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ABSTRACT

We study the chaotic properties of a turbulent conducting fluid using direct numerical simulation in the Eulerian frame. The maximal
Lyapunov exponent is measured for simulations with varying Reynolds number and magnetic Prandtl number. We extend the Ruelle theory
of hydrodynamic turbulence to magnetohydrodynamic turbulence as a working hypothesis and find broad agreement with the results. In
other simulations, we introduce magnetic helicity and these simulations show a diminution of chaos, which is expected to be eliminated at
the maximum helicity. We also find that the difference between two initially close fields grows linearly at late times, which was also recently
found in hydrodynamics. This linear growth rate is found to be dependent on the dissipation rate of the relevant field. We discuss the
important consequences this linear growth has on predictability. We infer that the chaos in the system is totally dominated by the velocity
field and connect this work to real magnetic systems such as solar weather and confined plasmas.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5092367

I. INTRODUCTION

Turbulence displays chaotic dynamics. A small change in the ini-
tial conditions will result in a large difference in the state at later times,
with this difference growing exponentially. This exponential growth of
error puts limits on the predictability of the system, and understanding
these limits is important for forecasting the evolution of fluids gov-
erned by turbulence. Turbulence, or its underlying equations, is inter-
esting from a dynamical systems point of view. In this context, it is just
another dynamical system of which we wish to know the chaotic
properties.

In homogeneous isotropic turbulence (HIT), recent results have
shown a relationship between the Reynolds number, Re, and the maxi-
mal Lyapunov exponent, k, for chaos in an Eulerian (considering the
difference between two fields) description1,2 consistent with theoretical
predictions by Ruelle.3,4 In these simulations, two initially close fields
were evolved concurrently and their difference quantified.
Surprisingly, a limit was found on the growth of this difference which
is proportional to the dissipation rate.

This paper presents analysis of a set of simulations of magnetohy-
drodynamic (MHD) turbulence, also known as hydromagnetic turbu-
lence. This is the first analysis of chaos in MHD turbulence in an
Eulerian context. Within this first analysis, we produce a dataset for

chaotic behavior in MHD in the range of Prandtl number that is compa-
rable to all the simulation data to date on MHD spectra. The analysis of
these simulations and presentation of the data from them is the main
work of this paper. We develop a working hypothesis that the level of
chaos primarily depends on quantities dependent on the velocity field
only. This hypothesis is found to show reasonable consistency with the
results from our simulations. There is room for further theoretical con-
sideration but that is beyond the scope of this paper which is only
focused on the measurements of the Lyapunov exponents. Our simula-
tions also show a growth limit analogous to that in hydrodynamics, but
for MHD the value of this limit differs for the magnetic vs velocity fields.

The evolution of an uncharged fluid is described by the Navier-
Stokes equation, while the evolution of an electrically conducting fluid
is described by the MHD equations. The incompressible MHD equa-
tions are

@tu ¼ �
1
q
rP � ðu � rÞuþ �Duþ 1

q
ðr � bÞ � b; (1)

@tb ¼ ðb � rÞu� ðu � rÞbþ gDb ; r � u ¼ r � b ¼ 0 ; (2)

with velocity field u, magnetic field b, density q, pressure P, viscosity
�, and magnetic diffusivity g. Like the Navier-Stokes equations which
they modify, they also display turbulence.5
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In the equations above, the incompressible assumption is made.
In many real world applications, such as at laboratories and space
plasma systems, the incompressible assumption is made merely for
convenience, and it is known that compressible effects can be of
importance. As well, there may be complications from the reduced
MHD limit, where there are very large guide magnetic fields.6,7 The
velocity perpendicular to the guide field is incompressible, but the par-
allel component can be far from incompressible, and in fact, sound
waves can play an important role.8 However, as the simulations ana-
lyzed in this paper use the incompressible MHD equations, they are
presented here in the above form.

The MHD equations contain three ideal inviscid invariants which
should hold within the inertial range. These are total energy, magnetic
helicity, and magnetic cross helicity. The magnetic helicity, although
not positive definite, can undergo an inverse transfer from the small to
large length scales.9,10 This transfer itself is considered to not be a
proper cascade since it vanishes in the limit of infinite magnetic
Reynolds number.11 While these are the invariants for HIT, other
invariants, which can be important, may exist and depend on the geo-
metric configuration.

The literature investigating the intersection of MHD and chaos is
sparse. The relative dispersion of charged particles is predicted to grow
exponentially for intermediate times when they are initially close.12,13

The technique of extracting a Lyapunov-exponent spectrum from a
time series14 has been applied to experimental data from an undriven
plasma system.15 Use of this technique reveals a transition from quasi-
periodicity to chaos and allows the evaluation of the Lyapunov spec-
trum. In solar physics, a low dimensional attractor is suggested to be
responsible for the data seen in pulsation events of solar radio emis-
sions.16 Shell models of turbulence applied to MHD with Pr � 1 have
found17 that the maximal Lyapunov exponent obeys k � ��1/2. Later
results for turbulent models of Navier-Stokes found a similar scaling,18

which is roughly the scaling found in DNS.1

MHD turbulence has a wide variety of applications, from turbu-
lence in the solar wind,19,20 accretion disks,21,22 and the interstellar
medium.23,24 A lot of work in MHD turbulence has looked at mag-
netic reconnection at small scales, where compression enters as an
important effect as well.25,26 The effect of chaos on these physical sys-
tems should be understood, and could give a new understanding of
the dynamics.

The relationship between MHD and chaos is also interesting
from the viewpoint of predictability. Just as it is important to quantify
the predictability of weather forecasts to understand the time horizons
over which a prediction can be considered accurate, it is important to
understand the predictability of forecasts where the governing equa-
tions are the MHD equations, such as in space weather,27 solar phys-
ics,28 and high latitude ground magnetic fields.29 For instance, much
effort is put into understanding solar flares, a phenomena governed by
the MHD equations, because of the damage they can cause to artificial
satellites and thus global communications.30 While HIT is an ideal
description of turbulence, it nonetheless should represent the behavior
of a turbulent system far from boundaries or at small scales. The work
here may have practical use in these situations but also in tokamak
reactors and fusion research where boundaries are present. More gen-
erally, establishing measures of chaos in turbulent fluids provides
another probe alongside spectra for understanding the behavior of
such complex systems.

This paper is organized as follows: Sec. I A extends the Ruelle pre-
diction for hydrodynamic turbulence to MHD. Section II describes the
code used and method for calculating Lyapunov exponents from the
simulations. Section III goes over the results of the simulations and
Sec. IV discusses implications of the results and application to other
systems.

A. Working hypothesis for k in MHD

In a chaotic system, for two states which initially differ by separa-
tion d0, this separation will grow as dðtÞ � d0 exp ðktÞ, where k is the
maximal Lyapunov exponent. For fluid turbulence, this separation can
either be particle positions within a Lagrangian description, or a mea-
sure of the difference between two fields within an Eulerian descrip-
tion. According to the theory of Ruelle,3 the maximal Lyapunov
exponent for Navier-Stokes turbulence is given by

k � 1
s
; (3)

where s ¼
ffiffiffiffiffiffiffiffiffi
�=ek

p
is the Kolmogorov microscale time and ek is the

kinetic dissipation. The argument used by Ruelle requires the existence
of an inertial range in order to justify the existence of a characteristic
exponent which is dependent only on the dissipation. Ruelle’s argu-
ments made no assumption about the frame of reference, so are
equally applicable to both the Eulerian and Lagrangian descriptions.
The exact relation between the Eulerian and Lagrangian descriptions
for many quantities is unknown or very difficult to determine, but for
application to this work of Ruelle this does not seem to be a major
issue. In hydrodynamic turbulence, this relation becomes

k � 1
T0

Rea; (4)

where T0 ¼ L/u is the large eddy turnover time, Re ¼ uL/� is the
Reynolds number, u is the rms velocity, and L is the integral length
scale, The Kolmogorov theory predicts that a ¼ 0.5.4,31 Intermittency
corrections predict that a � 0:5. However, DNS results have shown
that, in an Eulerian description, a � 0:51,2,32 while in a Lagrangian
description a � 0:5.33 These DNS results also show a corresponding
behavior for ks which either rises (for a > 0.5) or falls (for a < 0.5)
with Re.

