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[1] Micromagnetic calculations have been carried out for spherical magnetite particles with surface roughness
consisting of patterns of conical bumps based on regular (Platonic) convex polyhedra. The purpose was to
examine the effect of surface irregularities while avoiding overall shape anisotropy, which generally plays
a dominant role in determining hysteresis properties. We considered three morphologies based on the
tetrahedron (4 apices), the icosahedron (12 apices), and the dodecahedron (20 apices). Grains of three
sizes were considered: 30 nm (single‐domain, SD), 90 nm (on the single‐domain/pseudo‐single‐domain
boundary, SD/PSD), and 120 nm (stable pseudo‐single‐domain, PSD). We find that the morphologies
investigated have very little effect on the hysteresis parameters of SD and marginal SD/PSD grains.
However, in the PSD grains, coercivity increases significantly as bump amplitude increases from 0.1 to
0.9. This lends support to the long‐standing notion that surface protuberances on larger grains are a
possible source of paleomagnetically significant stable remanence, although the very high coercivities
(on the order of 100 mT) observed in some rocks cannot be achieved. Classical Stoner‐Wohlfarth shape
anisotropy remains the only explanation for such ultra‐stable remanence in magnetite‐bearing rocks. This
is confirmed by a specific example of a model “skeletal” grain consisting of three orthogonal parallelepipeds.
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1. Introduction

[2] In a recent paper [Williams et al., 2010], we
reported results from a series of micromagnetic
calculations aimed at assessing the role of irregular
morphology on the magnetic properties of mag-
netite grains in rocks. Those calculations were
motivated by a much earlier suggestion by Stacey
[1961, p. 1256] that “small irregular protuber-
ances” on larger grains might be the source of
stable remanence in paleomagnetic samples. The
results, however, did not support this idea. For the
most part, surface bumps had little effect on—or
even lowered—the coercivity, except where grains
carried a small number of large bumps that endow
the grain with overall shape anisotropy. For
example, 30 nm particles carrying many bumps
(characterized by small angular separation, � = 5°)
showed a decrease in coercivity by a factor of two
as the relative bump size (R, the ratio of bump
amplitude to particle radius) varied from 0.1 to 0.9.
The surface irregularities act as nucleation centers
for micromagnetic changes, thereby lowering the
coercivity. On the other hand, the overall shape
anisotropy of models with fewer bumps (� = 90°)
caused the coercivity to increase by a factor of
two over the same range of R [see Williams et al.,
2010, Figure 3a].

[3] The primary goal of the present work was to
investigate the influence of surface irregularities on
magnetic behavior without introducing overall
shape anisotropy. To this end, we report here a
series of micromagnetic calculations based on three
of the regular (Platonic) polyhedra: the tetrahedron
(with four apices), the icosahedron (with twelve),
and the dodecahedron (with twenty). To place these
simulations in their full context, we carried out
two other sets of calculations. A preliminary set
considers the micromagnetic behavior of grains
carrying a single conical bump. The effects of
shape anisotropy cannot be excluded in such a
model, but the calculations are nevertheless useful
because they enable one to explore the distortion
in micromagnetic structure—and its effects on
hysteresis—caused by the interplay of the crystal-
lographic orientation of the bump, its amplitude,
and the direction of the magnetizing field. In the
other set, a high‐resolution micromagnetic simu-
lation of a “skeletal” model of the same geom-
etry as that examined by Tauxe et al. [2002] was

investigated as a possible source of ultra‐stable
remanence.

2. Methods

[4] The computational scheme closely follows that
of our earlier work [Williams et al., 2010], so we
give here only a brief outline. The grain surface is
first constructed by defining a suitable finite ele-
ment mesh, and then the magnetic structure of the
entire grain is obtained by minimizing the torque
on each discretized magnetic moment according to
the Landau‐Lifshitz‐Gilbert equation [Suess et al.,
2002]. The room temperature material parameters
of magnetite (Fe3O4) are used throughout, namely
saturation magnetization, Ms = 4.8 × 105 A m−1,
exchange constant, A = 1.34 × 10−11 J m−1,
and magnetocrystalline anisotropy, K1 = 1.24 ×
104 J m−3. As before, we consider grains of three
volumes: 0.14 × 10−22 m3, 3.82 × 10−22 m3 and
9.05 × 10−22 m3. These volumes correspond to
spheres with diameters of 30 nm, 90 nm and
120 nm respectively, and for brevity will be
referred to as these diameters. These sizes cor-
respond to SD grains, grains on the SD/PSD
boundary, and stable PSD grains respectively.
For each size, we started with spherical grains to
which were added 4, 12, or 20 conical bumps of
gradually increasing size, the relative amplitudes
(R) being 0.1, 0.3, 0.5, 0.7, and 0.9 expressed as
fractions of the sphere radius. The base radius of
each cone was identical for all models and was
chosen arbitrarily to be 0.2 of that of the sphere.
The percentage fraction of the grain volume resid-
ing in the bumps is given in Table 1.

