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Abstract

Let K be a field and let A be a finitely generated prime K-algebra.
We generalize a result of Smith and Zhang, showing that if A is not PI
and does not have a locally nilpotent ideal, then the extended centre
of A has transcendence degree at most GKdim(A) − 2 over K. As a
consequence, we are able to show that if A is a prime K-algebra of
quadratic growth, then either the extended centre is a finite extension
of K or A is PI. Finally, we give an example of a finitely generated
non-PI prime K-algebra of GK dimension 2 with a locally nilpotent
ideal such that the extended centre has infinite transcendence degree
over K.
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1 Introduction

We consider prime algebras of finite GK dimension. Given a field K and a
finitely generated K-algebra A, the GK dimension of A is defined to be

GKdim(A) := lim sup
n→∞

log (dim V n) / log n.

If A is not finitely generated, then its GK dimension is simply the supremum
of the GK dimensions of all finitely generated subalgebras. We note that in
the case that A is a finitely generated commutative algebra, GK dimension
is equal to Krull dimension. For this reason, GK dimension has seen great
use over the years as a useful tool for obtaining noncommutative analogues
of results from classical algebraic geometry. For more information about GK
dimension we refer the reader to Krause and Lenagan [5].

Smith and Zhang [9] investigated centres in domains of finite GK dimen-
sion. They showed that if A is a finitely generated non-PI algebra over a field
K which is a domain of GK dimension d and Z is the centre of the quotient
division algebra of A, then

trdeg(Z) ≤ GKdim(A) − 2.

PI algebras are, in some sense, close to being commutative and necessarily
have large centres. The purpose of this paper is to show that similar results
hold for prime algebras. General prime algebras do not have a quotient divi-
sion algebra. Nevertheless, Martindale [6] showed that a quotient ring can be
formed, which is now called the Martindale ring of quotients. Roughly speak-
ing, this quotient algebra is—up to a certain equivalence—the collection of
all right A-module homomorphisms f : I → A where I is some nonzero ideal
of A. The centre of this algebra is called the extended centre of A. In the
case that A is a domain of finite GK dimension, the Martindale ring of quo-
tients coincides with the ordinary (Goldie) quotient division algebra. There
is one essential difficulty that arises when studying extended centres of prime
algebras which does not occur with domains: it is possible for prime algebras
to have a nonzero locally nilpotent ideal. As it turns out, the existence of
a nonzero locally nilpotent ideal can affect the transcendence degree of the
extended centre. Our main theorem is the following generalization of Smith
and Zhang’s [9, Theorem 3] result.

Theorem 1.1 Let K be a field, let A be a finitely generated prime K-algebra,

and let Z denote the extended centre of A. If A is not PI and has no nonzero
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locally nilpotent ideals, then

trdeg(Z) + 2 ≤ GKdim(A).

As an immediate corollary, we obtain the following result.

Corollary 1.2 Let K be a field and let A be a finitely generated prime K
algebra of GK dimension less than 3. If A is not PI and has no nonzero

locally nilpotent ideals, then the extended centre of A is algebraic over K.

In the case that A has quadratic growth, we are able to show that the ex-
istence of locally nilpotent ideals do not present any problems. Recall that
a finitely generated K-algebra A has quadratic growth if for every finite di-
mensional K-vector subspace V of A that contains 1 and generates A as a
K-algebra, there exist positive constant C1 and C2 such that

C1n
2 < dim V n < C2n

2

for all n ≥ 1.

Theorem 1.3 Let K be a field and let A be a prime affine K-algebra of

quadratic growth. Then either A satisfies a polynomial identity or the ex-

tended centre of A is algebraic over K.

If an algebra has GK dimension 2 but does not have quadratic growth, then
the extended centre can in fact be very large if it has a nonzero locally
nilpotent ideal.

Theorem 1.4 Let K be a field. Then there is a finitely generated non-PI

prime graded K-algebra of GK dimension two whose extended centre has

infinite transcendence degree over K.

This fact that the extended centre can have infinite transcendence degree over
the base field in a finitely generated prime algebra of finite GK dimension is
somewhat surprising, since the transcendence degree of the extended centre
of a finitely generated prime commutative algebra over its base field is equal
to the Krull dimension of the algebra, and in particular is necessarily finite.

