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Abstract. This paper presents a computational modeling approach to the

dynamics of human crowds, where social interactions can have an important
influence on the behavioral dynamics of pedestrians. The modeling of the
contagion and propagation of emotional states is carried out by looking at
real physical situations where safety problems might arise in some specific
circumstances. The approach is based on the methods of the kinetic theory of
active particles. The evacuation of a metro station is simulated to enlighten
the role of the emotional state in the overall dynamics.

1. Introduction. The modeling, qualitative and computational analysis of human
crowds is an interdisciplinary research field which involves a variety of analytic and
numerical challenges, related not only to the derivation of models but also to their
practical application to real-world problems.

The growing interest for this research field is motivated by the potential ben-
efits for the society. As an example, the realistic modeling of human crowds can
lead to simulation tools supporting crisis managers to handle emergency situations,
as the sudden and rapid evacuation through complex venues. An interesting and
challenging topic is the role played by the spreading of emotional states on the dy-
namics of the crowd, where stress induced by overcrowding may affect safety of the
people [23, 24, 28, 30].

The existing literature on the mathematical modeling of human crowds is re-
ported in some survey papers, which offer different viewpoints and modeling strate-
gies in a field where a unified, commonly shared, approach does not exists yet. More
in detail, the review [18] presents and critically analyzes the main features of the
physics of a crowd viewed as a multi particle system and focuses on the modeling
at the microscopic scale where it is assumed that pedestrians undergo individual
based interactions. The survey [22] and the book [13] deal with the modeling at
the macroscopic scale, by using methods analogous to those of hydrodynamics,
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where one of the most challenging conceptual difficulty consists in understanding
how pedestrians in the crowd, viewed as a continuum, select their walking speed
and velocity direction. References [6, 8] have proposed the concept of crowds as a
living, hence complex, system. This approach requires the search of mathematical
tools suitable to take into account, as far as it is possible, the complexity features
of the system under consideration. Scaling problems and mathematical aspects are
treated in the book [13], while the possible support that models can offer to crisis
managers to handle emergency situations is discussed in the survey [7].

A critical analysis of the state of the art indicates that at least one issue has not
been exhaustively addressed yet. The greatest part of known models are based on the
assumption of rational behaviors of individuals. However, in many real situations
humans behave irrationally and this may lead to events which threaten their safety.
Furthermore, when these conditions arise, small deviations in the input create large
deviations in the output.

Some of the topics mentioned in the above statement have been put in evidence
in the review [30], where it is stressed that modeling approaches should be based
on a careful understanding of human behaviors and that the majority of current
crowd models do not yet effectively support crises managers. In addition, various
researchers involved in the practical management of real crowd dynamics problems,
including crisis and safety situations, have enlightened that social phenomena per-
vade heterogeneous crowds and can have an important influence on the interaction
rules [7, 12, 19, 20, 21, 25, 26, 28, 30, 31]. Therefore it is of paramount importance
to take into account both social and mechanical dynamics, as well as their complex
interplay.

As it is well known, crowd dynamics models can be derived at three scales,
namely microscopic, macroscopic, and the intermediate mesoscopic scale, which is
occasionally referred to as kinetic. However none of them is fully satisfactory. One
of the main issue is the need to properly account for the heterogeneous behavior
of pedestrians and the subsequent multiple interactions. Models developed at the
microscopic and macroscopic scales may adopt a mixture-like approach but, accord-
ing to our bias, kinetic type models are more flexible. However, additional work
is certainly needed to develop them towards the challenging objectives treated in
this paper. Some introductory concepts have been proposed in the literature start-
ing from Refs. [4, 6], where speed is related to an internal variable of a kinetic
model suitable to describe stress conditions. More recently, Ref. [29] considers a
dynamics in one space dimension described at the macroscopic scale, where panic
is propagated by a BGK-like model [11]. A study on the role of social dynamics on
individual interactions and their subsequent influence at the higher scale is carried
out in Refs. [15, 16].

