
 

 

 
 

 

Edinburgh Research Explorer 
 
 

 
 

 
 

 
 

 

 
 

 
 

 
 

 
 

 
 

 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Extremal black holes, Holography and Coarse graining

Citation for published version:
Simon, J 2011, 'Extremal black holes, Holography and Coarse graining', International Journal of Modern
Physics A, vol. 26, no. 12, pp. 1903–1971. https://doi.org/10.1142/S0217751X11053341

Digital Object Identifier (DOI):
10.1142/S0217751X11053341

Link:
Link to publication record in Edinburgh Research Explorer

Document Version:
Peer reviewed version

Published In:
International Journal of Modern Physics A

General rights
Copyright for the publications made accessible via the Edinburgh Research Explorer is retained by the author(s)
and / or other copyright owners and it is a condition of accessing these publications that users recognise and
abide by the legal requirements associated with these rights.

Take down policy
The University of Edinburgh has made every reasonable effort to ensure that Edinburgh Research Explorer
content complies with UK legislation. If you believe that the public display of this file breaches copyright please
contact openaccess@ed.ac.uk providing details, and we will remove access to the work immediately and
investigate your claim.

Download date: 26. May. 2023

https://doi.org/10.1142/S0217751X11053341
https://doi.org/10.1142/S0217751X11053341
https://www.research.ed.ac.uk/en/publications/f55f20da-b68a-4b5d-8ef6-324bb2299896


International Journal of Modern Physics A
c© World Scientific Publishing Company

EXTREMAL BLACK HOLES, HOLOGRAPHY & COARSE

GRAINING

JOAN SIMON

School of Mathematics and Maxwell Institute for Mathematical Sciences

King’s Buildings, University of Edinburgh

Edinburgh, EH9 3JZ, United Kingdom
j.simon@ed.ac.uk

I review some of the concepts at the crossroads of gravitational thermodynamics, holog-

raphy and quantum mechanics. First, the origin of gravitational thermodynamics due
to coarse graining of quantum information is exemplified using the half-BPS sector of

N = 4 SYM and its LLM description in type IIB supergravity. The notion of black holes

as effective geometries, its relation to the fuzzball programme and some of the puzzles
raising for large black holes are discussed. Second, I review recent progress for extremal

black holes, both microscopically, discussing a constituent model for stationary extremal

non-bps black holes, and semiclassically, discussing the extremal black hole/CFT con-
jecture. The latter is examined from the AdS3/CFT2 perspective. Third, I review the

importance of the holographic principle to encode non-local gravity features allowing us

to relate the gravitational physics of local observers with thermodynamics and the role
causality plays in these arguments by identifying horizons (screens) as diathermic walls. I

speculate with the emergence of an approximate CFT in the deep IR close to any horizon

and its relation with an effective dynamical description of the degrees of freedom living
on these holographic screens.

Keywords: black holes; holography; conformal field theory.

PACS numbers: 11.25.Hf, 123.1K

1. Introduction

The equivalence principle linked gravitational physics with the geometry of space-

time 1. The extensive research on solutions to Einstein’s equations, or generalisations

thereof, and the study of their properties gave rise to many interesting facts and

puzzles, especially when interpreted in the light of other branches of physics

• the connection between black hole physics and thermodynamics2,3,4

• the existence of curvature singularities 5,6,7 and observer dependent horizons

• the quantum nature of spacetime and its emergence in the classical limit.

General Relativity is viewed as an effective field theory. This follows, for exam-

ple, from its lack of renormalizability or the existence of singularities. It suggests

that a proper understanding of gravity requires the identification of the relevant

degrees of freedom in the ultraviolet (UV). The same conclusion may be reached
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2 Joan Simón

using its connection to thermodynamics, through black hole physics. Thermody-

namics is a universal branch of physics relatively independent of the microscopic

details of the system under consideration. The birth of statistical mechanics, ini-

tiated with Boltzmann’s work explaining the properties of macroscopic systems in

thermal equilibrium in terms of the statistical averages of their microscopic degrees

of freedom 8, further motivates the search for a quantum theory of gravity. The

assignment of entropy to a classical spacetime raises the question as for what the

microscopic degrees of freedom responsible for it are, i.e. what the analogue of the

molecules in a gas is for spacetime.

The universality of gravity, in the sense that any energy source gravitates, may

suggest that its proper formulation should follow from a first principle capturing the

intricate structure one sees in its classical limit. This is what the holographic prin-

ciple attempts 9,10. It states that the number of degrees of freedom N , understood

as independent quantum states, describing a region B of spacetime, understood as

an emergent structure from a more fundamental theory of matter and Lorentzian

geometries, is bounded by the area A(B) of its boundary ∂B

N ≤ A(B)

4GN
, (1)

where GN stands for Newton’s constant. For a review on the holographic principle,

where a more mathematically accurate statement is given in terms of the covariant

entropy bound 11 can be found in 12.

The holographic principle challenges the standard quantum field theory descrip-

tion of matter, stresses the non-local nature that gravity manifests in black hole

physics, extends it to a general principle, going beyond the notion of event hori-

zons, and emphasises that we can associate entropy and consequently, information,

to any region of spacetime. Importantly, it does not provide an answer for what the

degrees of freedom responsible for this entropy are.

String theory provides a mathematically well defined framework where to test

some of these ideas. The importance of duality symmetries 13,14, the discovery of D-

branes as capturing non-perturbative aspects of string theory 15 and the formulation

of the anti de Sitter (AdS)- conformal field theory (CFT) correspondence conjecture
16,17,18 are among the most important developments that have allowed to make both

technical and conceptual progress in some of these issues. For example, string theory

does provide with additional UV degrees of freedom, it allows to view certain black

holes as bound states of D-branes 19 and the AdS/CFT correspondence provides an

explicit realisation of the holographic principle itself.

In this review, I will mainly be concerned with

• the origin of gravitational thermodynamics in black hole physics through the

coarse graining of quantum information and the use of the holographic principle

to argue that such information loss is not necessarily confined to the black hole

singularity, allowing us to view a black hole as a coarse grained object matching its

standard thermal state interpretation. These ideas will be exemplified using the
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half-BPS sector of N = 4 SYM and its LLM description in type IIB supergravity

to describe the emergence of classical spacetime, singularities and entropy through

coarse graining defined as a renormalization group (RG) transformation in a

phase space description of quantum mechanics. The exposition will briefly cover

the relation to the fuzzball programme, some speculative technical remarks on

the information paradox 20 and will conclude with a discussion on some of the

difficulties and puzzles appearing when trying to extend these ideas to large black

holes.

• the description of the microscopics and semiclassical methods that have recently

been developed for extremal black holes in an attempt to understand more re-

alistic black holes, explaining their macroscopic entropy, given by the universal

Bekenstein-Hawking formula

SBH =
A

4GN
, (2)

where A stands for the area of the black hole event horizon, in terms of the degrees

classical GR

black holes

singularities

Quantum gravity
CFT

emergence of spacetime

thermodynamics stat. mechanics graining
coarse

horizons
screens

Holographic 
Principle

information
coarse
graining

Equivalence Principle

Fig. 1. Set of concepts and relations discussed in these notes.
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of freedom living on a 2-dimensional (2d) CFT related to the black hole horizon,

whose number of independent quantum states is universally controlled (at large

temperatures) by Cardy’s formula 21

SCFT = 2π

√
c

6

(
L0 −

c

24

)
+ 2π

√
c̄

6

(
L̄0 −

c̄

24

)
, (3)

where c, c̄ stand for the 2d non-chiral CFT central charges and L0±L̄0 are related

to the conformal dimension and spin of the quantum states.

• the importance of the holographic principle as a unifying principle allowing us

to extend the connection between classical gravity and thermodynamics to more

general situations than black hole physics. This will relate Einstein’s equations to

local equilibrium thermodynamics, as perceived by a local observer, to identify

stretched horizons (screens) as information storage devices and use semiclassical

methods to argue the emergence of approximate chiral CFTs describing the ef-

fective dynamics very close to these screens, suggesting a universal link between

Bekenstein-Hawking formula (2) and Cardy’s formula (3).

2. Black Holes & Thermodynamics

The main goal of this section is to explore the origin of gravitational thermodynamics

in the context of black hole physics, focusing in the relation between entropy and

the emergence of spacetime and classical singularities through coarse graining of

quantum information at microscopic scales.

The connection between black holes physics and thermodynamics has long been

known 2,3,4. The latter is a branch of physics dealing with systems of an effective

infinite number of degrees freedom whose individual interactions are not measurable

by a macroscopic observer. They are instead replaced by a coarse grained description

involving an effective infinite reduction in the number of degrees of freedom at the

price of introducing entropy, a magnitude measuring the amount of information lost

in the reduction.

This last remark assumes the existence of a different physical description of the

system at smaller scales not available to the macroscopic observer. One way to moti-

vate quantum gravity is certainly to appeal to the universal link between statistical

mechanics and thermodynamics when studying the black hole-thermodynamics re-

lation. In black hole physics, it has long believed that the information loss about the

true microscopic state of the system, responsible for the existence of entropy, is fully

localised at the curvature singularity lying in the deep interior of the black hole.

But this expectation is challenged by the holographic principle. Indeed, information

takes space, and for a black hole, it involves a classical scale, the horizon scale. This

would suggest that information about the state of the black hole, even if typically

encoded in Planck scale (`p) physics, may be spread over macroscopic scales, such

as the horizon scale, and not being merely localised to the singularity 22.

It is interesting to explore this observation a bit further. Whenever a quantum

mechanical formulation is available, black holes are described by a density matrix
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ρ. The latter carries an intrinsic entropy

Sρ = −Tr (ρ log ρ) . (4)

This is a thermal description of the system, which differs from a microcanonical

one, in which one would account for the black hole entropy by counting pure states

{|ΨA〉} having the same charges as the black hole. Quantum mechanically, density

matrices and pure states are distinct. In principle, one can tell their difference apart

by computing expectation values of operators O

Tr (ρO) vs 〈ΨA|O|ΨA〉 . (5)

But, how large are these differences ? More importantly for the current discussion,

do they manifest in classical gravitational physics ? The answer to this question

must necessarily be related to whether the information on the state of the black

hole is fully encoded in the singularity or whether it spreads all the way to the

horizon, as suggested by the holographic principle, though typically in `p cells.

The above digression suggests a very conservative approach to the origin of

gravitational thermodynamics : the existence of some scale L such that after coarse

graining all the microscopic information at smaller scales, all individual microstates

would typically look alike. If true, a black hole should be understood as a coarse

grained object, matching the standard density matrix description in quantum me-

chanics. Once more, one may be tempted to associate the scale L with `p, but this

may well depend on the degeneracy of states encoded in the holographic relation

dictated by the Bekenstein-Hawking formula (2). In string theory, if we generically

denote the number of constituents of a given system by N , the scale that controls

the classical gravitational curvature is proportional to `pN
|α|. This was checked

by explicit calculations in some particularly symmetric configurations (see 22 and

references therein).

Given the relation between black holes and thermal states, it is natural to won-

der whether pure states allow any kind of reliable classical description in gravity.

Generically, we would not expect this, but in the presence of enough supersymmetry,

dynamics may be constrained enough so that as classical gravity becomes reliable,

the information on some of these states may remain a . If these geometries exist,

one would expect them to have the remarkable global property of being horizonless,

to carry no entropy, matching their pure state nature.

This research programme was initiated in 23,24. The starting mathematical prob-

lem consists in determining the classical moduli space of configurations having the

same asymptotics and charges as a black hole, but having no horizon, being smooth

and free of causal closed curves. Any configuration satisfying these requirements will

aThe language used in this argument may induce some readers to think of a transition between

an open string (gauge theory) description to a closed string (gravitational) description. This may
indeed be helpful, but the argument is more generic. If one assumes the existence of a fully quantum
mechanical description of gravity, there is no guarantee that a typical pure state in such Hilbert

space allows a reliable description in terms of a classical geometry when taking the classical limit.
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be referred to as a fuzzball configuration. There exists an extensive literature on the

subject. I refer the readers to some excellent reviews (and references therein) : for

the importance of fuzzball ideas to the resolution of the information paradox, see
25,26; for the construction and interpretation of supergravity multi-center configura-

tions, see 27,28; for the use of phase space quantisation, the importance of typicality

and the nature of black holes as effective geometries, see 29,28. The intuitive idea

consists in searching for configurations with the same asymptotics as a given black

hole, but whose interior differs by removing the horizon and replacing the singu-

larity by a smooth capped space. In some vague sense, the potentially complicated

structure emerging in this inner region is reminiscent of Wheeler’s ideas 30,31.

Even if such classical moduli space exists, the connection to black hole entropy is

still not apparent. This requires to quantise this moduli space, constructing a Hilbert

space enabling us to count states with a given set of charges. This step can in prin-

ciple be achieved through geometric quantisation, following Crnkovic and Witten
32 by quantising the phase space of such configurations. This is the approach re-

viewed in 29. A priori, there is no guarantee this programme may work in a general

black holes

Space of fuzzball 
configurations

thermo stat. mechanics

CFT

pure states 

density matrix

horizon area A

surface gravity

{
coarse graining

coarse
graining

existence ?
quantum corrections ?

quantisation

Hilbert 
Space

geometric

?singularities
horizons

horizonless
smooth

Fig. 2. From black holes to statistical mechanics & CFT and back using fuzzball ideas.
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non-extremal situation. On the contrary, the addition of generic non-extremal ex-

citations may suggest the appearance of singularities in classical gravity. But, for

highly supersymmetric configurations, where these solutions have been constructed

explicitly, it has provided important insights into the nature of gravitational ther-

modynamics and the resolution of the information paradox.

In the following, we first discuss a universal statistical feature emerging when

describing the differences between pure states quantum mechanically, correlating

the difficulty in telling the individual states apart with the entropy of the system.

Then, we will review the half-BPS sector of N = 4 SYM and type IIB supergrav-

ity in AdS5×S5 where the amount of supersymmetry will allow us to explore the

emergence of classical spacetime and singularities as quantum information about

the precise state of the system is lost. This discussion will provide explicit evidence

that in the case L→ 0 there exists an intricate ”spacetime” fuzzball, which generi-

cally does not allow for a reliable classical description, but which can effectively be

replaced by a singular configuration whose quantum mechanical description agrees

with a coarse grained description of the exact quantum mechanical description of the

system and which can not be told apart, by a semiclassical observer, from a typical

pure state characterised by statistical mechanics considerations. We will conclude

with a discussion regarding the important difficulties emerging when trying to ex-

tend these ideas to large black holes, i.e. L� `p.

2.1. Distinction of states, typicality and fuzzballs

By first principles, quantum mechanical density matrices and pure states are differ-

ent. Their differences can be encoded in expectation values (observables). Assume

a large black hole allows a quantum mechanical description. There will exist a large

degeneracy of pure microstates encoded in its entropy S. Consequently, there must

exist an statistical description of these states. The latter should allow us to math-

ematically determine the notion of typical state, i.e. how most of these degenerate

pure microstates look like. Even more, in principle, it should be possible to deter-

mine the typical differences in observables among these typical pure states and the

thermal state (density matrix), in an statistical sense.

These are quantum mechanical questions. Here one will also be interested in

encoding the amount of information that survives the classical limit giving rise to

a spacetime description that one calls black hole. This seems particularly relevant

given the semiclassical nature of the calculations usually used to probe black hole

physics. The main idea behind these statistical considerations is to provide some

mathematically sounded ground where to compute the deviations from the averaged

thermal answers and interpret them gravitationally : the black hole, viewed as a

coarse grained effective geometry, will capture the averaged observable answer, but

will differ from the exact quantum mechanical one in a given pure microstate. One

would like to know by how much and what the most efficient observables are to

highlight these differences.
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It should not come as a surprise, that such deviations are highly suppressed. It

was shown in 33 that the variances in local observables over the relevant Hilbert

space of pure states are suppressed by a power of e−S . To see this, consider a basis

of the quantum mechanical Hilbert space of states with energy eigenvalues between

E and E + ∆E

Mbas = { |s〉 : H|s〉 = es|s〉 ; E ≤ es ≤ E + ∆E } . (6)

The full set of states in this sector of the theory is

Msup =

{
|Ψ〉 =

∑
s

cψs |s〉 ,
∑
s

|cs|2 = 1

}
. (7)

If the entropy of the system is S(E), then the basis in (6) has dimension eS(E):

1 + dimMsup = |Mbas| = eS(E) . (8)

Take any local operator O and compute local observables of the form

ckψ(x1, . . . , xk) = 〈Ψ|O(x1) · · · O(xk)|Ψ〉 . (9)

To measure how these vary over the ensemble Msup, define their averages and

variances as

〈c(x1, . . . , xk)〉Msup
=

∫
DΨ cψ(x1, . . . , xk) (10)

var[c(x1, . . . , xk)]Msup
=

∫
DΨ

[
(cψ(x1, . . . , xk))2 − 〈c(x1, . . . , xk)〉2Msup

]
(11)

The differences between states inMsup in their responses to O will be captured by

the standard-deviation to mean ratios

σ[c(x1, . . . , xk)]Msup

〈c(x1, . . . , xk)〉Msup

=

√
var[c(x1, . . . , xk)]Msup

〈c(x1, . . . , xk)〉Msup

(12)

It was shown in 33 that

var[c(x1, . . . , xk)]Msup
<

1

eS + 1
var[c(x1, . . . , xk)]Mbas

. (13)

This is a general result arising merely from statistical considerations. In partic-

ular, it is independent on the dynamical details of the theory. There are two ways

to overcome this statistical suppression : given a fixed operator O, one can wait for

long time scales or given a fixed time scale, one can probe the state with operators

having large statistical responses. Concerning the first option, it was pointed out

that in lorentzian signature there was generically no time scale smaller than the

Poincaré recurrence time to overcome these statistical factors 33, in agreement with

previous claims in the literature 34. On the other hand, extending previous work 35,

it was shown that the analytic structure of these correlation functions, when work-

ing with euclidean signature in the complex plane, allowed the reduction of this time

scale. It is unfortunately not clear whether these euclidean correlations can actually
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be measured by a single observer. The second option can provide a slightly different

perspective on the comparison between exact quantum correlations and results de-

rived from semiclassical considerations. In particular, the average correlation (10)

will equal the thermal answer. The latter can be computed in a semiclassical approx-

imation by doing a quantum field theory calculation in a black hole background.