We note that if K is algebraically closed field, Theorem 1.3 says that a
non-PI finitely generated prime K-algebra of quadratic growth has trivial

3



extended centre. The extended centre is especially useful in studying both
tensor products and graded algebras, and knowing that the extended centre
is trivial often allows one to understand the ideal structure of an algebra.

In §2, Theorems 1.1 and 1.3 are proved. To do this we use several esti-
mates about algebras of GK dimension at least 2. In §3, we prove Theorem
1.4. Our construction uses a modified example of Zelmanov [12, 11] along
with an example of Irving [4]. In §4, we make some remarks about extended
centres and tensor products and applications to just infinite algebras.

2 Proofs

In this section, we prove Theorem 1.1 and Theorem 1.3. We begin with a
definition.

Definition 2.1 Let K be a field and let A be a finitely generated K-algebra.

A vector space V is called a frame for A if:

1. 1 ∈ V ;

2. dim(V ) < ∞; and

3. V generates A as a K-algebra.

The notion of a frame is fundamental in the study of GK dimension and we
make use of this concept throughout this paper. We give a few estimates for
algebras of GK dimension at least 2.

Lemma 2.2 Let K be a field, let A be a finitely generated K-algebra of GK

dimension at least 2, and let m be a positive integer. If V is a frame for A
and z ∈ A is such that

lim inf
n→∞

1

n2
dim (V nz) = 0,

then there exists some nonzero x ∈ A such that xV mz = (0).

Proof. Let d = dim(V mz). Suppose that for infinitely many n we have

dim(V nz) < n2/3d.
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Let {x1, . . . , xd} be a basis for V mz over K. Consider the K-linear mapping

f : V n →

m
⊕

i=1

V n+mz

given by
f(a) = (ax1, . . . , axm).

Then
dim V n = dim Im(f) + dim ker(f).

Since A has GK dimension at least 2,

dim V n ≥

(

n + 1

2

)

for every natural number n (cf. Krause and Lenagan [5, Proof of Theorem
2.5]. We also have

dim Im(f) ≤ d (dimK V n+mz).

Thus

dim ker(f) = dim(V n) − dim Im(f)

≥ n2/2 − d (dimV n+mz).

By assumption there are infinitely many natural numbers n such that

dim(V n+mz) ≤ (n + m)2/3d.

Consequently, there are infinitely many n such that

dim(ker(f)) ≥ n2/2 − d(n + m)2/3d.

Since (n + m)2 < 3n2/2 for sufficiently large n, it follows that there is some
n such that the kernel of f is nonzero. It follows that there is some n and
some x ∈ V n such that f(x) = 0. This gives that xV mz = 0.

We use the preceding estimate to obtain a growth estimate for two-sided
ideals in algebras of GK dimension at least 2.
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Lemma 2.3 Let K be a field and let A be a finitely generated prime algebra

of GK dimension at least 2. If V is a frame for A and z ∈ A is nonzero,

then there exists a positive constant C such that

dim(V nzV n) > Cn2

for all n sufficiently large. Furthermore, if dim(V nzV n) < n2 for some n
then there is some m such that

AzA ⊆ V mzA + AzV m.

Proof. We put an order ≺ on N
2 by declaring that (m1, p1) ≺ (m2, p2) if

m1 + p1 < m2 + p2 or m1 + p1 = m2 + p2 and m1 < m2. Suppose first that
there do not exist positive integers m and p such that

V mzV p ⊆
∑

(i,j)≺(m,p)

V izV j.

Then for each (m, p) ∈ N
2 we can select

xm,p ∈ V mzV p \
∑

(i,j)≺(m,p)

V izV j.

We claim that the set {xm,p | m, p ≥ 1} is linearly independent over K. If
not, there exist (m, p) ∈ N

2 and constants ci,j ∈ K such that

xm,p =
∑

(i,j)≺(m,p)

ci,jxi,j ⊆
∑

(i,j)≺(m,p)

V izV j .

But this contradicts our choice of xm,p. It follows that the set

{xi,j | 1 ≤ i, j ≤ n}

is a linearly independent subset of V nzV n of size n2 and hence

dimK(V nzV n) ≥ n2.