This paper is devoted to the modeling of the complex interplay between social and
mechanical dynamics. Specifically we consider the propagation in time and space
of stress conditions. The quality and the geometry of the venues where pedestrians
move are also taken into account, as well as the interaction of pedestrians with
obstacles and walls. The case study proposed in Section 3 shows that stress condi-
tions can have huge impact on the overall dynamics of the crowd. In more detail,
the so called faster-is-slower effect may take place, namely the individual speed
increases in average but congested areas form which, in turn, lead to an increase of
the evacuation time [24, 28, 30].
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Following this preliminary introduction, the contents of this paper is presented
as follows. Section 2 deals with the modeling of a crowd composed of individuals
gathered in groups based on possibly different walking strategy and/or specific
interactions’ rules with other individuals. This section transfers into a mathematical
framework the general concepts of human crowds, with the aim of providing the
conceptual basis for the derivation of models which can be obtained by modeling
the interactions at the micro-scale. Section 3 derives a specific model which has
the capability of describing the spreading of the stressful conditions in crowds.
Simulations are carried out for the evacuation from a platform of a metro station
by solving the model through a Monte Carlo particle method [2, 3, 27]. Specific
features of the patterns of the flow are enlightened with special emphasis on the
propagation of pedestrians’ emotional state through the crowd. Section 4 presents
a critical analysis of the contents of the paper as well as an overview of research
perspectives which are mainly focused on multiscale problems and on the conceptual
links of models at each scale.

2. On a kinetic mathematical theory of social crowds. This section deals
with the first step towards the derivation of models by suitable developments of the
kinetic theory for active particles [5]. It consists in formulating a general math-
ematical structure capable of describing heterogeneous human crowds in domains
with complex geometries and taking into account the features of social dynamics
which may affect the overall behavior of the crowd.

According to this theory, pedestrians are regarded as active particles, for short
a-particles, whose state is identified, in addition to mechanical variables, such as
position and velocity, by an additional variable which describes their emotional
or social state, called activity. Pedestrians are then subdivided into functional
subsystems, for short FSs, which group a-particles that share the same activity
and/or mechanical purposes, although heterogeneously distributed within each FS.

The sequential steps of the modeling strategy are as follows:

(i) Selection of the social phenomena to be inserted in the model.

(ii) Selection of the modeling scale and derivation of a general mathematical struc-
ture consistent with the selected social dynamics.

(iii) Derivation of the model by inserting, into the said structure, the mathemati-
cal description of both mechanical and social interactions including their possible
interplay.

It is clear that, no matter how general is the mathematical structure mentioned
in Item (ii) models cannot be derived which account for whole variety of social phe-
nomena. Therefore, in the following, only a specific case study is selected, namely
the propagation of the emotional state through a crowd otherwise homogeneous.

2.1. Mechanical-social dynamics and representation. Let us now provide a
detailed description of the specific features that our paper takes into account in the
search of a general mathematical structure which permits one to derive models of
social crowds.

• The crowd is subdivided into groups labeled by the subscript i = 1, . . . , n,
corresponding to different FSs which comprise a-particles that share the same
activity and/or mechanical purposes, for instance, heading for the same meet-
ing point.
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• The mechanical state of the a-particles is defined by position x, velocity v,
while their emotional state is modeled by a variable, which is referred to as
activity, which is assumed to take values in the domain [0, 1].

• Interactions are supposed not only to modify the mechanical variables, but
also the activity which, in turn, may affect the mechanical dynamics. In-
deed, different behaviors induce different interactions and, in turn, different
pedestrians’ trajectories.

The microscopic state of the a-particles, is defined by position x, velocity v, and
activity u. Dynamics in two space dimensions is considered, and polar coordinates
are used for the velocity variable, namely v = {v, θ}, where v is the speed and θ

denotes the velocity direction. Dimensionless, or normalized, quantities are used
by referring the components of x to a characteristic length ℓ, while the velocity
modulus is divided by the limit speed Vℓ, which is the speed that can be reached by
a fast pedestrian in free flow conditions; t is the dimensionless time variable obtained
referring the real time to a suitable characteristic time Tc identified by the ratio
between ℓ and Vℓ. The limit velocity depends on the quality of the environment,
such as presence of positive or negative slopes, lighting and so on. The lower the
quality of the venue, the smaller is the limit velocity.

