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Abstract. Hybrid models, or depth-integrated flow models (e.g.MacAyeal 1992 MacAyeal et al. 1995 Rommelaerg
that include the effect of both longitudinal stresses and verti-1997 Vieli and Payne2003 Larour et al, 2005 Khazendar

cal shearing, are becoming more prevalent in dynamical icest al, 2007 Sergienko et al.2008a Joughin et al.2009.
modeling. Under a wide range of conditions they closely ap-Traditionally, these inversions are done in the integral least-
proximate the well-known First Order stress balance, yet aresquare sense, i.e. a total misfit between observed and calcu-
of computationally lower dimension, and thus require lesslated quantities is minimized. This approach is known as an
intensive resources. Concomitant with the development anaptimal control or control methodVacAyeal 1992 1993.

use of these models is the need to perform inversions of obAlternative methods include a probabilistic approa€hgn-
served data. Here, an inverse control method is extended tdler et al, 2006 Gudmundsson and Raymari2D08 Ray-

use a hybrid flow model as a forward model. We derive anmond and Gudmundssp@009, and various iterative ap-
adjoint of a hybrid model and use it for inversion of ice- proaches to solving the inverse problem using higher-order
stream basal traction from observed surface velocities. Aforward models Maxwell et al, 2008 Arthern and Gud-
novel aspect of the adjoint derivation is a retention of non-mundsson2010.

linearities in Glen’s flow law. Experiments show thatin some  Any inverse method includes a forward model as a nec-
cases, including those nonlinearities is advantageous in minessary component. In numerous studies inverting either for
imization of the cost function, yielding a more efficient in- rheological properties of ice shelves or basal conditions un-
version procedure. der ice streams, the so-called Shallow Shelf Approxima-
tion (SSA) Morland and Shoemaket982 Muszynski and
Birchfield, 1987 MacAyeal 1989 is used as a forward
model. However, a new trend of using higher-order or full
stress-balance models as forward models in inversions has

Direct observations of many parameters crucial to behav-Startecj to emergeMaxwell et al, 2008 Morlighem et al,

. : ; . : X 20103. The SSA balance is of lower computational dimen-
ior of glaciers and ice sheets are practically impossible (e.g

history of ice-sheet-wide surface temperature and precipita—s lon than the First Order or Full Stokes baland@sefe and

tion, ice fabric) and those that are feasible are logisticall Blatter, 2009, and therefore easier to solve. |t does not ac-
! . ) o 9 ycount, though, for the effect of vertical shear, which has an
challenging and usually confined to specific locations (e.g.

. . effect on the nonlinear Glen’s Law viscositglen 1955
basa_ll se_dlmenfcs, subglacial Watgr pres_sure). Therefore, tha?nd the basal velocity used in flow laws, and which can be
application of inverse methods in glaciology continues to

gain popularity. Although inversion for history of the at- nonnegligible where basal traction is high. This is true of

mospheric temperaturddacAyeal et al, 1991 Dahl-Jensen inland areas of the Antarctic Ice Sheet and majority of the

o . Greenland Ice Sheet. Also, in their study of Pine Island

fei:natlhir?r?g, F:(r)e(;ft'iteast;):r (/i\;i%megtto?zztoggzﬁg?é l?g:n Glacier, Vieli and Payng2003 speculate that-20% of the
prope gent . . observed velocity in the region of high driving stress just up-
performed, inversions for the ice-stiffness parameter of ice LY :
. stream of the grounding line is due to vertical shear, and that
shelves and ice-stream basal parameters are most commgn

Is contributed to quantitative errors in their analysis using
Correspondence tdD. N. Goldberg
BY (daniel.goldberg@noaa.gov)

the SSA balance.
Published by Copernicus Publications on behalf of the European Geosciences Union.
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A class of glaciological models involves a vertically- satellite-inferred surface velocities on Pine Island Glacier are
integrated stress balance that includes the effect of verticathown in Sect6. Special attention is paid to the effects of
shearing stresses, but also includes horizontal stress terniscluding the nonlinearities mentioned above in the adjoint
(the terms present in the SSA). For the purpose of discussiomodel on the convergence of the inversion scheme.
these models are referred to here as “hybrid” models since
they combine two low-order approximations: the SSA and
the Shallow Ice Approximation (SIA{utter, 1983. For ex-
ample,Bueler and Brown(2009 heuristically combine the
results of an SSA solution with an SIA solution, whitel-
lard and DeCont{2009, Schoof and Hindmarst2010, and

Goldberg(2011) use depth-integrated forms of the horizontal leads to the First Order balandedist 2005 Schoof 2010.

stress terms. While these hybrid models account for all of theUsing the Eirst Order model results of the ISMIP-HOM ex-
stress terms in the First Order balance, they have a computj':);

. . I . “periments as a benchmark (Ice Sheet Model Intercomparison
tional advantage in that the elliptic solve (the most expensiv ( P

. . . . ; roject — Higher-Order Models?attyn et al. 2008, good
step) is not resolved in the vertical. Note that, unlike the First greement is shown for length scales larger tha@ km in

