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Quantum effective potential from discarded degrees of freedom

Luke M. Butcher∗

Institute for Astronomy, University of Edinburgh,
Royal Observatory, Edinburgh EH9 3HJ, United Kingdom

(Dated: July 10, 2018)

I obtain the quantum correction ∆Veff = (~2/8m)[(1 − 4ξ d+1
d

)(S ′)2 + 2(1 − 4ξ)S ′′] that appears
in the effective potential whenever a compact d-dimensional subspace (of volume ∝ exp[S(x)]) is
discarded from the configuration space of a nonrelativistic particle of mass m and curvature coupling
parameter ξ. This correction gives rise to a force −〈∆V ′eff〉 that pushes the expectation value 〈x〉
off its classical trajectory. Because ∆Veff does not depend on the details of the discarded subspace,
these results constitute a generic model of the quantum effect of discarded variables with maximum
entropy/information capacity S(x).

I. INTRODUCTION

It is often possible and desirable to ignore specific de-
grees of freedom of a system, and focus on those that
remain. For example, consider a nonrelativistic particle
in a curved two-dimensional space

ds2 = dx2 + [b(x)]2dφ2, (x, φ) ∈ R× [0, 2π), (1)

as illustrated in figure 1. If the particle also encounters
a potential V0(x) then its action is

I[x(t), φ(t)] =

∫
dt
[m

2

(
ẋ2 + b2φ̇2

)
− V0

]
, (2)

giving rise to the following equations of motion:

mẍ = mb′bφ̇2 − V ′0 , (3)

mb2φ̇ = pφ = const. (4)

Now suppose we only wish to describe the behaviour of
the x coordinate of this particle – perhaps φ is unobserv-
able in practice, or happens to be irrelevant to whatever
applications we have in mind. At the classical level, we
can separate the x-motion from the φ-motion as follows.
Let us write the action (2) as

I[x(t), φ(t)] =

∫
dt

[
m

2
ẋ2 +

1

2mb2

(
mb2φ̇− pφ

)2

+ φ̇pφ −
p2
φ

2mb2
− V0

]
, (5)

and note that

δ

δx(t)

∫
dt

[
1

2mb2

(
mb2φ̇− pφ

)2

+ φ̇pφ

]
= − b′

mb3

(
mb2φ̇− pφ

)2

+
2b′φ̇

b

(
mb2φ̇− pφ

)
, (6)

which vanishes on the δ/δφ equation of motion (4). If we
only want to determine x(t), we can therefore discard the

∗ lmb@roe.ac.uk

FIG. 1. As classical particles move over the curved space (1)
their x coordinate can be predicted without reference to φ,
using the reduced action (7). However, quantum particles
encounter an addition potential ∆Veff due to variations in the
physical size 2πb of the discarded subspace φ ∈ [0, 2π).

second and third terms in (5) and work with the reduced
action:

I[x(t)] ≡
∫

dt
[m

2
ẋ2 − Vcl

]
, (7)

where the (classical) effective potential is

Vcl = V0 +
p2
φ

2mb2
. (8)

The reduced action (7) generates the correct equations
of motion for x, consistent with substituting (4) into (3),
and allows us to treat the particle as though it were living
in a reduced configuration space

ds2 = dx2, x ∈ R. (9)

We no longer need to refer to φ, and can think of pφ as
a parameter of the system. For a concrete application of
this formalism, recall Newtonian orbital mechanics: with
b(x) = x, the metric (1) describes a flat plane with radial
coordinate x, and Vcl = V0 + p2

φ/2mx
2 is the standard

centrifugal potential.
It is important to realise, however, that once quantum

effects are considered, the above procedure is no longer
valid. If we näıvely quantize the reduced system (7) we
will not arrive at the correct result: that obtained by
quantizing the original system (2) and then reducing its
configuration space. As we will see, the correct result
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2

differs from the näıve one by a quantum correction to the
effective potential ∆Veff , dependent on the physical size
Volφ = 2πb(x) of the discarded subspace Mφ

∼= [0, 2π).