We now look at how Ruelle’s arguments can be extended to
MHD. For this, observe that in the MHD evolution equations, Eq. (1),
there is only a direct nonlinearity for the velocity field itself. In con-
trast, the magnetic field is only indirectly nonlinear via the velocity
field. As such, we predict that the chaos due to the velocity field is
dominant over that for the magnetic field. Thus, the Ruelle prediction,
which relates the Lyapunov exponent to the smallest timescale,3

should only need to be modified slightly. We hypothesize that it
depends on the smallest timescale that is itself dependent only on
velocity field quantities. Thus, we argue that the Ruelle prediction is
k �

ffiffiffiffiffiffiffiffiffi
ek=�

p
, where ek is the kinetic dissipation, should also hold for

MHD in an Eulerian sense. This prediction that k� ��1=2 is also
backed up by the findings of shell models of turbulence mentioned
previously.17,18

Although we expect the chaos to be dominated by the velocity
field quantities, we cannot rule out that the magnetic field could
strongly affect the chaos. Indeed, in Sec. III B, we find that an increase
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in magnetic helicity, a quantity which only depends on the magnetic
field, decreases the level of chaos in the system. A similar effect might
happen if there were a particularly strong alpha effect.34

In extending findings of Eulerian chaos in hydrodynamics to
MHD, there are other complications that must be tested, such as
whether ks has any dependence on Re or Pr ¼ �/g, the magnetic
Prandtl number. Pr is known to have important effects on dissipation
rates and the presence of inverse spectral transfer.35 This paper relies
on this previous foundational work.

Results from DNS simulations suggest that the ratio of ek
and eb (where eb is the magnetic dissipation) depends on the
Prandtl number according to the relationship ek/eb � Prq35,36

where q depends on the presence of helicity in the system with
q> 0 and so ek should become totally dominant over eb. In hydro-
dynamics the growth rate of error is limited by e.1,2 This may
carry over to MHD, and the specific dependence on either ek or eb
needs to be tested. These are examined in Sec. III.

II. DIRECT NUMERICAL SIMULATION

We performed direct numerical simulations of forced HIT on the
incompressible MHD equations using a fully dealiased pseudo-
spectral code in a periodic cube of length 2p with unit density. An
external forcing function f was applied to maintain energy in the sys-
tem. The code and forcing are fully described in Refs. 37–39 and sum-
marized here. The field is initialized with a set of random variables
following a Gaussian distribution with zero mean. The initial kinetic
and magnetic energy spectra were Eb;uðk; t ¼ 0Þ ¼ Ak4 exp ðk2=
ð2k0Þ2Þ, where k0¼ 5 is the peak wave number.

The primary forcing used was an adjustable helicity forcing, fully
described in Ref. 39. In this forcing, a helical basis composed of eigen-
vectors of the curl operator, e1; e2 is used. These are unit vectors
which satisfy ik � e1 ¼ ke1 and ik � e2 ¼ �ke2. These basis vectors
are constructed from a unit vector which is randomized at each time
step. The forcing in Fourier space is f̂ ðk; tÞ ¼ AðkÞe1ðk; tÞ
þBðkÞe2ðk; tÞ for the forced wave numbers, kf � 2.5. The coefficients
AðkÞ and BðkÞ can be controlled to adjust the helicity of the forcing
(either kinetic helicity if the velocity field were forced, or magnetic hel-
icity if the magnetic field were forced).

In all simulations, only the velocity field was forced except those
in Sec. III B. The coefficients AðkÞ and BðkÞ were chosen such that no
kinetic helicity was injected into the system. The magnetic helicity was
roughly zero although it was not directly controlled in these simula-
tions as described in Ref. 39. In the simulations used in Sec. III B, only
the magnetic field was forced. When the magnetic field was forced,
AðkÞ and BðkÞ were chosen in order to control the magnetic helicity.
The necessary benchmarking for the simulations has been done in Ref.
35. This benchmarking included making sure that all simulations were
fully resolved in both fields. This was key in allowing greater confi-
dence in the accuracy of the final results presented in this paper.

To measure the chaotic properties of the fields, the following pro-
cedure was used. After a statistically steady state was reached, a copy
of evolved fields u1 and b1 were made. At one time point, these fields
were perturbed by adding a white noise to them of size d0, creating
fields u2 and b2. This introduced a difference between the fields, with
both sets of fields then evolved independently. The difference spectra
Eud(k, t) and Ebd(k, t) were defined as

Eudðk; tÞ ¼
1
2

ð
jkj¼k

dkjû1ðk; tÞ � û2ðk; tÞj2; (5)

Ebdðk; tÞ ¼
1
2

ð
jkj¼k

dkjb̂1ðk; tÞ � b̂2ðk; tÞj2; (6)

with the difference energies being EudðtÞ ¼
Ð1
0 dkEudðk; tÞ, and EbdðtÞ

¼
Ð1
0 dkEbdðk; tÞ. The wave number dependence of the spectra,

Eud(k) and Ebd(k), were similar to those found in pure hydrodynamics
and similar to each other.1

The maximal Lyapunov exponent of the fields could be obtained
by looking at the difference between the two fields. We model
the growth of Eud(t) and Ebd(t) by an exponential with EudðtÞ
� exp ð2kutÞ and EbdðtÞ � exp ð2kbtÞ. In our simulations, we found
that the exponential growth of both difference energies was the same
and occurred with approximately the same rate, and so ku � kb for all
runs. For reference, this is termed the direct method and all k quoted
in this paper are found using this method, except when explicitly
stated otherwise.

As a way to cross-check our main method, we also use another
common approach, finite time Lyapunov exponents (FTLEs).40 This
method does the following: At a time dt after the initial perturbation,
and at every subsequent time interval of dt, the field is rescaled accord-
ing to the rule

u2 ! u1 þ
d0
du

� �
ðu2 � u1Þ; (7)

b2 ! b1 þ
d0
db

� �
ðb2 � b1Þ : (8)

Here, du ¼ db ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Eud þ 2Ebd
p

¼ d. For each time interval, an FTLE,
c, was defined

c ¼ 1
dt

ln
d
d0

� �
: (9)

The FTLEmethod Lyapunov exponent, kF, is the average of these c.
The FTLE method was used as a check on the direct method.

The time over which the kF were averaged was not very long due to
simulation restrictions, however, they did agree broadly with the other
method and allowed us to be more sure of the validity of the results. If
we kept du ¼ db as coming from the union of the two fields, none of
the results were qualitatively changed if the FTLE method was used as
opposed to the direct method, and the quantitative changes were
small. The averaging procedure of the FTLE method tends to produce
more stable results, but at the same time, this averaging may miss fea-
tures such as the long term linear behavior. However, it is the most
effective tool to use to test against the direct method we are using.