Ord_er balance, these models d(.) not allow depth v_ar|at|on_s %basal topography and for all length scales in basal traction.
horizontal stresses. However, in the approximation to Flrst_l.he equations are given here:

Order is shown to be quite good under a wide range of con-

ditions (Pattyn et al.2008 Goldberg 2011). Furthermore, iax(HV(4ﬁx+25y))+i3y(HV(ix+Ey))+31(vuz) =pgse, (1)

two of these modelsBueler and Brown2009 Pollard and L H

DeContq 2009 have been used in time-dependent WhOle-fax(HV(UX+ﬁy))+an(HU(4?}v+Ex))+az(sz)ngsyv 2

continent simulations of Antarctica and Greenland. Clearly

itis of value to be able to use the hybrid models as forward ~ p 1 1 1.\ 5

models in inversion procedures in order to find an optimal set = - (ﬁf +03 41,y + 2@ +7,)%+ Zuf+ va) 3)

of unknown parameters for these models. However, such an . ; .

inversion has not yet been performed. Additionally, as use of 1€réu andv arex- andy-velocities, respectively, is surface

these models becomes more common it will be advantageou@l€vationH is thickness{—b, whereb(x, y) is basal eleva-

to perform comprehensive and efficient analysis of the modefion), andn represents the nonlinearity in Glen's Law and

sensitivities to a wide range of input parameters. in th|s study is e.quall to 3. 1'I'hga overline operator indicates
The control method developed bylacAyeal (1992 in-  Vertically averaging, i.ex = 4 f, udz, andu, indicates the

volves a construction of a model adjoint to the SSA equa_x—derlvatlve of th|§ quantity (and not the ygrtlcgl average of

tions in order to find the gradients of the performance in-4x)- The surface is stress-free. When sliding is present, the

dex (or cost function) with respect to inverted parametersSliding law is in terms of the shear stress and velocity at the

(basal sliding parameters in studies by eMpcAyeal 1992 base. In this study, the sliding law is linear:

Joughin et a].2009 and the ice stiffness parameter in stud- ¢, = — g% (4)

ies by e.g.MacAyeal et al. 1995 Larour et al, 2005. The

adjoint model is a powerful tool that allows one, in a single atz=b.

step, to find derivatives with respect to a large number of pa-f Note tga(; dut(; to the mzlus?n g;f vertlcalll th? ar, _basal,tsur;
rameters at a point in solution space. However, in deriving ace, and depth-averaged velocily can all ditter, in contras

this adjoint model, nonlinearities, such as the dependence dp the SSA. This does not prevent a significant problem in

the Glen’s Law viscosity on strain rates, are ignored. It js lerms of solving Eqs.1)—(4), however. An iterative scheme

not clear whether the inclusion of this dependence is advant@" be_ (_jeveloped by depth-mtegratlon of E(js).e(n_d @),
nd writingu, andu(z = b) in terms of the current iterates

tageous to the performance of the method, since without if"‘]c deoth d velocity. basal st d vi v (Th
the adjoint equation is the same as the linear one solved itef?’ d€P-averaged velocity, basal stress and viscosity. (The
atively in the forward model. surface velocity, while not needed in the iterative scheme,

In this paper we invert surface velocities for basal trac- can be similarly diagnosed.) This yields a set of equations

tion fields using the hybrid model fro@oldberg(2017 as a to be solved for the next iterate of depth-averaged velocity.

forward model. Both synthetic and observed surface veloci-?rhe equations have the same structure as those solved in an

ties are used in the inversions. The paper is organized in thgere_xltlve sg!?u(cj)n[(:)f tf&e tSSIA bﬁlanci’;}?din SSZ'%;Ode can be
following manner: in SecR the forward model is briefly in- easily modihed. For details, please erg(2011.

troduced. The inversion scheme, which includes the adjoint

model as a central part, is presented and discussed in35ect.3  Adjoint model

with the derivation and some of the lengthier expressions rel-

egated to the Appendix A. Sectiodsand5 present inver-  Synthetic and observed surface velocities were used to in-
sions of synthetic velocities, and results of an inversion usingvert for basal traction parameters, in both flowline and plan

2 Forward model

The forward model used in this study is the one described in
Goldberg(2011). It can be derived from a variational formu-
lation, using a modified form of the energy functional that

The Cryosphere, 5, 31827, 2011 www.the-cryosphere.net/5/315/2011/
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view settings. The approach is essentially the same as ip — _( 24 = u )12,1" (8)

MacAyeal (1992, and similar to that oArthern and Gud-
mundsson(2010 — a steepest-descent method. The differ-
ences are (a) the forward model and (b) the fact that nonliny
earities are accounted for in constructing an adjoint model.
But the same paradigm of finding the search direction as a%h
functional derivative that is then discretized (rather than by
differentiating the discretized forward equations) is still ad-
hered to. The effect of accounting for nonlinearities is ex- Lq L
plored in the subsequent sections. J/=/ E(uz—us)dewL/ M3y (4VHu,)—t—pgHsy]dx, (9)
The cost function 0 0

Here up =u(z = b). In our flowline inversions, periodic
boundary conditions are considered.