Thus we may assume that there exists (m, p) ∈ N
2 such that

V mzV p ⊆
∑

(i,j)≺(m,p)

V izV j.
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This relation allows us to “reduce” any element of V mzV p; a simple induction
argument using this relation gives

AzA ⊆ V mzA + AzV p.

Without loss of generality, we may assume that m ≥ p and hence

AzA ⊆ V mzA + AzV m.

To finish the proof, we must show that dim(V nzV n) > Cn2 for some positive
constant C. If no such positive constant exists, then

lim inf
n→∞

1

n2
dim(V nz) = 0 and lim inf

n→∞

1

n2
dim(zV n) = 0.

By Lemma 2.2 (applying it to both A and Aop), there exist x, y ∈ A such
that xV mz = (0) and zV my = (0). Thus

yAzAx = (yV mz)Ax + yA(zV mx) = (0).

This contradicts the fact that A is prime. It follows that

lim inf
n→∞

1

n2
dim(V nzV n) > 0

and we obtain the desired result.

The following estimate will be necessary in the proof of Theorem 1.1.

Lemma 2.4 Let K be a field and let A be a finitely generated prime K-

algebra of GK dimension ≥ 2. Suppose that u ∈ A is not nilpotent and V is

a frame for A. Then there is a positive integer d and a positive constant C
such that

dim(V dnunV dn) ≥ Cn2

for every n.

Proof. Since V is a frame for A, there is some k > 0 such that

u ∈ V k.

We have three cases.

Case 1. dim(uiA/ui+1A) = ∞ for each i ≥ 1.
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In this case, we take d = k + 1. Then

uiV m 6⊆ uiV m−1 + ui+1A.

and hence
dim(uiV n/(uiV n ∩ ui+1A)) ≥ n

for every i. In particular,

dim(V dnunV dn) ≥ dim(unV (k+1)n)

≥
2n
∑

i=n

dim
(

uiV n/(uiV n ∩ ui+1A)
)

≥ n2.

Case 2. dim(Aui/Aui+1) = ∞ for each i ≥ 1.

The proof of this is similar to the proof in Case 1.

Case 3. There exists a natural number i such that dim(Aui/Aui+1) < ∞
and dim(uiA/ui+1A) < ∞.

In this case there exist positive integers m and p with p > m such that

uiV m ⊆ uiV m−1 + ui+1V p and V mui ⊆ V m−1ui + V pui+1.

A simple induction argument gives

uiV m ⊆ uiV m−1 + ui+1V m−1 + ui+2V m−1 · · ·+ un−1V m−1 + unV np

and
V mui ⊆ uiV m−1 + · · ·+ V m−1un−1 + V npun.

Another induction argument gives

uiV n ⊆ uiV m−1 + · · ·+ un−1V m−1 + unV np+n + · · ·+ u2nV pn+n

and

V nui ⊆ V m−1ui + · · ·+ V m−1un−1 + unV np+p + · · ·+ u2nV pn+n.
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In particular, since u ∈ V k, for sufficiently large n we have

V nu2iV n = (V nui)(uiV n)

⊆

(

n−1
∑

j=i

V m−1uj + V pn+kn+nun

)(

n−1
∑

j=i

ujV m−1 + unV pn+kn+n

)

⊆
n−1
∑

j=i

V m−1ujV m−1 + V pn+2kn+nunV pn+2kn+n.

By Lemma 2.3, there is a positive constant C0 such that

dim(V nuiV n) ≥ C0n
2

for all sufficiently large n. We take d = p + 2k + 1. It follows that

dim V dnunV dn ≥ dim(V nuiV n) −

n−1
∑

j=i

dim(V m−1ujV m−1)

≥ C0n
2 − dim(V m−1)2n.

Picking a positive C that is less than C0, we obtain the result in this case.

We are now ready to prove Theorem 1.1. The proof is broken down into
three cases, by looking at the GK dimension of a certain subalgebra of A.