III. RESULTS
A. Re and Pr dependence

We computed the dependence of the Lyapunov exponent k on
Re and Pr by measuring k for a systematic grid of forced simulations.
We use the adjustable helical forcing to force the velocity field only
with zero kinetic helicity injected for a set of parameters of � and g,
which vary independently from 0.01 to 0.0003125. We have computed
a very large dataset in which Re varies from 50 to 2000, and Pr varies
from 1/32 to 32. The values of forcing resulted in a total dissipation
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et ¼ ek þ eb of ’0.1. A full table of simulation parameters is shown in
Table I. The set of simulations analyzed in this section are the same as
those used for the main results of Ref. 35. These results may or may
not be affected by the onset of dynamo action, but systems showing
dynamo action have been shown to be chaotic in the past.41

Specifically, if dynamo action is present or not, the degree of chaos
may be changed. However, the presence or absence of dynamo action

is a further complication to the system and this extra effect would
overcomplicate the results. As such, the effect of dynamo action on the
simulations will not be addressed in any further context in the present
paper. The effect of dynamo action on the degree of chaos should be a
further area of study.

After a statistically steady state was reached, k was measured
using the direct method. A grid of viscosities and diffusivities is shown

TABLE I. Simulation parameters, N is the grid size, � is the viscosity, Pr is the magnetic Prandtl number, ek is the kinetic dissipation, Re is the Reynolds number, k is the maxi-
mal Lyapunov exponent, rk is the standard deviation on k, T0 is the large eddy turnover time, s is the kinetic Kolmogorov microscale time, and kmaxgk is the resolution. For
10243 simulations, kmax ¼ 340, for 5123 simulations, kmax ¼ 169, and gk ¼ (�3/ek)

1/4. A further discussion on the resolution of these simulations can be found in Ref. 35. The
data are publically available online.42

N3 � Pr ek Re k rk T0 s kmaxgk

10243 0.0003125 1/32 0.0990 1990 2.590 0.403 1.746 0.056 1.42
10243 0.0003125 1/16 0.0423 2093 2.403 0.360 1.866 0.086 1.72
10243 0.0003125 1/8 0.0240 2167 0.920 0.141 2.072 0.114 2.03
10243 0.0003125 1/4 0.0217 2052 0.593 0.091 2.257 0.120 2.08
10243 0.0003125 1/2 0.0267 2073 0.651 0.099 2.744 0.108 1.98
10243 0.0003125 1 0.0352 2473 1.169 0.319 2.667 0.094 1.84

10243 0.000625 1/16 0.1114 1104 1.912 0.296 1.653 0.075 2.33
10243 0.000625 1/8 0.0588 1078 1.392 0.205 1.808 0.103 2.73
10243 0.000625 1/4 0.0303 1112 0.560 0.058 2.149 0.144 3.22
10243 0.000625 1/2 0.0305 1137 0.696 0.100 2.314 0.143 3.22
10243 0.000625 1 0.0332 1119 0.535 0.082 2.535 0.137 3.15
10243 0.000625 2 0.0393 1010 0.708 0.100 2.685 0.126 3.02

5123 0.00125 1/8 0.0616 552 0.839 0.119 2.007 0.142 2.26
5123 0.00125 1/4 0.0530 607 0.659 0.100 1.982 0.154 2.34
5123 0.00125 1/2 0.0367 604 0.420 0.056 2.410 0.185 2.57
5123 0.00125 1 0.0324 586 0.342 0.049 2.749 0.196 2.65
10243 0.00125 2 0.0359 518 0.380 0.067 2.792 0.187 5.19
10243 0.00125 4 0.0425 470 0.592 0.094 3.104 0.172 4.98

5123 0.0025 1/4 0.0755 267 0.655 0.093 1.975 0.182 3.60
5123 0.0025 1/2 0.0502 313 0.406 0.060 2.353 0.223 3.99
5123 0.0025 1 0.0433 296 0.352 0.052 2.523 0.240 4.14
5123 0.0025 2 0.0371 295 0.294 0.041 2.942 0.260 4.31
10243 0.0025 4 0.0432 253 0.234 0.050 3.037 0.241 8.34
10243 0.0025 8 0.0436 274 0.465 0.068 3.215 0.239 8.32

5123 0.005 1/2 0.0815 154 0.359 0.054 2.155 0.248 5.95
5123 0.005 1 0.0539 155 0.321 0.042 2.564 0.305 6.60
5123 0.005 2 0.0429 144 0.240 0.031 2.828 0.341 6.98
5123 0.005 4 0.0414 142 0.203 0.028 3.095 0.347 7.04
10243 0.005 8 0.0467 139 0.320 0.046 3.289 0.327 13.75
10243 0.005 16 0.0499 110 0.346 0.062 3.298 0.317 13.53

5123 0.01 1 0.0820 80.7 0.224 0.030 2.490 0.349 9.99
5123 0.01 2 0.0666 73.0 0.195 0.025 2.637 0.387 10.52
5123 0.01 4 0.0525 75.3 0.117 0.018 3.098 0.437 11.16
5123 0.01 8 0.0480 67.5 0.140 0.022 3.381 0.457 11.42
10243 0.01 16 0.0540 60.7 0.133 0.029 3.414 0.431 22.30
10243 0.01 32 0.0498 54.6 0.154 0.033 4.061 0.438 22.76
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in Table II. The value quoted at each grid point is the corresponding k.
What is seen very easily in the table is that those simulations with very
low Pr (in the bottom left corner of the table) have much higher k
than the high Pr simulations, which is also seen using the FTLE
method. However, for a fixed Re, the Lyapunov exponent does not
always decrease with increasing Pr. Given the present database, a clear
trend associated with Prandtl number is not evident and more data
are needed to confirm or not whether kinetic dominance results in
more chaotic dynamics.

We now compare the dependence of k on Re for MHD to that
from hydrodynamics. Recall that the relation in hydrodynamics is pre-
dicted to be as given Eq. (4). The data in Table II can be split by
Prandtl number and then the dependence kT0� Rea is calculated sep-
arately. This is shown for Pr ¼ 1/4, 1, 4 in Fig. 1. The dashed line is
the best fit for Pr ¼ 1, where a ¼ 0.436 0.09 (the FTLE method pro-
duced an equivalent result within one standard deviation).

One might wonder whether there is any dependence of k on Pr.
This question can be addressed by performing a fit of kT0 � Rea for
each Pr in turn. To do this, the data for each Pr were approximated
as following Eq. (4), giving a different exponent as a function of Pr, a
¼ f(Pr). This is equivalent to saying that a in Eq. (4), which is 0.53 in
Navier-Stokes turbulence1 (or �0.64 in other simulations2,32) depends
on the Prandtl number as

k � 1
T0

Ref ðPrÞ; (10)

where f(Pr) is some function of the Prandtl number, attaining roughly
1/2 at Pr ¼ 1. A plot of f(Pr) is shown in Fig. 2. The solid black line
shows a power law behavior (0.396 0.09)Pr0.4760.10, while the dashed
(green) line shows a constant a ¼ 0.53. This will be discussed further
below but these results show that our data are consistent with there
being no functional dependence of a on Pr.

Alternative to the above comparison between hydrodynamics
and MHD, we can directly test the relation k � 1/s, which is our
extension of the Ruelle prediction to MHD. This comparison is shown
in Fig. 3 and is split according to Pr. Pr ¼ 1 data are solid gray (red)
circles, Pr < 1 data are empty black downward triangles, and Pr > 1
data are solid black upward triangles. The inset shows ks against Re,
and has no clear dependent trend. Meanwhile, the main data show
broad agreement that k � 1/s, although there is an offset which may

FIG. 1. Lyapunov exponent k as a function of Re at different fixed values of Pr. Pr
¼ 1 data are solid gray (red) circles, Pr ¼ 1/4 data are empty black downward tri-
angles, and Pr ¼ 4 data are solid black upward triangles. The dashed black line is
the best fit for the Pr ¼ 1 data.