As in MacAyeal (1993, the cost function/ is modified:

e flowline model appears as a constraint, with lagrange
muItipIierA:

1. 2 where[0, L] is the domain. An adjoint model is then derived
J :/QQV‘S —us|"dA, (3)  that must be solved for:
whereus is horizontal velocity at the surface, the asterisk B2

m
—— A+ F{Au, B x}

superscript denotes observed quantities, @rid the model O (AW HAy) — 1+ /32

domain, is minimized over all choices gf The set of pos-
sible 8 depends on the choice of basis fér for example, . mpB2ys .

in MacAyeal (1993 it is Fourier modes and iMacAyeal = (us —us) 1+m +Glug—us;u, f} - (10)

et al. (1995 it is the finite element basis for velocity. Be-

ginning with an initial guess fog, the control method finds  where F andG are linear operators on their first arguments
the gradient of/ with respect to the degrees of freedom of ( anduz — us, respectively) that also depend erand 8. y

B (subject to the constraint that Eq4)<{(4) are satisfied).  andys are functions that depend on the gradients:of
A line search minimization then gives a new guess gor

A Fletcher-Reeves conjugate search algorithm is uBeek6 u? + 4u
etal, 1992. / /b 2,1 .4 (d7dz,
Typically when this control method is applied to glacio- 4" s
logical models, an adjoint model is solved, and the result i IS, / /“ 0+ 4’4 IR LR (11)
used to find the gradient of with respect to basal traction ’

parameters (or other field that is being inverted for). The ad-

vantage of using an adjoint model is that the derivative of aand F and G are given in the Appendix A. (Note that if
given observable value can be found with respect to a large = 1, theny andys are equal taH (u — up) and H (us—u),
array of input parameters for the computational cost of a sintespectively.) Equation1(Q) is solved fori with appro-
gle forward solve. This is in contrast to finding derivatives priate boundary conditions: if the boundary conditions on
by direct finite differencing, which requires a separate for- Eqg. (6) are Dirichlet, then Eq.10) has homogeneous Dirich-
ward solve for each input parameter. In this study the adjointet boundaries. If Eq.6) has periodic boundary conditions,
of the model described in the previous section is constructedhen Eq. {0) does as well. Note that the form of the adjoint
directly from the differential equations, rather than discretiz- model Eq. {0) is dependent on the forward model and the
ing and taking the adjoint of the discretized model. The re-form of the cost functiory, but would be the same no matter
sult is a set of linear partial differential equations that arewhich input parameter is being investigated. However, in this
then solved in order to find the gradient.of Note that this  study the goal is to find the gradient #f with respect ts,
procedure does not assume any discretization details, and thihich is done using the following:

discretization of the adjoint can be independent from that of

the forward model. ) L (ug—us)2§+2m+1<{/\;u,ﬁ}
We now present the adjoint model. Its derivation is lengthy 8/ :/ —8p pem . (12
and not entirely straightforward, and so it is left to the Ap- 0 P (1"' “Ht )

pendix A. Furthermore, the expressions involved in the ad-

joint itself are lengthy, so details are only given for the ad- Which gives the response df to a perturbation ir. Again,
joint of the flowline version of the model (i.e., flow in the K is a linear operator on, the specific form of which is
x —z plane). The adjoint of the three-dimensional model, 9iven in the Appendix A. With a finite-dimensional repre-

and its derivation, are very similar. sentation ofg, Eq. (12) can then be discretized to fi
The flowline version of Eqs1)—(3) is whereg; are the degrees of freedom in such a representation,
ie.
0y (WHu,)—1—pgHs, =0, (6)

T =mp%up, m:\/@, ) /3=2i:,3i¢i, (13)

www.the-cryosphere.net/5/315/2011/ The Cryosphere, 53152011
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whereg; form the basis of the space of possiBleThussg experiments with sliding from the ISMIP-HOM intercompar-
is written as ison. The domain is periodic, and ice thickness has a constant
value of 1000m and a surface at an angle of Qvith the
3B = i8Bi . 14 ; . .
p Xi:‘f" bi (14) horizontal, and the Glen’s Law constant is uniformly equal

-1 .
Equation (0) is written in such a way (i) because the ex- to 2.1544x 10° Pa (mal)~3. The velocities inverted fof

pressions forF, G, andK are lengthy, and (ii) in order to are the surface velocities from a First Order flowline solver

emphasize the effect of ignoring the dependence of viscositfthat used inGoldberg 2011 with the same thickness, sur-
on strain rates, something quite often done in glaciological‘cace slope, and Glen's Law constant, and-arofile given
inversions using adjointdMacAyeal 1993 Vieli and Payne

2003 Larour et al, 2005 Joughin et al.2009. Doing so oy ) 1
here is equivalent to neglecting, G, andK, and addition- g= \/1000+ 1000 sir yPamal) 2 (15)
ally lettingn =1 in Eq. (L1). The adjoint model with¥ and Ly