Our considerations above suggest

〈Ψ|Φ(x1) · · ·Φ(xN )|Ψ〉exact = 〈Ψ|Φ(x1) · · ·Φ(xN )|Ψ〉eft +O
(
e−(S−N)

)
(14)

This observation was also made in 36, building on 37. It must be interpreted with

care. It means that for a fixed time scale below the Poincaré recurrence, one should

expect to find deviations from the thermal answer when the size of the probe op-

erator is comparable to the entropy of the system. In the case of a CFT, size could

stand for the conformal dimension of the probe operator, and operators generating

black hole microstates themselves would be intuitive examples for this mechanism

to be realised.

The importance of this statistical e−S suppression in the context of the informa-

tion paradox has been recently emphasised in 38. Readers interested in a review on

the information paradox itself and the perspective offered by the fuzzball ideas are

referred to 39,40. For recent discussions regarding the physics of infalling observers

in this context, see 41,42.

These field theoretic considerations suggest that black hole backgrounds provide

very accurate descriptions of the physics accessible to a classical observer 43,44,45,29.

It is natural to ask, especially in an AdS/CFT context, whether the deviations in

correlation functions mathematically described in terms of variances translate into

some non-trivial spacetime scale and whether the latter survives the semiclassical

limit. As mentioned before, a priori, this sounds improbable, since one would expect

all these effects to be confined to the Planck scale. It is also technically hard to

find reliable and precise results in the field theory side. Even if we restrict to highly

supersymmetric sectors, the machinery for computing correlation functions in heavy

states is still not fully developed, but there has been important progress towards

achieving this goal in 46,47,48. In the context of large black holes in the AdS5/CFT4

correspondence, these heavy states will have conformal dimension ∆ ∼ N2. Thus,

even if working in a large N limit, the degeneracy of states is so large that standard

large N perturbative diagrammatic counting arguments are not guaranteed to apply.

2.2. Half-BPS states in N = 4 SYM vs LLM geometries

As an explicit example of the ideas outlined above, I will review the gauge and

gravity descriptions for half-BPS states in N = 4 Super Yang-Mills (SYM) and type

IIB supergravity, respectively. These states are characterised by their R-charge J ,

since supersymmetry forces them to saturate the bound ∆ = J , where ∆ is their

conformal dimension. This set-up has two important advantages : its large amount

of symmetry and its microscopic interpretation in terms of spherical rotating D-
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branes. The first guarantees that perturbative gauge theory states can be compared

with their strongly coupled descriptions in supergravity. The second will help us to

establish a dictionary between these two different descriptions. Unfortunately, the

degeneracy of these states is not large enough to generate a macroscopic horizon.

Hence, this sector of N = 4 SYM will not be good enough to test our ideas for large

black holes.

The particular half-BPS black holes we will be interested in were first found in 49.

These are type IIB (U(1))
2 × SO(4) × SO(4) invariant supergravity configurations

with constant dilaton and non-trivial metric and Ramond-Ramond (RR) 4-form

potential C4

ds2 = −
√
γ

H
f dt2 +

√
γ

f
dr2 +

√
γ r2 ds2

S3 +
√
γ L2 dθ2 +

L2

√
γ

sin2 θ ds2
S̃3

+
1
√
γ

cos2 θ [Ldφ+ (H−1 − 1) dt]2 , (15)

C4 = −r
4

L
γ dt ∧ d3Ω− Lq cos2 θ (Ldφ− dt) , (16)

where H = 1 + q/r2, f = 1 + r2H/L2, γ = 1 + q sin2 θ/r2 and L4 = 4π gsN l4s is

the radius of AdS5, with gs the string coupling and ls the string scale. These are

asymptotically global AdS5×S5 singular configurations with vanishing horizon size

carrying charge

∆ = J = ω
N2

2
, ω =

q

L2
, (17)

These were coined superstars in 50, where they were interpreted as a distribution

of giant gravitons 51. A single giant graviton corresponds to a D3-brane wrapping

S̃3 while rotating at the speed of light in the φ direction. They preserve the same

half of the supersymmetries as a point particle graviton, but they carry an R-charge

of order N, i.e. J ∝ N . Such N scaling is easy to understand : the dimensionless

mass carried by the giant ∆giant must be proportional to the D3-brane tension

TD3 = 1/(8π3gs l
4
s) and its worldvolume

∆giant ∝ TD3 L
4 ∝ N . (18)

Physically, a pointlike graviton carrying R-charge of order N expands to an spherical

D3-brane, through Myers’ effect 52. The solution (15)-(16) sources a certain number

NC of such giants that can be determined through the flux quantisation condition

NC =
1

16πG10TD3

∫
S5

F5 d
5Ω = ωN , (19)

where F5 = dC4 is the RR 5-form field strength.

In the forthcoming sections, our main goal is to provide evidence that the super-

star (15) corresponds to a coarse grained configuration emerging from integrating

the quantum data of the exact quantum mechanical wave function.
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2.2.1. Gauge theory description & Typicality

Due to the state–operator correspondence, highest weight half-BPS states in N = 4

SYM correspond to multi-trace operators, O =
∏
n,m (Tr (Xm))

n
, built of a single

real scalar field X transforming in the adjoint representation. In 46,53, it was shown

that the degrees of freedom describing these states are equivalent to N fermions

{q1, . . . , qN} in a one dimensional harmonic potential. The number of these opera-

tors with conformal dimension ∆ ∼ N2 at very small chemical potential β 54,55

S1/2-BPS ∝ N logN , (20)

captures the large temperature behaviour of N harmonic oscillators plus an 1/N !

statistical factor, in agreement with its fermionic interpretation. Given the exact

nature of the half-BPS partition function, one can extrapolate this answer to strong

coupling and estimate the size of an stretched horizon ρh by comparing the field

theory entropy with the Bekenstein-Hawking entropy (2)

Sgrav = S1/2-BPS ∼ N2
(ρh
L

)3

⇒ ρh
L
� 1 . (21)

One concludes the degeneracy of states is not large enough to generate a large

horizon.

The fermionic description corresponds to an integrable system with ground state,

the filled Fermi sea, consisting of fermions with energies Egi = (i − 1)~ + ~/2 for

i = 1, . . . , N . Every excitation corresponds to a half-BPS state where the energy

of the individual fermions is Ei = fi~ + ~/2. Thus, there exists a correspondence

between states and a set of unique non-negative ordered integers fi. Exchanging

these with a new set of integers ri = fi− i+ 1, describing the excitations above the

ground state, one establishes a correspondence between states and Young diagrams

with N rows having as many boxes ri as the excitation spectrum.

These diagrams are equally determined using the set of variables

cN = r1 ; cN−i = ri+1 − ri ; i = 1, 2, . . . , (N − 1) . (22)

These cj count the number of columns in the Young diagram of length j. These

are particularly relevant when looking for a microscopic interpretation of gravity

configurations with ∆ ∼ N2. This is because giant gravitons, as stressed before, have

∆ ∼ O(N) and the operator dual to a single giant graviton is a subdeterminant 56.

In terms of Young diagrams, this operator corresponds to a single column. Thus, the

number of columns in the diagram corresponds to the number of giant gravitons.

Given the large degeneracy of states having conformal dimensionN2, it is natural

to use the statistical mechanics of the N fermions to identify how most of these

states look like. Using the correspondence with Young diagrams, this will provide

the shape of the typical diagram with these number of boxes. Since the superstar

configuration (15) supports NC giant gravitons, it is natural to consider an ensemble

of Young diagrams in which the number of columns is held fixed 45b. Implementing

bThere is more than one ensemble achieving this, see 57 for a discussion on this point.
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this with a Lagrange multiplier, the canonical partition function equals

Z =

∞∑
c1,c2,··· ,cN=1

e−β
∑
j jcj−λ(

∑
j cj−NC) = ζ−NC

∏
j

1

1− ζ qj
, ζ = e−λ . (23)

The ensemble chemical potential β is fixed by requiring

〈E〉 = ∆ = q∂q logZ(ζ, q) =

N∑
j=1

j ζ qj

1− ζ qj
, (24)

whereas the Lagrange multiplier (λ), or equivalently ζ, is fixed by

NC =

N∑
j=1

〈cj〉 =

N∑
j=1

ζ qj

1− ζ qj
, (25)

where we already computed the expected number of columns of length j, i.e. 〈cj〉.

Limit curve : Let us introduce two coordinates x and y along the rows and columns

of the Young diagram. In our conventions, the origin (0, 0) is the bottom left corner

of the diagram, x increases going up while y increases to the right. In the fermion

language, x labels the particle number and y its excitation above the vacuum.

Determining the typical state consists in computing the curve y(x) describing the

shape of the Young diagram. This can be done by identifying this mathematical

object with the expectation value

y(x) =

N∑
i=N−x

〈ci〉 . (26)

In the limit ~→ 0, N →∞, keeping the Fermi level ~N fixed, we can treat x and y

as continuum variables, replace the summation by an integral, and derive the limit

curve 45

y(x) =
log(1− e−βN )

β
− log(1− e−β(N−x))

β
. (27)

For a discussion concerning the size of the fluctuations, see 45,57. We will be particu-

larly interested in the β → 0 limit of this limit curve. Before studying this further, let

us review the classical gravitational description for these half-BPS configurations.

2.2.2. Gravity description

All the relevant U(1) × SO(4) × SO(4) half-BPS supergravity backgrounds for our

discussion were constructed in 58. These involve a metric

ds2 = −h−2(dt+ Vidx
i)2 + h2(dη2 + dxidxi) + η eGdΩ2

3 + η e−GdΩ̃2
3 , (28)

and a self-dual five-form field strength F(5) = F ∧ dΩ3 + F̃ ∧ dΩ̃3, where dΩ3

and dΩ̃3 are the volume forms of the two three-spheres where the two SO(4)s are

geometrically realised. The full configuration is uniquely determined in terms of a
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single scalar function z = z(η, x1, x2) satisfying the linear differential equation (see
58 for a complete discussion)

∂i∂iz + η∂η

(
∂ηz

η

)
= 0 . (29)

Notice Φ(η; x1, x2) = z η−2 satisfies the Laplace equation for an electrostatic poten-

tial in six dimensions being spherically symmetric in four of them. The coordinates

x1, x2 parametrize an R2, while η is the radial coordinate in the transverse R4 in

this auxiliary six-dimensional manifold. Thus, the general solution

z(η; x1, x2) =
η2

π

∫
dx′1 dx

′
2

z(0; x′1, x
′
2)

[(x− x′)2 + η2]2
, (30)

depends on the boundary condition z(0; x1, x2). Regularity only allows

z(0; x1, x2) = ±1/2. Introducing u(0; x1, x2) = 1/2− z(0; x1, x2), the energy and

flux quantisation condition are

∆ =

∫
R2

d2x

2π~
1

2

x2
1 + x2

2

~
u(0; x1, x2)− 1

2

(∫
R2

d2x

2π~
u(0; x1, x2)

)2

, (31)

N =

∫
R2

d2x

2π~
u(0; x1, x2) , (32)

where ~ = 2π`4p due to the non-standard units carried by {x1, x2}. These expressions

resemble expectation values computed in the phase space of one of the fermions ap-

pearing in our gauge theory discussion, suggesting the function u(0; x1, x2) should

be identified with the semiclassical limit of the quantum single-particle phase space

distributions of the dual fermions.

2.2.3. Gauge-gravity correspondence & Coarse graining

The classical moduli space of configurations described in 58 was geometrically quan-

tised in 59,60c. The Hilbert space they constructed when restricting to the subspace

of BPS configurations was isomorphic to the one describing N fermions in a one

dimensional harmonic oscillator appearing in the gauge theory. This automatically

guarantees that the gauge theory and gravity counting of states match. In the follow-

ing, we will focus on the information loss by coarse graining of quantum information.

The matching of the gauge theory and gravity descriptions requires a dictionary.

Focusing on U(1) invariant configurations in the x1, x2 plane, it was proposed in
45 that in the semiclassical limit ~ → 0 with ~N fixed, the integral formulae (31),

(32) extend to differential relations

u(0; r2)

2~
dr2 = dx ,

r2 u(0; r2)

4~2
dr2 = (y(x) + x) dx . (33)

The first equation relates the number of particles in phase space within a band

between r and r + dr to the number of particles as determined by the rows of the

cThe same methods were applied to the D1-D5 system in 61.
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associated Young diagram. The second equation matches the energy of the particles

in phase space within a ring of width dr to the energy in terms of the Young diagram

coordinates. This is equivalent to identifying the y = 0 plane in the bulk with the

semiclassical limit of the phase space of a single fermion 62,63,59.

Combining both equations in (33), we find y(x)+x = r2/(2~) and taking deriva-

tives,

u(0; r2) =
1

1 + y′
⇔ z(0; r2) =

1

2

y′ − 1

y′ + 1
. (34)

This establishes a dictionary between the boundary condition u(0;x1, x2) in super-

gravity and the slope (y′(x) = dy/dx) of the Young diagram of the corresponding

field theory state.

We will now rederive Eq. (34) from a different perspective, emphasising the in-

trinsic loss of information involved in the semiclassical limit we are taking. Given

the exact quantum mechanical phase space distribution, one can seek a new distri-

bution function that is sufficient to describe the effective response of coarse grained

semiclassical observables in states that have a limit as ~ → 0. The latter will be

called the coarse grained or grayscale distribution. Since we are interested in single

Young diagram states, it can only depend on the energy E = (p2 + q2)/2. To derive

this, let ∆E be a coarse graining scale such that ∆E/~ → ∞ in the ~ → 0 limit.

The grayscale distribution g(E) must equal the quotient of the number of fermions

with energies between E and E + ∆E d

R(E,∆E) = 2π~
∫ E+∆E

E

dq dpHu(q, p), (35)

by the area of phase space between these scales

Area =

∫ E+∆E

E

dq dp = 2π∆E . (36)

Hence, the grayscale distribution equals

g(E) = 2π~
[
R(E,∆E)

2π∆E

]
. (37)

Since the number of fermions in this area is related to the continuous coordinate x

and the area to the energy, we conclude

g(E) = ~
∆x

∆E
=

~
∂E/∂x

=
1

1 + y′
. (38)

where the gauge-gravity proposal E = ~(x+ y(x)) was used.

Remarkably, this is precisely the quantity (34) that we proposed on general

grounds to determine the classical supergravity half-BPS solution associated to a

dWe are using the Husimi distribution Hu(q, p) given its nice properties in the classical limit. For

further discussion, see 45. For a review on phase space distributions, see 64.
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Young diagram. Thus, explicitly, the proposal is

u(0; r2) = g(r2/2) =
1

1 + y′
(39)

for all half-BPS states that are described by single Young diagrams in the semiclas-

sical limit.

Matching the superstar geometry : As argued in 45, the entropy of the super-

star ensemble is maximised at vanishing chemical potential β. This is the regime

in which we plan to compare the geometry (15) with the one obtained out of the

proposal (39). First, the β → 0 limiting behaviour of the finite chemical potential

limit curve (27) describing the typical state of the superstar ensemble becomes a

straight line

y =
NC
N

x ≡ ω x . (40)

x

y

y(x) limit curve
semiclassical limit

statistical mechanics

Exact 1-particle phase space

grayscale distribution

gauge theory

gravity

coarse graining

{ri}

Pure state Typical state

integrate out quantum data

Fig. 3. From pure states, to typical states and their coarse grained phase space density description

providing a gravity boundary condition.
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The grayscale distribution (38) will then be a constant fixing the superstar scalar

function zS(0; r2) to be

zS(0; r2) =

{
1
2
NC/N−1
NC/N+1 if r2/2~ ≤ N +NC ,

1
2 if r2/2~ > N +NC .

(41)

Since, within the droplet region, i.e. r2/2~ ≤ N +NC , this number is different from

±1/2, the spacetime is singular. Noting that the coarse grained phase space density

derived from our proposal equals

uS(0; r2) =
1

2
− zS(0; r2) =

1

NC/N + 1
, (42)

in the region of the phase space plane between r2/2~ = 0 and r2/2~ = N + NC ,

and vanishes otherwise, it is straightforward to check, using (31) and (32), that (41)

reproduces (17).

Eq. (41) is a prediction from our proposal and our gauge theory analysis con-

cerning the description of the typical states in the semiclassical limit. We want to

reproduce this prediction by explicit analysis of the configuration (15). If we com-

pare the physical size of the two three-spheres appearing in the superstar metric

(15) with their parametrisation in 58, we obtain the conditions:

η eG =
√
γ r2 , η e−G =

L2 sin2 θ1√
γ

. (43)

Using the fact that z = (1/2) tanhG 58, then

z =
1

2

r2γ − L2 sin2 θ1

r2γ + L2 sin2 θ1

. (44)

Since it is the value z(η = 0) that is related to the semiclassical distribution function,

we must analyse the behaviour of G at η = 0. We observe there are two different

regimes where this applies:

(i) When sin θ1 = 0, z(η = 0) = 1/2. Vanishing sin θ1 implies the vanishing of the

giant graviton distribution. Consequently, it should correspond to absence of

fermion excitations in the gauge theory picture. This is precisely reflected in

the boundary condition z(η = 0) = 1/2.