The mesoscopic (kinetic) representation of each FS at time t is delivered by the
probability distribution function over the microscopic state of pedestrians:

fi = fi(t, x, v, θ, u), x ∈ Σ ⊂ R
2, v ∈ [0, 1], θ ∈ [0, 2π) u ∈ [0, 1]. (1)

If fi is locally integrable then fi(t, x, v, u) dx dv du is the (expected) infinitesimal
number of pedestrians of the i-th FS whose micro-state, at time t, is comprised
in the elementary volume [x,x + dx] × [v,v + dv] × [u, u + du] of the space of
the micro-states, corresponding to the variables space, velocity and activity. The
statistical distributions fi are divided by nM, which defines the maximal full packing
density of pedestrians and it is assumed to be approximately seven pedestrians per
square meter. Macroscopic observable quantities can be obtained, under suitable
integrability assumptions, by weighted moments of the distribution functions.

2.2. Derivation of a mathematical structure. Interactions lead to a decision
process by which each a-particle modifies its activity and adopts a walking strategy
depending on the micro-states and distribution functions of the neighboring particles
in its interaction domain Ωs. In principle, Ωs is a circular sector, with radius Rs,
symmetric with respect to the velocity direction being defined by the visibility
angles Θ and −Θ. Note that the interaction domain can be geometrically reduced
in presence of obstacles and walls and interactions depend on the perceived density.
Note that, the density perceived by a-particles is higher or lower than the real one
depending on whether the density gradient in their velocity direction is positive or
negative.

The derivation of a general mathematical structure is based on the assumption
that interactions involve, at each time t and for each FS, three types of a-particles:
The test particle, the field particle, and the candidate particle. Their distribution
functions are fi(t,x,v, u), fk(t,x,v

∗, u∗), and fh(t,x,v∗, u∗), respectively. The test
particle, is representative, for each FS, of the whole system, while the candidate is
the generic field particle which can acquire, in probability, the micro-state of the
test particle after interaction with the field particle. The test particle loses its state
by interaction with the field particle.
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Based on this assumption, the modeling of interactions requires to specify the in-
teraction rate, η, and the transition probability density, A. These quantities depend
on the micro-state and on the distribution function of the interacting particles, as
well as on the quality of the environment where the crowd moves. The definition of
these two quantities is reported in the following, where the term i-particle is used
to denote a-particles belonging to the i-th FS.

• Interaction rate: Candidate (or test) h-particle in x interact with a field k-
particles in Ωs with a frequency denoted by ηhk[f ](x,v∗,v

∗, u∗, u
∗;α), where

square brackets denote the functional dependence on the whole set of distribu-
tion functions, f = {fi}. Note that the parameter α is introduced to quantify
the local quality of the environment, namely α = α(x) ∈ [0, 1], where α = 0
corresponds the worse conditions which prevent motion, while α = 1 corre-
sponds to the best ones, which allows a rapid motion.

• Transition probability density: The probability density that a candidate i-
particle in x with state {v∗, u∗} shifts to the state of the i-test particle due
to the interaction with a field k-particle in Ωs with state {v∗, u∗} is denoted
by Aik[f ](v∗ → v, u∗ → u|x,v∗,v

∗, u∗, u
∗;α).

A general mathematical structure can then be derived by a balance of the num-
ber of a-particles in the elementary volume of the space of the micro-states. This
conservation equation is obtained by equating the variation rate of the number of
a-particles plus the transport due to the velocity variable to net flux rates within
the same FS and across FSs. The result is a system of integro-differential equations
describing the time dynamics of the distribution functions fi.

We can take advantage of a general structure already available in the literature,
see Chapter 3 of [5], which is here reported for sake of completeness:

(∂t + v · ∇x) fi(t,x,v, u) =

=

n
∑

k=1

∫

D2

ηik[f ](x,v∗,v
∗, u∗, u

∗;α)Aik[f ](v∗ → v, u∗ → u|x,v∗,v
∗, u∗, u

∗;α)

× fi(t,x,v∗, u∗)fk(t,x,v
∗, u∗) dv∗ dv

∗ du∗ du
∗

− fi(t,x,v, u)

n
∑

k=1

∫

D

ηik[f ](x,v,v
∗, u, u∗;α) fk(t,x,v

∗, u∗) dv∗ du∗, (2)

where D = [0, 1]× [0, 2π)× [0, 1] the terms ηik and Aik have been defined above.
This structure permits one to take into account the presence of different func-

tional subsystems, for example pedestrians moving towards different directions,
presence of leaders and so on. This structure has been applied to model the dynam-
ics of a variety of systems of self-propelled particles [5]. We do not naively claim
that it is the only mathematical structure capable of describing living systems and
we refer the interested reader to Chapters 3 and 4 of the book [5] for a detailed
discussion of its upsides and downsides.