II. DISCARDING A SINGLE VARIABLE

Let us work in the Schrödinger picture, and first con-
firm the existence of ∆Veff for the simple system above.
As usual, we describe the quantum particle with a wave-
function, a scalar field Ψ(x, φ, t) that defines coordinate-
invariant probabilities via integrals of the form

P =

∫
dxdφ

√
g|Ψ|2, (10)

where
√
g ≡

√
det(gij) is the covariant measure endowed

by the metric gij . [(1) ⇒ √g = b.] In curved space, Ψ

obeys the covariant Schrödinger equation1:

i~∂tΨ =

[
~2

2m

(
−∇2 + ξR

)
+ V0

]
Ψ, (11)

where the Laplacian

∇2 =
1
√
g
∂i
√
ggij∂j (12)

and the Ricci scalar R ≡ Rijg
ij ≡ Rkikjg

ij are con-
structed from the metric gij .

2 [(1) ⇒ R = −2b′′/b.] The
form of (11) is fixed by coordinate invariance, unitar-
ity, locality, dimensional considerations, and the limits
R → 0, V0 → 0; however, the curvature coupling pa-
rameter ξ ∈ R is an arbitrary dimensionless constant,
representing a quantization ambiguity of the system [1–
3]. One can choose to invoke ‘minimal coupling’ ξ = 0, or
motivate a conformal coupling according to some other
principle or consideration [9, 10]. For the sake of gener-
ality, we leave ξ unspecified.

Having quantized the original system, we proceed to
discard the φ subspace. In order to make pφ a parameter
of the system, we must first insist that the particle be in
an eigenstate of the angular momentum operator:

p̂φΨ ≡ −i~∂φΨ = pφΨ. (13)

This requirement serves as the analogue of equation (4)
and ensures that the particle’s φ behaviour is sufficiently

1 The first systematic treatment of quantum mechanics in curved
space is due to DeWitt [1] whose paper includes a canonical
derivation of the covariant Schrödinger equation. For another
perspective on the origin and ambiguity of the curvature term,
see [2]. A more modern approach can be found in [3].

2 The curved tube (1) is the entire configuration space of the sys-
tem, so the covariant Schrödinger equation (11) can refer only
to the intrinsic geometry of this manifold. Contrast this with a
particle that actually exists in R3, but is constrained to a two-
dimensional surface Σ ⊂ R3 by a steep potential well: here, the
extrinsic curvature of Σ will also play a role [4–8].

simple that the x dynamics can be described in isolation.
The states of interest are then

Ψ =
eikφ√
2πb(x)

Ψx(x, t), pφ/~ = k ∈ Z, (14)

where the normalisation of Ψx ensures that probabilities
(10) become integrals of the form

P =

∫
dx|Ψx|2, (15)

without any reference to the φ subspace. Hence we can
think of Ψx as the wavefunction of the particle on the
reduced configuration space (9).

To obtain the evolution equation for Ψx, we simply
insert (14) into (11). We arrive at a reduced Schrödinger
equation

i~∂tΨx =

[
− ~2

2m
∂2
x + Vqu

]
Ψx, (16)

where the quantum effective potential

Vqu ≡ Vcl + ∆Veff (17)

has an additional contribution

∆Veff =
~2

2m

[
−1

4

(
b′

b

)2

+
1− 4ξ

2

(
b′′

b

)]
, (18)

as promised. There are a few things to note about this
quantum correction. First, this effect is not purely a
consequence of spatial curvature: even for the flat case
b = x we find ∆Veff 6= 0. Second, ∆Veff cannot be made
to vanish identically by some choice of ξ. Third, ∆Veff

does not depend on pφ, so all states (14) experience the
same correction.