(ii) When r = 0, the giant distribution is non-vanishing. One gets

z(r = 0) =
1

2

ω − 1

ω + 1
. (45)

The gravity distribution (45) identically matches the one derived from purely field

theoretic and statistical mechanical considerations (41). This establishes the sin-

gular superstar configuration corresponds to a coarse grained object matching the

notion of typical state emerging from the canonical ensemble analysis.
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2.2.4. Measurability, coarse graining and entropy

The integrability of the system of N fermions and the non-renormalisation properties

of this sector of the theory allow us to do better. First, we can be more precise

about the kind of information loss occurring when taking the semiclassical limit

and the subset of quantum states allowing a reliable gravitational description in

that regime. Second, we can derive the semiclassical partition function from a first

principle calculation on the gauge theory side that will highlight the definition of

coarse graining as a renormalization group transformation in phase space.

To make integrability more explicit, one can either specify a basis of states in

terms of the energies {f1, · · · fN} or in terms of the gauge invariant moments

Mk =

N∑
i=1

fki = Tr(Hk
N/~k) ; k = 0, · · ·N , (46)

where HN is the N fermion Hamiltonian with the zero point energy removed. These

Mk are conserved charges of the system of fermions in a harmonic potential 65 and

allow a reconstruction of the spectrum F = {f1, · · · fN} 66.

We are interested in reading this information from the bulk. Since the phase

space distribution was identified with the scalar function u(0; r2), we search for the

spectrum {M1, · · ·MN} in its multipole expansion. After some algebra, one finds 66

u(ρ, θ) = 2 cos2 θ

∞∑
l=0

~l+1
∑
f∈F A

l(f)

ρ2l+2
(−1)l(l + 1) 2F1(−l, l + 2, 1; sin2 θ), (47)

where 2F1 is the hypergeometric function, Al(f) is a polynomial of order l in f

An(f) ≡
f∑
s=0

(−1)f−s2sf !

(f − s)!s!
(s+ 1)n , (48)

and (α)n = (α+n−1)!
(α−1)! is the Pochhammer symbol. Thus, the data about the under-

lying state F enters the lth moment in sums of the form∑
f∈F

Al(f) =

l∑
k=0

ckMk (49)

where ck is the coefficient of fk in the polynomial expansion of Al(f). Thus a mea-

surement of the first N multipole moments of the metric functions can be inverted

to give the set of charges Mk of the underlying state, from which the complete wave

function can be reconstructed.

The question is whether the above formal considerations survive the semiclassical

limit. The latter consists of ~ → 0 with ~N fixed. Moments Mk scale like Ml =

mlN
l+1. Hence, the multipole expansion reduces to 66

u(ρ, θ) = 2 cos2 θ

∞∑
k=0

2k〈Mk〉
ρ2k+2

(−1)k(k + 1) 2F1(−k, k + 2, 1; sin2 θ) . (50)
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Thus, there is a one–to– one correspondence between the bulk u(ρ, θ) multipole

moments and the spectrum of the basis states encoded in the set Mk.

Since semiclassical observers have finite resolutions, we do not expect them to

be able to measure all the required moments to identify the basis state. Indeed,

to measure the lth multipole in (50) one needs the (2l)th derivative of the metric

functions or any suitable invariant constructed from them. If the measuring device

has finite size λ, the kth derivative of a quantity within a region of size λ will probe

scales of order λ/k. However, semiclassical devices can only measure quantities over

distances larger than the Planck length. Thus,

λ

k
> lp = g1/4

s ls (51)

Setting the size λ to be a fixed multiple of the AdS scale λ = γL, this says that

k < γN1/4 (52)

for a derivative to be semiclassically measurable. Since we require O(N) multipoles

to determine the quantum state and N1/4/N → 0 as N → ∞, we conclude that

semiclassical observers have access to a negligible fraction of the information needed

to identify the quantum state. Reversely, it was shown in 66 that the distribution of

low moments is universal, in the sense that the standard deviation to mean ratio of

the moments Mk vanishes in the semiclassical limit. Thus, classical configurations

have essentially identical low order multipoles, and their differences can not be

observed.

These considerations are fairly generic, as argued in 67. Assuming black holes

are quantum mechanically described by a finite number of states, and consequently

involve a discrete spectrum, it is clear that different quantum states can in principle

be distinguished. The latter would imply there is no information loss. The catch is,

once again, the necessary measurements required to tell these different quantum

states apart involve Planck scale precision or waiting of the order of δt ∼ eS , due

to the Heisenberg uncertainty principle.

So far we focused on the semiclassical measurability of states in the bulk, but

nothing was explicitly mentioned about which subset of quantum states allows such

a description. This is important because this process is intimately related to the

emergence of entropy from the bulk perspective. To gain some insight into this

issue, a second quantised formalism was developed in 68 to define an operator û(α)

whose expectation value in a generic state |Ψ〉 equals the one of the one-particle

Husimi distributione

〈Ψ|û(α)|Ψ〉 = πHuρ1(α) . (53)

eThe exact quantum state is an N-particle state. Thus, there is generically information loss when
going from this to the one particle description. In the large N limit, this is typically expected to be

a subleading effect not emerging in the classical gravitational description. See 68 for a discussion

on this matter.
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The operator in question is

û(α) ≡ b†(α)b(α) . (54)

Here b†(α) stands for a fermion creation operator, whereas |α〉 equals a coherent

state localised in some point of phase space α = x1+i x2√
2~ ,

|α〉 = e−|α|
2/2

∞∑
n=0

αn√
n!
|n〉 ≡

∞∑
n=0

cn(α)|n〉 . (55)

Coherent states can be thought of states inhabiting a lattice of unit cell area

2π~ 69,70,71. Since a semiclassical observer measures the phase plane at an area

scale δA = 2π~M � 2π~, she is only sensitive to a smooth, coarse grained Wigner

distribution 0 ≤ ~Wc = uc ≤ 1 erasing many details of the underlying precise

microstates. The region δA consists of M = δA/2π~ lattice sites, a fraction uc =

~Wc of which are occupied by coherent states. Then the entropy of the local region

δA is

δS = log

(
M

~WcM

)
∼ − δA

2π~
log uucc (1− uc)1−uc , (56)

when ~Wc is reasonably far from 0 and 1. For the total entropy this gives 68

S =

∫
δS = −

∫
dA

uc log uc + (1− uc) log (1− uc)
2π~

. (57)

Thinking about uc = ~Wc as the probability of occupation of a site by a coherent

state, this is simply Shannon’s formula for information in a probability distribution
72 f . This procedure shows in a rather explicit way how entropy is generated by

integrating out quantum data at smaller scales. The large amount of supersymmetry

allows us to interpret this as gravitational entropy by providing a bridge connecting

the gauge and gravity theory descriptions in the large N limit.

This picture allows us to compute the semiclassical partition function

Z =

∫
Du(x1, x2)µ(u) e−β(H(u)−νN(u)) , (58)

where the measure µ(u) reflects not only the Jacobian in transforming between the

supergravity fields and u, but also the number of underlying microscopic configura-

tions that give rise to the same macroscopic spacetime. Our previous considerations

suggest

µ(u) = e−
∫ dx1 dx2

2π~ (u lnu+(1−u) ln(1−u)) = eS(u) , (59)

where S is understood as the entropy of the spacetime. In the semiclassical limit,

a spacetime is nonsingular if u = 0, 1 everywhere. In that case, S(µ) = 0 and the

fThis result was independently obtained by Masaki Shigemori in an unpublished work by consid-

ering a gas of fermionic particles in phase space.
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measure µ is 1. In other words, semiclassical half-BPS spacetimes have an entropy

if and only if they are singular.

Evaluating the partition function by the method of saddle point gives

lnZ =

∫
d2x

2π~
ln(1 + e−β

x2
1+x2

2
2~ +βν) =

∫ ∞
0

ds
s

es−βν + 1
≡ 1

β
F2(eβν) , (60)

where s = β(x2
1 + x2

2)/2 and F2 is a Fermi-Dirac function.

This result can be derived from first principles by coarse graining the scale of

the fundamental cells in the exact gauge theory partition function. This is defined

as a renormalization group (RG) transformation in this space. Consider a lattice

whose cells are M ×M (in Planck units). From the microscopic point of view, the

energy of each distribution of populated Planck scale cells is different, but in the

limit M →∞, almost all distributions cluster close to a certain typical distribution

in the M ×M cell, and thus observers at these scales will assign the same energy

to all of them. Another way to look into this transformation is more analogous to

 Llp

Quantum data

coarse graining

Quantum state
wave function

Space emergence 
Origin of entropy

singularity & 
horizon

Fig. 4. RG-transformation in phase space giving rise to entropy.
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the one taken in the semiclassical limit in gravity

`p → 0 , L→ 0 ,
L

`p
→∞ (61)

L is the emergent continuous scale in the classical limit. It can be viewed as

L = M `p. Before taking the limit, the coarse grained function u will take val-

ues 0, 1
M2 ,

2
M2 , . . . , 1 in the M ×M cells. This can also be inferred by requiring the

phase space to describe N particles. Comparing the two lattices of sizes M ×M
and 1× 1, in Planck units, one finds that

N =
∑
{x1, x2}

u(x1, x2) = M2
∑

{xM1 , xM2 }

uM (xM1 , xM2 ) , (62)

allowing to derive that

uM (xM1 , xM2 ) =
1

M2

∑
{x1, x2}
∈{xM1 , xM2 }

u(x1, x2) , (63)

where variables with superscript M are defined in the M ×M lattice and in the

second equality we are summing over all Planck-scale lattice sites inside a single

M ×M cell labelled by (xM1 , xM2 ). This sum computes the fraction of populated

sites in the coarse grained cell. Finally, the sum over all possible uM configurations

at cell location (xM1 , xM2 ) becomes∑
uM

e−f u
M

= 1 +

(
M2

1

)
e−f

1
M2 +

(
M2

2

)
e−f

2
M2 + . . .+ e−f

M2

M2 =
(

1 + e
−f
M2

)M2

.

(64)

where f(x1, x2) = β
(
(x2

1 + x2
2)/2− ν

)
/(2π~). The factors in front of each expo-

nential count how many ways a given value of uM in the coarse grained lattice can

be attained in terms of the Planck scale lattice. These combinatorial factors equal

the ones already argued for in the semiclassical considerations in (56). This is the

precise origin of entropy when implementing the coarse graining transformation in

the limit (61).The complete partition function becomes

ZM×M =
∏

x1,x2∈MZ

(
1 + e−

β

M2 (
x2
1+x2

2
2 −ν)

)M2

=
M2

β
F2(e

βν

M2 ) . (65)

This derivation reproduces the semiclassical computation if we identify β in (60)

with the rescaled potential β/M2 due to the renormalization group transformation.

One could interpret the computation (65) as a derivation for the entropy formula

(56).

What this derivation highlights is that as soon as one observer has no access to

Planck scale physics, the measured coarse grained phase space density will typically

be fractional. The advantage of the system discussed above is that we can also

explicitly see this in gravity in terms of singular configurations. This is a satisfactory

explanation for the source of entropy in the semiclassical description.
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2.3. Large black holes, fuzzball and ensembles

Testing the ideas behind the fuzzball conjecture has been reasonably successful for

small supersymmetric black holes, the example discussed above being one particular

example. See 25,26,27,28,29 for discussions and references involving other set-ups. It

is natural to wonder how general and testable these ideas are for generic supersym-

metric and non-supersymmetric black holes.

Even in the context of small supersymmetric black holes, it was pointed out in 73

that the existence of classical fuzzball configurations depends on the U-dual frame

being considered. Even more, it was noticed there, that for all known examples,

whenever such solutions do not exist, the small black hole develops a horizon through

higher order corrections, whereas when it can be argued that the horizon scale

remains of vanishing size, fuzzball configurations already exist at tree level. Sen

conjectured this to be a generic fact 73. This observation starts emphasising the

importance of both α′ and gs corrections in these considerations, since both are not

U-duality invariant.

What about large black holes ? There exist candidate supersymmetric fuzzball

configurations starting with the multi-center configurations in 74,75,76, including the

scaling solutions 77,78, where the coordinate distance between such centers goes to

zero, and also more recent work 79 involving configurations with arbitrary functions.

Their (classical) moduli spaces are much more complex than the ones for small black

holes. Hence our understanding is far from complete (see 29 for a summary on the

state of this important matter). But if fuzzball ideas were to be borrowed to these

large black holes, one would ideally expect, at least in an euclidean path integral

approach, that the partition function equals 28

Z =

∫
fa

D[ga]D[Φa] e−Ifa = e−Ifa+S = e−IBH , (66)

where the sum is only carried over the fuzzball configurations fa, with metric ga,

matter fields Φa and IBH is the action for the black hole having the same mass and

charges as the set {fa}. Notice that the absence of a horizon for all fa implies that

the on-shell Euclidean action should satisfy

Ifa = β (E − µiQi) , (67)

where the set {E, Qi} stands for the mass and charges carried by the black hole.

Notice the above argument also used there is a total degeneracy D = eS obtained

after quantisation of the space of classical fuzzball solutions.

Using this formalism provides intuition, but its assumptions may not be gener-

ically fulfilled, especially in the semiclassical regime where they are technically ap-

plied. It is still useful to present some of the puzzles on the subject. The identity

(66) assumes both the existence of solutions to the equations of motion of the ef-

fective action governing gravity and that their number explains the entropy of the

original macroscopic black hole.
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Let us put these assumptions in perspective with our previous discussions 80.

First, our knowledge on this effective action typically reduces to its tree level classi-

cal part. Thus, geometric quantisation deals with quantisation of a classical moduli

space of configurations of a classical theory which is known to receive both α′ and gs
corrections. Since the most conservative expectation is that information about in-

dividual microstates is stored in Planck scale physics, the use of the classical action

is typically not justified to begin with. Thus, we expect not to be able to reproduce

the entropy of the black hole from these considerations. Indeed, preliminary work

in this direction 81,82 confirms this expectation.

Second, there are matters of principle arising. Large lorentzian black holes typi-

cally have curvature singularities in their deep interior. Thus, they are not solutions

to the classical equations of motion. Their euclidean continuations, however, are

smooth when suitable boundary conditions are imposed, at the expense of remov-

ing the interior of the geometry. These euclidean configurations are saddle points of

the semiclassical partition function and provide the dominant contributions to the

macroscopic entropy dmacro by construction. But saddle points are believed not to

provide a semiclassical description of states with well-defined mass and spin in a

quantum gravity Hilbert space 83. Thus, in an euclidean formalism, which is intrin-

sically canonical in nature, ensemble wise, the euclidean black hole definitely knows

about the total number of states, but the information about the microstates seems

to be lost (or it is not manifest in our current understanding).

The above remarks are consistent with the different available formulations of

the AdS/CFT correspondence. The euclidean path integral allows to compute the

partition function, and to extract the total number of states by saddle point ap-

proximation, but we also know that the use of lorentzian geometry is essential to

capture the difference between microstates through the expectation values of the

different gauge invariant operators encoded in the boundary fall-off conditions of

the different bulk fields 84.

Furthermore, this discussion also highlights our ignorance on how to define path

integrals more accurately. Indeed, in the examples were candidate fuzzball configu-

rations are known, their euclidean continuations involve complex metrics, whereas

their on-shell actions remain realg. Clearly, it is important to understand the space

of euclidean configurations one needs to sum over. A different way of stressing this

point is to notice that ”thermal” circles in euclidean black holes are contractible,

whereas the ones for known fuzzball configurations are not, suggesting topology can

play a role in these considerations.

It is interesting to revisit our half-BPS sector of N = 4 SYM discussion. This

describes a small black hole in the bulk and it was argued in 80 that quantum

corrections would not generate a macroscopic horizon. The large symmetry in this

gThis observation may not be that surprising since we know of examples in quantum mechanics in
which the saddle point approximation involves a complex configuration. It seems still meaningful

to appreciate its conceptual consequences beyond its purely technical nature.
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sector of the theory allowed us to match the semiclassical partition function with

a first principle (quantum mechanical) derivation. The outcome of this matching

was the derivation of the non-trivial measure µ(u) in (59). The correct partition

function was obtained by summing over smooth and singular configurations in the

semiclassical limit. If we would have ignored the non-trivial measure, the partition

function would have reduced to

ln Z̃ =

∫
d2x

2π
ln

1− e(−β x
2
1+x2

2
2 +βν)

β
x2

1+x2
2

2 − βν

 =
1

β

∫ ∞
0

ds ln

(
1− e−s−βν

s− βν

)
. (68)

There are two important points to be made. First, this integral diverges at the upper

limit. Second, it would only reproduce (60) if one restricts the partition sum to be

over smooth geometries (u = 0, 1) with u taking constant values within elementary

cells at the Planck scale. Even though this would geometrically mimic the coherent

state analysis in quantum mechanics, its validity is certainly doubtful in a manifest

semiclassical treatment applicable all the way to the Planck scale.

It is interesting to point out the different role that different ensembles also play

in Sen’s independent approach to explain the entropy of supersymmetric extremal

black holes with charges Q having AdS2 throats from an entirely macroscopic per-

spective 85,86. Sen’s proposal is

dmacro(Q) =
∑
s

∑s
i=1 Qi+Qhair=Q∑
Qi, Qhair

{ s∏
i=1

dhor(Qi)
}
dhair(Qhair; {Qi}) . (69)

The s-th term represents the contribution from an s-centered black hole configu-

ration; dhor(Qi) stands for the degeneracy associated with the horizon of the i-th

black hole center carrying charge Qi; and dhair(Qhair; {Qi}) stands for the hair de-

generacy, i.e. smooth black hole deformations supported outside the horizon and

sharing the same asymptotics.