Proof of Theorem 1.1. Let B = ZA be the Z-subalgebra of the Martindale
quotient ring of A generated by A. Then B is a finitely generated Z-algebra
and GKdimZ(B) is at most GKdimK(A). Let z1, . . . , zd ∈ Z be algebraically
independent over K. We must show that if A is not PI and has no locally
nilpotent ideals, then GKdim(A) ≥ d + 2. By the definition of the extended
centre, there exist a1, . . . , ad ∈ A such that ziai ∈ A. Let

u ∈ Aa1A ∩ Aa2A ∩ · · · ∩ AadA

be nonzero. We have three cases.

Case 1. the Z-subalgebra Z + ZAuA of B has GK dimension at least 2.

In this case, we can find x1, . . . , xm ∈ AuA such that the Z-subalgebra of B
generated by x1, . . . , xm has GK dimension at least 2. Let

W = Kx1 + · · ·Kxm.
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Then a result of Bergman (cf. Krause and Lenagan [5, Proof of Theorem
2.5]) gives

dimZ(ZW n) ≥ n

for all natural numbers n. Hence

dimZ(ZW n + · · · + ZW 2n) ≥ n2

for all natural numbers n. It follows that for each n, we can find a subset S
of W n + · · ·+W 2n with n2 elements such that S is linearly independent over
Z. Pick a natural number p such that

xj , zixj ∈ V p for 1 ≤ i ≤ d, 1 ≤ j ≤ m.

zi1
1 · · · zid

d W n ⊆ V pn ⊆ A

whenever i1 + · · ·+ id ≤ n. In particular,

{zi1
1 · · · zid

d s | s ∈ S, i1 + · · ·+ id ≤ n} ⊆ V pn

is linearly independent over K. But this set has size
(

n + d

d

)

n2 ≥ nd+2/d!,

and so A has GK dimension at least d + 2.

Case 2. The Z-algebra Z + ZAuA has GK dimension 1.

Since a finitely generated algebra of GK dimension 1 is not algebraic over
the base field [8], there is some x ∈ AuA such that x is not nilpotent. By
Lemma 2.4, there is a positive integer m and a positive constant C such that

dimZ(ZV mnxnV mn) ≥ Cn2

for all sufficiently large integers n. In this case, we can pick a subset S of
V mnxnV mn of size n2 that is linearly independent over Z. Choose a natural
number p such that

x, zix ∈ V p for 1 ≤ i ≤ d.

It follows that

{zi1
1 · · · zid

d s | s ∈ S, i1 + · · ·+ id ≤ n} ⊆ V 2mn+pn

10



is linearly independent over K. Arguing as in Case 1, we see A has GK
dimension at least d + 2.

Case 3. The algebra Z + ZAuA has GK dimension 0.

In this case, it is sufficient to show that (u) must be locally nilpotent. We
already know that (u) is locally algebraic and thus we must show it is a nil
ideal. Suppose that (u) is not nil. Then since (u) is an algebraic ideal, there
is some x ∈ (u) that is not nilpotent. Arguing as in Case 2, we obtain the
desired result.

We can now prove Theorem 1.3, using ideas from Theorem 1.1.

Proof of Theorem 1.3. By Theorem 1.1, if A does not have any nonzero
locally nilpotent ideals, then we are done. Let Z denote the extended centre
of A and let z ∈ Z. We must show that z is algebraic over K. Pick a ∈ A
such that za ∈ A. If (a) is not locally nilpotent, then we see that z must be
algebraic by arguing as we did in Case 1, 2, and 3 in the proof of Theorem
1.1. Thus we may assume that (a) is locally nilpotent. By assumption there
is a constant C > 0 such that

dimK V n < Cn2

for all natural numbers n. Pick m > 4C + 1. Since the ideal generated by a
is not nilpotent, there exist x1, x2, . . . , xm ∈ A such that

u = x1ax2a . . . xma 6= 0.

Then uzi ∈ A for all i ≤ m. Consider the Z-algebra Z + ZAuA. Let S be
a subset of V nuV n that that is maximal with respect to being independent
over Z. Then elements szj with s ∈ S and j ≤ m are elements of A that are
linearly independent over K.