To illustrate an important physical implication of
∆Veff , we now consider an arbitrary state:

Ψ =

∞∑
k=−∞

eikφ√
2πb(x)

Ψk
x(x, t), (19)

where
∫

dx
∑
k |Ψk

x|2 = 1 ensures proper normalisation.
The expectation value of a function f(x, pφ) is then

〈f(x, pφ)〉 ≡
∫

dxdφ
√
gΨ∗f(x,−i~∂φ)Ψ

=

∫
dx

∞∑
k=−∞

|Ψk
x|2f(x, ~k). (20)

As each Ψk
x obeys the reduced Schrödinger equation (16)

with pφ = ~k, it follows that 〈x〉 evolves according to

m∂2
t 〈x〉 = −〈V ′cl + ∆V ′eff〉. (21)
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We see that the classical equation of motion mẍ = −V ′cl
no longer holds true on average. Indeed, the average
deviation from the classical equation is given by

m∂2
t 〈x〉+ 〈V ′cl〉 = −〈∆V ′eff〉

= −
∫

dx∆V ′eff

∞∑
k=−∞

|Ψk
x|2, (22)

which only depends on ∆V ′eff and the probability density
over the reduced configuration space:

ρx(x, t) ≡
∫

dφ
√
g|Ψ|2 =

∞∑
k=−∞

|Ψk
x|2. (23)

Hence ∆Veff directly influences the average motion of the
particle, independent of the internal details of the quan-
tum state.

Had we näıvely quantized the reduced system (7) we
would not have included the quantum contribution (18)
to our effective potential. Moreover, nothing about the
reduced action (7) nor the configuration space (9) would
have hinted at the error we were making – we would en-
counter no striking technical difficulties or operator am-
biguities. As such, this result serves as a general warning
to those attempting to quantize any system in which de-
grees of freedom have already been discarded: if the phys-
ical size of the discarded configuration space varies as a
function of the remaining variables, then one expects to
miss an effective potential similar to (18). For instance,
the mini-superspace approach to quantum cosmology [11]
will need to quantify the volume of configuration space
neglected in assuming a highly symmetric universe.

III. DISCARDING A GENERIC SUBSPACE

Thus far, we have obtained the quantum correction
(18) that arises from the removal of a one-dimensional
subspace. To generalise this result, let us now consider
a nonrelativistic quantum particle in D = d + 1 spatial
dimensions:

ds2 = dx2 + [b(x)]2g̃IJ(φ)dφIdφJ , (24)

where g̃IJ is the metric of a compact d-dimensional man-
ifold Mφ with coordinates φ ≡ (φ1, . . . , φd). As before,
we seek a description of the dynamics in which we can
ignore φ and treat the particle as though it were living
in the reduced configuration space (9) with an effective
potential that depends on a single parameter. In fact
(24) is the most general metric that allows for this type
of reduction: see the appendix for a proof.

At the classical level, the analysis follows steps (2)–(8)
with minor modifications. In place of pφ, we assemble

Eφ ≡
1

2m
g̃IJpφIpφJ =

mb4

2
g̃IJ φ̇

I φ̇J , (25)

which is conserved by virtue of the δ/δφI equations of

motion. Writing |φ̇| ≡ (g̃IJ φ̇
I φ̇J)1/2, we therefore have

mb2|φ̇| =
√

2mEφ = const, (26)

as a substitute for equation (4). Hence steps (5) and (6)

now follow with replacements φ̇ → |φ̇|, pφ →
√

2mEφ.
This generates the reduced action (7) with

Vcl = V0 + Eφ/b
2 (27)

as the classical effective potential.
On the quantum side, we begin by observing that the

Laplacian and Ricci scalar can be decomposed as follows:

∇2 = b−d∂xb
d∂x + b−2∇̃2, (28)

R = d(1− d)(b′/b)2 − 2d(b′′/b) + R̃/b2, (29)

where ∇̃2 and R̃ are constructed from the metric g̃IJ .
The states (14) generalise to

Ψ =
Φ(φ)

[b(x)]d/2
Ψx(x, t), (30)

where Φ is an ‘energy’ eigenfunction on Mφ,

~2

2m

(
−∇̃2 + ξR̃

)
Φ = EφΦ, (31)

with unit norm: ∫
ddφ

√
g̃|Φ|2 = 1. (32)

It is natural to identify Eφ, defined in (25), with the
eigenvalue of (31) because the covariant Schrödinger
equation (11) follows the same quantisation rule
gijpipj → ~2[−∇2 + ξR]. As before, we have normalised
Ψx such that probabilities have the standard form (15).