Sen’s prescription uses a mixture of formulations. Indeed, whereas the contribu-

tion from the degrees of freedom localised at the horizon is captured by an euclidean

path integral, both the contribution from horizonless configurations, through geo-

metric quantisation, and hair modes employ entirely lorentzian methods. At any

rate, a better understanding on how to formulate gravitational path integrals more

rigorously is clearly desirable from many points of view.

Even though the above arguments strongly suggest the fuzzball programme

should not work at tree level for non-supersymmetric configurations, this does not

forbid, a priori, the existence of non-typical non-extremal fuzzball configurations

solving the classical equations of motion. The first known examples of these were

found in 87. Remarkably, there exists an interesting body of work for some of these

non-extremal configurations giving evidence that some features of these fuzzball

ideas are still realised in less symmetric situations 88. More recently, there has also

been some progress in finding non-extremal fuzzball like configurations 89,90 and

explicit multi-center extremal non-BPS solutions (see 91 and references there in).
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3. Extremal black holes

In the seminal work of Strominger & Vafa 19 the entropy of a certain supersymmetric

black hole was accounted for by identifying its degrees of freedom with those of a 2d

CFT. Later, it was realised 92 that matching the universality of the 2d CFT Cardy’s

formula (3) with the universality of the Bekenstein-Hawking entropy formula (2)

follows from the seminal work of Brown & Henneaux 93 analysing the asymptotic

symmetry group in the AdS3 region emerging near the horizon of the original black

hole.

The above synthesises the two most common approaches used in the string

theory community to explain the macroscopic entropy of a given black hole. The

first one is microscopic in nature. One maps black hole charges to D-brane charges

(possibly) wrapping some internal cycles in some compact manifold. These pro-

vide an open string (gauge theory) description in which one counts the number of

microstates compatible with the given conserved charges. The matching with the

gravitational macroscopic result relies on the existence of non-renormalisation the-

orems guaranteeing the number of states does not change as the gauge coupling

increases, which is what generates the gravity description. The second method is

semiclassical in nature. It constructs a Hilbert space out of the study of the asymp-

totic symmetry group of a given spacetime. The emergence of a 2d conformal field

theory realising two Virasoro algebras allows one to use Cardy’s result (3) to ac-

count for the entropy of the black hole in terms of the number of operators carrying

its charges.

The main goal of this section is to review part of the recent work devoted to

extend both of these approaches to extremal, non necessarily BPS, black holes

(i) first, the constituent model developed in 94,95 for extremal non-BPS d=4 static

black holes in the STU model,

(ii) second, the Kerr/CFT correspondence 96 and its generalisation to extremal

black holes/CFT 97.

3.1. Non-BPS extremal microscopics

3.1.1. The theory and its charges

In this section, we will work in the STU-model 98,99,100, i.e. N = 2 supergrav-

ity in four dimensions with nV = 3 vector supermultiplets coupling through the

prepotential F = X1 X2 X3

X0 . The bosonic terms in the action are 101:

S =
1

8πGN

∫
d4xL =

1

8πGN

∫
d4x
[
− R

2
+Gab̄∂µz

a∂ν z̄b+Im
(
NΛΣF−ΛµνF−Σ

µν

)]
,

(70)

where F±Λ
µν = FΛ

µν ± i
2εµνρσF

Λµν . We will work in the gauge X0 = 1 and rewrite

the remaining projective coordinates as Xi = zi = xi − iyi (i = 1, 2, 3).

Let us understand its degrees of freedom. The STU-model is a subsector of type

IIA string theory compactified on T 6 = T 2× T 2× T 2. The scalars zi = xi− iyi are
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the complexified Kähler moduli of the three T 2’s, i.e. xi stands for the flux treading

the 2-torus and yi for its volume. Besides the four dimensional metric, the theory

contains four gauge fields. Their electric QΣ and magnetic PΛ charges are

QΣ =
1

4π

∫
S2
∞

GΣ , PΛ =
1

4π

∫
S2
∞

FΛ , (71)

where the symplectic dual field strength is Gµν±Λ = −iδL/δF±Λ
µν = NΛΣF+Σµν . The

electric charges correspond to D0-branes (Q0) and D2-branes wrapping the i-th

T 2 (Qi), while the magnetic charges correspond to D6-branes (P 0) wrapping the

entire 6-torus andD4-branes wrapping the dual T 4, i.e. P1 corresponds to D4-branes

wrapping the second and third 2-tori.

Physical charges (71) are organised in symplectic pairs:

Γ ≡ (PΛ, QΣ) . (72)

They have units of length and are related to dimensionless quantised charges by

some dressing factors. We use the conventions in 94 where the asymptotic volume

moduli is normalised to yi|∞ = 1 but the asymptotic B-fields xi∞ = Bi = 1
Vi

∫
Vi
B

are kept as free variables. Then the dressing factors are just numerical factors

PΛ = CΛ pΛ , QΣ = CΣ qΣ , (73)

which are essentially the masses of the underlying branes:

C0 = 23/2GNMD6 =
√
GNv6 , Ci = 23/2GNMD4 =

√
GNv6 ·

1

vi
, (74)

C0 = 23/2GNMD0 =

√
GN
v6

, Ci = 23/2GNMD2 =

√
GN
v6
· vi .

Here vi are the volumes of the T 2’s measured in string units vi = Vi/(2πls)
2.

The overall compactification volume is v6 = v1v2v3 and the 4d Newton’s constant

GN = l2sg
2
s/8v6.

Different classes of STU black hole solutions are classified by the quartic invari-

ant I4 inherited from the N = 8 theory

I4(Γ) = 4Q0P
1P 2P 3 − 4P 0Q1Q2Q3 −

(
PΣQΣ

)2
+ 4

∑
i<j

P iQiP
jQj . (75)

Whenever I4(Γ) > 0, solutions are BPS, while I4(Γ) < 0 single center solutions

cannot be BPS 102,103. All extremal black holes, be they BPS or not, exhibit an

attractor mechanism 104. This is reviewed in 105. See also 94 for a discussion on

attractors for non-BPS extremal solutions and its relation to the existence of flat

directions. The entropy of all extremal black holes equals

S =
π

GN

√
|I4(Γ)| . (76)

Our main interest below will be in non-BPS solutions in N = 2 (I4 < 0).
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3.1.2. The most general static non-BPS extremal solution

The most general single center spherically symmetric black hole solutions in the

STU-model are characterised by their charge vector Γ = (P I , QI), the asymptotic

value of the complex moduli zi = xi − iyi, their mass M and their angular mo-

mentum J . This is a 16 parameter family of solutions. Restricting our attention to

extremal static configurations reduces the number of parameters to 14, since J = 0

and Mext = Mext(P
I , QI , z

i). Furthermore, the STU-model has an SL(2,R)3 dual-

ity symmetry acting nontrivially on these parameters. This allows us to consider a

seed solution with just 14−9 = 5 parameters with the understanding that the most

general charge vector and asymptotic moduli can be restored if needed, by acting

with these dualities 106.

The above was the procedure followed in 94. It was shown there that there exists

a canonical duality frame, the D0−D4 frame, where the solution simplifiesh. In this

frame the five parameters of the seed solution are four non-vanishing charges Q0,

P i and the diagonal pseudoscalar zi = B − i (with the same B for i = 1, 2, 3). This

extended the work presented in 108 without B-field. We take Q0 < 0 and P i > 0, so

that I4(Γ) < 0. Thus, supersymmetry will be broken. With these choices, the four

dimensional metric of the seed solution is 94 :

ds2 = −e2U dt2 + e−2U
(
dr2 + r2 (dθ2 + sin2 θ dφ2)

)
, (77)

with conformal factor

e−4U = −4H0H
1H2H3 −B2 , (78)

depending on four harmonic functions

√
2H0 = −(1 +B2) +

√
2Q0

r
,
√

2Hi = 1 +

√
2P i

r
. (79)

Notice the conformal factor is positive definite because Q0 < 0. The scalar moduli

zi are written in terms of the harmonic functions as

zi =
B − i e−2U

sijkHjHk
. (80)

The asymptotic behaviour is zi → B− i as r →∞ in accord with the duality frame

we have chosen.

Decomposing the field strength and the symplectic dual field strength into elec-

tric and magnetic components as :

d ~AI = EI dt ∧ dr + d~aI , d ~AJ = EJ dt ∧ dr + d~aJ , (81)

hThe same solution was obtained in a different U-duality frame in 107.



28 Joan Simón

we find the electric fields supporting the seed solution (77) are 95

E0 = −e
2U

r2

1

y1y2y3

(
Q0 −

1

2
sijkx

ixjP k
)
, (82)

Ei = −e
2U

r2

1

y1y2y3

(
xiQ0 − (x2

i + y2
i ) sijkxj P

k − 1

6
P i sjklx

jxkxl
)
, (83)

where there is no summation over the free index i in the expression for Ei. The

magnetic fields are

~aI = −P I cos θ dφ , ~aJ = −QJ cos θ dφ . (84)

The dual electric fields are

E0 = −e
2U

r2

1

y1y2y3

(
−x1x2x3Q0 +

1

2
xiP

i sijk(x2
j + y2

j )(x2
k + y2

k)

)
, (85)

Ei = −e
2U

r2

sijk
2y1y2y3

(
xjxkQ0 − (x2

j + y2
j ) (x2

k + y2
k)P i − 2xixj (x2

k + y2
k)P j

)
.

Again, there is no summation over the free index i in the expression for Ei. These

give the forces on magnetic probes.

The Non-BPS Mass Formula : Expanding the warp factor at infinity we find

the mass:

2GNMNon−BPS =
1√
2

(
|Q0|+

∑
i

P i(1 +B2)
)
. (86)

This has a simple interpretation. It is the sum of the masses of four individually

half-BPS constituents, D0 and D4-branes with the B-field taken into account for

each constituent independently. Interestingly, this would suggest the non-BPS black

hole is a marginal bound state at threshold viewed as a collection of D0-brane and

D4-brane constituents placed on top of each other with no binding energy.

It is instructive to compare the above mass to the BPS mass formula

2GN MBPS =
1√
2

∣∣∣Q0 +
∑
i

P i (1 + iB)2
∣∣∣ . (87)

There exists a non-vanishing gap between the squares of the two masses

8G2
N (M2 −M2

BPS) = 4
∣∣Q0

∣∣∑
i

P i > 0 . (88)

Thus the additional energy associated with a non-BPS state is always strictly pos-

itive.

3.1.3. Testing the model : probe & supergravity calculations

The lack of binding energy means constituents can be arbitrarily separated. Thus it

should be possible to bring in additional quanta from infinity, without being subject

to any force. This has two consequences :
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(i) Probe D0-branes and D4-branes wrapping any two torii must feel no force in

the non-BPS black hole background.

(ii) There must exist multicenter configurations with total charge distributed among

constituents whose location is unconstrained.

Probe analysis : The potential felt by a static Dp-brane at a constant position

due to a fixed supergravity background is given by its effective Lagrangian density,

up to a sign :

VDp = Tp

[
e−(φ−φ∞)

√
−det(G+B)−

√
2η Ap+1

]
≡ Tp (VDBI + VWZ) , (89)

where η parameterises whether we are describing a Dp or an Dp brane. We have in

mind infinitesimal constituents being added and so it is justified to use the probe

approximation where distortion of the background due to the probe is neglected.

Let us briefly discuss the DBI contribution. The dilaton in (89) is the 10D

one, with its asymptotic value absorbed in the tension of the brane. Since the 4D

dilaton is a component of a hypermultiplet, it has no radial dependence. Hence, all

the 10D dilaton non-triviality is uniquely acquired through the volume of T 6, i.e.

e−2(φ4−φ4∞) = e−2(φ−φ∞)V6 = 1. It is convenient to evaluate the combination :

e−(φ−φ∞)√−gtt =
1√

y1y2y3
eU =

2
√

2H1H2H3

(−I4 −B2)
. (90)

Here we replaced the charge dependence in (75) by the corresponding harmonic

functions so that I4 above is

I4 = 4H0H
1H2H3 − 4H0H1H2H3 −

(∑
I

HIH
I

)2

+ 4
∑
i<j

HiHiH
jHj , (91)

which for the seed solution reduces to :

I4 → 4H0H
1H2H3 . (92)

If we remember the B-field appearing in (89) is the spatially varying B-field, whose

components on each T 2 we hitherto denoted x, then for a single T 2, the contribution

to the potential is √
det(G+B)→

√
x2 + y2 = |z| . (93)

We are left with the WZ contribution. Its contribution to the force (in units of

the brane tension Tp) is simply:

− ∂VWZ

∂r
=
√

2η
∂Ap+1

∂r
= −
√

2ηE . (94)

The electric field one should use in this expression depends on the identity of the

probe: it is E0, Ei for D0, D2 branes and E0, Ei for D6, D4 branes. The electric

fields generated by the D0-D4 background were given in (82-85).
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It was shown in 95 that D0 and any D4-brane probe with no fluxes on their

worldvolumes were satisfying the no-force condition, whereas any other probe in-

volving D2 and/or D6-branes, with or without fluxes turned on, did feel a force.

Thus, these are the natural constituents making up the black hole. The analogous

claims for BPS black holes do not hold due to the existence of a non-trivial binding

energy in the supersymmetric branch 95.

Multi-center extremal non-BPS supergravity configurations : In 115, the

moduli space of static multi-centered extremal non-BPS configurations was stud-

ied for the particular case in which all D4-brane charges were equal. Their main

conclusions were

(i) There are no constraints on the location of each center.

(ii) There is a constraint on the charge vector Γi carried by each i-th center.

It is reassuring to check that the only charge vectors solving these constraints are

precisely the ones matching our constituents (or linear combinations thereof).

Since our original statement applies to different D4-brane charges and different

values for the moduli, due to U-duality invariance, we expect there should exist

more general multi-centered extremal non-BPS solutions generalising the results in
115. Notice these statements only apply to static extremal non-BPS configurations.

The different centers are thus mutually local and carry no angular momentum.

These properties do not hold in more general multi-centered extremal non-BPS

configurations constructed in 116,117. These do carry angular momentum and their

centers are constrained to satisfy a cubic ”bubble” equation.

3.1.4. The D0-D6 frame

The microscopic picture developed in the canonical duality frame must hold at any

point of the U-duality orbit. This follows from the U-duality invariance of the total

mass and the lack of binding energy. We will explore such model in different frames

to gain further insights into its stability and its comparison with the branch of BPS

black holes.

In this subsection, I discuss the D0-D6 frame. The five parameters of the seed

solution are mapped to the D0-brane charge Q0, D6-brane charge P 0, and three

independent B-fields B1, B2, B3 along the three T 2’s. The explicit map (constructed

in section 5 of 94) depends prominently on three parameters Λi (part of the original

SL(2,R)3) related to the parameters of the D0−D6 frame by

Λ1Λ2Λ3 =
P 0

Q0
, (95)

1

2
[Λ1(1 +B2

1)− Λ−1
1 ] =

1

2
[Λ2(1 +B2

2)− Λ−1
2 ] =

1

2
[Λ3(1 +B2

3)− Λ−1
3 ] . (96)

The constraint (96) arises from requiring the B-field in the D0−D4 seed solution

to be the same on the three T 2’s.
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The mass of the D0-D6 black hole is :

23/2GN M =
P 0

4

(
1 + (Λ−1

1 +B1)2
)1/2(

1 + (Λ−1
2 +B2)2

)1/2(
1 + (Λ−1

3 +B3)2
)1/2

+
P 0

4

(
1 + (Λ−1

1 +B1)2
)1/2(

1 + (Λ−1
2 −B2)2

)1/2(
1 + (Λ−1

3 −B3)2
)1/2

(97)

+
P 0

4

(
1 + (Λ−1

1 −B1)2
)1/2(

1 + (Λ−1
2 +B2)2

)1/2(
1 + (Λ−1

3 −B3)2
)1/2

+
P 0

4

(
1 + (Λ−1

1 −B1)2
)1/2(

1 + (Λ−1
2 −B2)2

)1/2(
1 + (Λ−1

3 +B3)2
)1/2

.

This mass formula is consistent with the sum of masses of four individual half-BPS

constituents with charge vectors

ΓI =
1

4

(
P 0;−P 0/Λ1,−P 0/Λ2,−P 0/Λ3;Q0;P 0/(Λ2Λ3), P 0/(Λ1Λ3), P 0/(Λ1Λ2)

)
ΓII =

1

4

(
P 0;−P 0/Λ1, P

0/Λ2, P
0/Λ3;Q0;P 0/(Λ2Λ3),−P 0/(Λ1Λ3),−P 0/(Λ1Λ2)

)
ΓIII =

1

4

(
P 0;P 0/Λ1,−P 0/Λ2, P

0/Λ3;Q0;−P 0/(Λ2Λ3), P 0/(Λ1Λ3),−P 0/(Λ1Λ2)
)

ΓIV =
1

4

(
P 0;P 0/Λ1, P

0/Λ2,−P 0/Λ3;Q0;−P 0/(Λ2Λ3),−P 0/(Λ1Λ3), P 0/(Λ1Λ2)
)
,

each charge vector being the image under the U-duality transformation of the half-

BPS constituents in the canonical frame.This is a manifestation of the U-duality

invariance of the constituent model. Notice the total charge vector

Γ = ΓI + ΓII + ΓIII + ΓIV = (P 0;~0;Q0;~0)

is that of the D0−D6 black hole, as it should.

The microscopic picture emerging from these charge vectors extends the known

model 109,110 in the absence of external B-fields based on coincident D6-branes.