FIG. 2. We approximate k � Ref(Pr)/T0, for individual Pr and then plot f(Pr). The
solid line is 0.39 Pr0.47 and the dashed line is 0.53. The fit is log-log, and so the
errors, though they look large, especially at lower Pr, are not great in absolute
value.

TABLE II. Maximal Lyapunov exponent k for forced simulations with corresponding
� and g.

# �jg! 0.01 0.005 0.0025 0.00125 0.000625 0.0003125

0.01 0.224 0.195 0.117 0.140 0.133 0.154
0.005 0.359 0.321 0.240 0.203 0.320 0.346
0.0025 0.655 0.406 0.352 0.294 0.234 0.465
0.00125 0.839 0.659 0.420 0.342 0.380 0.592
0.000625 1.912 1.392 0.560 0.696 0.535 0.708
0.0003125 2.590 2.403 0.920 0.593 0.651 1.169

FIG. 3. The inverse Kolmogorov time 1/s and k,the solid (green) line is fit for MHD
data, and the dashed black line is fit for hydrodynamics.1 Pr ¼ 1 data are solid
gray (red) circles, Pr < 1 data are empty black downward triangles, and Pr > 1
data are solid black upward triangles. The inset shows no clear Re dependence.
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be related to the possibility that the onset of chaos in the system only
occurs after a certain level of turbulence is reached. The Pr ¼ 1 data
are not noticeably different in trend compared to the Pr 6¼ 1 data. As
such, the relation k � 1/s should not be dependent on just being at Pr
¼ 1 but holds away from that point also. In the figure, the solid (green)
line shows the best fit to the data, while the dashed black line shows
the relationship between k and 1/s for hydrodynamics found in Ref. 1.
By eye, the relationship from pure hydrodynamic turbulence is not
noticeably worse than that of the fit to actual MHD simulations.

Although the data are noisy, this noise appeared in both the
direct and FTLE methods of measuring the Lyapunov exponent. As
such, we expect that this noise is an inherent issue with MHD turbu-
lence as opposed to a measurement issue. The noise may arise from
the more complicated dynamics of MHD. Specifically, although total
magnetic helicity sums to zero, there are likely regions of opposite
magnetic helicity which can reduce the chaos and such regions do not
totally go away. The data for the higher k in MHD are noisier (in gen-
eral at higher Re) than for hydrodynamics, while for low Re, the data
are comparatively clear. However, it seems that the chaos is entirely
dependent on the chaos due to the velocity field as also shown by the
results from removing the Lorentz force later in the paper. The results
for higher k have greater variance than for lower ones. This is probably
due to the fact that these higher k simulations are on the edge of our
resolution range. The fit does not weigh these heavily and so they
should not overly affect the result. Because of the noise in the data, it
was beneficial having two separate methods to analyze the data, which
gave confidence in our interpretation.

We now make a comment about the suitability of the prediction
kT0 � Rea or k � 1/s, both of which were assertions for which we
offered some arguments but nothing more solid. From our data, we
find that k � 1/s has a greater predictive quality and also has no
explicit Pr dependence. The data are consistent with the idea that any
dependence of k on Pr comes indirectly through its dependence on s.

Regarding the prediction kT0 � Rea, the data for a ¼ f(Pr) are
statistically consistent with there being no dependence on Pr at all.
The scaling f(Pr) � Prb has been used in Fig. 2 simply for illustrative
purposes. Figure 2 shows that any Pr dependence of k is very unclear.
Indeed, on physical grounds, we would expect that we should reach
finite values as Pr! 0 and Pr!1, which this fit does not.

In hydrodynamics, the prediction is that a ¼ 1/2, but is affected
by intermittency corrections to raise it above 1/2.2 A perfect scaling in
MHD of 1/s / Re1=2 would result in f(Pr) ¼ 1/2. From Fig. 2 we see
that this is not a good fit to the data. Although both Re and s are based
solely on kinetic quantities, Re is most affected by the large scale quan-
tities u and L, while s is most affected by the small scale dissipation.
The relative dominance of either will be affected by the Prandtl num-
ber, and so we should not expect a perfect scaling 1/s / Re1/2, except
maybe at some specific Prandtl number. Any theoretical dependence
between s and Re in MHD may also need to take account of intermit-
tency corrections, even at Pr ¼ 1. Thus, although our data are most
consistent with k � 1/s, this does not imply a simple relationship k
/ Re1/2. This is because the relationship between Re and s in MHD is
not the same as in hydrodynamic turbulence.

If, instead, kT0 were a function of Rm, we note that Rmf

¼ PrfRef, and so the dependence of a on Pr would be the same. That
the results become independent of Pr is similar to results found in Ref.
35 for dissipation rates. The dependence k / Rea Prb was also tested,

but the dependence between the values was less correlated than the
simpler relationship k� 1/s.

Indeed, if we want to be guided by the principle of universality,
that at sufficiently high Re or Pr we should have only a function of Pr
or Re, respectively, then such a power law dependence for a on Pr
would be precluded. For example, this universality for the dissipation
rate was observed in Ref. 36 and put on a firm footing in fully resolved
simulations of MHD in Ref. 35. These simulations show that there is
complete dominance of the dissipation by the kinetic dissipation, i.e.,
ekþ eb’ ek at a sufficiently high Prandtl number and Rm. At increas-
ing Rm, the ratio of ek/e! 1, and depending on the degree of accuracy
required, the Lyapunov exponent can be approximated as solely
dependent on � and e, which would be consistent with an extension to
MHD of the first Kolmogorov hypothesis of similarity.31

Given that there are also many other time scales that could be
used, such as the Kolmogorov microscale time for the magnetic field
or the large eddy turnover time for the magnetic field, we did check
the relationship between these and k and found none that were better
related than 1/s. In any case, none of the others had theoretical justifi-
cation. As such, we suggest that our extension of the Ruelle theory to
MHD has the greatest predictive power consistent with our data. This
may be due to the nature of the MHD equations themselves. As noted
earlier, there is a direct nonlinearity in the evolution of u, while b is
only nonlinear indirectly through the evolution of u. There is also an
indirect nonlinearity of u through the evolution of b. The direct non-
linearity seems to be the most important for the chaos.

Since the exponential growth of Eud and Ebd had the same expo-
nent, we surmise that if one field becomes sufficiently different, it drags
the other one along with it. The data suggest that the difference in u
drives the difference in b. This is backed by the fact that the relation-
ship between k and 1/s for hydrodynamics fits the data. This would be
the case if the difference in the magnetic field merely reacts to that in
the velocity field, which is the true driver of chaos in the system.

Because k is dependent on s and not any MHD quantities, we
suggest that the direct nonlinearity in the velocity field is the most
important feature and driver of the MHD chaos. However, in some
MHD systems dominated by magnetic reconnection, it cannot be pre-
cluded that the most important time scale would be the reconnection
rate, which becomes independent of S, the Lundquist number, for suf-
ficiently high values of S.43 We will not pursue these details in this
paper.

B. Magnetic helicity

We now test the role that magnetic helicity plays in the chaotic
dynamics by adjusting the magnetic helicity in the system. In contrast
to the other simulations presented in this paper, in this subsection, the
simulations had their magnetic field forced to control the magnetic
helicity directly. In these simulations, the velocity field was unforced.
The introduction of magnetic helicity will affect the mirror symmetry
of the simulation and may limit the applicability of HIT in them.