G leftin andn # 1 will subsequently be referred to as the \yhere basal stress is given by
complete adjoinand, withF andG ignored and: =1 as the
incomplete adjoint = B%ul.—p, (16)

Itis interesting to note thatin QOing this, the operator given andL, is the length of the domain. As shown @oldberg
by the left hand s!de OT quO) IS th? same as the fc')rwar.d (2011), the hybrid model surface velocities agree well with
modgl when the viscosity is “frozen”, as In quard-neratlve First Order surface velocities in this setting. And so while
solution MacAyeal and Thomas98§. This is not a coin- - yoe inversions are known to be ill-posed, and thus many

cidence; when the strain-rate dependence (?f yiscosity is igEiif'ferent;ﬁ*—profiles could produce surface velocity profiles
nored, the equation system @pldberg(201]) is linear and close to the “target” one, we still know that Eq5j is a valid

self-adjoint upder thELZ inner product. (Th's IS e_llso U solution to the inverse problem, or at least leads to an cost
of the three-dimensional model.) Thus using the mcompletefunction value as small as any achieved in this st@gl¢-

adjoint saves on development time and also ensures that tr@erg 2017). Maxwell et al.(2008 state that their method
adjoint mode! has the same d_eswabl_e properties as the f_orﬂnds the solution to the inverse problem for which noisy os-
ward model (i.e., that the matrix that is solved is symmetric ., o.00< are minimized. And so we can judge our inver-

and p_ositive definitg). If the matrix is solved in para]lel, the ion results not only by the agreement of calculated and pre-
domain decompogltlon and parallel memory allocation neecEcribed surface velocities, but also by the agreement of the
not change. As discussed @oldberg(2011), the compu- invertedg with Eq. (15)

tatior_1a||y expensive com_po_nent of th_e hybrid model is the For an inversion scheme, both the incomplete adjoint men-
solution of a system of elliptic PDEs with the same structure, oo 4 in the previous section and the complete adjoint were

as those solved for the SSA balance. used. In all inversions, the initial guess forvas set to a uni-

_However, .the adjoint model S only splved once per €T form value. 300 iterations of the inverse model were done,
ation of the inverse model, so it is possible that relaxing theregardless of the final value df

property of self-adjointness will not carry too large a penalty. Figure 1 shows the results of such an inversion with a

Inthefollowing sections, flowline and Z'D. (plan.view) INVer- 4omain length of 40 km. Inversions using both incomplete
sions are c_:arrled Ol.Jt‘. and the effects of !ncludlng .SuCh non'(dashed line) and complete (solid line) adjoints are shown.
linearities in the adjoint model are examined. An important Values ofJ versus iteration count are shown, as well as the fi-
point to remember is that, with the same forward model andnal inverteds? (which is compared wit}2 given by Eq.15).

ﬁcOSt T“f?c“ﬁ”’ the oply way in Wh'Chf tues_e effects Cs\?hman'Comparison is made usimgy rather tharg since it isg? that
: eSt.'S n t e rate of convergence o the Inversion. et erappears in Eq.16). In the left column, the initial guess for
nonlinearities are included or not, the solution (or set of so-

1
lutions) of an inversion is the same. B is 20 Pa (mal 2 (unifolrmly), and in the right the ini-

In this study, the forward and adjoint models are solvedtial guess is 40 P%(m a1)” 2. With either initial guess, the
using one-dimensional or bilinear finite elements a&ald-  complete adjoint reaches a much smaller valug tfan the
berg(2011) andGoldberg et al(2009, and¢; is equalto 1 incomplete adjoint (by several orders of magnitude) and finds
on grid celli and zero elsewhere. Still, the discussion abovea solution very close to Eqlf), while the incomplete ad-
does not depend on specific details of the discretization.  joint finds a highly oscillatory solution. Using the complete
adjoint, J decreases steadily, while with the incomplete ad-
joint most of the reduction af is in the first few oscillations.

In fact, with the initial guess of 20 Bama) "2 for g the
A flowline version of the hybrid model was used to invert incomplete adjoint initially reaches a smaller value/ahan
synthetic surface velocities for basal traction, assuming a linthe complete adjoint, but this is only transient. Comparison
ear sliding law. The experiments are based on the flowlinebetween the different initial guesses shows that the solution

4 Flowline inversion

The Cryosphere, 5, 31827, 2011 www.the-cryosphere.net/5/315/2011/
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Fig. 1. Results of inversion foﬂz, using the flowline model with
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periodic boundary conditions and uniform thickness and basal slope.

Domain length is 40 km. “Observed” surface velocities are the results of a First Order flowline model calculated usimgffooe(c) and
1 1
(d). Initial guess forg is set uniformly to 20 (Pa a/m)in the first column and to 40 (Pa a/e)n the second column.

found by the complete adjoint scheme is relatively insensi-wheres,, (x) is the Dirac delta function shifted hy;, the

tive to the initial guess fop.