Their idea was to reproduce the D0 and D6-brane charges by wrapping four D6-

branes on T 2 × T 2 × T 2 with flux assignments :

(F12, F34, F56)I = (f1, f2, f3) , (98)

(F12, F34, F56)II = (f1, −f2, −f3) , (99)

(F12, F34, F56)III = (−f1, f2, −f3) , (100)

(F12, F34, F56)IV = (−f1,− f2, f3) . (101)

The superindex {I, II, III, IV } enumerates the four D6’s while the subindex in

the individual fluxes fi refers to the torus in which they are thread. It is interesting

to point out that the minimal size for the gauge group to cancel the induced D2

and D4-brane charges is four, precisely matching the number of independent con-

stituents in our model. The induced D0-brane charge from the worldvolume flux F

is the third Chern class

n0 = −n6

4

1

6(2π)3

∫
trF ∧ F ∧ F = −n6V6f1f2f3

(2π)3
, (102)
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so we have

P 0

Q0
=
M6

M0

n6

n0
= − V6

(2π)6α′3
(2π)3

V6f1f2f3
= − 1

(2πα′)3f1f2f3
. (103)

In order to induce the correct total D0-brane charge, the fluxes must be chosen so

that

(2πα′)3f1f2f3 = −Q0

P 0
. (104)

The non-abelian open string description reproduces our proposed microscopic

charge vectors Γ if we make the identification

Λi = − 1

2πα′fi
. (105)

Furthermore, the mass of the non-abelian system with flux

M = T6

∫
Tr
√

det [G+ (2πα′F −B)] , (106)

agrees with the one computed in gravity (in (5.56) of 94). The dynamical mechanism

behind the matching between these weakly coupled calculations in gauge theory and

gravity is not understood.

The non-abelian description does not determine the individual fluxes Λi, but

only their product. Thus, it does not explain the supergravity constraint (96). Fur-

thermore, in the absence of fluxes, the system is known to be metastable 109. Given

the lack of supersymmetry, it is natural to wonder about the stability of the system.

I discuss both issues in a different duality frame in the next subsection.

3.1.5. Perturbative stability and supersymmetry breaking

Acting with T-duality three times, once along each of the T 2s, our four constituents

become D3-branes intersecting at angles. This U-duality frame is particularly useful

to analyse the perturbative stability of the system. This is because the lightest states

in the spectrum of open strings stretching between any pair of intersecting D3-brane

constituents is well known to contain four complex scalars in spacetime with masses

(for more details see e.g. 111):

α′m2
1 =

1

2π
(−θ1 + θ2 + θ3) ,

α′m2
2 =

1

2π
(θ1 − θ2 + θ3) ,

α′m2
3 =

1

2π
(θ1 + θ2 − θ3) ,

α′m2
4 = 1− 1

2π
(θ1 + θ2 + θ3) , (107)

where 0 ≤ θi ≤ π stands for the relative angle in the ith T 2.

This spectrum generically contains tachyons, interpreted as a classical instability.

Given the set of fluxes dictated by supergravity, two of the relative angles are always
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equal and the third one vanishes 95, for any pair of D3-branes. The only non-trivial

relative angle of a given D3-brane pair is 95

cotϑABi = cot(φAi − φBi ) = −1

2
[Λi(1 +B2

i )− Λ−1
i ] , (108)

where A,B = I, II, III, IV label the D3-brane pair and we used cotφi = 2πα′Fi =

−(Λ−1
i + Bi). Thus, for the set of fluxes dictated by supergravity, the spectrum is

free of tachyons. Hence, our extremal non-BPS black holes are perturbatively stable

and we could interpret the constraints (96) as a stability condition in the D0−D6

frame. Notice there are more general solutions to the absence of tachyons in the

open string analysis, but they are not realised in supergravity. It is not understood

why this is the case.

Supersymmetry breaking : Some of the results presented above suggest the exis-

tence of some kind of non-renormalisation when varying the coupling of the system.

This is unexpected because of the lack of supersymmetry, but it is interesting to

remember the precise way in which the latter is broken in these systems. Consider

a pair of constituent D3-branes of type A,B situated at the relative angles {ϑABi }.
A candidate supersymmetry |s1 , s2 , s3〉 preserved by one of these is also preserved

by the other when 112,113

s1ϑ
AB
1 + s2ϑ

AB
2 + s3ϑ

AB
3 = 0 mod 2π . (109)

Here we used the eigenvectors Si|s1 , s2 , s3〉 = 1
2si |s1 , s2 , s3〉 , with Si being the

generators of rotations S1 = i/2 Γ1Γ2 , S2 = i/2 Γ3Γ4 , S3 = i/2 Γ5Γ6.

The analysis of these conditions done in 95 concluded that

(i) any pair of D3-branes preserves eight supersymmetries.

(ii) any three constituent subset of D3-branes preserves four supersymmetries.

(iii) it is the addition of the fourth constituent that breaks supersymmetry.

The perturbative open string analysis evidently focusses on pairs of constituent

D-branes. Since each of the pairs preserves some supersymmetry, the absence of

tachyons from the open string spectrum was anticipated on general grounds. The

complete spectrum of the non-BPS black hole includes collective states that depend

for their existence on the presence of three and four branes. Only the last kind,

depending on all four constituent branes, are sensitive to supersymmetry breaking.

Since the classical non-BPS black hole entropy vanishes unless all four constituent

branes are present, one expects numerous modes of this type. The finite entropy and

sensible thermodynamics do not suggest any instability among these more exotic

modes so one would expect no tachyons in this sector either. It would be interesting

to confirm this expectation.
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3.1.6. Summary and comparison with BPS solutions

The microscopic model for static extremal non-BPS black holes based on four mu-

tually local half-BPS constituents described above is different from the analogous

microscopic considerations emerging for BPS black holes 118,119,120,121,122. I already

alluded to the existence of an strictly positive mass gap in (88). Even though this

was computed in the canonical frame, masses are invariant under U-duality trans-

formations. Thus, the existence of the gap holds quite generically in moduli space.

This is important because of the potential decay channels that non-BPS solutions

can possess 94,95.

Using the main properties satisfied by multi-centre BPS configurations 74,75,76,

the main differences among both branches are summarised below :

1. Their mass is BPS, which is always strictly smaller than that of the non-BPS

solution with otherwise identical quantum numbers (see 94).

2. The charge vectors of the 1/2-BPS constituents are mutually non-local, i.e. they

have non-zero intersection number 〈Γi, Γj〉 6= 0. (The four constituents of the

non-BPS black holes are mutually local.)

3. The BPS constituents are a finite distance apart, an scale essentially determined

by the charge intersection numbers, i.e. Rij = |~xi − ~xj | ∝ 〈Γi, Γj〉 118. (The

constituents of the non-BPS black holes can move freely in the supergravity ap-

proximation.)

4. These BPS states only exist in part of the moduli space. There is a co-dimension

one wall of threshold stability in moduli space beyond which they disappear from

the spectrum. See 123 for a thorough discussion on this point in the D0-D6 U-

duality frame, 124 for an analysis of supersymmetry and 125,126 for the explicit

construction of the different two-centre BPS solutions in the STU model. (The

non-BPS black holes exist everywhere in moduli space.)

5. The mutual non-locality of the charges generally requires angular momentum in

the multi-centre BPS solutions. (this is not necessary for static non-BPS black

holes.)

Taking these considerations into account, one concludes BPS solutions cannot be

continuously connected to any non-BPS stationary solution through the wall of

marginal stability. Instead, there can exist decay from the non-BPS branch to the

BPS branch on the part of moduli space where BPS solutions exist. The transition

will release energy, entropy and generally also angular momentum. This indicates a

first order transition between the two branches.

When all B-fields vanish, the mass formulae in both branches is related by

analytical continuation from Q0 < 0 to Q0 > 0. This was used in 127 to provide

a microscopic counting for the entropy of extremal neutral black holes. The latter

was extended to extremal rotating Kaluza-Klein (D0-D6) black holes in the fast

rotating regime in 128. Both calculations are based on a model of intersecting D3-

branes and assume that the entropy of low energy excitations is a local property
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of the intersection and is independent of whether the branes wrap the torus along

minimal or non-minimal rational cycles. However, the fact that when turning on

general B-fields these mass expressions are no longer so easily related suggests that

the physics of the two branches is qualitatively different, in a manner reminiscent

of a system with distinct phases.

Let me stress the comments above apply to static extremal non-BPS black

holes. Recently, some progress was achieved in the construction of general ex-

tremal non-BPS configurations, including non-vanishing angular momentum 116.

For these, there exist multi-centered configurations whose locations are non-trivially

constrained by the moduli given the true bound nature of the system 116,117. It

would be very interesting to extend the microscopic description reviewed here to

these systems.

3.2. Extremal black holes & Conformal field theory

After the microscopic considerations of the previous subsection, I now consider the

semiclassical approach initiated by Brown & Henneaux in 93. One of the virtues of

this seminal work is to provide a semiclassical construction of a Hilbert space in

a classical gravity theory given some boundary conditions. The heuristic idea is as

follows. Given a reference metric g (global AdS3 in 93), one determines the subset

of non-trivial diffeomorphisms ζ preserving some set of boundary conditions h (at

infinity in 93)

Lζ (g + h) ∼ h , (110)

where Lζg stands for the Lie derivative of the metric g along the vector field ζ.

These are understood as normalisable excitations of the background metric g. By

non-trivial here, one means the associated conserved charge Qζ [g] does not vanish.

One is interested in computing the algebra closed by these conserved charges under

Dirac brackets, since the states in this semiclassical approximation will fit into

representations of the latter. Thus one needs surface integrals defining them in

terms of the given diffeomorphism ζ and the background metric g. Here, I follow

the covariant formalism developed in 130,131, based on 132 and further developed in
133,134. The charges generating ζ are

Qζ =
1

8πG

∫
∂Σ

kζ [h, g] , (111)

where G is Newton’s constant, ∂Σ the boundary of a spatial slice and

kζ [h, g] =
1

2

[
ζν∇µh− ζν∇σhµσ + ζσ∇νhµσ +

1

2
h∇νζµ − hνσ∇σζµ

+
1

2
hνσ(∇µζσ +∇σζµ)

]
∗(dxµ ∧ dxν) , (112)

All raised indices are computed using gµν . The Dirac bracket algebra of the asymp-

totic symmetry group is then computed by varying the charges

{Qζm , Qζn}D.B. = Q[ζm,ζn] +
1

8πG

∫
∂Σ

kζm [Lζng, g] . (113)
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Notice the resulting algebra can include a central term 130 if the last term does not

vanish.

Recently, this philosophy was applied to extremal Kerr

ds2 = −∆

ρ2

(
dt̂− a sin2 θ dφ̂

)2

+
sin2 θ

ρ2

(
(r2 + a2) dφ̂− a dt̂

)2

+
ρ2

∆
dr2 + ρ2 dθ2 ,

(114)

where ∆ = (r−a)2 and ρ2 = r2 +a2 cos2 θ. The Bekenstein-Hawking entropy equals

S = 2π J , with J =
M2

G
≡ GM2

ADM . (115)

Taking a near horizon limit 129

t =
λ t̂

2M
, y =

λM

r −M
, φ = φ̂− t̂

2M
, λ→ 0 (116)

keeping (t, y, φ, θ) fixed, leads to the near-horizon extreme Kerr (NHEK) geometry

ds2 = 2GJΩ2

(
−dt2 + dy2

y2
+ dθ2 + Λ2

(
dφ+

dt

y

)2
)
, (117)

where Ω2 ≡ (1 + cos2 θ)/2 and Λ ≡ 2 sin θ/(1 + cos2 θ). This has an enhanced

SL(2,R) × U(1) isometry group acting on the fixed polar angle θ 3d slices, whose

geometry is that of a quotient of warped AdS3 and describes an S1 bundle over an

AdS2 base.

To study the semiclassical excitations around NHEK, one studies its asymptotic

symmetry group. To do that we impose the boundary conditions 96
hττ = O(r2) hτϕ = O(1) hτθ = O(r−1) hτr = O(r−2)

hϕτ = hτϕ hϕϕ = O(1) hϕθ = O(r−1) hϕr = O(r−1)

hθτ = hτθ hθϕ = hϕθ hθθ = O(r−1) hθr = O(r−2)

hrτ = hτr hrϕ = hϕr hrθ = hθr hrr = O(r−3)

 , (118)

where the radial coordinate r in the global AdS2 coordinates was used

y =
(

cos τ
√

1 + r2 + r
)−1

,

t = y sin τ
√

1 + r2 , (119)

φ = ϕ+ log

(
cos τ + r sin τ

1 + sin τ
√

1 + r2

)
.

The most general diffeomorphism preserving these boundary conditions is 96

ζ = (−rε′(ϕ) +O(1)) ∂r +
(
C +O(r−3)

)
∂τ +

(
ε(ϕ) +O(r−2)

)
∂ϕ +O(r−1)∂θ ,

where ε(ϕ) is an arbitrary smooth function of the periodic boundary coordinate ϕ

and C is an arbitrary constant. Expanding ε(ϕ) into Fourier modes and defining

dimensionless quantum versions of the Qs by ~Ln ≡ Qζn + 3J
2 δn plus the usual rule
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of Dirac brackets to commutators as {., .}D.B. → −i/~ [., .], the quantum charge

algebra is then 96,135

[Lm, Ln] = (m− n)Lm+n +
J

~
m(m2 − 1)δm+n,0 . (120)

This is a Virasoro algebra with central charge

cL =
12J

~
. (121)

3.2.1. CFT origin of the gravitational entropy

If the gravitational entropy of extremal Kerr allows a microscopic interpretation in

terms of a chiral CFT as suggested by the chiral Virasoro algebra emerging from

the previous semiclassical considerations, one is left to determine the temperature

of the mixed state describing the NHEK geometry. To identify it, remember the

state of an scalar quantum field in the Kerr background after integrating out its

interior is given by a density matrix with eigenvalues

e
−~ω−ΩHm

TH , with ΩH =
a

2Mr+
, TH =

r+ −M
4πM r+

(122)

Here ΩH is the angular velocity of the horizon and TH is its Hawking temperature.

We can relate these eigenvalues to the ones associated to the Killing vector fields

∂φ and ∂t naturally appearing in the near-horizon region through the identity

e−iωt̂+imφ̂ = e−
i
λ (2Mω−m)t+imφ = e−inRt+inLφ (123)

where

nL ≡ m, nR ≡
1

λ
(2Mω −m) . (124)

In terms of these variables the Boltzmann factor (122) is

e
−~ω−ΩHm

TH = e
−nLTL−

nR
TR , (125)

where the dimensionless left and right temperatures are

TL =
r+ −M

2π (r+ − a)
, TR =

r+ −M
2πλr+

. (126)

In the extremal limit M2 → GJ , these reduce to 96

TL =
1

2π
, TR = 0 . (127)

The left-movers are then thermally populated with the Boltzmann distribution at

temperature 1/2π:

e−2πnL , (128)

while only the purely reflecting modes survive the limit since ω = m/(2M). Thus,

even though extreme Kerr has zero Hawking temperature, the quantum fields out-

side the horizon are not in a pure state.
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Assuming the existence of a unitary chiral CFT with central charge (121), one

is tempted to appeal to Cardy’s formula to account for the CFT entropyi

SCFT =
π2

3
cLTL . (129)

Using (127) and (121), one reproduces the entropy of extremal Kerr (115) 96

Smicro =
2πJ

~
= SBH . (130)

Notice this approach uses the symmetries emerging in the semiclassical analysis and

the universality of Cardy’s formula, but does not provide any explicit microscopic

description of the system. This is a common feature of this kind of considerations.

This evidence was used in 96 to conjecture a new duality between quantum

gravity in the near horizon of extremal Kerr and (a chiral half of) a two dimensional

conformal field theory, the so called Kerr/CFT correspondence. By considering near-

extremal Kerr, it was shown in 137 that the superradiant scattering of an scalar

field by a near-extreme Kerr black hole was fully reproduced by a two dimensional

conformal field theory in which the black hole corresponds to a thermal state and

the scalar field to a specific operator in the dual CFT, extending the standard

AdS/CFT framework.

In the following, I briefly discuss how this same structure emerges for any ex-

tremal black hole giving rise to the extremal black hole/CFT conjecture 97,138. For

preliminary work on the subject regarding the entropy of near-extremal black holes

and the AdS2/CFT1 correspondence, see 139. For a more complete set of references

on the subject, see the recent review 140.

3.2.2. General extremal black holes & conformal field theory

Consider any asymptotically globally AdS (or Minkowski) extremal black hole solu-

tion to a general theory of D = 4, 5 Einstein gravity coupled to some arbitrary set

of Maxwell fields F I and neutral scalars φA. Extremality requires the existence of

more than one charge besides mass. That is, either angular momentum, as in Kerr,

or electric/magnetic charges. It was shown in 141 that assuming the black hole has a

regular horizon and an R×U(1)D−3 isometry group, Einstein’s equations guarantee

the corresponding near-horizon geometry is

ds2 = Γ(ρ)

[
−r2dt2 +

dr2

r2

]
+ dρ2 + γij(ρ)(dxi + kirdt)(dxj + kjrdt)

F I = d[eIrdt+ bIi (ρ)(dxi + kiIrdt)]

φA = φA(ρ) (131)

where i = 1, . . . D − 3, r = 0 is the horizon, Γ(ρ) > 0, {∂/∂t, ∂/∂xi} are Killing

vector fields, and ki, e are constants. The precise form of the ρ-dependent functions

iCardy’s formula requires the temperature to be large. See 136 for a justification on the validity of

Cardy’s regime for extremal Kerr.
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depends on the subset of field equations that have not yet been integrated. This

metric has several S1 bundles over AdS2, the latter spanned by {t, r}. Thus, there

exists an enhancement of symmetry to SO(2, 1) × U(1)D−3. The presence of these

bundles will be crucial to extend the previous semiclassical considerations leading

to the existence of the chiral Virasoro algebra (120) for extremal Kerr. If the ini-

tial black hole only carries electric charges, this can be viewed as ”rotation” using

a convenient KK reduction from higher dimensions. Thus, the conclusions below

would end up being the same 97.

