monocrystalline grains with syntaxial cement of the crystal

form 404̄1 voxelised in a 1003 voxel box. Grain B blocks grain A from growth

(green arrow), so that only a small seeding area remains. Grain A impinges
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on grain C and reduces the volume of the syntaxial cement produced (green1920

arrow).

Appendix D.2.4. Finishing steps

Once cement is grown for every active monocrystalline and polycrystalline

grain, the updated porosity of the 3D porous medium due to the new isopachous

and syntaxial cements produced in a given iteration is determined. The simu-1925

lation time is increased by 1 and all outputs are saved, including the 3D porous

medium matrix (which serves as the input for flow simulation), the current state

of the grain properties (for the purposes of restarting the simulation in case it is

interrupted) as well as the isopachous cement and the syntaxial cement volume

produced in each iteration.1930

Appendix E. Lattice Boltzmann simulation set-up

The boundary conditions applied to the porous media in the 2D study in-

clude the Zou-He pressure boundary [51] on the inlet and outlet sides of media,

and a ’bounce-back’ fully reflective boundary on the sides parallel to the di-

rection of the pressure gradient. The Zou-He pressure boundary is chosen to1935

minimise the computational cost of the simulation. An alternative to the Zou-

He boundary is a periodic boundary, where the fluid exiting the outlet of the

domain immediately re-enters the domain at the inlet and the fluid is forced

by the application of velocity at the acceleration zone in the inlet. However,

the use of a periodic boundary condition on the inlet and outlet of computa-1940

tional domain requires that the medium is either mirrored about the outlet, so

that its length doubles [8], or that a buffer zone is added on both sides of the

medium [52]. In both cases the computational domain is increased and so does

the simulation time. The Zou-He pressure boundary condition was found to

yield reliable prediction of permeability at a lower computational cost [51].1945

The choice of the ’bounce-back’ boundary condition for the other sides of

the domain was made due to two reasons. Firstly, this computational set-up

mimics the experimental set-up for the measurement of permeability, where a
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core plug is enclosed from all sides except for the direction in which fluid is

forced. Secondly, the alternative - a periodic boundary - works best if the pore1950

and solid pixels across the boundary correspond to each other. This can be

achieved e.g. by mirroring of the medium. However, if we were to mirror the

medium in all three dimensions, it would increase the domain eight times, which

would be computationally prohibitive. Moreover, such mirroring of the sample

would introduce correlation into the flow simulation, which would artificially1955

increase flow and the permeability prediction. Substituting buffer zones (as

mentioned above) for mirror images of the computational domain is only a

viable option on the faces perpendicular to the fluid flow. The introduction of

such buffer zones on the faces of the medium parallel to the flow direction would

result in almost all flow converging to these buffer zones and little of the fluid1960

flowing through the actual sample. The outcome would be a useless result of a

very high permeability.

Another alternative to mirroring of the computational domain is to design

the medium in such a way that the pore spaces across the faces of the medium

parallel to the pressure gradient correspond to one another exactly [33]. How-1965

ever, manipulation of the cemented synthetic sample in order to force the inlet

and outlet pores to correspond to one another would interfere with the integrity

of the fabrics generated by Calcite2D, which is an undesired effect. On the other

hand, if a periodic boundary condition is used across a boundary where pore

and solid pixels do not match, unnatural pore geometries often occur leading to1970

artefacts in the flow. The use of the ’bounce-back’ boundary condition avoids

these issues and is realistic for comparison of simulation with lab results.

The pressure difference between the inlet and outlet boundaries across the

20002 pixel sample was set to 0.1. This was determined through test-simulations

to be a satisfactory compromise between the time to convergence (boosted by1975

high pressure) and absence of turbulent flow and computational stability (pro-

moted by low pressure). The relaxation parameter τ used in this study is 1, a

value most commonly used in the literature [52]. In the single-relaxation LB

scheme, as the one used in this study, permeability calculation is known to
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depend on the relaxation parameter τ .1980

In the 3D study the simulation set-up is the same as in the 2D study, with the

Zou-He pressure boundary [51] on the inlet and the outlet faces of the 3D porous

medium and a bounce-back boundary on the faces parallel to the direction of

the pressure gradient are used. The pressure difference chosen between the inlet

and outlet boundaries is 0.1 across the 3003 voxel medium. The relaxation1985

parameter τ used in this study is 1.