Figure 2 shows the results for a domain length of 20 km,

_1
with an initial guess for8 of 20P&(ma1) 2. Here the
contrast between the complete and incomplete adjoints

same approach as described above is applied to

L
J =

1

are

L
us(Sxi(x)dx—l—/ Moy (4VHu, ) —t—pgHsc]dx, (18)
0

even more apparent. The complete adjoint steadily reducednd the adjoint model is again derived, but with a different

J and finds a solution that is reasonably close to B§),(
while the incomplete adjoint barely adjugidrom its initial
guess and does not redugeafter the very first iteration. No
other initial guess was examined for this domain length.

right hand side than Eql(). The expressions are not given
here, but again it is simple to separate out the terms corre-
sponding to the strain-rate dependence of viscosity.

Figure 3a shows the Jacobian of surface velocities with

The ability of the adjoint models to represent derivatives, "€SPect to basal traction values, calculated directly by finite
particularly derivatives of surface velocities, can be exam-differencing. (With no arlalytlc expression for the Jacobian,
ined. The calculation of such derivatives can be cast in termdis is taken as the “true” value.) Basal traction is given by

of the adjoint method: using the fact that
L
I = us(r) = / usy, (1), (17)
0

www.the-cryosphere.net/5/315/2011/

Eq. (15) and there is no topography. The figure can be seen
as a contour plot 0 Sfi‘,i wherex; is along the horizon-

tal axis andx; the vertical. Figure8b shows this Jacobian
as calculated using the complete adjoint model, similarly to

The Cryosphere, 5,3152011
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10’

w : 2500 : : ‘
- --incomp. adj. - - -incomp. adj.
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6 + "true" BZ
10 E 20001
10° ® 1500+
____________________________________ IE
i ©
g ]
10* |« 1000f
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102 ‘ ‘ ‘ ‘ ‘ o ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 50 100 150 200 250 300 02 04 06 08 1 12 14 16 18 .
iteration # X (m) x 10
(a) Cost function vs. iteration counk,, =20km (b) Invertedg?, L, =20km

Fig. 2. Same as Figl, with domain length of 20 km. Initial guess ff set uniformly to 20 Pi (m a—l)_%.

the way the gradient of with respect to8 is found. Fig-  over the publicly available results from the intercomparison
ure3cis the equivalent calculation using the incomplete ad-that solved the First Order balandstp://homepages.ulb.ac.
joint model. Quite a difference between the two can be seenbe/~fpattyn/ismip/tc-2-95-2008-supplement.kip
especially for the derivatives of the velocities in the “slip-  In this experiment the Glen’s Law constant and the (uni-
pery” region with respect to the traction values in the “sticky form) thicknessH had the same values as in the flowline
spot”. It seems that using the incomplete adjoint model un-experiments. While not directly used, the basal traction spec-
derestimates these sensitivities, and therefore overshoots ified for the ISMIP-HOM experiment is
its guess for these traction values, leading to the oscillations
seen in Figslcand2b. o ;
it was noted inGoldberg(2011) that in the ISMIP-HOM P/ =/ 1000+1000sin
tests of nonsliding flow over wavy topography, agreement of i i
the hybrid model with First Order surface velocities was notWhere Lx and L, are thex- and y-dimensions of the do-
as good as in the tests of sliding flow over periodic traction.Main. As discussed before, this may not necessarily be the
Inversion for basal topography was not done in this study;only po§S|bIe solution of the inversion, but it is useful for
however, it is fair to ask whether the presence of basal tofomparison.. _ _
pography would affect the results presented in this section, N the plan view inversions, it was found that when the
A series of tests was done where there is still sliding at thenitial guess forg was constant, the residualdid not de-
base, but the basal elevation varies from the mean slope sin®€@se by much even after a large number of iterations, using
soidally with the same wavelength as the basal traction an@!ther the complete or incomplete adjoint models (see Dis-
an amplitude of 100 m (compare with 500 m in the ISMIP- cusgon_ap_d conclusions). Instead,_two different spatially-
HOM experiments). The results were very similar to those inVarying initial guesses fo$ were considered:

x)sin(?) pa(mal) 2, (19)

X

2
L

Fig. 1, and not shown. (7(%“)27@7%,)2) .
1 — =
p1=10+20e\  ©"° ) pamal) 2, (20)
5 Plan view inversion — synthetic data
inTE) pad(mat) 21
The ISMIP-HOM intercomparison also includes a set of p2=,/sin( L ) Pe(ma) = (21)