To see how the ideas developed for extremal Kerr extend to more general situ-

ations, consider the most general near horizon geometry in 5d :

ds2
5 = A(θ)

(
−r2dt2 +

dr2

r2

)
+ F (θ)dθ2 +B1(θ) ẽ2

1 +B2(θ)(ẽ2 + C(θ) ẽ1)2 ,

ẽ1 = dφ1 + k1r dt , ẽ2 = dφ2 + k2r dt , (132)

where A, Bi, C and F are functions of the latitude coordinate θ (the analogue of ρ

in (131)). The metric can be viewed as an S3 bundle over AdS2 and its Bekenstein–

Hawking entropy is

SBH =
1

4

∫
dθ
√
B1B2F

∫
dφ1dφ2 . (133)

It was shown in 142 that this near horizon geometry has a pair of commuting

diffeomorphisms that generate two commuting Virasoro algebras

ζ1 = −e−inφ1
∂

∂φ1
− in r e−inφ1

∂

∂r
,

ζ2 = −e−inφ2
∂

∂φ2
− in r e−inφ2

∂

∂r
. (134)

Using the covariant formalism reviewed before, one can compute the central charges

ci in these Virasoro algebras 142

ci =
3

2π
ki

∫
dθ
√
B1B2F

∫
dφ1dφ2 =

6kiSBH
π

, i = 1, 2 (135)

They reproduce the entropy of the original black hole, through Cardy’s formula,

SBH =
π2

3
c1T1 =

π2

3
c2T2 , (136)

if the constants k1 and k2 are related to the CFT temperatures by

ki =
1

2πTi
. (137)

It is reassuring to check that these are precisely the values that these constants take

when we consider the near horizon of a given extremal black hole. Indeed, in that

case,

Ti = lim
r+→r0

TH

Ω0
i − Ωi

= −T
′ 0
H

Ω′ 0i
, (138)
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where Ωi describe the angular velocities of the black hole at the horizon, TH its

Hawking temperature and quantities with a 0 label refer to their extremal values.

These results can be generalised to higher dimensions 142.

These constants Ti appear naturally when expanding quantum fields in eigen-

modes of the asymptotic charges. For an scalar field, after tracing over the interior

of the black hole, the vacuum is a diagonal density matrix with eigenvalues

e−(ω−Ω1m1−Ω2m2)/TH . (139)

Expanding TH = T ′H x and Ωi = Ω0
i + Ω′i x, where x measures the distance to the

extremal point, one concludes the density matrix after the extremal limit is given

in terms of

e−
m1
T1
−m2
T2 , (140)

with Ti defined as in (138). Thus these quantities can be interpreted as the Frolov–

Thorne temperatures 143 associated with two CFTs, one for each azimuthal angle

φi. Furthermore, the above requires the relation ω = Ω0
1m1 + Ω0

2m2 among the

different quantum numbers. These are the modes that are fully reflected from the

black hole (no energy absorbed by the black hole) 129.

The existence of more than one CFT description may appear to be surprising.

But we are well aware of this same fact for the black holes described in 19. There,

the entropy only depends on two of the three charges carried by the black holes, and

depending on the U-duality frame being used, there are different available CFTs.

In the current context, the existence of a lattice of CFTs was argued for in 144. It is

not clear whether the SL(2, R) transformations acting on the moduli characterising

the 5d near horizon geometry can be interpreted as a U-duality transformation.

Embedding these systems in string theory, as in 136, could clarify this point.

The superradiant scattering of an scalar field by these backgrounds also matches

the analogous calculation in a chiral 2d CFT, using the appropriate dual operator
145. This provides similar evidence to the one reported for extremal Kerr. It is inter-

esting to point out the work in 146, where besides providing further evidence for this

correspondence, bulk correlators are computed for asymptotically flat black holes

using the same recipe developed in the AdS/CFT correspondence, perhaps pointing

towards the existence of new holographic relations for this different asymptotics.

Before closing this discussion, it is interesting to mention the potential connec-

tion between the results reviewed and further existent work in the literature. Prior

to the Kerr/CFT conjecture, it was already observed that a quantum theory of

gravity in 2d with negative cosmological constant coupled to an electric field could

allow a non-trivial central charge under a suitable set of boundary conditions 147.

These were responsible for twisting the energy momentum tensor T±± generating

2d conformal transformations by the U(1) gauge current j± generating U(1) gauge

transformations as

T̃±± = T±± ± α∂±j± . (141)
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The constant α depends on the details of the theory (the AdS2 radius ` and the

electric field E in this case). Notice this twisting is responsible for generating a

non-trivial central charge, since the original T±± has c = 0, as is customary in

two spacetime dimensions. This mechanism was explicitly realised in a holographic

formulation of AdS2 black holes cross-checked from Kaluza-Klein compactification

of the standard AdS3/CFT2 dictionary 148. This may essentially be the same phe-

nomena that is happening in the generic extremal near horizon geometry described

in this section. If the starting extremal black hole has a compact horizon, its near

horizon geometry (131) will allow, in principle, an effective description in terms of

2d gravity coupled to matter fields. One crucial property of the solutions to this

theory is that all effective electric fields in 2d diverge at infinity. This is the rea-

son why standard 2d conformal transformations must be accompanied by a U(1)

gauge transformation to preserve the physical boundary conditions analysed in 147.

In other words, the singular behaviour of the electric field at infinity is the origin of

the twisting. Interestingly, this twisting is reminiscent of the large gauge transfor-

mation that takes place in any near horizon limit for any extremal black hole. As

one can see from (116), this limit involves two transformations

1. An IR limit, due to the red shift inherited by exploring the near horizon region

of the starting extremal black hole, i.e. r = rh + λ y with λ→ 0

2. A large gauge transformation t = τ
λ and φ = ϕ+ Ω0 τ

λ .

The large gauge transformation acts non-trivially on the generators of isometries ∂t
and ∂φ on any quantum field propagating in this fixed background. At the level of

the full theory, these symmetries are generated by the energy momentum tensor T±±
and the U(1) gauge current j±. Thus, the large gauge transformation implements

the CFT twisting described in 147 at the level of the geometry. In the particular

case where there is an available AdS/CFT description in the UV, one is tempted

to view this near horizon limit as effectively implementing a non-trivial RG-flow in

the field theory, by integrating out the spacetime outside of the black hole horizon.

The non-trivial singular large gauge transformation required to keep the solution

on-shell identifies the appropriate hamiltonian in the IR. For related discussions

having condensed matter applications in mind, see the recent work 149.

3.2.3. Comments on the existence of non-trivial dynamics

There are several arguments challenging whether the extremal BH/CFT correspon-

dence has any dynamical content on it and just contains the degeneracy of the

”vacuum” state

(i) The existence of AdS2 fragmentation 150 in the two-dimensional Einstein-

Maxwell-Dilaton theory with a negative cosmological constant states that, at

least classically, any matter excitation satisfying the null energy condition with

support in the AdS2 base will back-react strongly, modifying the spacetime
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boundary structure. This suggests there should be no states charged under the

SL(2,R) isometry group whenever this energy condition is satisfied and the

physics we are interested in are described by the same effective 2d Einstein-

Maxwell-Dilaton theory.

(ii) There are no normalisable linear perturbations of the NHEK geometry 151,152

satisfying the boundary conditions described in 96. In 151, it was further argued

that the same conclusion holds for non-linear perturbations, which would match

the above expectation in the semiclassical approximation.

(iii) Sen’s work on extremal black holes reproducing microscopic results from a

purely macroscopic point of view 153,154, also concluded that when applying

the straight AdS/CFT correspondence to the particular AdS2/CFT1 corre-

spondence, the dual conformal quantum mechanics only includes the degener-

acy of the vacuum, as also argued below 155,156.

For asymptotically AdS black holes, this expectation can be understood as follows.

Extremal black holes represent complicated mixed states in the dual UV CFT. Their

excitations will have a gap if this CFT is non-singular and defined on the cylinder

R×Sd−1. At sufficiently low energies above, less than the size of the gap, there will

be no dynamics left, and no non-trivial theory remains. In the next subsection, we

will see how this mechanism operates in AdS3/CFT2.

This argument already suggests a couple of ways to circumvent its conclusion

(i) if the field theory lives on a non-compact space, its spectrum will be continu-

ous. Thus the effective two dimensional Newton constant in AdS2 will vanish,

allowing us to bypass the fragmentation argument. This feature has appeared

prominently in some recent applications of the AdS/CFT to condensed matter

systems j.

(ii) reduce the gap of the dual CFT by taking a large central charge or large N

limit, since the gap typically scales with an inverse power of N or c. For finite

size extremal black holes this would lead to a divergent entropy for a fixed

temperature T . To obtain a finite entropy, it is tempting to consider large N

limits together with a vanishing horizon limit.

Interestingly, it had previously been observed that under certain circumstances,

whenever the horizon area of extremal black holes can be tuned to zero, their near-

horizon geometries develop local AdS3 throats 129,158,159,160. This is remarkable for

at least two reasons

1. Given the AdS3/CFT2 correspondence, these particular points in the moduli

space of extremal black holes may provide independent derivations for the exis-

tence of an IR CFT description of the black hole degrees of freedom.

jThe amount of literature here is immense. We refer the reader to a subset of reviews and references

therein 157.
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2. Since these configurations are continuously connected to large extremal black

holes where our previous considerations apply, one may identify the operator

deforming the 2d CFT dual to AdS3 and hope to be able to identify the finite

deformation induced by it on the initial 2d CFT. This way, one could in principle

try to derive whether the extremal black hole/CFT conjecture holds.

A general caveat about these classical configurations is its singular nature, and

what their fate is when corrections are included in the bulk. There is an important

distinction to be made in the cases discussed so far in the literature: when the

system is near-extremal but far from BPS, the near horizon geometry involves a non-

supersymmetric pinching ZN orbifold of AdS3
k, whereas in the near BPS situation

the transverse space decompactifies, but has an smooth 3d AdS throat.

Even though this direction will not be reviewed in these notes, it is worth men-

tioning two different approaches that have been followed

1. Given a near extremal black hole in AdS providing a well defined UV CFT dual

description, one interprets the near horizon limit as a large N IR limit of the orig-

inal CFT focusing in some low energy excitations of a definite sector of its Hilbert

space selected by the large gauge transformations accompanying the near horizon

limit. This is the approach followed in 158,159,160. In this context, the conjectured

CFT appearing in the extremal black hole/CFT correspondence emerges as an

effective description for these excitations.

2. When no UV dual description is available, embedding the given black hole into

string theory may provide with the existence of some points in the U-duality

orbit where there exists a CFT dual. Tuning the charges of the black hole in that

U-dual frame may allow the emergence of a local AdS3 throat in the near horizon

limit. One then identifies its central charge and temperature, matching the bulk

entropy. Moving away from the point in charge space where the AdS3 exists, one

computes the linear deformation in the geometry allowing to identify the dual

marginal operator deforming its dual 2d CFT dual. Ideally, the finite integration

of this marginal deformation would connect the 2d CFT dual to AdS3 to the

one emerging in the extremal BH/CFT correspondence. This was the approach

followed in 162,163.

Despite these observations, one may still be interested in investigating whether

the chiral CFT structure emerging in the strict extremal limit hides the existence

of a non-chiral CFT as non-extremality is turned on. This is the direction pursued

in 164,165 for small non-extremality and in 166,146 for finite non-extremality. The

conclusion in all these works is affirmative, but further work is required to settle

this very important question regarding non-extremal black holes. Both, research in

kThe action of this orbifold at the AdS3 boundary is like the one of a conical defect. It would
be interesting to see whether the techniques developed in 161 to compute the worldsheet string

perturbative spectrum can be extended to this case, and whether there is any interesting structure

emerging in the large N limit.
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extremal black hole microscopics and its applications to strongly coupled condensed

matter systems suggest that the emergence of these CFTs appears at scales below

a certain cut-off. Beyond it, extra degrees of freedom are necessary, and whether

their interactions allow a CFT description remains an open question.

3.3. The AdS3 perspective

The physics of AdS3 provides an excellent arena where to test the ideas previ-

ously described. First, AdS3 allows a perturbative description as a 2d CFT string

worldsheet 167. Second, due to the lack of bulk degrees of freedom in three dimen-

sions, black holes in 3d gravity with a negative cosmological constant correspond

to quotients of global AdS3
168. The latter also allow a perturbative worldsheet

description 169. Third, due to the well-established AdS3/CFT2 correspondence, the

system has a UV description in terms of a 1+1 non-chiral CFT, prior to any low

energy (near horizon) being considered. Finally, we already know that the two Vi-

rasoro algebras in this CFT are realised, in the semiclassical approximation, as a set

of non-trivial diffeomorphisms preserving some set of boundary conditions defining

the AdS3 asymptotics 93.

In the following, our goal will be to understand the previous IR limits in terms

of AdS3/CFT2. Let us first review both the bulk and CFT description of BTZ black

holes 170. These are asymptotically AdS3 spacetimes with metric

ds2 = −
(r2 − r2

+)(r2 − r2
−)

r2`2
dt2+

`2r2

(r2 − r2
+)(r2 − r2

−)
dr2+r2(dφ− r+r−

`r2
dt)2 . (142)

The periodicity φ ∼ φ + 2π makes them a quotient of AdS3
168. Their ADM mass

and angular momentum are

M` =
r2
+ + r2

−
8G3`

, J =
r+r−
4G3`

. (143)

These depend on the radius of AdS3 `, 3d Newton’s constant G3 and both the inner

and outer horizons, r− and r+, respectively.

Their dual interpretation is in terms of thermal states in a 1+1 non-chiral CFT

with left and right temperatures

TL =
r+ + r−

2π`
, TR =

r+ − r−
2π`

, (144)

related to the Hawking temperature of the BTZ black hole TH by 2
TH

= 1
TL

+ 1
TR

.

The connection between the gravity and CFT descriptions is most easily re-

viewed following the asymptotic symmetry group analysis of Brown and Henneaux
93. To do so, it is more convenient to work with lightlike coordinates û = t/` − φ
and v̂ = t/`+ φ, in which the global AdS3 metric is ds2 = `2(dr

2

r2 − 2r2dûdv̂). The

boundary conditions at large r are 93

δgûû ∼ δgv̂v̂ ∼ δgûv̂ ∼ O(1), δgrr ∼ O
(
r−4
)
, δgrû ∼ δgrv̂ ∼ O

(
r−3
)
.

(145)
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That order one fluctuations in δgûû, δgv̂v̂ correspond to normalisable modes in the

2d CFT can be inferred by writing the BTZ black hole metric in these coordinates

and examining its asymptotics. In this way, order O(1) fluctuations in δgûû, δgv̂v̂
are seen to independently change the mass and angular momentum in the dual 2d

CFT.

The set of non-trivial charges constructed out of the diffeomorphisms preserving

these boundary conditions close two commuting Virasoro algebras

[Lm, Ln] = (m− n) Lm+n +
c

12
m(m2 − 1)δm+n,0 ,[

L̄m, L̄n
]

= (m− n) L̄m+n +
c̄

12
m(m2 − 1)δm+n,0 , (146)

with central charges

c = c̄ =
3`

2G3
. (147)

The generators Ln and L̄n are given by

Ln −
c

24
δn,0 = einv̂

∂

∂v̂
, L̄n −

c̄

24
δn,0 = einû

∂

∂û
, (148)

whereas their zero modes are related to the bulk charges by

L0 −
c

24
=
M`+ J

2
, L̄0 −

c̄

24
=
M`− J

2
. (149)

The states in the Hilbert space thus constructed arrange themselves into represen-

tations of these Virasoro algebras. It is then a universal result that the number of

highest weight operators/states carrying conformal dimension ∆ = L0+L̄0 and spin

L0 − L̄0 is given by Cardy’s formula (3) 21. Using the dictionary described above

SCardy = 2π

√
c

6

(
L0 −

c

24

)
+ 2π

√
c̄

6

(
L̄0 −

c̄

24

)
=

2πr+

4G3
= SB-H , (150)

one always reproduces the Bekenstein-Hawking formula (2) using the BTZ metric

(142).

3.3.1. Near horizon of extremal BTZ black holes

Consider the subset of extremal BTZ black holes for which the inner horizon coin-

cides with the outer one. Denote the horizon by rh = r+ = r−, then

ds2 = − (r2 − r2
h)2

r2 `2
dt2 +

`2 r2

(r2 − r2
h)2

dr2 + r2

(
dφ− r2

h

r2

dt

`

)2

. (151)

The UV dual description of this limit, M` = J , involves setting the right-movers to

their ground state

L̄0 =
c

24
; TR = 0 , (152)

while the left moving temperature TL = rh
π` and L0 remain arbitrary.
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Following the philosophy discussed for generic extremal black holes in four and

five dimensions, we want to recover the same physics from the low energy limit

involved when taking the near horizon limit of these black holes. To study the

latter, introduce new coordinates

û = t/`− φ , v̂ = t/`+ φ, r2 − r2
h = `2e2ρ , (153)

in which the metric (151) takes the form

ds2 = r2
h dû

2 + `2 dρ2 − `2e2ρ dû dv̂ . (154)

The near horizon limit consists of taking ρ0 → −∞

ρ = ρ0 + r, u = û
rh
`
, v = e2ρ0

`

rh
v̂, {u, v} ∼ {u−2π

rh
`
, v+ 2π

`

rh
e2ρ0} (155)

while keeping r, u, v and rh fixed. The resulting near horizon metric

ds2 = `2(du2 + dr2 − e2r du dv) (156)

is locally identical to (154) but the boundary periodicities in the limit are

{u, v} ∼ {u− 2π
rh
`
, v} . (157)

Thus, the boundary of (156) (r →∞) is a “null cylinder” – it has a metric conformal

to du dv, the standard lightcone metric on a cylinder, but has a single compact null

direction (u).