To demonstrate the difference between simulations with and
without magnetic helicity, we present the results found in the inset of
Fig. 4. The inset shows the response of two perturbations, one made in
a simulation with maximal magnetic helicity, and one made in a simu-
lation with zero magnetic helicity. Both simulations are otherwise
equivalent with Re � 320. In the run without magnetic helicity, there
is a regular exponential increase in Ed ¼ Eud þ Ebd while for the run
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with maximal magnetic helicity, after the initial perturbation, the two
realizations remain close for many large eddy turnovers, T0. This effect is
rather dramatic and indicates that fully magnetically helical MHD may
not be chaotic in the Eulerian sense. Helicity has some organizing effect
on the fluid.34 As magnetic helicity increases, the organizing effect
becomes greater and the chaos diminishes. We believe that the diminu-
tion of chaos cannot only be a result of the inverse transfer present in
helical MHD. For instance, in two-dimensional hydrodynamics, there is
an inverse transfer of energy, but still a robust amount of chaos is seen.44

To test the effect of magnetic helicity on chaos more systemati-
cally, we run a set of simulations where we vary the relative magnetic
helicity, qb, defined as

q2
b ¼
hb � aihb � ai
hb � biha � ai ; (11)

with vector potential b ¼ r� a. We do this by injecting magnetic hel-
icity into the system with the adjustable helicity forcing described in
Ref. 39. All simulations were done with hypoviscosity, which took
energy out at the large scale (low wave number) to ensure that the sim-
ulations did not blow up due to the inverse transfer present with mag-
netic helicity. After a statistically steady state was reached, including
having roughly constant qb, the FTLE method was used to measure the
Lyapunov exponent kF. The simulations all have Re� 120 and Pr¼ 1.

The results of this set of simulations are shown in Fig. 4. What is
seen is that increasing qb does indeed create a diminution of chaos. The
data suggest that as qb! 1, k! 0. Thus, we have assumed a parame-
ter dependence of k ¼ k0ð1� qn

bÞ, where k0 is the Lyapunov exponent
at qb¼ 0 and n is some fit parameter; here, it is equal to 5.36 0.8. This
is shown in gray (blue) in the plot. However, the uncertainty on k
means that many other functional dependencies for k on qb are consis-
tent, but these would require k! 0 at maximal magnetic helicity. The
systematic analysis suggests that as magnetic helicity increases, the
Eulerian chaos of the system decreases until it reaches zero at maximal
magnetic helicity. This would have important implications for the
Eulerian predictability of magnetically helical MHD systems. One
might expect that astrophysical systems with large Reynolds numbers
should have nearly zero predictability. However, if there is magnetic
helicity present, the predictability could be dramatically increased.

It has been seen before that magnetic helicity plays an important
role in MHD turbulent dynamics. Specifically, even without initial
magnetic helicity, the system is attracted to states that are helical and
laminar even with a large Re.45 These Beltrami states have greatly
reduced nonlinearity.46 This attractor behavior is also seen in pure
hydrodynamics,47 where these laminar states also exist. The laminar
states in hydrodynamics are purely attractive, such that once the sys-
tem becomes laminar, it does not delaminarize. However, in MHD,
the helical states can be exited spontaneously, but with a tendency to
stay near these states longer as magnetic helicity is increased. This may
explain the difference in behavior of perturbations made in the lami-
nar states in hydrodynamics, where Ed decays exponentially, and those
made here, where Ed remains roughly constant. In this sense, the
MHD simulations act like the hydrodynamic simulations in Ref. 1
which have very low Re, but which have still not relaminarized.

C. Linear growth

In hydrodynamic turbulence, there is a limit on the growth rate
of Eud, which eventually seems to grow linearly in time with rate equal
to the dissipation rate. This result was found recently in Ref. 1 and
subsequently confirmed in Ref. 2. We report here for the first time an
analogous effect in MHD. This behavior can have important conse-
quences for the predictability of MHD systems with high Pr, such as
galactic scale magnetic fields.

To test the dependence of the linear growth rate of Eud and Ebd
on the dissipation rates of each individual field, we ran a series of lon-
ger simulations where we varied these dissipation rates indirectly. This
was done using a negative damping forcing, which maintained a con-
stant total dissipation rate et ¼ ek þ eb, where ek is the dissipation due
to the velocity field and eb is the dissipation due to the magnetic field.
This forcing maintained a roughly zero magnetic helicity and is fully
described in Ref. 39.

A series of three simulations was run with varying magnetic dissi-
pation at fixed Pr ¼ 1. The simulations had eb ¼ 0.0012, 0.036, and
0.11, while Re ¼ 45, 80, and 120, respectively. The evolution of Ebd/eb
for these simulations is shown in Fig. 5. The normalized linear growth
rate for all simulations is roughly equal and implies that Ebd � ebt/3.

FIG. 4. Influence of magnetic helicity on k. The solid blue line shows k ¼ k0ð1
�q5:3

b Þ. The inset shows an example of a perturbation made on a helical and non-
helical field for Re � 320. The helical field shows a diminution of chaos.

FIG. 5. Linear growth of Ebd/eb. The leftmost line has Re ¼ 120 eb ¼ 0.11, the mid-
dle line has Re ¼ 80 eb ¼ 0.036, and the rightmost line has Re ¼ 45 eb ¼ 0.0012.
The dotted line shows Ebd/eb � t/3.
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The values for eb used here differ by a factor of 100 so we feel relatively
confident that this linear relation is based upon the magnetic dissipa-
tion. This resolves the question raised in Sec. IA, namely, on which
dissipation rate did the linear growth rate rely.

These simulations also show eventual linear growth of Eud. This
has the same form as in the hydrodynamic simulations of Refs. 1 and
2 and is not shown here. For the growth of Eud, it is difficult to distin-
guish whether the behavior is based on ek or et, because the two values
tended to be close. We suspect it is the former, and this would be more
appealing symmetrically, but the difference is less pronounced in the
values of the data. This is because it is difficult in practice to get eb/ek
� 1.

The fact that the exponential growth of both fields is the same,
while the linear growth at late times is different suggests that they are
caused by fundamentally different processes. Or at least, they come
from different aspects of dynamical systems theory, and that these pro-
cesses are controlled by different variables.

That eventually Eud and Ebd have differing linear growth rates is a
new and very interesting result in our opinion, with important impli-
cations for predictability. Specifically, if eb ! 0, as happens for high
Pr,35,36 while the magnetic field still has a significant amount of energy
in it, the predictability time would diverge. Also, since there are differ-
ing growth rates, the difference of one field may become saturated
while the difference in the other field remains small. For example,
even if velocity fields u1 and u2 are completely different, the corre-
sponding magnetic fields b1 and b2 can still be very similar. Physically,
this means that similar magnetic fields can have vastly different veloc-
ity fields associated with them in MHD.

D. FSLEs

As an alternative to the direct method, the level of chaos can be
quantified using finite size Lyapunov exponents (FSLEs).48 These
should not be confused with FTLEs. These FSLE are defined by the
time T(d) that it takes for an error of size d to grow by a factor r.
Using this, an FSLE Lyapunov exponent can be defined
KðdÞ ¼ ln ðrÞ=TðdÞ. For small d, K ¼ k.