- - - . . - . X
three dimensional experiments, one of which involves sliding

over varying basal traction in a doubly periodic domain. Sur-Note thats; is a Gaussian “bump” in the middle of the do-
face velocities from this experiment were inverted for basalmain, whileg; is sinusoidal inx (but not iny), but its peaks
traction, and the results are shown here. Both the completand troughs do not correspond to those of E).(

and incomplete adjoints were used. The forms and deriva- The results of the inversion are shown in Fg.for L,
tions of these models are very lengthy and not shown, butandL, equal to 40km. The left column corresponds to us-
they are simple extensions of the flowline adjoint models dis-ing 81 as an initial guess, and the right . The top row
cussed in the Appendix A. Since a three-dimensional Firstshows residual ) as a function of iteration count. In the
Order solver was not used in this study, a mean was takegase ofg1, the inversion scheme reaches the same value of
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J after 100 iterations with either the complete or incompleterather thang?, since in this experiment velocities are not
adjoint. However,J converges more quickly using the com- derived synthetically using an analytical expressiondor
plete adjoint. Withg, as an initial guess, there is almost no Additionally, the relative importance of vertical shear in the
decrease iV using the incomplete adjoint, while using the corresponding forward model solution is shown by FHg.
complete adjoint achieves a decreasd inomparable with  in which
the g, case. lus—up|
The bottom row of Figd showsg? — g2, whereg hereis ~ — ——
found using the complete adjoint. In the case whires the
initial guess, the final inverted using the complete and in- is plotted. For much of the region speed due to vertical shear
complete adjoints are very similar, though this is not true foris less than 20% of the the surface speed, but there are areas
the 8, case. In theg; case, traction in the “slippery regions” (ones that coincide with high basal traction) where vertical
(the top left and bottom right) is slightly overestimated and shear accounts for up to 80% of the surface speed. Such ar-
is S||ght|y underestimated at the centers of the “Sticky Spots"eas could not be resolved with the SSA model as the forward
(bottom left and top right), but overall the agreement is good.model, due to its assumption of no vertical shear. The cor-
There is no remnant of the initial guess seen in the misfit. Orfesponding fields from the inversion with the incomplete ad-
the other hand, in thg, case the misfit is overwhelmed by joint are very similar both in magnitude and spatial pattern,
a transverse strip at= %, where g2 should be equal to ~and are not shown. . _ .
~1000 Pa (mal)~! but is instead close to zero. Thisisin-  1he convergence behavior shown in Feg.differs from
deed a remnant of the initial guess, siffeds zero along this that seen in the experiments using synthetic observations.

line. Since horizontal stresses tend to damp out small scale§I'St the cost functiod is not lowered by as many orders of

in basal traction this does not have a large effect on the cosf’@gnitude. This is expected, though, since the synthetic sur-
function J, but it demonstrates some dependence on initialface velocities were generated using a flow model to which
guess. the forward model is a very close approximant. Second, the

difference in convergence rate between the complete and in-

complete adjoints is not as dramatic. Inversion with both
6 Plan view inversion — real data choices finds similar solutions, and at comparable iteration

counts, the cost function in the incomplete adjoint inversion
In addition to synthetic surface velocities, inversions wereis at most twice that of the complete adjoint inversion. Still,
done using INSAR- and speckle tracking derived surface veihe fact that this is achieved early in the inversion (between
locities Joughin 2002 and 5km gridded ice thickness and 10 and 20 iterations) shows that the complete adjoint could
bed elevation data from the Airborne Geophysical Surveystill have some utility.
of the Amundsen Sea Embayment, Antarctica (AGASEA) In further contrast to the prior experiments, sensitivity to
conducted during the 2004—2005 austral sumrivaughan  the initial guess of8 was observed with the complete ad-
et al, 2006 (these data are available fronttp://nsidc.org/  joint. When the initial guess fop was very high (30—
data/nsidc-0292.htl An 80x 80 km region containing the 40 pg (m afl)f%), no convergence was observed for either
grounded portion of Pine Island Glacier (PIG) was selectedchoice of adjoint. The observed behavior bfwas simi-
(This region contains the areas referred to as the “ice plain”jar to that seen for the incomplete adjoint in the synthetic
the “steepening”, and the “trunk” biPayne et a).2004)  data experiments: almost no decrease/imas observed.
The object of this exercise was not to ask specific glaciolog-pespite the results of the synthetic-observation experiments,
ical questions; many studies have used established inversiojs demonstrates a strong sensitivity of the inversion process
methods to investigate basal properties of PIG (Bayne g the initial guess of the inverted parameters. The techni-
et al, 2004 Joughin et al.2009 Morlighem et al, 20103.  cal aspects of this issue are beyond the scope of the present
Rather, the purpose is to assess the convergence propertiesgfidy, and are the subject of further investigations.
the hybrid model inversion scheme with “real” data. An important consideration is whether the result of such

The bOUndary conditions of this inversion differ from the an inversion is appropriate for the forward model.Gpold-
preViOUS plan view inversions in that they are not periOdiC.berg (201]) solutions of the hybr|d model were Compared
The depth-averaged velocities at the boundary of the domaiRyith First Order solutions. It was found that the models were
are constrained to be the interpolated INSAR surface velociin good agreement when the basal slope was smaller than
ties. (As discussed iBoldberg(2011]), lateral boundary con- .07 for flow over a frozen bed, which is close to the maxi-
ditions can only influence the solution through their depth mum basal slope in the region of PIG considered. It was also
average.) observed that agreement was very good down to very small
Figure5¢ shows the convergence behavior of the incom-|ength scales in basal traction. And so the basal traction and

plete and complete adjoints, with an initial, uniform guess for slope shown in Fig5b and5d do not preclude the forward
B of 10 Pa (m a—l)‘%. Basal stresgr| corresponding to the  model solution being a good approximation of a First Order
complete adjoint is shown in Figd. (We show basal stress solution.Joughin et al(2009, who performed inversions of