3. From the mathematical structure to modeling. The mathematical struc-
ture presented in the preceding section provides the conceptual framework for the
derivation of models which can be obtained by selecting the FS relevant to the spe-
cific study to be developed and by modeling interactions related to the strategies
developed by a-particles within each FS.

This section shows how a specific model, of interest for the applications, can
be derived. In more detail, we look for a model which permits one to understand
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how the stress propagates through a crowd and modify pedestrians’ flow charac-
teristics. The derivation of the model is discussed in the next subsection, while in
the subsequent subsection some sample simulations are reported which depict the
aforementioned propagation dynamics in time and space.

3.1. Dynamics with stress propagation. Let us consider a crowd in a venue Σ
and let us assume that all pedestrians can be grouped in only one FS. Accordingly,
the mathematical structure used towards the modeling is given by Eq. (2) specialized
to a system whose state is described by the distribution function f = f(t,x,v, u).
Furthermore, the various terms are defined as follows.

Interaction rate: A simple assumption consists in supposing that it grows with
the activity variable and with the density perceived by pedestrians starting from
a minimal value η0, namely η[f ] = η0(1 + β u ρp[f ]), where β is a positive defined
constant and ρp the perceived density (see Eq. (13)). A minimal model is obtained
with η ∼= η0.

Transition probability density: Following Ref. [8], interactions are supposed to trig-
ger a decision process which comprises the following steps: (1) Exchange of the
stress state; (2) Selection of the walking direction; (3) Selection of the walking
speed. Decisions are supposed to be sequential and dependent on the local flow
conditions. Hence, the transition probability density factorizes:

A[f ](v∗ → v, u∗ → u) = Au[f ](u∗ → u)×Aθ[f ](θ∗ → θ)×Av[f ](v∗ → v). (3)

By further assuming that the output of the interaction is a delta function over the
most probable state, the following model can be obtained:

1. Dynamics of the emotional state: The stress is supposed to spread through the
crowd based on the transition probability density:

u∗ > u∗ : Au(u∗ → u|u∗, u
∗) = δ

(

u− ε(u∗ − u∗)(1 − u∗)
)

, (4)

and

u∗ ≤ u∗ : Au(u∗ → u|u∗, u
∗) = δ

(

u− u∗

)

. (5)

where ε is a parameter that measures the tendency of pedestrians to modify their
emotional state.

2. Dynamics of the velocity direction: It is expected that at high density, pedestrians
walk away from overcrowded areas by moving in the direction of νV (direction of
the less congestion), while at low density, pedestrians head for the target identified
νT (as an example exit doors) unless their level of stress is high in which case they
tend to follow the mean stream as given by νS (direction of the stream). However,
the presence of walls also affect the decision process by which pedestrians select
their preferred walking direction. Accordingly, it is assumed that the preferred
walking direction θ is chosen in two steps. Firstly, a walking direction θ1 is defined
by weighting the directions νV , νT , and νS , being the weights the density and the
level of stressful conditions. If this walking direction points towards an exit area,
then it is not modified. Otherwise, the preferred walking direction is defined by a
weighted choice between θ1 and the direction θT of νT , where the weight is given
by the distance dw from the closest wall. Accordingly, the transition probability
density for the angles is defined as follows:

Aθ[ρ,x, ξ](θ∗ → θ) = δ (θ − θ∗) , with θ = (1− dw)θT + dwθ1, (6)
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where dw is assumed to be equal to one if θ1 is directed towards an exit area and
θ1 is the direction of the unit vector ν1 given by:

ν1 =

ρνV + (1− ρ)
uνS + (1− u)νT

‖uνS + (1− u)νT ‖
∥

∥

∥

∥

ρνV + (1− ρ)
uνS + (1− u)νT

‖uνS + (1− u)νT ‖

∥

∥

∥

∥

· (7)

The unit vectors νV and νS , in particular, are given by:

νV = −
∇xρ

‖∇xρ‖
, νS =

ξ

‖ξ‖
, (8)

where ρ and ξ are the pedestrian density and mean velocity, respectively.