A set of five simulations was performed for three different
Reynolds numbers Re ¼ 80, 155, and 670, each with Pr ¼ 1. After an
initial small perturbation, the time taken for the perturbation to grow
by a factor r was measured and an average of these times was taken
across the set of five simulations. The velocity and magnetic fields
were treated separately and K(d) for each is shown in Figs. 6 and 7,
respectively. For each field, d is nondimensionalised by the rms quan-
tity of the relevant field. Similarly, the FSLE K(d) is nondimensional-
ised by the relevant timescale Ti ¼ Ei/ei, where Ei is the energy of that
field and ei the dissipation due to that field.

The main plot of Figs. 6 and 7 presents K(d) with logarithmic
scales, while the inset is the same data presented with linear scales. In
the logarithmic plot, a scaling of K(d)� d�2 is shown as a dashed line.
Lorenz has suggested that for fluid turbulence, a disturbance in the
inertial range will grow with the rate equal to the local eddy turnover
time.49 This eventually predicts that K(d)� d�2.2 However, due to the
interplay of the different fields and the potential presence of nonlocal
interactions between the u and b fields, there is no great justification
for this in MHD. The inset of the figures shows a linear fit to data
which is closer over a larger range of values than the d�2 fit. The data
are presented both linearly and logarithmically to facilitate comparison

with the hydrodynamic results. Although the fit K(d) � d�2 is good
for hydrodynamic turbulence,2 it is not especially good for MHD tur-
bulence as can be seen in Figs. 6 and 7. Thus, there should be a differ-
ent mechanism for the growth of disturbances in hydrodynamic
turbulence as opposed to MHD. While the relation K(d)� d�2 results
in late linear growth of disturbances, the linear relation K(d) � d can
also result in a restriction of the late growth rate.

The shape of the FSLE plot is related to the later linear growth
rate of Eud and Ebd. This means that the slope onto which K(d) collap-
ses should be dependent on the corresponding dissipation rate. While
the data are noisier than for hydrodynamics, this is again like all the
previous data we have found. In both linear and logarithmic plots, the
FSLE collapse onto a slope which is roughly independent of Re. This
collapse is more consistent for the velocity field. The parameters used
did not ensure a constant ratio ek/eb, which varies from 2 for Re ¼ 80
to 1/2 for Re ¼ 670. As such, we are fairly confident that the relevant
dissipation for determining the dynamics is that of the respective field
and not the total dissipation. In this way, the fields, despite being

FIG. 6. FSLE for the velocity field. The main plot dashed line shows � d�2 and the
inset dashed line is a straight line. Main plot is log –log, inset is linear. 0.01 � has
Re ¼ 80, 0.005 � has Re ¼ 155, 0.00125 and � has Re ¼ 670. Time Tk ¼ Eu/ek
and U is the rms velocity.

FIG. 7. FSLE for the magnetic field; the parameters are the same as in Fig. 6.
Time Tb ¼ Eb/eb, and B is the rms magnetic field value.
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dependent on each other nonlinearly, have linear behavior dictated by
their own evolution.

The linear dependence of K on d implies that Ed(t) has a maxi-
mum growth rate which is proportional to the dissipation rate. This is
shown by the following argument. In the region where K is a linear
function of d, KðdÞ ¼ c�md ¼ _d=d, wherem and c are positive con-
stants. This last equality comes from a small expansion of r about 1 in
the definition of KðdÞ ¼ ln ðrÞ=TðdÞ. This differential equation is
solved by

d ¼ c

mþ c
d0
�m

� �
e�ct

; (12)

where d0 is the separation at t¼ 0. This gives Ed(t) ¼ d2/2 a sigmoid
shape, with the maximum rate of growth when Ed is at half of its maxi-
mum. The maximum of d is c/m. At d0 ¼ c/2m, @tEd(0) ¼ c3/8m2.
Remembering the normalization of K and d, we redefine c¼ a/Ti and
m¼ b/UTi. From the simulation data presented in Figs. 6 and 7, we
find that a¼ 6 for the velocity field and a¼ 1.5 for the magnetic field.
In both cases, a/b¼ 1.5. The rms values are defined U2¼ 2Ek/3 and B

2

¼ 2Eb/3. Thus, the maximum rate of growth for the relevant difference
has

@tEidðtÞ �
9a
48

ei: (13)

For a¼ 6, this predicts a maximum of 54/48ek, where 54/48¼ 1.125
such that @tEud � 1.125ek. This value of 1.125 is very close to the 1.12
previously found in hydrodynamic turbulence.1 This also implies that
the magnetic field has @tEbd� 27/96eb, with 27/96 close to the value of
1/3 previously found. This argument shows, as we said above, that
Ed(t) has a maximum growth rate which is proportional to the dissipa-
tion rate.

A previous study of dynamics of systems with different time-
scales, of which MHD turbulence is definitely an example, looked at
the study of both scales through the use of FSLE.50 It concludes with a
note that parametrization of the fast scales is not crucial and that the
slow mode dynamics are dominant. In MHD turbulence, the dynam-
ics of the velocity field are equivalent to the fast modes and the mag-
netic field to the slow modes. As such, we also predict that the velocity
field can be successfully parametrized while still capturing the most
important magnetic field dynamics, as is done in the static field
approximation.

E. Influence of the Lorentz force

We further test our hypothesis that the chaos in the MHD system
comes mainly from the velocity field evolution using the diagnostic
tool of removing the Lorentz force. The MHD equations Eqs. (1) and
(2) can be changed to omit the action of the Lorentz force on the
velocity field. Although this means that the fields no longer conserve
energy, we use this as a diagnostic tool to disentangle the amount of
chaos that comes from perturbations to each field. This has been per-
formed in prior simulations of MHD turbulence investigating the
inverse transfer of energy, finding that this Lorentz force term is not
necessary for inverse transfer to persist.51 In our simulations, if the
energy spectra when decreasing with the wave number were

approximated as following k–n, the n for both fields was somewhat
smaller than for an equivalent simulation with a Lorentz force.

We perform a simulation using the adjustable helicity forcing as
described previously for Pr ¼ 1 with � ¼ 0.01 and Re ¼ 74, where we
have removed the Lorentz force ðr � bÞ � b. This makes the mag-
netic field equation linear. Even with the Lorentz force, the nonlinear-
ity for b in the MHD equations comes entirely from u. In this case, the
magnetic field alone cannot produce chaos or turbulence, but this gets
input from u. Either the magnetic or velocity field can be perturbed
individually. Both perturbations were made from identical instances of
the fields. Because of the decoupling of the velocity field from the mag-
netic field, a magnetic field perturbation would never induce a velocity
perturbation but a velocity field perturbation can induce a magnetic
perturbation.

When the magnetic field was perturbed with the Lorentz force
removed, the magnetic field perturbation can remain relatively stable
for many large eddy turnover times. The ad hoc removal of the
Lorentz force is sometimes done in seed dynamo simulations, where it
is argued that the magnetic field is too small to affect the velocity field.
Because of this tendency, the Reynolds number used was a modest 74,
otherwise the magnetic field has a tendency to accumulate energy
indefinitely. However, in simulations which did have an unphysical
exponential growth of magnetic energy,51 the perturbation in the mag-
netic field grew no faster than the magnetic field itself did.

When the velocity field was perturbed with the Lorentz force
removed both magnetic and velocity fields diverged at the same rate,
which agrees with our interpretation that it is the velocity field which
drives the chaos.

Although the results in Fig. 3 are noisier than for hydrodynamic
turbulence, this diagnostic tool of removing the Lorentz force is
another result which supports our theoretical argument in Sec. IA.
Namely, it also shows that the chaotic properties are dominated by the
velocity field properties, here being the dependence on 1/s as opposed
to any other timescales. This diagnostic tool also shows that the mag-
netic field itself is not chaotic. This is important for simulations where
the Lorentz force is removed by affecting the statistics, such as in seed
dynamo simulations.