The metric (156) is the spacelike self-dual orbifold 171,172 l, an S1 fibration over

an AdS2 base with isometry group SL(2,R)×U(1), which is more easily seen when

written as

ds2 =
`2

4

dρ2

ρ2
− ρ2

r2
h

dτ2

`2
+ r2

h

(
dϕ+

ρ

r2
h

dτ

`

)2

=
`23
4

dρ2

ρ2
+ 2

ρ

`
dτdϕ+ r2

hdϕ
2 . (158)

To understand the physical meaning of a null boundary cylinder, introduce a

UV cut-off in the dual CFT by considering bulk surfaces of fixed large r

ds2 = du2 − e2r du dv . (159)

It was shown in 172 that (159) is conformal to a boosted cylinder. As r → ∞ the

boost becomes infinite, precisely matching the procedure defined by Seiberg 174 for

realising the Discrete Light Cone Quantization (DLCQ) of a field theorym. This

suggests the spacelike self-dual orbifold is dual to the DLCQ of the original 1+1

non-chiral CFT. We will see later the latter only keeps one chiral sector of the

original UV CFT, in agreement with our previous Kerr/CFT considerations. The

lThe importance of this geometry for the physics of extremal black holes was already emphasised
some time ago in 173,172.
mThe precise definition of DLCQ in quantum field theory is rather subtle. As emphasised in
175, amplitudes computed in these theories diverge order by order in perturbation theory due to

strong interactions among longitudinal zero modes. This quantization scheme was argued to be

well defined non-perturbatively.
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only parameter of the spacelike self-dual orbifold metric, rh, is then related to the

value of the light-cone momentum p+ defining the DLCQ sector

p+ =
c

6

(rh
`

)2

. (160)

This conclusion can also be reached by computing its boundary stress-tensor 176.

The spacelike self-dual orbifold (158) has a finite temperature 178n

Tself−dual =
rh
π`

=

√
6p+

π2c
, (161)

agreeing with TL in the UV description. This same temperature could have been

derived using the general discussion in subsection 3.2.2. In particular, using the

relation (137) between the CFT temperatures Ti and the constants ki appearing in

the near horizon extremal geometries using the same normalisation as in (131).

The rh → 0 limit of the spacelike self-dual orbifold sends the temperature (161)

to zero and yields the metric

ds2 = r2dx+dx− + `2
dr2

r2
, x− ∼ x− + 2π , (162)

where we have conveniently renamed ρ = r2, ϕ = x− and τ = 2`x+. The causal

character of the compact direction x− has changed, from an everywhere spacelike

direction (except at the boundary) to an everywhere null direction. Thus, (162)

should be identified with the null self-dual orbifold o. By construction, this spacetime

contains closed lightlike curves but it has the same boundary as (158). Thus, it can

be viewed as a different state belonging to the same DLCQ CFT. Since the rh → 0

limit corresponds to p+ → 0, the null self-dual orbifold should correspond to the

p+ = 0 sector of the DLCQ CFT.

Since taking rh → 0 in (151) corresponds to the massless BTZ black hole

ds2 = r2dx̃+dx̃− + `2
dr2

r2
x̃± = φ± t/` , φ ∼ φ+ 2π , (163)

it is natural to view the null self-dual orbifold as its near horizon geometry. Indeed,

consider

r = ερ , x̃− = x− , x̃+ =
x+

ε2
, ε→ 0 . (164)

The lightlike direction x̃+ effectively decompactifies, while x− remains compact

x− ∼ x− + 2π. Thus, the near horizon limit (164) of a massless BTZ black hole is

the null self-dual AdS3 orbifold (162).

nThere are different ways of arguing the existence of this temperature. From the global version of
the spacelike self-dual orbifold 172,176 containing two disjoint causally connected boundaries, the
finite temperature originates from entanglement entropy after integrating out part of the space

leading to the single boundary metric (158), pretty much in the same way Rindler space has a
finite temperature when viewed as a local patch of the full Minkowski spacetime.
oReaders interested in the supersymmetric properties of this orbifold, see 171,177. In particular,
177 discusses the embedding of this orbifold in higher dimensional supergravities stressing the

importance of the fermion chirality to assess the supersymmetry of this quotient.
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Exciting the null self-dual orbifold : If our interpretation is correct, the space-

like self-dual orbifold (158) should be viewed as an excitation over the null self-dual

orbifold (162). In particular, injecting some chiral momentum into the system keep-

ing its causal null cylinder boundary should correspond to the spacelike self-dual

orbifold. This is achieved by adding some wave to the conformally flat metric

ds2 =
`2

z2

[
dx+dx− + kz2(dx−)2 + dz2

]
. (165)

Since there are no propagating degrees of freedom in d=3, the latter is locally

AdS3, and it is indeed isometric to the spacelike self-dual orbifold (158), with r2
h

being replaced with k`2.

All these observations are consistent with the well-known fact that extremal

BTZ is a chiral excitation above the massless BTZ black hole 179,180. This is the

three dimensional counterpart of the easiest constructions of non-relativistic gravity

duals to DLCQ CFTs in higher dimensions 181,182, the main difference here being the

non-dynamical character of 3d gravity. Notice the only non-singular non-relativistic

gravity dual corresponds to the sector of large p+, as is customary in gauge/gravity

theory dualities and Matrix theory183,184.

The pinching ZN orbifold: There exists a second inequivalent near horizon limit

one could take from (163)

r = ερ , x̂± = ε x± . (166)

The resulting geometry is locally AdS3

ds2 = ρ2dx̂+ dx̂− + `2
dρ2

ρ2
x̂± ∼ x̂± + 2πε . (167)

I will refer to it as a pinching AdS3 orbifold 185 given its action on the boundary,

which becomes a pinching cylinder, R×S1/ZN , with N = 1/ε. In the bulk though,

the quotient is that of a massless BTZ with periodicity scaling to zero p. One way

of getting some intuition for what this may mean is to consider the identity 185

BTZ(Mλ2, Jλ2; 2π) ≡ BTZ(M,J ; 2πλ) , (168)

This states that a BTZ black hole with pinching periodicity 2πλ is classically equiva-

lent to a BTZ black hole with standard periodicity but mass and angular momentum

scaled by λ2. At any rate, all these geometries are singular, and a proper under-

standing of the physics for these values of the parameters requires to go beyond the

classical gravitational approximation. Since the pinching orbifold is not equivalent

to the null self-dual orbifold, this establishes that different near horizon limits can

indeed capture different physics, as we will argue below.

pThe same structure appears in the near horizon of extremal black holes with vanishing horizon.

See 186 for different examples of its appearance.
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3.3.2. Low energy IR limits of 2d non-chiral CFTs

Let us interpret the bulk near horizon limits in the dual CFT theory. Consider a

non-singular non-chiral 2d CFT on a cylinder of radius R

ds2 = −dt2 + dφ2 = −du′ dv′ ; u′ = t− φ, v′ = t+ φ . (169)

Since φ ∼ φ+2πR, the light-like coordinates satisfy {u′, v′} ∼ {u′−2πR, v′+2πR}.
Let Pu

′
and P v

′
denote momentum operators in the v′ and u′ directions respectively.

Their eigenvalues

P v
′

=
(
h+ n− c

24

) 1

R
, Pu

′
=
(
h− c

24

) 1

R
, n ∈ Z (170)

are given in terms of the quantised momentum n along the S1, the 2d central charge

c and an arbitrary value of h with h ≥ 0 and h+n ≥ 0 due to unitarity constraints.

These are related to the eigenvalues of the standard operators L0, L̄0 used in radial

quantisation on the plane by L̄0 = h+ n and L0 = h.

Massless BTZ Extremal BTZ

null self-dual spacelike self-dual 

chiral p+

chiral p+

near nearhorizon horizon

Bulk AdS3

UV non-chiral 2d CFT

Chiral 2d CFT

p+ = 0 sector p+ sector 

DLCQ limit

Fig. 5. Relation between different local AdS3 geometries, their near horizon limits and their dual

interpretations.
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Let us first show the DLCQ of this 2d non-chiral CFT is a 2d chiral CFT.

Following Seiberg 174, we will study the consequences of the kinematics of an infinite

boost on the discrete spectrum of the theory. We do this because the boundary

structure of the near horizon bulk geometry was interpreted above as an infinitely

boosted cylinder. Consider a boost with rapidity γ and take the double scaling limit

u′ → eγu′, v′ → e−γv′ , γ →∞ , R− ≡ Reγ fixed (171)

The metric is invariant but the cylinder periodicities become(
φ

t

)
∼
(
φ

t

)
+

(
2πR

0

)
− infinite boost→

(
u′

v′

)
∼
(
u′

v′

)
+

(
−2πR−

2πR−e
−2γ

)
(172)

We can now identify {u′, v′} with the light-like boundary coordinates of AdS3 in

(155) via u′ = u(`/r+)R− and v′ = v(r+/`)R−. Comparing (155) and (172), we

conclude that the action of the near horizon limit on u, v precisely reproduces the

identifications induced by the double scaling limit (171). Thus, the dual to the near-

horizon geometry of the extremal BTZ black hole should be the DLCQ of the 1+1

dimensional CFT dual to AdS3.

Let us study the states that survive the double scaling limit (171). First, because

of the kinematics of the DLCQ boosts,

P v
′

=
(
h+ n− c

24

) e−γ
R

, Pu
′

=
(
h− c

24

) eγ
R
. (173)

Keeping Pu
′

finite in the γ →∞ limit requires h = c/24. This leads to

P v
′

= n · e
−γ

R
=

n

R−
. (174)

The DLCQ limit generates an infinite energy gap in the right-moving sector. Thus,

keeping only finite energy excitations, it freezes to its ground state. The energy gap

in the left-moving sector is kept finite. All physical finite energy states only carry

momentum along the compact null direction u′. Therefore, the Hilbert space H of

the DLCQ of the original 2d non-chiral CFT is

H = {|anything〉L ⊗ |c/24〉R} . (175)

The chirality of the DLCQ theory spectrum can also be seen by studying which

subset of the original AdS3 Virasoro generators (146) remains under the double

scaling limit (171) 178.

The null self-dual orbifold is now easily interpreted. Since it has the same bound-

ary structure as the spacelike self-dual orbifold, it also corresponds to a state in the

DLCQ theory. But, it describes its vanishing momentum p+ = 0 sector.

The physical interpretation of the pinching ZN orbifold must be different. Since

the latter corresponds to sending the radius R of the limiting boundary cylinder

to zero, R ∼ ε → 0, it certainly generates an infinite gap in the untwisted sector

for both chiral sectors of the initial 2d CFT. The only surviving untwisted finite
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excitations are those corresponding to h = n = 0. Thus, given a CFT with a fixed

central charge c, this near horizon limit freezes out both left and right moving

sectors, leaving us with the Hilbert space:

H = {|c/24〉L ⊗ |c/24〉R} . (176)

But this simple argument does, a priori, not capture the full perturbative string

spectrum. It would be interesting to extend the results in 161 for this case, clarify-

ing whether there exists any massless twisted modes and whether their dynamics

simplifies in the N →∞ limit.

3.3.3. Asymptotic symmetries and the chiral Virasoro algebra

Our arguments above suggest that half of the available UV Virasoro generators be-

come irrelevant for the IR physics captured by the near horizon extremal geometry.

One way of checking this would be to study how these generators (148) transform

under the infinite Lorentz boost defining the DLCQ limit of the original 2d non-

chiral CFT. Instead, one can study the asymptotic symmetry group preserving the

near horizon geometry.

The problem is then to identify the subset of non-trivial diffeomorphisms preserv-

ing the boundary conditions defining an asymptotically spacelike self-dual orbifold.

Since these spaces are locally AdS3, the analysis must be very similar to the one in
93. The main physical insight comes from the observation that a general deformation

of δgûû, δgv̂v̂ would be non-extremal and would thus excite both chiral sectors of the

UV dual CFT. By contrast, we want to restrict to extremal excitations. Imposing

the extremality condition L0 = c/24 requires a more stringent boundary condition

on the variations in gv̂v̂. In 178, it was suggested to replace the boundary condition

on gv̂v̂ by

δgv̂v̂ ∼ O(r−2) . (177)

The connection to the Brown-Henneaux diffeomorphisms is now made explicit: the

diffeomorphisms generated by ζ = ζα∂α are exactly of the form

ζu = 2f(u) +
1

2r2
g′′(v) +O(r−4) (178a)

ζv = 2g(v) +
1

2r2
f ′′(u) +O(r−4), (178b)

ζr = −r (f ′(u) + g′(v)) +O(r−1) (178c)

They satisfy the constraint

g′′′(v) = 0 =⇒ g(v) = A+B v + C v2 . (179)

implementing the boundary condition (177). Thus, one set of allowed diffeomor-

phisms is specified by a periodic function f(u) = f(u+ 2π). The analysis of gener-

ators of these diffeomorphisms follows directly from those of Brown and Henneaux

, leading to a chiral Virasoro algebra at central charge c = 3`/2G3. The remaining
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three parameter family of diffeomorphisms in (179) describes the SL(2,R) isometries

of the spacelike self-dual orbifold and act trivially on the Hilbert space 178.

Notice this construction mimics the phenomena reported for extremal Kerr and

for general extremal black holes in d=4,5 dimensions described in section 3.2.2.

Indeed, one starts with an extremal BTZ black hole, whose near horizon geometry

consists of an S1 fibration over AdS2. The latter has isometry group SL(2, R)×U(1).

This gets enlarged to a full chiral Virasoro, but the infinite asymptotic symmetry

algebra extends its U(1) global part, whereas the SL(2, R) acts trivially.

The virtue of the AdS3 set-up is the existence of a well-defined UV dual CFT

description allowing us to interpret the near horizon limit as an IR limit that turns

out to be equivalent to a DLCQ limit. This gives some validity to the general ar-

guments given in previous sections, but it does not clarify whether the Kerr/CFT

correspondence is correct. Indeed, one of the original motivations in 178 was to ar-

gue that the mechanism behind the Kerr/CFT conjecture was three dimensional

in nature. Some further supporting evidence was given in 165, where it was explic-

itly checked that the twisted CFT advocated in 147 was consistent with an AdS3

reduction to AdS2
q.

3.3.4. Large N limits, double scaling limits and existence of dynamics

The double scaling limit discussed in subsection 3.2.3 is easy to implement in the

AdS3 context 185. In gravity, one is forced to consider a vanishing horizon limit,

r± → εr± with ε→ 0, while scaling Newton’s constant G3 → εG3, to keep the full

entropy finite. One can achieve this on BTZ metrics by combining a near horizon

limit with this double scaling limit

r± = ερ± , r = ερ+ + ερ , t = ε−1τ , φ = ε−1ψ , G3 = εG̃3 ε→ 0 . (180)

This reproduces the double scaling limit one could have considered in terms of 2d

CFT data. Indeed, the latter corresponds to R → 0, c → ∞, cR = fixed, where R

stands for the radius of the original cylinder. Notice the scaling of R is related to the

presence of a pinching orbifold in the gravity construction. Both transformations

achieve c→ c/ε, L0 − c
24 → ε(L0 − c

24 ) and L̄0 − c
24 → ε(L̄0 − c

24 ) as required.

One can gain some intuition about the different 2d CFT’s appearing in this

discussion by thinking about the CFT dual to the D1-D5 system. This 2d CFT can

be described by a 2d sigma model with N = (4, 4) supersymmetry with a target

which can be thought of as a suitable symmetric product SymN1N5(M4). Rescaling

the central charge is like rescaling N1N5. Therefore, one expects a relation of the

form

CFTnew ≈ SymK(CFTold). (181)

qFor a different emphasis on how to use the AdS3/CFT2 correspondence to learn how to formulate

the AdS2/CFT1 correspondence, see 156.
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This clearly only makes sense when K = 1/ε is an integer. The new CFT has a long

string sector which is directly inherited from the old theory. Its Virasoro algebra is

related to that of the original CFT using standard orbifold technology. Explicitly,

given a set of generators {Ln}, consider the subalgebra with generatorsr

ln ≡
1

K
LnK , n 6= 0 , l0 ≡

1

K
(L0 −

c

24
) +

c

24
K . (182)

It is then straightforward to see that ln also form a Virasoro algebra with central

charge c′ = cK and that the spectrum of l0 has a spacing of 1/K compared to that

of L0.

Since the long string sector in an orbifold theory tends to dominate the entropy,

this provides a natural explanation for the constancy of the entropy in the bulk.

Further work is required to clarify the fate of these constructions given the K →∞
nature of the limit and the role twisted states must play in the resolution of the

singular classical geometries corresponding to the nearly massless BTZ and its near

horizon geometries involved in these limits.

4. Holography, Thermodynamics & CFTs

The holographic principle suggests the relation between gravity and thermodynam-

ics should go beyond black hole physics. In this section, this extension will be briefly

considered focusing on the following aspects

(i) One may argue the holographic principle captures some of the non-local aspects

of General Relativity responsible, for example, for black hole entropy, a concept

intrinsically tied to a global property of spacetime, such as the existence of an

event horizon. But General Relativity is formulated in terms of Einstein’s equa-

tions through the Equivalence principle. How is the local perspective provided

by the latter related to thermodynamics ?