3. Dynamics of the speed: Once the direction of motion has been selected, the
walker adjusts the speed to the local density and mean speed conditions. A specific
model, in agreement with [9] can be used:
If ξ ≥ v∗:

Av(v∗ → v)[ρ, ξ] = pa(α, u, ρ) δ(v − ξa(α, u, ρ)) + (1− pa(α, u, ρ)) δ(v − v∗), (9)

and, if ξ < v∗:

Av(v∗ → v)[ρ, ξ] = pd(α, u, ρ)δ(v − ξd(ξ, ρp)) + (1− pd(α, u, ρ)) δ(v − v∗), (10)

where

pa(α, u, ρ) = αu(1− ρp), ξa(α, u, ρ) = ξ + αu(1− ρp)(αu − ξ), (11)

and

pd(α, u, ρ) = (1− αu)ρp, ξd(u, ρ) = ξ(1 − ρp). (12)

In Eqs. (11) and (12), ρp denotes the perceived density. The following model has
been proposed in [8]:

ρp = ρp[ρ] = ρ+
∂1ρ

√

1 + (∂1ρ)2
[(1− ρ)H(∂1ρ) + ρH(−∂1ρ)] , (13)

where ∂1 denotes the derivative along the direction θ1 while H(·) is the Heaviside
function H(· ≥ 0) = 1, and H(· < 0) = 0. Accordingly, a particle moving in the
direction θ1 perceives a density ρp > ρ when the density increases, while ρp < ρ,
when the density decreases. Note that the density ρp provided by Eq. (13) takes
value in the range [0, 1].

This heuristic model of speed dynamics is based on the following rationale: If
the walkers speed is lower (higher) than the mean speed, then the walker tends to
increase (decrease) the speed according to a decision process which is enhanced by
low values of the perceived density and by the goodness of the venue’s quality.

It is worth noticing that, although the walking strategy encompasses the ten-
dency to keep distance from walls, some pedestrians, in probability, might reach
boundaries and, therefore, an appropriate scattering model needs to be given. In
more detail, it is supposed that at the walls pedestrians keep their speed constant
but modify the velocity direction, making it tangent to the wall.
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Figure 1. Geometry of the venue

3.2. A case study and simulations. In order to assess the predictive ability of
the kinetic model described in the previous section, sample simulations are carried
out which aim at enlightening how social interactions may affect the dynamics of
pedestrians evacuating from a metro platform. The geometry of the venue and the
initial conditions of the crowd are depicted in Fig. 1. The platform has dimension
60m× 5m. At time t = 0 s, a uniform crowd of 50 people stand at rest uniformly
distributed in a rectangular region of dimension 50m× 2m. The crowd is supposed
to be constituted of two groups. Pedestrians of group a (blue color) are located on
the left half of the platform, x < 30, and it is assumed that they interact socially,
ε = εa = 10−2. Instead, pedestrians of group b (red color) are located on the right
half of the platform, x > 30, and, unlike pedestrians of group a, it is assumed that
they keep their emotional state constant during the simulation, ε = εb = 0. Finally,
pedestrians closest to the exits are supposed to have initially a level of stress lower
than the one of those who are further away, namely u(0) = ul = 0.3 (patterned blue
and red areas in Fig. 1) and u(0) = uh = 0.6, respectively.

The kinetic model has been solved by a stochastic particle scheme which closely
resembles the Direct Simulation Monte Carlo (DSMC) method. The distribution
function is represented by a collection of about 5 ·105 computational particles whose
positions and velocities evolve in time by a sequence of time steps, each consisting of
a free flight and a local collision sub-steps. The former corresponds to the streaming
operator on left hand-side of Eq. (2), whereas the latter is performed according to
stochastic rules, consistent with the structure of the collision terms on the right-hand
side of Eq. (2) and the transition probability densities given by Eqs. (4),(5),(6),(9),
and (10). The space domain to be simulated is covered by a mesh of cells. These
cells are used to collect together particles that may collide and also for the sampling
of macroscopic properties such as density and mean velocity.

Figures 2-3 show the contour plots at different times of the mean density of the
emotional state. The latter quantity is defined as

ρ(t,x)ū(t,x) =

∫

f(t,x,v, u)u dv du. (14)
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As the simulation starts, the crowd splits with pedestrians of each group heading
for the closest exit.