[5] The bumps were placed on the surface of the
sphere symmetrically with respect to the h100i set
of axes. The finite element meshing of such
conical bumps can be problematic but it has been
demonstrated by Rave et al. [1998] that the
effective fields calculated at such sharp corners do
not introduce errors provided the mesh size does
not exceed the exchange length. Since magnetic
domain structure is sensitive to the grain volume,
after the bumps were added the grain volume was
re‐normalized to that of the starting sphere.
Examples of the grain morphologies used are
given in Figure 1.

[6] For each model we investigated the micro-
magnetic structure during field cycling and com-
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puted the corresponding values of Mrs/Ms and
Hc by averaging the values obtained from fields
aligned along the easy h111i, hard h100i, and
intermediate h110i directions. In this way, a total
of 135 micromagnetic models were computed
(3 polyhedra × 3 grain sizes × 5 bump amplitudes ×
3 field orientations).

3. Results

3.1. Single Bump
[7] Grains of the same three sizes (30, 90, 120 nm)
used for the Platonic models were considered,
again with bump sizes (R) of 0.1, 0.3, 0.5, 0.7, and
0.9. For each model, four configurations were
investigated: (1) bump along the hard h100i axis,
field along the easy h111i axis, (2) bump along
the hard axis, field along the hard axis, (3) bump
along the easy axis, field along the easy axis, and
(4) bump along the easy axis, field along the hard
axis. The salient features for the 30 nm, R = 0.9
subset are illustrated in Figures 2 and 3 for the
bump along the hard and easy axes, respectively.
In both figures the magnetic structures at H = 0
(Remanence) and at H = 80 mT (Saturation)
appear in the upper and lower panels, respectively.
Figure 2a indicates that the grain has a high rem-
anence aligned along the easy direction except for
the bump itself where the magnetization deviates
slightly toward the hard direction. This pattern is
repeated at saturation (Figure 2c), but the deviating
magnetization is now restricted to the very tip of
the bump. When the field is applied along the hard
direction the magnetization is fully saturated par-
allel to the applied field (Figure 2d), but when
the field is removed (Figure 2b) the magnetiza-
tion relaxes back to the same pattern as seen in
Figure 2a. The evolution of the micromagnetic
structure—and the role played by the bump as a
nucleation center—during field cycling along
the hard direction is best appreciated by viewing

Animation S1 in the auxiliary material.1 In
Animation S1, it is seen that the magnetization
within the bump induces the rotation of the mag-
netization in the sphere as the field intensity
decreases, thereby reducing the coercivity.

[8] Figure 3a shows that the remanent magnetiza-
tion remains saturated along the easy direction after
the application of a saturating field (Figure 3c).
When a field of 80 mT is applied along the hard
direction the magnetic structure follows the field
toward saturation (Figure 3d), although the mag-
netic moments in the bump itself deviate toward
the easy direction. When the field is removed the
remanence state relaxes back to saturation along
the easy direction (Figure 3b). Changes in the
micromagnetic structure can best be appreciated in
Animation S2. In Animation S2, the field is aligned
along the h100i direction, and the bump is in the
easy direction. For this configuration, the magne-
tization in the bump is the first to rotate out of the
applied field direction before switching, and the
last to align in the reverse field direction after
switching. In this case, however, the effect on the
resulting coercivity is minimal.