Inserting (28)–(31) into the Schrödinger equation (11)
we obtain the reduced Schrödinger equation (16) once
again. The quantum effective potential (17) now differs
from its classical counterpart (27) by

∆Veff =
~2d

2m

[(
d− 2

4
+ ξ(1− d)

)(
b′

b

)2

+
1− 4ξ

2

(
b′′

b

)]
. (33)

We see that ∆Veff is independent of g̃IJ and Eφ, and does
not vanish identically for any (ξ, d) ∈ R× N.

It is easy to check that ∆Veff appears in the average
equation of motion (21) just as before. The only change
to this calculation is that the arbitrary state (19) is now

Ψ =
∑
k

Φk(φ)

[b(x)]d/2
Ψk
x(x, t), (34)
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where the {Φk} are eigenfunctions (31) with eigenvalues
{Ekφ}, forming an orthonormal basis over Mφ:∫

ddφ
√
g̃Φ∗kΦk′ = δkk′ . (35)

Consequently, we compute expectation values with

〈f(x,Eφ)〉 ≡
∫

dxddφ
√
gΨ∗f

(
x,

~2

2m

[
−∇̃2 + ξR̃

])
Ψ

=

∫
dx
∑
k

|Ψk
x|2f(x,Ekφ), (36)

instead of equation (20).

IV. DISCARDED INFORMATION CAPACITY

The power of equation (33) is revealed by express-
ing this result in terms of the information we discard
by ignoring the degrees of freedom in φ. To quantify
this information, we first need to regularise the infinite-
dimensional Hilbert space of the particle. Let us imagine
dividing the curved space (24) into a lattice of small cells

with spacing `� min{b, (b/b′),
√
b/b′′}. Then, at a given

value of x, the particle can be in any of

Ω(x) =
Volφ(x)

`d
∝ [b(x)]d

`d
(37)

locations on the φ sub-lattice, and the maximum entropy
(or information) that can be stored in the φ subspace is
given by Boltzmann’s formula:

S = ln Ω. (38)

With this in mind, equation (33) can be written as

∆Veff =
~2

8m

[(
1− 4ξ

d+ 1

d

)
(S ′)2 + 2(1− 4ξ)S ′′

]
. (39)

Crucially, this formula is completely independent of the
arbitrary length `. If we wish, we can now take ` → 0
and safely return to the continuum limit. Thus we have
obtained a robust relation between the quantum correc-
tion and the maximum entropy/information capacity S
of the discarded subspace.

V. SEMICLASSICAL ACTION

Because ∆Veff does not depend on the details of the
discarded spaceMφ, equation (39) can be used to model
discarded variables in general. To illustrate this idea,
suppose we are interested in predicting the behaviour of
an observable x in a system which is not well-understood,
but is known to have the following two properties. First,
the classical motion x(t) can be derived from an action

(7) without reference to other dynamical variables. Sec-
ond, for a given value of x, the system can store exactly
S(x) nats of information. Now, even if we know nothing
about the ‘discardable’ degrees of freedom that hold the
information, we can still model their effect on the quan-
tum behaviour of x. The method is simple: treat the full
configuration space as (24) and leave the internal met-
ric g̃IJ unspecified. We conclude that the information-
holding variables introduce a quantum correction (39) to
the effective potential, regardless of the details of their
configuration space. Furthermore, we can account for
this effect semiclassically by replacing the classical ac-
tion (7) with

J [x(t)] =

∫
dt
[m

2
ẋ2 − (Vcl + ∆Veff)

]
, (40)

which generates equations that accurately capture the
motion (21) of the expectation value 〈x〉. Provided S(x)
is known, the semiclassical action (40) only introduces
two parameters (ξ, d) that would need to be determined
experimentally. Thus equations (39) and (40) constitute
a powerful semiclassical model of the quantum effect of
discarded variables.