In the absence of a Lorentz force, the velocity field behaves the
same as in hydrodynamic turbulence. Since, by removing the Lorentz
term, our results are not significantly changed, we can state that the
chaos in the system with a magnetic field is not significantly different
to that without it. As such, our prior assumptions that the magnetic
field should not affect the chaos greatly are in agreement with our
results, and are strengthened by them.

IV. DISCUSSION AND CONCLUSION

The data presented here include Pr which cover three orders of
magnitude. Although many of the results here are found to be inde-
pendent of the magnetic Prandtl number, there is direct comparison
with many physical systems. Here we look at some of them in turn
and see how our measurements can be useful for their further study.

In toroidal plasmas, such as those found in tokamak reactors, Pr
is expected to be on the order of 100.52,53 However, the turbulence is
strongly confined and should be greatly affected by the boundary con-
ditions, as such, an assumption of homogeneity and isotropy will not
capture the full dynamics. There may be other practical reasons not to
apply MHD as a model for the plasmas in tokamak reactors. Even so,
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the level of chaos in the system should be related to the generation of
instabilities in the flow. These instabilities can affect the confinement
of the plasma. As well, the level of instability should be affected by the
level of inverse cascade, which is greater at an increased Rm.

Accretion disks around black holes and neutron stars are pre-
dicted to have regions where Pr is close to unity.54 Though these
should be affected by relativistic effects, if the results in this paper
extend beyond the Prandtl number range of our simulations, they
may also apply to more typical accretion disks. By understanding
the ratio of the dissipations, we can understand the relative impor-
tance of ion and electron heating in these systems which has an
effect on the luminosity and thus their observational characteris-
tics. In regions with greater chaos of the particles, those regions
with lower Kolmogorov microscale time and lower magnetic hel-
icity, the process of accretion should be reduced. If particles are,
on average, moving together and not drifting apart exponentially,
there should be a longer time for them to accrete. As such, in any
accretion disk, we expect that the accretion rate should be
increased by magnetic helicity and s. Indeed, simulations have
shown already that accretion disks are associated with turbulent
dynamo action, which is also associated with magnetic helicity.34

Thus, an increased accretion rate should be associated with dimi-
nution of chaos, here consistent with increased magnetic helicity.

Understanding the chaos seen in MHD turbulence is important
for understanding the scope for prediction of turbulent conducting
fluids. The findings here may also be applicable to a coupled dynami-
cal system where there is a direct nonlinearity for only one of the fields
and multiple relevant timescales.

Our extension of the Ruelle prediction to MHD that k � 1/s is
most consistent with our own data. We conclude that this is because
the MHD equations are directly nonlinear only in u and indirectly
through the coupling for b. We have also confirmed previous findings
that show magnetic helicity results in a diminution of chaos and fur-
ther predict that a fully magnetically helical system should have zero
Lyapunov exponent, although these previous findings were not found
in DNS.55,56

One of the most interesting results is the new finding that the
growth of both Eud and Ebd becomes linear with rates that depend on
the dissipation rate of the relevant field. This may apply more generally
to nonlinearly coupled fields. Specifically in the case of high Pr, where
ek becomes dominant and eb very small, then this has important impli-
cations for the long term predictability of galactic plasmas and mag-
netic fields. For high Re, we should expect k to be very large and that
any small scale error should grow in size very quickly and so the sepa-
ration between the two fields will enter the linear regime very quickly.
Thus, any predictability time will be dominated by E/e for the relevant
field. For magnetic fields, this can become extremely large, and if there
is a large amount of magnetic helicity in the system, then the predict-
ability time of the magnetic fields can become very long.

ACKNOWLEDGMENTS

We thank Mairi E. McKay for the helpful discussion. This work
has used resources from ARCHER57 via the Director’s Time budget.
This work used the Cirrus UK National Tier-2 HPC Service at EPCC58

funded by the University of Edinburgh and EPSRC (EP/P020267/1).
R.D.J.G.H. was supported by the U.K. Engineering and Physical
Sciences Research Council (EP/M506515/1) and D.C. was supported by

the University of Edinburgh. A.B. acknowledges funding from the U.K.
Science and Technology Facilities Council.

REFERENCES
1A. Berera and R. D. Ho, Phys. Rev. Lett. 120, 024101 (2018); arXiv:1704.01042.
2G. Boffetta and S. Musacchio, Phys. Rev. Lett. 119, 054102 (2017).
3D. Ruelle, Phys. Lett. 72A, 81 (1979).
4A. Crisanti, M. H. Jensen, G. Paladin, and A. Vulpiani, J. Phys. A: Math. Gen.
26, 6943 (1993).

5D. Biskamp, Magnetohydrodynamic Turbulence (Cambridge University Press,
2003).

6B. B. Kadomtsev and O. P. Pogutse, Sov. Phys. JETP 38, 283 (1974).
7H. R. Strauss, Phys. Fluids 19, 134 (1976).
8G. P. Zank and W. H. Matthaeus, Phys. Fluids A: Fluid Dyn. 5, 257 (1993).
9A. Brandenburg, Astrophys. J. 550, 824 (2001).

10A. Alexakis, P. D. Mininni, and A. Pouquet, Astrophys. J. 640, 335–343 (2006).
11A. Alexakis and L. Biferale, Phys. Rep. 767-769, 1 (2018).
12J. H. Misguich and R. Balescu, Plasma Phys. 24, 289 (1982).
13J. H. Misguich, R. B. H. L. Pecsell, T. Mikkelsen, S. E. Larsen, and Q. Xiaoming,
Plasma Phys. Controlled Fusion 29, 825 (1987).

14A. Wolf, J. B. Swift, H. L. Swinney, and J. A. Vastano, Physica D 16, 285 (1985).
15W. Huang, W. X. Ding, D. L. Feng, and C. X. Yu, Phys. Rev. E 50, 1062 (1994).
16J. Kurths and H. Herzel, Sol. Phys. 107, 39 (1986).
17R. Grappin, J. Leorat, and A. Pouquet, J. Phys. 47, 1127 (1986).
18M. Yamada and K. Ohkitani, J. Phys. Soc. Jpn. 56, 4210 (1987).
19C. Y. Tu and E. Marsch, Space Sci. Rev. 73, 1 (1995).
20M. L. Goldsteinand, D. A. Roberts, and W. H. Matthaeus, Annu. Rev. Astron.
Astrophys. 33, 283 (1995).

21S. A. Balbus and J. F. Hawley, Rev. Mod. Phys. 70, 1 (1998).
22M. M. M. Low and R. S. Klessen, Rev. Mod Phys. 76, 125 (2004).
23P. Goldreich and S. Sridhar, Astrophys. J. 438, 763 (1995).
24M. M. M. Low, Astrophys. J. 524, 169 (1999).
25D. Biskamp, Astrophys. Space Sci. 242, 165 (1996).
26M. Yamada, R. Kulsrud, and H. T. Ji, Rev. Mod. Phys. 82, 603 (2010).
27M. Mirmomeni and C. Lucas, Space Weather 7, S07002, https://doi.org/
10.1029/2008SW000454 (2009).

28B. B. Karak and D. Nandy, Astrophys. J. Lett. 761, L13 (2012).
29R. S. Weigel, A. J. Klimas, and D. Vassiliadis, J. Geophys. Res. 108, 1298,
https://doi.org/10.1029/2002JA009627 (2003).