(22)
|us]
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surface velocities of Pine Island and Thwaites Glaciers usby different techniques during different time periods, and are
ing an SSA forward model, note that the forward model bal-incompatible forlighem et al, 20108. Such data incom-
ance is not strictly applicable in strong-bedded regions. It ispatibility has a strong effect on the inversion process. By
possible that inversions with a hybrid model can give morecontrast, complete versus incomplete adjoint may give a fine-
complete results without using a three-dimensional forwardtuning effect which is overshadowed by stronger factors. The
model. effects of data compatibility on the results of inversion with
However, it should be noted that the above statements mag hybrid model are a subject of ongoing investigation.
not apply for regions where First Order approximations are Still, the PIG inversion shows a small but noticeable dif-
violated (i.e. near the grounding line)Morlighem et al.  ference was seen after a relatively small number of iterations.
(20103 compared inversions of PIG and its catchment andSince inversions might involve a cutoff after a target residual
tributary region using SSA, First Order, and Full Stokes for- has been reached rather than a fixed number of iterations, this
ward models. Their results showed that nonhydrostatic efshows that the complete adjoint may still have some utility in
fects were of leading-order importance in the grounding zonesuch inversions, provided it is not too expensive to calculate
(part of which protrudes into the bottom of our domain, be- relative to the incomplete adjoint.
tween~40 and 60 km in the-direction), where the sharply Using a hybrid model that accounts for vertical shear
rising bed exerts a backpressure on the flow. within the ice as a forward model has several advantages.
Among them are possibilities to invert (or optimize) for pa-
rameters over regions that cannot be described by a single
7 Discussion and conclusions zero-order approximation (SIA or SSA) but do not require
treatments of Full Stokes models. Bost fast, streaming and
Including the nonlinear terms in Eq4.() and (2) (i.e., us- slow, vertical shear-driven flow regimes can be considered
ing the complete adjoint instead of the incomplete adjoint)in the same domain. The hybrid model is computationally
does not change the solution of the inversion; it can only af-more efficient than First Order models, and produces solu-
fect whether the inversion scheme finds a minimum of By. (  tions of the same order of accuracy in a wide range of condi-
and the speed of convergence. In this sense the flowline intions appropriate to ice modeling. The derived adjoint model
versions demonstrated a clear advantage in including theseould be used for numerous applications: from inversion for
terms. Use of the complete adjoint resulted in fast conver-other model parameters to model sensitivity studies. The ad-
gence toward a minimum with relative independence on ini-joint is derived directly from the forward model equations
tial guess, which was not the case for inversions using theather than from their discretized equivalents, so the dis-
incomplete adjoint. cretization of the adjont does not depend on that of the for-
In the plan view inversions of synthetic data, the rate of ward model. The use of a glacial flow model and its adjoint
convergence improved with the inclusion of nonlinear terms.to invert for unknown flow parameters is not new; however,
However, there was no convergence when the initial guessuch approaches typically ignore the dependence on strain
for 8 was spatially uniform, whether nonlinear terms were rates of the nonlinear viscosity. In this study it is seen that,
included or not. This is due to specifics of the model set up for this particular forward model, including this dependence
namely the periodic boundary conditions. With such condi-can have a measured effect on the convergence of the inver-
tions and a uniforng, the forward model solution is a ve- sion scheme. The model fro@oldberg(2011) was the only
locity field that does not vary i or y, and so has a small one considered; however, similar flow models are being de-
effective strain rate (entirely due to vertical shear) and a highveloped or are already being used in large-scale ice models
Glen’s Law viscosity. The result is that the search direction(e.g., Pollard and DeConto2009 Schoof and Hindmarsh
found by the adjoint model is nearly uniform, even though 2010, and the results of this study may indicate that inclu-
the misfit(u$ —us) has relatively large variation. This effect sion of this dependence may be necessary for data assimila-
was verified by decreasing the Glen’s Law coefficignfior tion using such models.
the first few iterations (not shown). While flow in slow-moving regions can be represented
In the plan view versions of observational data, the im- more accurately with a hybrid model than an SSA model,
provement of convergence rate was not as dramatic as for dflorlighem et al.(20103 point out that the cost functiorb)
synthetic data, and also the relative insensitivity of the com-works better in fast-moving regions. Thus minimizing such a
plete adjoint inversion to initial guess seemed to disappearcost function may favor such areas at the cost of a relatively
We point out that there are several reasons why performanckarge misfit in slow-moving areas. They suggest using a dif-
of the complete adjoint model does not show a dramatic im-ferent expression which measures the logarithm of the misfit
provement over the incomplete adjoint. First, there are limi-(their equation 12). Additionally, they add a regularization
tations of the forward model associated with small scales interm to their equivalent of Eq9J that penalizes oscillations
surface velocity and bed heterogeneity. Second, and perhaps their inverted basal traction field. No such regularization
more important, the data sets used in the inversion — bed elevas done in this study. It was seen in some of the results (e.g.,
vation, ice thickness, and surface velocities — were obtainedrig. 4d) that very high gradients if can occur, depending on
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the initial guess. It is worth investigating whether the modi- Additionally,

fied cost function or regularization term bforlighem et al.