The semiclassical action (40) also lets us express the
propagator for Ψx as a path integral over the reduced
configuration space:

K(xf , x0;T ) =

∫ x(T )=xf

x(0)=x0

Dx(t) eiJ [x(t)]/~. (41)

This relation is evident from the reduced Schrödinger
equation (16) and the standard path integral construc-
tion [12, 13]. Furthermore, it must also be possible to de-
rive the reduced propagator (41) from the path integral
over the entire configuration space

∫
Dx(t)Ddφ(t) . . ., by

‘integrating out’ the paths in φ.3 In a future publica-
tion, I will demonstrate this process explicitly, and hence
provide a derivation of ∆Veff and J [x(t)] that does not
require the Schrödinger equation.

VI. CONCLUSIONS

When predicting the classical motion of an observable
x, other degrees of freedom can often be ignored and sub-
sumed into an effective potential. However, if these dis-
carded variables have a configuration space which varies
in size as a function of x, so that the discarded infor-
mation capacity is S(x), then quantum effects generate
an additional term in the effective potential (39). This
quantum correction directly influences the observable be-
haviour, forcing the expectation value 〈x〉 away from its

3 There is some ambiguity in the definition of this path integral,
each resolution of which fixes the value of ξ in the effective po-
tential (39). Storchak has performed a similar treatment of the
phase space path integral with ξ = 0 [14].
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classical trajectory (21). The semiclassical action (40)
accounts for this phenomenon within the equation of mo-
tion, and also generates the path integral propagator (41)
over the reduced configuration space (9). In general, the
quantum correction is determined by S(x), the number
of discarded variables d ∈ N, and the curvature coupling
parameter ξ ∈ R; beyond this, the details of the dis-
carded configuration space are irrelevant. As such, these
results constitute a powerful general-purpose model for
the quantum effect of discarded variables, applicable to
any observable whose classical motion is determined by
the standard nonrelativistic action (7).
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Appendix A: Reducible Spaces

We have seen that the x-coordinate of a particle can
sometimes be predicted without detailed knowledge of
the other degrees of freedom: a single parameter (e.g.
pφ or Eφ) contains all the information we need. Here,
I prove that the only manifolds that allow this kind of
reduction are those with a metric of the form (24).

Let us begin with an arbitrary metric in D = d + 1
spatial dimension:

ds2 = gij(q)dq
idqj , (A1)

where the coordinates q ≡ (q1, . . . , qd+1) ≡
(x, φ1, . . . , φd) cover an open region U ∼= (x−, x+) × Uφ,
with Uφ homeomorphic to an open d-ball. A particle of
mass m moving in U , under the influence of a potential
V0, will have a Hamiltonian

H =
1

2m
gij(q)pipj + V0(q), (A2)

where gij is the inverse of gij , and {pi} are the momenta
conjugate to {qi}.

We aim to discard the coordinates φ ≡ (φ1, . . . , φd) and
momenta pφ ≡ (pφ1 , . . . , pφd) and predict the motion of
(x, px) from a one-dimensional Hamiltonian

H =
p2
x

2m̃(λ)
+ Vcl(x, λ), (A3)

where the effective mass m̃ and effective potential Vcl can
depend on a single real parameter λ = λ(x, px, φ, pφ) ∈ R.
(We take m̃, Vcl, and λ to be C1 functions.) In order that
λ can be treated as a parameter of the system, it must
be conserved along every trajectory, and must not spoil

the canonical equations of motion:

ẋ =
∂H

∂px
=
px
m̃
, ṗx = −∂H

∂x
= −∂xVcl. (A4)

But note that (A3) will generate (A4) if and only if

∂H

∂λ

∂λ

∂x
=
∂H

∂λ

∂λ

∂px
= 0 (A5)

everywhere. Thus, H can depend on λ only where λ is
independent of (x, px). It is therefore safe to assume that
λ = λ(φ, pφ), independent of (x, px), without any loss in
the generality of H. Consequently, λ : T ∗Uφ → R maps
the cotangent bundle T ∗Uφ ∼= Uφ × Rd onto

Λ ≡ λ (T ∗Uφ) ⊆ R, (A6)

which represents the range of possible values for λ(φ, pφ).
Our task is to determine which geometries (A1) have