Figures 2 and 3 show contour plots of the mean density of the emotional state at
initial times and at a later stage, respectively. It is apparent that stressful conditions
rapidly spread through the group a (darker colors refer to higher values of the mean
density of the emotional state), and significantly affect the evacuation time of group
a compared to the one of group b in which the social interactions are disregarded.
Note that pedestrians with higher level of stress have the tendency to walk with an
higher speed, however they undergo high crowd concentration.

The spreading is clearly shown in Fig. 4 which reports the averaged value of
the emotional state over the whole domain, Ū , for different values of the social
interaction parameter, ε. When ε = 0, as the case of group b, Ū is first constant
and then monotonically decreases when pedestrians with the higher level of stress
exit the domain.

By contrast, for ε = 10−1, Ū monotonically increases because, due to social
interactions, pedestrians with the higher level of stress affect the whole group a

before leaving the domain. Accordingly, the group a becomes homogeneous as far
as the level of stress is concerned and Ū reaches its maximum value, namely uh.

The intermediate behavior of Ū is observed for ε = 10−2 which is not unexpected.
Indeed, the lower ε, the larger is the time needed for the stress to spread through
the group a. Accordingly, some pedestrians with the higher level of stress may leave
the domain without significantly interacting with the others and this leads to the
non-monotonic behavior of Ū .

4. Critical analysis and research perspectives. In this paper, a kinetic theory
approach has been proposed to the modeling of crowd dynamics in presence of social
phenomena which can modify the rules of mechanical interactions. A specific social
dynamics have been studied, namely the propagation of stress conditions. The case
study proposed in Section 3 has shown that their spreading significantly affect the
overall dynamics and the density patterns of the crowd, leading to overcrowding in
some areas.

The achievements presented in the preceding sections motivate further studies
to broaden the variety of social phenomena that can be potentially included in the
proposed modeling approach. Examples range from the dynamics under the action
of leaders to the description of extreme situations, where antagonist groups contrast
each other in a crowd and the violence possibly propagates due to social interac-
tions [10, 17]. These developments can be definitely inserted into a possible research
program which is strongly motivated by the security problems of our society. The
survey [1] provides a relevant contribution to modeling specific social phenomena.

By returning to the scaling problem mentioned in Sections 1 and 2, it is worth
pointing out that it would be very important to account for social behaviors also in
the modeling at the microscopic and macroscopic scales. A detailed study can be
then carried out to assess upsides and downsides of each modeling scale.

This type of analysis should not hide the conceptual link which joins the differ-
ent scales. In fact, the modeling of individual based interactions (microscopic scale)
should be used to derive kinetic type models (mesoscopic scale), while hydrody-
namic models (macroscopic scale) should follow from the kinetic theory description
by using asymptotic methods where a small parameter corresponding to the dis-
tances between individuals is let to tend to zero. By contrast, models are often
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Figure 2. Density contour plots of the mean density of the emo-
tional state, ρū, with (pedestrians on the left) and without (pedes-
trians on the right) social interactions at different times.

derived independently at each scale, which prevents a real multiscale approach. Let
us point out that including the emotional states in a crowd is not simply a matter
of introducing additional parameters, but it requires to add new variables in the
pedestrians’ microscopic state. This means to add new terms in the vector dif-
ferential system which describes the crowd dynamics at the microscopic scale and
additional interactions and moments in the kinetic theory approach.

Some achievements have already been obtained on the derivation of macroscopic
equations from the kinetic type description for crowds in unbounded domains [4].
Further results, definitely worth to be mentioned, are those presented in Ref. [14],
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Figure 3. Density contour plots of the mean density of the emo-
tional state, ρū, with (pedestrians on the left) and without (pedes-
trians on the right) social interactions at different times.

where the authors derive, by means of a mean field approximation, macroscopic
models from individual based models. However, the problem of how the structure
of macroscopic models is modified by social behaviors is still poorly addressed in
the literature.

Hence a challenging objective is the development of a system approach to human
crowds, where models derived at the three different scales are coupled to describe the
pedestrians’ dynamics in complex venues in presence of areas of low and high density.
This objective can only be achieved by deriving models at the microscopic scale
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Figure 4. Averaged value of the emotional state of the crowd, Ū ,
versus time for different values of the social parameter.

consistent with models at the macroscopic scale, being the intermediate description
offered by the kinetic theory approach.
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