(ii) We previously saw how coarse graining of microscopic information gave rise

to the emergence of classical spacetime and curvature singularitiess. The holo-

graphic principle does not necessarily require the existence of classical space-

time in both sides of the boundary where it is applied. Can one infer some fun-

damental property of gravity by examining the known laws of physics (matter)

taking place close to this boundary ?

(iii) Semiclassical methods applied to extremal black holes claimed the emergence

of some effective conformal field theory description justifying the universality

rNotice the transformation for the generator l0 is due to the fact that we were working on the
plane. Indeed, if we would have worked on the cylinder, the transformation is the expected one :

lcyln ≡
1

K
Lcyl
nK , n 6= 0 , lcyl0 ≡

1

K
Lcyl
0 .

We now see that the transformation quoted on the plane makes sure the above cylinder transfor-

mation brings us back to the plane.
sFor an idea relating the entanglement of degrees of freedom in quantum gravity with the connec-

tivity of emergent classical spacetime, see 187.
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of the Bekenstein-Hawking formula (2) through the universality of the Cardy

formula (3). The holographic principle suggests this relation may be more gen-

eral. Can we provide any evidence in favour of this expectation ?

4.1. Local observers, thermodynamics and Einstein’s equations

Despite the locality of Einstein’s equations, the holographic principle captures some

non-local features of gravity which are otherwise deeply hidden in the standard

formulation of General Relativity based on the Equivalence Principle. The latter

guarantees that any neighbourhood of a point looks like flat spacetime. If we believe

classical gravity is thermodynamical in nature in general, how can we reconcile both

perspectives ?

Jacobson analysed this local perspective proving that Einstein’s equations ap-

pear as an equation of state 188 under some set of assumptions

1. Heat is identified with energy flux across a causal horizon. The latter affects the

information

CFT

horizons

Holographic 
Principle

Cardy

thermodynamics

Equivalence 
Principle

Gravity

Einstein’s 
equations

Bekenstein
Hawking

Fig. 6. Different perspectives on gravitational first principle approaches.
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gravity field, but it is unobservable from outside the horizon. This is a sensi-

ble identification because heat, in thermodynamics, stands for transfer of energy

among microscopic constituents of the system which are unobservable for the

macroscopic observer. In gravity, one identifies the ”system” with the degrees of

freedom outside a causal horizon. The latter provides a causal barrier replacing

the more common diathermic wall in thermodynamics.

2. The holographic principle holds. Consequently, there exists a universal entropy

density α per unit horizon area, i.e. δS = α δA.

3. The Equivalence Principle holds. Taking the perspective of a locally non-inertial

observer, due to Unruh’s effect 189, we know the local vacuum fluctuations of a

quantum field are thermal, with temperature T = ~κ/2π, κ being the acceleration

of the local observer.

4. Existence of local equilibrium to ensure the use of equilibrium thermodynamics.

This translates into a vanishing condition for the expansion and shear of the local

causal horizon.

Technically, the equivalence principle allows one to work in some locally flat

region around a point p. Our ”system” is identified with the past horizon of a small

spacelike 2-surface P through p. There exists an approximate Killing vector field χa

generating boosts orthogonal to P. This is precisely the local hamiltonian, which

allows to identify the temperature of the vacuum fluctuations predicted by Unruh’s

effect to be as above, with κ being the acceleration along the Killing orbit.

Heat is clearly computed as the flux integral along the past horizon

δQ =

∫
Tabχ

a dΣb . (183)

Both χa and dΣb can be written in terms of the tangent vectors to the horizon ka and

the affine parameter λ. The Clausius relation δS = δQ/T following from equilibrium

thermodynamics relates this to the entropy and the holographic principle relates the

latter to the area of the local causal horizon, δS = α δA. Finally, the change in area

δA is controlled by the propagation of congruences of null geodesics emanating from

the horizon

δA =

∫
θ dλ dA . (184)

This is controlled by Raychaudhuri’s equation

dθ

dλ
= −1

2
θ2 − σ2 −Rabkakb , (185)

which simplifies in our discussion due to the local equilibrium conditions imposed,

i.e. both the square of the shear σ2 and the expansion θ2 vanish at p. Thus their

contribution to the rate of variation of the expansion is higher order. Hence, at

lowest order θ = −λRabkakb.
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It was shown in 188 that equating both integrals one derives an identity for the

integrands

Tabk
a kb =

~α
2π

Rabk
akb , (186)

for any value of the affine parameter λ. Its general solution depends on an arbitrary

function f

Rab + f gab =
2π

~α
Tab , (187)

which gets fixed, using the divergence free nature of Tab and the contracted Bianchi

identity, to f = −R/2 + Λ. This gives rise to the condition

Rab −
R

2
gab + Λ gab =

2π

~α
Tab , (188)

which identifies the arbitrary constant Λ as the cosmological constant. As usual,

appealing to the correspondence principle, and matching with Poisson’s equation in

the newtonian limit allows one to find G = 1
4~α , which agrees with the Bekenstein-

Hawking relation, i.e. δS = δA/ (4~G).

It is reassuring that by properly interpreting the physics of causal connection

associated with local horizons and borrowing concepts from quantum field theory

which are believed to be applicable as long as the curvature of spacetime is much

larger than `p, one learns that thermal equilibrium can only be maintained if the

distortion of the causal structure of spacetime caused by the gravitational lensing

due to matter energy is consistent with Einstein’s equations.

Given the effective field theory nature of General Relativity, it is natural to

wonder what the effects of higher order corrections to the Einstein-Hilbert action

are to the above scheme. It was argued and proposed in 190 that such corrections are

responsible for bringing the ”system” out of equilibrium. The nature of the changes

depends on the corrections turned on, but they can generically involve non-vanishing

shear viscosity of the horizon and/or bulk viscosity entropy production.

4.2. Classical gravity as an entropic force

There are several arguments suggesting that the notion of spacetime is an emergent

concept. The AdS/CFT correspondence confirms this expectation by explicitly re-

alising the holographic principle matching 4d quantum physics into 5d bulk physics.

In this correspondence, the radial coordinate r plays the role of some coarse grain-

ing scale which is typically interpreted as some field theory renormalization group

energy scale 191. One of the virtues of the AdS/CFT is the resummation of many

complicated strong interactions in terms of classical curved spacetime geometry.

The process that goes from one description to the other exchanges an open string

description, where there is no spacetime, with a closed string one, where the degrees
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of freedom are gravitationalt.

In black hole physics, there is also a privileged radial coordinate measuring the

coordinate distance to the event horizon. In all our previous discussions, a horizon

provided a causal separation between our ”system” and the rest of the universe.

But either in our fuzzball considerations, or in our semiclassical considerations, or

in our applications of the holographic principle, either locally or globally, there

was no necessity in assuming there is a reliable classical description in terms of

gravitational degrees of freedom beyond the horizon.

Combining these two ideas, it is tempting to consider the somehow vague pos-

sibility of coarse graining all the physical data up to a certain scale/distance r.

Assuming that for larger values of r a classical spacetime description exists, one

may study whether some important lesson can be learnt about gravity in this set-

up by analysing the known laws of physics involving the interaction of the screen

(surface where we stopped the coarse-graining) with the rest of matter existing

outside of the screen.

This set-up was considered by Erik Verlinde in 194u. His analysis emphasises the

universal character of gravity may be intrinsically linked with information. More

precisely, it is the information associated with matter and its location that generates

gravity through the changes in these variables. In Verlinde’s approach, gravity is an

entropic force.

I will very briefly review his argument for non-relativistic spherically symmetric

and time translationally invariant matter distributions. Verlinde’s further assump-

tions are

1. information is stored on surfaces, or screens, whose detailed dynamics are un-

known. For many purposes, these screens can be thought of as stretched horizons

in black hole physics, but applicable to more general holographic situations. See 12

for a precise definition of holographic screen in a generic classical gravity context.

2. there exists a unique emergent direction, the radial one, along which the coarse

graining occurs, as in the AdS/CFT correspondence set-up.

3. extending Bekentein’s argument in black hole physics 4, one assumes the variation

in the entropy of a given screen when a particle of mass m is a Compton distance

away from it, is linear in the distance ∆x

∆S = 2π kB
mc

~
∆x . (189)

4. the energy of the system is evenly distributed among all available bits in which

tFor recent discussions on the conditions that a CFT must satisfy to have a gravity dual, see
192,193.
uSimilar ideas had been considered by T. Padmanabhan 195. Technically, his analysis is analogous.

Conceptually, the emergence of spacetime and the potential relevance of coarse graining was not

emphasised.
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the area of the screen can be discretised, N = Ac3/G~

E =
1

2
NkB T (190)

5. Gravity is entropic originating from changes in the locations of matter through

the relation

F ∆x = T ∆S . (191)

Thus, the screen has a temperature, and by similar arguments to the ones reviewed

previously, one takes this to be Unruh’s temperature

kB T =
~ a
2π c

, (192)

with the important conceptual difference that this temperature is now required

to achieve an acceleration on matter, and it is not due to the non-inertial nature

of matter.

It is now a simple matter of putting all these ingredients together, using further

that the area of a given spherical screen is A = 4π R2 and E = M c2, where

M stands for the total mass already available on the screen, that solving for F

reproduces Newton’s law

F =
GM m

R2
. (193)

These arguments can be generalised to more general matter distributions and

extended to relativistic set-ups. We refer the readers to Verlinde’s original work 194

for further details.

4.3. Horizons & emergent CFTs

Many of the relations discussed so far, summarised in figure 6, may encourage us

to ask whether there is some universal relation between the Bekenstein-Hawking

formula (2) and Cardy’s formula (3). For extremal black holes, we reviewed some

of the arguments and evidence for the existence of a conformal field theory in the

IR capturing the degeneracy of the vacuum state and potentially keeping some in-

formation about the dynamics of the system below some cut-off. The holographic

principle would suggest this is a much more general phenomena, including any hori-

zon in General Relativity. Jacobson’s argument 188 suggests a strong link between

the equivalence principle, thermodynamics and Einstein’s equations based on the

conceptual identification of a local horizon with a causal boundary, the latter re-

placing the standard notion of a diathermic wall in thermodynamics. Verlinde’s

arguments 194 emphasise the notion of screen as an information storage device ap-

pearing as a boundary between parts of our physical system allowing a spacetime

description or not. But these arguments do not tell us whether there is any approx-

imate microscopic description compatible with the macroscopic laws inferred from

their assumptions and analysis. Since the notion of screen is intimately related to
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that of a stretched horizon, the conjecture that any horizon in General Relativity

may allow an approximate CFT at low enough energies capturing the effective dy-

namics of the relevant degrees of freedom on the screen could provide a more precise

link relating the universality of Bekenstein-Hawking entropy formula (2) and the

universality of Cardy’s formula (3) in 2d CFT.

The covariant semiclassical methods reviewed in section 3.2 can provide a tech-

nical tool to test this idea. Indeed, the existence of a non-trivial central charge when

computing the Dirac bracket between conserved charges generating the asymptotic

symmetry group crucially depends on the existence of a boundary (113). Following

all our previous considerations, it is natural to explore this construction when the

boundary is identified with a horizon itself. This is the approach originally consid-

ered by Carlip 196 and Solodukhin 197.

In Carlip’s approach 196, one assumes the existence of a local Killing horizon

and computes, using a covariant formalism, the algebra of conserved charges of the

subset of diffeomorphisms preserving such horizon structure. Given some technical

assumptions, the main results of his analysis are the existence of a chiral Virasoro

algebra with central charge and energy

c

12
=

A

8π κG
, and L0 −

c

24
=

Aκ

8πG
, (194)

where A stands for the area of the Killing horizon and κ for the surface gravity

of the horizon surface. Using Cardy’s formula would reproduce the holographic

principle prediction (2). Notice this dictionary would also be consistent with the

identification of the CFT temperature with Unruh’s temperature 189 T = κ/(2π),

which makes sense given the local nature of the argument. Just as in Jacobson’s

argument 188 the normalisation of the tangent vector to the horizon χa ∝ ka was

not relevant to derive Einstein’s equations, here the entropy is invariant under the

transformations c→ κ c and L0 − c
24 →

(
L0 − c

24

)
κ−1. These would correspond to

picking a different hamiltonian and CFT temperaturev.

In Solodukhin’s approach 197, one assumes the existence of an apparent horizon

in an spherically symmetric configuration

ds2 = γab dx
adxb + r2(xa, xb) dΩ2

2 , (195)

described by a curve H satisfying

γab∇ar∇br |H = 0 . (196)

Since any 2d metric is conformally flat, −2e2σdx+dx−, one can choose coordinates

so that locally the curve H becomes x− = 0. Then, the above condition reduces to

∂+r(x
+, x−)|x−=0 = 0 (197)

v This approach has recently been reconsidered in an attempt to extend the extremal BH/CFT
correspondence to non-extremal black holes in 198.
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Expanding the radius close to the horizon r = rh + λ(x+)x− + O(x2
−), we find

∂+r = λ′ x−+O(x−)2. It can then be shown that the vector field ξµ with only non-

trivial component ξ+ = g(x+) preserves the existence of the apparent horizon 197.

To argue the existence of a CFT in the vicinity of the horizon, Solodukhin writes the

Einstein-Hilbert action for the class of metrics (195). This is a 2d effective action

involving the 2d metric and one scalar describing the radius r. This is rewritten

as a Liouville theory (after some redefinition of the scalar field), and shows that

the energy momentum tensor for such theory has vanishing trace very close to the

horizon. As usual, the energy momentum tensor generates conformal transforma-

tions. Using the Poisson algebra from the 2d Liouville theory, one computes the

commutator of these generators, finding a non-trivial central charge 197

c = 3q2 SBH . (198)

The dependence on q2 is somehow analogous to the dependence on κ in (194).

Here, it appears due to some arbitrariness in the field redefinition involved when

rewriting the effective 2d gravity theory as a Liouville theory, but it cancels out

when computing the entropy because the energy L0 scales like q−2 197.

Notice Solodhukin’s argument is general and applies to apparent, and even dy-

namical, horizons. Either way, these semiclassical considerations suggest the emer-

gence of an approximate 1+1 chiral CFT at low enough energies, that is, close

enough to the local horizon in spacetime. It is interesting to point out that given

such an effective CFT description of the degrees of freedom on a horizon, the energy

of the system satisfies some notion of equipartition, as was assumed in Verlinde’s

derivation of Newton’s law 194. Indeed, from Cardy’s formula

L0 −
c

24
=

1

2
S T ⇒ E = ∆− c/24 ∝ NkB T (199)

where we have introduced the notion of number of bits N as N = A/G.

These considerations require a more precise formulation but they are encourag-

ing since they suggest a potentially much stronger version of a holographic relation

between gravity and CFT.

4.4. Open & related questions

There are many important foundational questions that remain open. Given the

topics covered in these notes, it is natural to highlight the following subset

(i) Develop new ideas to understand the microscopics of non-extremal black holes

and whether there exists any relation with the physics of Rindler space (its near-

horizon geometry).

(ii) Extend the microscopic model for extremal black holes described in section 3.1

in the presence of angular momentum, clarifying its relation to 127,128. Develop

their open string dual description in terms of quiver theories by extending Denef’s

work in the BPS branch to this sector 119. This could ideally help to connect these
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microscopic considerations with the emerging conformal field theories derived out

of semiclassical considerations, as discussed in subsection 3.2.

(iii) Develop gauge theory techniques to compute correlations functions in the

AdS/CFT correspondence in non-trivial heavy states to achieve a more accu-

rate mathematical formulation of the information paradox 20 along the lines

outlined in subsection 2.1.

(iv) Develop the formulation of holography in de Sitter and Minkowski spacetimes.

Apply some of the black hole ideas reviewed here to more general holographic

scenarios such as time dependent ones, cosmology and their classical singulari-

ties. It is tempting to speculate that the Big Bang singularity is a consequence

of the loss of quantum information regarding the initial state of the universe.

Entanglement entropy 199 and its AdS/CFT formulation 200 could provide some

technical tools to handle some of these time dependent questions.

It is worth mentioning two results regarding this last point :

(i) It was shown in 201,202 that Einstein’s equations in Friedmann-Robertson-

Walker spacetimes can be reinterpreted in terms of a 1st law of thermody-

namics, if energy is properly defined, as in 203, and the holographic principle

is applied to apparent horizons. In some vague sense, time in this set-up plays

a similar technical role as the radial coordinate in some of our previous con-

siderations.

(ii) A potential example of a holographic duality involving a flat spacetime was

presented in 204 , and further supported in 205, by working out a precise relation

between incompressible non-relativistic fluids in (d + 1) dimensions satisfying

the Navier-Stokes equation and (d + 2)-dimensional Ricci flat metrics. More

precisely, based on previous work 206,207,208,209 and working in a hydrodynamic

non-relativistic limit, a bulk metric can be constructed using the hydrodynamic

expansion methods developed in 210 and reviewed in 211 for any non-relativistic

fluid satisfying its equations of motion in one less dimension.

Many of the conceptual ideas discussed in these notes are compatible with the

membrane paradigm framework 212, where the causal properties of an event horizon

suggested formulating the latter as an effective membrane. For a nice discussion

regarding the connection between these and the fuzzball ideas, see 213.

There is a large body of literature giving evidence, from different perspectives,

that classical gravity is thermodynamical in nature. The universal connection be-

tween thermodynamics and statistical mechanics led the way to the notion of holog-

raphy. The duality between open and closed strings led to the discovery of the

AdS/CFT correspondence. They all definitely shed new light in the fascinating

quest to understand what gravity & spacetime are. The future will bring, no doubt,

further surprises & revelations in the resolution of some of the more fundamental

puzzles in theoretical physics.
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