Hamiltonians (A2) consistent with the reduced form
(A3). In other words, we require

1

2m
gij(q)pipj + V0(q) =

p2
x

2m̃(λ)
+ Vcl(x, λ), (A7)

for all (x, φ, px, pφ) ∈ T ∗U . Recalling λ = λ(φ, pφ), we
can compare powers of px in (A7) and immediately ex-
tract

gxx(x, φ) =
m

m̃(λ(φ, pφ))
, gxφ = 0. (A8)

But given that gxx does not depend on pφ, we must either
have λ = λ(φ) or m̃ = const. Even in the former case
we still have m̃ = m̃(λ(φ)) = const, because λ = λ(φ)
cannot be conserved along every trajectory unless it is
actually independent of φ. Thus gxx = m/m̃ = const,
and by rescaling the x-coordinate we can always set gxx =
1. Equation (A7) therefore reduces to

1

2m
gIJ(x, φ)pφIpφJ + V0(x, φ) = Vcl(x, λ(φ, pφ)). (A9)

It will be useful to analyse this equation at a particular
value of x, say x = x0 ∈ (x−, x+), and invert the function
f(·) ≡ Vcl(x0, ·) on the right-hand side. To this end, we
will prove the following statement:

Claim. For d ≥ 2, a function f : Λ→ R that satisfies

f(λ(φ, pφ)) =
1

2m
gIJ(x0, φ)pφIpφJ + V0(x0, φ), (A10)

will be invertible.

Proof. Begin by differentiating (A10) with respect to pφI :

df

dλ

∂λ

∂pφI
=

1

m
gIJ(x0, φ)pφJ . (A11)

Thus df/dλ = 0 ⇒ pφ = 0, or equivalently

df

dλ
6= 0 ∀ λ ∈ Λpφ 6=0 ≡ λ

(
[T ∗Uφ]pφ 6=0

)
. (A12)
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For d ≥ 2, the set [T ∗Uφ]pφ 6=0 is connected, and given

that λ is continuous, Λpφ 6=0 will be connected also. Thus,
by continuity of df/dλ we must have

either
df

dλ
> 0 ∀ λ ∈ Λpφ 6=0, (A13)

or
df

dλ
< 0 ∀ λ ∈ Λpφ 6=0. (A14)

We will treat the first case only – the second possibility
can be dealt with in a similar fashion.

To proceed, we shall construct paths in [T ∗Uφ]pφ 6=0

that explore all λ(φ, pφ) ∈ Λ (except perhaps the up-
per and lower bounds) and then appeal to monotonic-
ity (A13) to prove that f is invertible. According to
the definition (A6) for each λ? ∈ Λ there is at least one
(φ?, p?φ) ∈ T ∗Uφ such that λ(φ?, p?φ) = λ?. So for every
λ? ∈ Λ, we can always define a path

Γ : R→ [T ∗Uφ]pφ 6=0 , Γ(s) ≡ (φ?, p?φ + esv), (A15)

where we choose v = (v1, . . . , vd) 6= 0 such that v ·p?φ ≥ 0.

Observe that the path (A15) has the following properties:

λ(Γ(R)) ⊆ Λpφ 6=0, (A16)

lim
s→−∞

λ(Γ(s)) = λ?. (A17)

Furthermore, equation (A10) implies

lim
s→∞

f(λ(Γ(s))) = lim
s→∞

{
e2s

2m
gIJ(x0, φ

?)vIvJ +O(es)

}
=∞. (A18)

But recall from (A13) that f is strictly increasing over
Λpφ 6=0; hence (A18) requires

lim
s→∞

λ(Γ(s)) = sup{Λpφ 6=0} ∈ R ∪ {∞}. (A19)

Moreover, because Λ is the closure of Λpφ 6=0 (T ∗Uφ is
the closure of [T ∗Uφ]pφ 6=0, and λ is continuous) we have
sup{Λpφ 6=0} = sup{Λ} and hence

lim
s→∞

λ(Γ(s)) = sup{Λ}. (A20)

We can now assemble our results: recalling (A16) and
noting that the continuous function λ(Γ(·)) has limits
(A17) and (A20), we deduce

Λpφ 6=0 ⊇ λ(Γ(R)) ⊇ (λ?, sup{Λ}). (A21)

(Note that the interval on the right is open: Λpφ 6=0 does
not contain λ? or sup{Λ} in general.) Combining (A21)
with (A13) we have

df

dλ
> 0 ∀ λ ∈ (λ?, sup{Λ}), (A22)

but as this is true for all λ? ∈ Λ, we conclude that

df

dλ
> 0 ∀ λ ∈ (inf{Λ}, sup{Λ}). (A23)

Hence f is invertible.