30T. Amari, A. Canou, and J. Aly, Nature 514, 465 (2014).
31A. N. Kolmogorov, Dokl. Akad. Nauk SSSR 30, 301 (1941).
32P. Mohan, N. Fitzsimmons, and R. D. Moser, Phys. Rev. Fluids 2, 114606 (2017).
33L. Biferale, G. Boffeta, A. Celani, B. J. Devenish, A. Lanotte, and F. Toschi,
Phys. Fluids 17, 115101 (2005).

34A. Brandenburg and K. Subramanian, Phys. Rep. 417, 1 (2005).
35M. McKay, A. Berera, and R. Ho, Phys. Rev. E 99, 013101 (2019).
36A. Brandenburg, Astrophys. J. 791, 12 (2014).
37S. R. Yoffe, Ph.D. thesis, University of Edinburgh (2012).
38M. F. Linkmann, Ph.D. thesis, University of Edinburgh (2016).
39M. E. McKay, M. Linkmann, D. Clark, A. A. Chalupa, and A. Berera, Phys.
Rev. Fluids 2, 114604 (2017).

40E. Ott, Chaos in Dynamical Systems (Cambridge University Press, 2002).
41J. Kurths and A. Brandenburg, Phys. Rev. A 44, R3427(R) (1991).
42See http://datashare.is.ed.ac.uk/handle/10283/3152 for simulation parameters and
data.

43N. F. Loureiro, R. Samtaney, A. A. Schekochihin, and D. A. Uzdensky, Phys.
Plasmas 19, 042303 (2012).

44G. Boffetta and S. Musacchio, Phys. Fluids 13, 1060 (2001).
45V. Dallas and A. Alexakis, Phys. Fluids 27, 045105 (2015).
46S. Servidio, W. H. Matthaeus, and P. Dmitruk, Phys. Rev. Lett. 100, 095005 (2008).
47M. F. Linkmann and A. Morozov, Phys. Rev. Lett. 115, 134502 (2015).
48E. Aurell, G. Boffetta, A. Crisanti, G. Paladin, and A. Vulpiani, J. Phys. A:
Math. Gen. 30, 1 (1997).

49E. N. Lorenz, Tellus 21, 289 (1969).
50G. Boffetta, A. Crisanti, F. Paparella, A. Provenzale, and A. Vulpiani,
Physica D 116, 301 (1998).

Physics of Plasmas ARTICLE scitation.org/journal/php

Phys. Plasmas 26, 042303 (2019); doi: 10.1063/1.5092367 26, 042303-10

Published under license by AIP Publishing

https://doi.org/10.1103/PhysRevLett.120.024101
http://arxiv.org/abs/1704.01042
https://doi.org/10.1103/PhysRevLett.119.054102
https://doi.org/10.1016/0375-9601(79)90653-4
https://doi.org/10.1088/0305-4470/26/23/034
https://doi.org/10.1063/1.861310
https://doi.org/10.1063/1.858780
https://doi.org/10.1086/319783
https://doi.org/10.1086/500082
https://doi.org/10.1016/j.physrep.2018.08.001
https://doi.org/10.1088/0032-1028/24/3/007
https://doi.org/10.1088/0741-3335/29/7/004
https://doi.org/10.1016/0167-2789(85)90011-9
https://doi.org/10.1103/PhysRevE.50.1062
https://doi.org/10.1007/BF00155339
https://doi.org/10.1051/jphys:019860047070112700
https://doi.org/10.1143/JPSJ.56.4210
https://doi.org/10.1007/BF00748891
https://doi.org/10.1146/annurev.aa.33.090195.001435
https://doi.org/10.1146/annurev.aa.33.090195.001435
https://doi.org/10.1103/RevModPhys.70.1
https://doi.org/10.1103/RevModPhys.76.125
https://doi.org/10.1086/175121
https://doi.org/10.1086/307784
https://doi.org/10.1007/BF00645113
https://doi.org/10.1103/RevModPhys.82.603
https://doi.org/10.1029/2008SW000454
https://doi.org/10.1088/2041-8205/761/1/L13
https://doi.org/10.1029/2002JA009627
https://doi.org/10.1038/nature13815
https://doi.org/10.1103/PhysRevFluids.2.114606
https://doi.org/10.1063/1.2130742
https://doi.org/10.1016/j.physrep.2005.06.005
https://doi.org/10.1103/PhysRevE.99.013101
https://doi.org/10.1088/0004-637X/791/1/12
https://doi.org/10.1103/PhysRevFluids.2.114604
https://doi.org/10.1103/PhysRevFluids.2.114604
https://doi.org/10.1103/PhysRevA.44.R3427
http://datashare.is.ed.ac.uk/handle/10283/3152
https://doi.org/10.1063/1.3703318
https://doi.org/10.1063/1.3703318
https://doi.org/10.1063/1.1350877
https://doi.org/10.1063/1.4916971
https://doi.org/10.1103/PhysRevLett.100.095005
https://doi.org/10.1103/PhysRevLett.115.134502
https://doi.org/10.1088/0305-4470/30/1/003
https://doi.org/10.1088/0305-4470/30/1/003
https://doi.org/10.3402/tellusa.v21i3.10086
https://doi.org/10.1016/S0167-2789(97)00300-X
https://scitation.org/journal/php


51A. Berera and M. Linkmann, Phys. Rev. E 90, 041003 (2014).
52K. Itoh, S. I. Itoh, A. Fukuyama, M. Yagi, and M. Azumi, J. Phys. Soc. Jpn. 62,
4269 (1993).

53J. Mendonca, D. Chandra, A. Sen, and A. Thyagaraja, Phys. Plasmas 25,
022504 (2018).

54S. A. Balbus and P. Henri, Astrophys. J. 674, 408 (2008).

55E. Zienicke, H. Politano, and A. Pouquet, Phys. Rev. Lett. 81, 4640 (1998).
56D. F. Escande, P. Martin, S. Ortolani, A. Buffa, P. Franz, L. Marrelli, E.
Martines, G. Spizzo, S. Cappello, A. Murari et al., Phys. Rev. Lett. 85, 1662
(2000).

57See http://www.archer.ac.uk for “ARCHER.”
58See http://www.cirrus.ac.uk for “Cirrus.”

Physics of Plasmas ARTICLE scitation.org/journal/php

Phys. Plasmas 26, 042303 (2019); doi: 10.1063/1.5092367 26, 042303-11

Published under license by AIP Publishing

https://doi.org/10.1103/PhysRevE.90.041003
https://doi.org/10.1143/JPSJ.62.4269
https://doi.org/10.1063/1.5009506
https://doi.org/10.1086/524838
https://doi.org/10.1103/PhysRevLett.81.4640
https://doi.org/10.1103/PhysRevLett.85.1662
http://www.archer.ac.uk
http://www.cirrus.ac.uk
https://scitation.org/journal/php

	s1
	d1
	d2
	s1A
	d3
	d4
	s2
	d5
	d6
	d7
	d8
	d9
	s3
	s3A
	t1
	d10
	f1
	f2
	t2
	f3
	s3B
	d11
	s3C
	f4
	f5
	s3D
	f6
	f7
	d12
	d13
	s3E
	s4
	c1
	c2
	c3
	c4
	c5
	c6
	c7
	c8
	c9
	c10
	c11
	c12
	c13
	c14
	c15
	c16
	c17
	c18
	c19
	c20
	c21
	c22
	c23
	c24
	c25
	c26
	c27
	c28
	c29
	c30
	c31
	c32
	c33
	c34
	c35
	c36
	c37
	c38
	c39
	c40
	c41
	c42
	c43
	c44
	c45
	c46
	c47
	c48
	c49
	c50
	c51
	c52
	c53
	c54
	c55
	c56
	c57
	c58