[9] Values for the ratio of saturation remanence to
saturation magnetization (Mrs/Ms) and for the
coercive force (Hc) of each of these configurations
(2 bump orientations (easy, hard); 3 grain sizes
(30 nm, 90 nm, 120 nm); 5 bump amplitudes (0.1,
0.3, 0.5, 0.7, 0.9)) are obtained by averaging the
values resulting from fields aligned along the easy
h111i, hard h100i, and intermediate h110i directions.
The Mrs/Ms ratios exhibit a strong trend between
grain sizes, but very little variation within each grain
size: for the 30 nm grains 0.80 < Mrs/Ms < 0.84, for
90 nm 0.42 < Mrs/Ms < 0.50, and for 120 nm 0.20 <
Mrs/Ms < 0.22.

[10] The corresponding variations in coercive force
for all 30 models are summarized in Figure 4.
Also shown are the data for the corresponding
smooth spheres (R = 0) taken from our earlier
paper [Williams et al., 2010]. The smallest of these
(30 nm) give the highest values (Hc = 13.2 mT)
because they are single‐domain (SD) and reverse
by coherent rotation. The 90 nm grains are mag-
netically much softer (Hc = 3.8 mT) because they
display incoherent rotation during hysteresis by vor-
tex nucleation and propagation [Enkin and Williams,
1994; Williams et al., 2006]. At 120 nm, coercivity
begins to rise again (Hc = 6.6 mT) because the

Table 1. Percentage of Grain Volume Residing in the
Bumps on the Sphere Surface

Bump
Amplitude (R)

Number of Bumps
on Sphere Surface

1 4 12 20

1 0.10 0.41 1.23 2.03
3 0.27 1.08 3.14 4.55
5 0.44 1.73 5.03 8.10
7 0.60 2.38 6.80 10.83
9 0.77 3.00 8.50 13.29

1Auxiliary materials are available in the HTML. doi:10.1029/
2011GC003560.
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majority of the remanence is held within the
increasingly dominant vortex core. For the larger
grain size, the switching mechanism changes from
vortex nucleation and propagation to coherent
rotation of the vortex, combined with a magneti-

cally softer shell exhibiting incoherent reversal
modes.

[11] As bumps are added, very little change occurs
prior to R = 0.5. But then significant changes take

Figure 2. Micromagnetic structure of a 30 nm grain having a single large bump (R = 0.9) with its axis parallel to the
[100] (hard) axis. (a and b) H = 0 (Remanence); (c and d) H = 80 mT (Saturation). The field direction is indicated in
each panel, and the resulting magnetization directions are colored according to the orientation scale bar in Figure 2a. It
can be seen that, with the exception of Figure 2d, the easy h111i alignment of the magnetization is slightly perturbed
within the bump toward the h100i bump axis. A field of 80 mT is sufficient to saturate the magnetization along the
hard h100i direction in Figure 2d.

Figure 1. Representative examples of grain morphologies used for the micromagnetic calculations. Conical bumps
were places on the surface of a sphere at the vertices of platonic solids: (left) dodecahedron, R = 0.1; (middle) dodeca-
hedron, R = 0.5; (right) icosahedron, R = 0.9. Where R is expressed as a fraction of the radius of the starting sphere.
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place with increases (decreases) when the bump
lies along the easy (hard) axis for the 30 nm and
120 nm grains, with the opposite pattern occurring
for the 90 nm grain. For the 30 nm SD grain, a
large bump (R ≥ 0.7) along the hard h100i axis
leads to micromagnetic structures that are increas-
ingly unfavorable and are thus more easily
demagnetized (Hc drops to 9 mT). The corollary
holds for the easy h111i axis where the bump
creates a more stable configuration with corre-
spondingly higher coercivity (Hc = 18 mT). The
situation is similar for the 120 nm PSD grain,
except that it is the alignment of the vortex core
that is now important. The micromagnetic calcu-
lations for the smooth grain show that the vortex
core lies along the easy h111i axis (Figure 5a). A
bump along this direction further favors this con-
figuration and makes it even harder to demagnetize
(Hc = 15 mT when R = 0.9), whereas a h100i bump
has a weak effect in the opposite sense (Hc = 5 mT

when R = 0.9). For the smooth 90 nm grain the
micromagnetic solutions lead to a vortex core
aligned along the hard h100i axis (Figure 5b).
Addition of a bump in this direction stabilizes the
configuration through magnetostatic and exchange
coupling and consequently leads to increased
coercivity, whereas bumps (of any size) in the easy
h111i direction have virtually no effect on the
already low coercivity.