For d ≥ 2, we can therefore rewrite (A10) as

λ(φ, pφ) = f−1

(
1

2m
gIJ(x0, φ)pφIpφJ + V0(x0, φ)

)
,

(A24)

and substitute this into equation (A9):

1

2m
gIJ(x, φ)pφIpφJ + V0(x, φ)

= Vcl

(
x, f−1

(
1

2m
gIJ(x0, φ)pφIpφJ + V0(x0, φ)

))
≡ Ṽcl

(
x,

1

2m
gIJ(x0, φ)pφIpφJ + V0(x0, φ)

)
. (A25)

But the only way this equation can hold for all pφ is if
the function on the right is a first-order polynomial in its
second argument: Ṽcl(x, y) = α(x) + β(x) × y for some
α, β : (x−, x+)→ R. Thus (A25) becomes

1

2m
gIJ(x, φ)pφIpφJ + V0(x, φ) (A26)

= α(x) + β(x)

(
1

2m
gIJ(x0, φ)pφIpφJ + V0(x0, φ)

)
,

and comparing the coefficients of pφIpφJ , we see that

gIJ(x, φ) = β(x)gIJ(x0, φ). (A27)

Of course, the metric on the left cannot depend on our
choice of x0, so neither can the combination on the right.4

Hence we can write (A27) as

gIJ(x, φ) = [b(x)]−2g̃IJ(φ), (A28)

and conclude that the metric has the form (24) as
claimed.

We can also compare the terms in (A26) that are in-
dependent of pφ:

V0(x, φ) = α(x) + β(x)V0(x0, φ)

≡ Vx(x) + [b(x)]−2Vφ(φ), (A29)

revealing that the potential can be slightly more general
than the V0(x) considered in the main text. It is easy to
introduce the new term [b(x)]−2Vφ(φ) into the analysis of
section III: one simply adds Vφ to the definition of Eφ at
the classical level (25) and the quantum level (31). This
has no effect on the quantum correction (39).

All that remains is to deal with the special case d = 1.
As [T ∗Uφ]pφ 6=0 is disconnected, Λpφ>0 ≡ λ([T ∗Uφ]pφ>0)

4 The function β(x) implicitly depends on the choice of x0 be-
cause f(·) ≡ Vcl(x0, ·) was used to construct Ṽcl. This implicit
dependence must cancel the explicit dependence of gIJ (x0, φ) in
(A27).
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may not connect to Λpφ<0 ≡ λ([T ∗Uφ]pφ<0) and we might
have

df

dλ
> 0 ∀ λ ∈ Λpφ>0, (A30)

df

dλ
< 0 ∀ λ ∈ Λpφ<0, (A31)

or vice versa. In this case, f will not be invertible, but we
can still define partial inverses f−1

+ : f(Λpφ≥0) → Λpφ≥0

and f−1
− : f(Λpφ≤0) → Λpφ≤0 using the same arguments

as d ≥ 2. We would then write

λ(φ, pφ) = f−1
sign(pφ)(f(λ(φ, pφ))) (A32)

= f−1
sign(pφ)

(
1

2m
gIJ(x0, φ)pφIpφJ + V0(x0, φ)

)
,

instead of (A24) and use this in (A25). Thus, Ṽcl be-

comes Ṽ
sign(pφ)
cl , but seeing as the left-hand side of equa-

tion (A25) is invariant under pφ → −pφ, we must have

Ṽ +
cl = Ṽ −cl anyway. From then on, the argument proceeds

exactly as above.
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