By assumption A is not PI and hence the Z-algebra ZA has quadratic
growth by the Small-Stafford-Warfield theorem [8] and by Bergman’s gap
theorem [5, Theorem 2.5]. Thus by Lemma 2.3 either

dimZ(ZV nuV n) ≥ n2

for all n or there exists some d such that

AuA ⊆ V duA + AuV d.
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Case 1. dimZ(ZV nuV n) ≥ n2 for all n ≥ 1

In this case, our set S has at least n2 elements and thus

dimK

(

m
∑

i=0

V nziuV n

)

≥ (m + 1)n2.

There exists some p such that

ziu ∈ V p for 0 ≤ i ≤ m.

Thus

dimK(V 2n+p) ≥ (m + 1)n2 >

(

C +
1

4

)

(2n)2 for all n ≥ 1,

contradicting the fact that dim(V n) ≤ Cn2 for all n.

Case 2. There exists some d such that AuA ⊆ V duA + AuV d.

Since the ideal generated by u is locally nilpotent, there is some k such that

(V du)k = (uV d)k = (0).

Pick k minimal such that (V du)k = (0). If r ∈ (V du)k−1 is nonzero then

rAuA = rV duA + rAuV d = rAuV d.

Similarly, we can find nonzero s ∈ A such that uV ds = 0. Hence rAuAs =
(0). But this contradicts the fact that A is prime. The result follows.

3 Examples

In this section, we prove Theorem 1.4 by constructing an example of a finitely
generated prime algebra of GK dimension 2 whose extended centre has in-
finite transcendence degree over the base field; moreover, this construction
works over any field. We point out that in prime Goldie rings, the transcen-
dence degree of the extended centre cannot exceed the GK dimension, and
so it is surprising that such an example exists. To construct this example we
require a prime algebra with locally nilpotent ideal. Such examples have been
given before [12, 2, 11]. We use an adjustment of an example of Zelmanov
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[12] used by the second author and Vishne [11], along with an example of
Irving [4].

Define

pn := 222
2
n

and define words in the free monoid 〈x, y〉 by v1 = x,

vn+1 = vny
pnvn.

The limit v∞ is a well defined right infinite word since every vn is a prefix
of vn+1. Let K be a field, and let A be the free associative algebra K〈x, y〉
modulo the ideal I generated by all words in x and y which are not subwords
of v∞. Then A is a prime K-algebra of quadratic growth with a non-zero
locally nilpotent ideal [11]. We need a simple estimate for the number of
occurrences of x in a subword of v∞.

Remark 3.1 There is a positive constant C such that for every subword w
of v∞ of length at least 3, the number of occurrences of x in w is at most

C log log length(w).

Proof. Let w be a subword of v∞ of length n and suppose we have more than
log log n occurrences of x. Notice that between two successive occurrences
of x in w we must have ypi for some i. By assumption, ypi must have length
at most n. Hence i ≤ log2 log2 log2 log2 n. Thus for some i, ypi must appear
between 2 successive occurrences of x at least

(log log n) / (log2 log2 log2 log2 n)

times. By construction, if xypix occurs as a subword of w at least 2d times,
then xypi+dx occurs as a subword of w. Let

d =

⌊

log2

(

log log n

log2 log2 log2 log2 n

)⌋

.

Then ypd is a subword of w. But pd > n for all sufficiently large n, contra-
dicting that w has length at most n. Thus we obtain the result.

To complete the construction, we let G be the group generated by u and
by zn, sn, tn with n ∈ Z, subject to the relations

sntm = zn−mtmsn for all n, m ∈ Z; (3.1)
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snzm = zmsn, tnzm = zmtn for all n, m ∈ Z; (3.2)

snsm = smsn, tntm = tmtn for all n, m ∈ Z; (3.3)

usmu−1 = sm+1, utmu−1 = tm+1, uzm = zmu for all m ∈ Z. (3.4)

Irving [4] points out that G is generated as a group by s0, t0 and u and
has a centre that is a free abelian group on the infinitely many generators
{zn | n ∈ Z}. Let A[G] be the group algebra of G with coefficients in A.
Using the relations of G one can show that A[G] is in fact an iterated skew
Laurent extension of A and is thus prime since A is prime; moreover, A[G] is
finitely generated since A is finitely generated and G is a finitely generated
group. Our example is given by the following.

Example 3.2 Let B denote the K-subalgebra of A[G] generated by

{xs0, xs−1
0 , xt0, xt−1

0 , xu, xu−1, x, y}.