3.2. Platonic Polyhedra
[12] As above, coercivities for all the models were
obtained by averaging the values determined for
fields along h100i, h110i and h111i, and the results
shown in Figure 6. The addition of surface
roughness to the 30 and 90 nm spheres has very
little effect on coercivity. For the 120 nm grains,
however, they give rise to a general increase as
the bumps get larger with all three geometries

Figure 3. Micromagnetic structure of a 30 nm grain having a single large bump (R = 0.9) lying along the [111]
(easy) axis. (a and b) H = 0 (Remanence); (c and d) H = 80 mT (Saturation). The field direction is indicated in each
panel, and the resulting magnetization directions are colored according to the color bar in Figure 3a.

Geochemistry
Geophysics
Geosystems G3G3 WILLIAMS ET AL.: MICROMAGNETICS OF PLATONIC POLYHEDRA 10.1029/2011GC003560

5 of 11



closely agreeing for the smallest bumps (R = 0.1,
Hc ≈ 6.5 mT), and for the largest bumps (R = 0.9,
Hc ≈ 11 mT). The 120 nm tetrahedral model
yields a smooth curve, but the other geometries

show significant variations (particularly for the
icosahedral geometry at R = 0.3 and the dodeca-
hedral geometry at R = 0.7). For the icosahedral
case this was checked by repeating the micro-

Figure 5. The remanence structure for the (a) 120 nm and (b) 90 nm smooth spheres. Both models have the same
color coding and crystallographic orientation. Translucent ‘cores’ have been drawn for illustrative purposes. They are
surfaces containing all moments lying within 22.5° of h111i for Figure 5a and h100i for Figure 5b. The overall geom-
etry of the vortex cores is more clearly seen in Animation S3.

Figure 4. Coercive force (Hc) as a function of grain size, relative bump amplitude (R), and bump orientation (dots =
easy h111i axis, squares = hard h100i axis). Diamonds are corresponding values for the smooth spheres [Williams
et al. 2010].
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magnetic calculations at much higher resolution,
but the same outlying low coercivity was found.
Our experience with large numbers of models
leads us to the conclusion that such variability is
real and depends on the particular locations of the
bumps relative to the crystal axes. This point
becomes clear in what follows.

[13] To illustrate the micromagnetic structures
behind the observed hardening trend, it is neces-
sary to be selective since our entire computational
scheme generates thousands of individual snap-
shots (33 field steps, 3 polyhedra, 5 bump ampli-
tudes, 3 grain sizes, 3 field directions). We choose
the tetrahedral case for R = 0.1 and R = 0.9, at a

Figure 7. Micromagnetic structures for 120 nm tetrahedral geometry with bump amplitudes of (a) 0.1 and (b) 0.9. In
both cases the field is −25 mT along the easy axis. The full dynamic behavior during field cycling can be seen in
Animation S4.

Figure 6. Coercivity (Hc) as a function of grain size, bump amplitude (R), and polyhedron geometry (diamond =
tetrahedron, square = icosahedron, circle = dodecahedron). The values for smooth spheres (R = 0) are taken from
Williams et al. [2010].
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particularly instructive field step (−25 mT) along
the easy direction (Figure 7). This step is chosen
because it clearly shows the effect of surface
topography. For R = 0.9 the bump that lies closest
to the applied field direction remains saturated in
the forward direction and is directly connected to
an underlying vortex. For the smaller bump (R =
0.1) the overall micromagnetic structure is essen-
tially the same, but the bump has already switched

to negative values. The full dynamic behavior of
the magnetization during field cycling is shown in
the Animation S4.

[14] Figure 8 parallels the situation depicted in
Figure 7, but this time for the dodecahedral
geometry. Once again, the effect of the surface
topography is clearly seen. Depending on their
exact location, bumps can act as pinning centers

Figure 8. Micromagnetic structures for 120 nm dodecahedral geometry with bump amplitudes of (a) 0.1 and (b) 0.9.
In both cases the field is −25 mT along the easy axis. The full dynamic behavior during field cycling can be seen in
Animation S5.