(20103 changes any of the results of our study. vu, =
Inversion of surface velocities for basal traction numbers

was the only application of an adjoint model considered inBoundary conditions on are periodic.

this study, but there are othersHeimbach and Bugnion As in (MacAyeal 1993, the adjoint model is derived by

(2009 examined the sensitivity of the evolution of the Green- taking a first-order differential off’ from Eq. @). While

land Ice Sheet to initial conditions by deriving an adjoint taking the first variation does not involve any mathematical

model for the ice sheet model SICOPOLIGréve 1997 complexity, the fact that the viscosity is depth-integrated in

using automatic differentiation tools. While that version of Eq. (A1) andu, andt seem to depend on each other in a

SICOPOLIS made use of the SIA balance to calculate veloc<circular fashion makes things a bit more difficult. For that

ities, the need for a similar study involving a model that usesreason, it is shown here how perturbations/inare related

a higher-order stress balance was underlined in their papeto perturbations i andg.

The availability of continental-scale ice sheet models that do Under a perturbation in, there is a corresponding pertur-

s0, such as PISMBueler and Brown2009 or that ofPollard  bation inv, derived from Eq.A3):

and DeContq2009 present the possibility for such a study. S

In these models, the solution of the stress balance for velociy,, _ (1—") v(Zuxdu + Fudu;) . (A5)

ties is but a single component of a timestep (the others being 2n ﬁf + %uf

evolution of thickness, temperature, and in some cases basal . . - .
water and isostasy): however, it is the only component that '€'€8¢z iS the vertical derivative odu, or equivalently the
perturbation i, and similarly fordu,. Through Eq. A4),

requires the iterative solution of a nonlinear elliptic equation. h bation of be related 45
Solvers of such equations involve indirect matrix solvers, N€ Perturbation ok can be related tér anddu:

(A4)

preconditioners, stopping conditions and indeterminate iter- 8t T
ation counts. Applying automatic differentiation techniques %z = m(s —2) - vzH‘S"(S —2) (A6)
to these solvers could result in lengthy computation in the — s , 1

L . X . 1- 2u,duy + 5u;du
derivation of an adjoint. Instead, it may be possible to ana-— "X sz — ( anl)uz ——F ZZ < (A7)
Iytically derive an adjoint for the elliptic solver and integrate Uy +zus

it with the techniques used by Heimbach and Bugnion. With . 1—n 20,81y 1—n %ueruz
such a strategy it is worth considering both complete and in—= T‘St - < on > Y2 L ( on ) i 1o (A8)
complete adjoints. The structure of the incomplete adjoint roanE e AT
would make it somewhat easier to develop a solver. On thevhich is rearranged to give
other hand, it was shown in the flowline experiments that o
the complete adjoint can, in some cases, give a more faithful (lZn—") M? ST 2<12_n—” xSy
representation of derivatives. With a time-dependent modeld¥z It 51 2|7l T 21,2 uz,  (A9)
. . . . uy+ zus T uy+ zus
there is potential for accumulation of errors over multiple
timesteps, and using a better representation of model derivasr
tives would help to control these errors. .
2,12 2 ;)ﬁ u

bu, =2 (_”; Tat: )& 2 (A10)
Appendix A T ”erme ”x+mbt§
Deriving the adjoint model is basically the same as is done>ince
in MacAyeal(1993, but due to the complexity added by the _ 1 e ,
inclusion of vertical shear and depth integration, the steps ar&® =%~ E/}; /b uz dzdz, (AL1)

shown and the form is given explicitly. Only the adjoint of , . . .
the flowline version of the model is shown here; the form of and since the perturbation and integration operators com-

the three-dimensional (plan view) adjoint is derived similarly MUte: the perturbation o, is

but is more lengthy. I S A R T T
The flowline version of the hybrid model is stated again 8ub=8u——/ / _2)‘—‘1‘12uzdz/dz
here: Ht Jy Jo ul+ j5u2
_ - o S rz
O (4VHiuy) — 71— pgHsy =0, (A1) +2 1) uadus / / S ST (A12)
2n H Jpy Jp @2+ Eu?
. 2 . 2 X 4n "z
T=mBup, m=,/1+bg, (A2) - o
From the sliding law Eq.A2), the perturbation in is
B _ 1 5 10
V= @+ ul) e (A3) 5t =2mBupdB +mpB2Su, (A13)
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