Then B is a finitely generated prime algebra of GK dimension 2 with lo-

cally nilpotent ideal (x) and whose extended centre has infinite transcendence

degree over K.

Proof. An easy argument shows that (x) is a locally nilpotent ideal of B
(cf. Smoktunowicz and Vishne [11, Proposition 1]). We now show that B is
prime. To see this, suppose that b1 and b2 are nonzero elements of B. We
must show that b1Bb2 6= (0). Since A is a monomial algebra, we may assume
that bi = wiri for i = 1, 2, where w1, w2 are subwords of v∞ and r1, r2 are
elements of K[G] ⊆ A[G]. Since A[G] is prime, there is a subword w of v∞
and some g ∈ G such that w1r1wgw2r2 6= (w1ww2)r1gr2 6= 0. We note that
any element of A[G] can be multiplied by a word in 〈x, y〉 ⊆ A, and if there
are sufficiently many occurrences of x in this word, the result will be in B;
moreover, there are infinitely many subwords w of v∞ such that w1ww2 6= 0.
We may select a subword w of v∞ such that w1ww2 6= 0 that has enough
occurrences of x to ensure that wg ∈ B. Then b1(wg)b2 6= 0 and so B is
indeed prime.

To see that B has GK dimension 2, let

V = K + Kxs0 + Kxs−1
0 + Kxt0 + Kxt−1

0 + Kxu + Kxu−1 + Kx + Ky

and let
W = K + Ks0 + Ks−1

0 + Kt0 + Kt−1
0 + Ku + Ku−1.
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We note that A has quadratic growth [11, Proposition 2]. Thus there is a
positive constant C0 such that the number of subwords of v∞ of length n
is at most C0n

2. By Remark 3.1, a subword of v∞ of length n has at most
C log log n occurrences of x, we see that V n is contained in the K-span of

{v | v is a subword of v∞ of length ≤ n}W ⌊C log log n⌋.

Since W m has dimension at most 7m, we see that if ε > 0 then

dim(V n) ≤ (C0n
2)7C log log n < n2+ε

for sufficiently large n. Consequently, B has GK dimension 2. Finally, to see
that the extended centre has infinite transcendence degree over K, note that
for each n ∈ Z, there exists some an ∈ A such that anzn ∈ B. We note that
the A-A-bimodule map from (an) to (anzn) given by an 7→ anzn shows that
the polynomial ring K[zn | n ∈ Z] embeds in the extended centre of B. Thus
the transcendence degree of the extended centre is infinite over K.

4 Concluding remarks

We note that in all the results we assume that our rings have identity. This
assumption is not necessary, however, and all results about the extended
centre could be obtained for extended centroids of prime algebras without
identity.

We also note that the construction of a finitely generated prime algebra
of GK dimension 2 whose extended centre has infinite transcendence degree
could easily be modified to be a finitely generated prime N-graded algebra
of GK dimension 2. This is done by “projectivizing” Irving’s example; that
is, we add a central variable z and use it to make all relations in the algebra
homogeneous. We then construct the example in the analogous manner. A
simple argument shows that for this particular subalgebra the GK dimension
is still 2.

Extended centres are especially useful in studying tensor products and
just infinite algebras. Given a field K, a K-algebra A is just infinite if A is
infinite dimensional, but A/I is finite dimensional over K for every nonzero
ideal I of A. We note that Theorem 1.3 shows that any finitely generated non-
PI just infinite algebra (finitely generated just infinite algebras are necessarily
prime) of quadratic growth is centrally closed. Consequently, for any field
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extension F of K, the algebra A⊗K F is also just infinite. Farkas and Small
[3] studied just-infinite algebras over uncountable fields and showed that if
A is a finitely generated just infinite algebra, then either A is primitive, PI,
or has nonzero Jacobson radical. Small [7] later showed that semiprimitive
graded just-infinite algebras are either primitive or PI [7] (another proof of
this result was later found by the second author [10]). The results in this
paper may be of use in showing that finitely generated semiprimitive just
infinite algebras of quadratic growth are either primitive or PI, regardless of
the cardinality of the field, but we are unable to show this at this time.
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