Figure 9. Mrs/Ms as a function of grain size, bump amplitude (R), and polyhedron geometry (diamond = tetrahedron,
square = icosahedron, circle = dodecahedron).
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Figure 10. Computed hysteresis loop, and representative micromagnetic structures, for the triple‐parallelepiped
model discussed in the text. The structure consists of three intersecting prisms of size 140 nm × 20 nm × 20 nm.
The applied field was varied in 0.5 mT steps. The hysteresis loop and coloring are for alignment in the x axis.
The full dynamic behavior during field cycling can be seen in Animation S6.
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and thereby increase the overall coercivity of the
grain. This situation is somewhat different from
the idea that surface irregularities cause changes in
the local demagnetizing field and thus provide
‘weak points’ that can nucleate domain switching
during hysteresis. Rather, our results indicate that
the bumps of the scale we have modeled interact
with the magnetocrystalline anisotropy and domain
structure. Where the bumps align with the direction
of the grain’s magnetization they increase stability,
and when they are situated at large angular sepa-
ration from the underlying magnetization direction,
the stability and coercivity of the grain is reduced.

[15] Mrs/Ms ratios for all the models are summa-
rized in Figure 9, and again, there is a simple size‐
dependent pattern for the smooth spheres. As
expected, Mrs/Ms is highest for the single‐domain
(30 nm) grains, and progressively decreases for the
90 and 120 nm grains. The bumps have virtually no
effect for the SD grains, but very slight increases
are seen for the 90 and 120 nm grains.

3.3. Orthogonal Parallelepiped Model
[16] The central purpose of the work described in
this paper was to assess the magnetic behavior of
magnetite grains having irregular surfaces in a
manner that avoids unwanted shape anisotropy
creeping in, as it did in our earlier work [Williams
et al., 2010]. Nevertheless, it is worthwhile to seek
confirmation of the importance of shape anisotropy
by considering grain morphologies that predict
very high coercive forces. In particular, we are
interested here in the “complicated shape” model
discussed by Tauxe et al. [2002], which yielded
coercivities beyond 100 mT. Most micromagnetic
models predict much lower values, although clas-
sical theory does allow such values for elongated
SD particles [Stoner and Wohlfarth, 1948] and real
examples have been reported [Hu et al., 2009]. The
Tauxe et al. [2002] model consists of three mutually
orthogonal intersecting parallelepipeds rather like
the “dendrite”model we studied in our earlier paper
[Williams et al., 2010]. For the triple‐parallelepiped
model investigated here (each rod has dimensions
of 140 × 20 × 20 nm), we generated a smooth
hysteresis loop (Figure 10), which exhibited a
coherent evolution of micromagnetic structure
(available in Animation S6). The most important
result is the confirmation of very high coercivities,
Hc = 165 mT. This exceeds the value reported by
Tauxe et al. [2002], and is far in excess of any of
our Platonic polyhedron models. For Mrs/Ms we
obtain 0.72, which is comparable to the ∼0.69

reported by Tauxe et al. [2002]. For comparison,
from analytical theory the coercivity for an elon-
gated particle is given as HC = m0 (Na − Nb)MS

where Na and Nb are the demagnetizing factors
along the long and short axis of the particle
respectively. The values for the demagnetizing
factors can be calculated analytically for rectan-
gular parallelepipeds [Aharoni, 1998] and for a
single prism with the same aspect ratio of one of
the limbs of the particle described above, yields a
coercivity of 243 mT. This suggests that the skel-
etal structure helps to nucleate curling structures,
reducing the coercivity.

4. Conclusions

[17] A micromagnetic analysis of magnetite grains
having surface roughness, but no overall shape
anisotropy, leads to the conclusion that irregular
morphologies do not enhance the coercivity of
small grains lying in the SD field or near the SD/
PSD boundary. For grains within the PSD field,
however, surface irregularities can almost double
the coercivity and hence lead to increased paleo-
magnetic stability. The origin of the increased
stability appears to be the alignment of the bumps
with the equilibrium direction of the grain’s mag-
netization for any particular applied field. The very
high coercivities found in some rocks cannot be
attained by surface roughness models and can only
be explained by shape anisotropy. This is confirmed
by our high‐resolution micromagnetic computations
for a “skeletal” grain consisting of three mutually
perpendicular parallelepipeds, which exhibits a
coercive force well in excess of 100 mT.
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