Appendix F. Permeability calculation

Permeability is computed using the outputs for the density and the velocity

of the fluid in the direction of the pressure gradient (fluid forcing direction)

according to the formula [37, 33]:1990

κLB = ν
〈Ux〉
5P

(F.1)

where 5P is the pressure gradient across the sample, calculated as the differ-

ence between the average density at the inlet pores and the average density at

the outlet pores (0.1) divided by the size of the sample in grid units (2000 in the

2D study and 300 in the 3D study); 〈Ux〉 is the average fluid velocity in the flow

direction across the entire sample (pores as well as solids); ν is the kinematic1995

viscosity of the sample and is equal to τ−0.5
3 in both the D2Q9 and D3Q27 im-

plementations of the LB method used in the 2D and 3D modelling respectively

[41], where τ is the time relaxation parameter equal to 1 in all simulations. The

relaxation parameter can be calibrated to achieve more accurate permeability

predictions. Usually it is calibrated to the analytical Hagen-Poiseuille flow in2000

a pipe [52]. As this study focuses on the differences in permeability between

various realisations of a synthetic cemented rock, careful calibration of the re-

laxation parameter is not employed, as an order of magnitude prediction of

permeability is sufficient.

The conversion of κLB from lattice units to physical units is done according2005

to the formula: κm2 = κLB · r2, where the r is the resolution of the porous
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medium used in the simulation (5µm). The resulting permeability in the units

of m2 is converted to the more common mD with the formula: κmD = 1000 ·
κm2

9.869233·10−13 . The treatment of units is exactly the same in the 2D and 3D

simulations, as the 2D sample is effectively treated as a 3D sample, where one2010

of the dimensions (the depth) is equal to 1 lattice unit.

The amount of iterations of the LB simulation necessary to achieve a steady

state (convergence) varies depending on the nature of the porous medium. Gen-

erally, flow simulation in samples with high porosity tends to converge faster

than in samples with low porosity. In the 2D study all simulations are run2015

for 1,000,000 iterations and partial output is saved every 5,000 iterations, so

that the convergence can be confirmed. Figure F.29 illustrates a sample with

porosity 30.5% for which Lattice Boltzmann simulation is run and Figure F.30

shows that convergence has been achieved by the end of the simulation. In all

simulations run in the 2D study the difference in permeability between the last2020

two iterations with saved partial output (i.e. iteration 1,000,000 and 995,000)

is less than 0.7%. As LB convergence for samples of low porosity (and generally

low permeability) progresses slower than for the high porosity samples, that dif-

ference in permeability is smallest for high porosity/permeability samples and

increases for lower permeability samples. The mean difference in permeabil-2025

ity between iterations 1,000,000 and 995,000 for samples with κ higher than

1000mD is 0.005%, for samples with κ between 100 and 1000mD is 0.1%, and

for samples with κ less than 100mD it is 0.13%.

Similarly, in the 3D modelling, synthetic samples with high porosity tend

to converge faster than the samples with low porosity. Samples with porosity2030

of about 12% typically require about 100,000 iterations to achieve convergence,

while samples with porosity of about 30% can reach convergence even after

20,000 iterations. Figure F.31 illustrates a synthetic sample with porosity 12.4%

for which Lattice Boltzmann simulation was run for 100,000 steps (about 570

CPU hours).2035

In order to obtain a more accurate permeability prediction, mostly for the

benefit of the low porosity/permeability samples, an exponential convergence
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Figure F.29: A model output of Calcite2D (a) with an associated result of the LB flow
simulation (b); a) cemented synthetic sample with crystal form 011̄2 obtained using model
input parameters α0 = 0.21 and β = 0 pixels and a porosity φ = 30.5%, b) log of the
magnitude of flow velocity for the same sample (κ = 3200mD).
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Figure F.30: The convergence of permeability in a LB simulation in the sample shown in
Figure F.29. The simulation was performed for 1,000,000 iterations, saving output every
5,000 iterations. Five permeability values at the end of of the simulation (equivalent to 25,000
LB iterations) are fitted with a function κ(t) = ae−bt + c, where t is the LB simulation time
step. The value of the coefficient c (3233mD) is used as the permeability of this synthetic
sample at infinite simulation time.
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Figure F.31: a) A model output of Calcite3D with the crystal form 011̄2 (αv = 66.3%, β = 5
voxel, φ = 12.4%); b) the magnitude of velocity is displayed along streamlines; the flow was
simulated through the model output shown in (a) using the Lattice Boltzmann method and
the resulting permeability is κ = 850mD.
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of permeability is assumed and permeability is extrapolated using a formula:

κ(t) = ae−bt + c, where t is the LB simulation time step, and the coefficient c

gives the value of the permeability at infinite time.2040
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