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SINGULARITY CATEGORIES OF GENTLE ALGEBRAS
MARTIN KALCK
Abstract. We determine the singularity category of an arbitrary finite dimensional
gentle algebra Λ. It is a finite product of n-cluster categories of type A1 . Equivalently, it
may be described as the stable module category of a selfinjective gentle algebra. If Λ is
a Jacobian algebra arising from a triangulation T of an unpunctured marked Riemann
surface, then the number of factors equals the number of inner triangles of T .

1. Introduction
Singularity categories were introduced and studied by Buchweitz [8]. Recently, Orlov’s
global version [19] attracted a lot of interest in algebraic geometry and theoretical physics:
in particular, its relation to Kontsevich’s Homological Mirror Symmetry Conjecture.
For Iwanaga–Gorenstein rings, Buchweitz gave an equivalent description of singularity
categories in terms of stable categories of Gorenstein projective modules (also known as
maximal Cohen–Macaulay modules), see [8] and also Happel [15], Keller & Vossieck [17]
and Rickard [22]. In particular, singularity categories of selfinjective algebras are equivalent to their stable module categories, which were thoroughly studied in representation
theory. X.-W. Chen [11] described the singularity categories of artin algebras with radical
square zero in terms of projective modules over certain von Neumann regular algebras.
He shows that their underlying additive categories are semisimple abelian categories.
The aim of this note is to describe the singularity categories of another class of finite dimensional algebras - so called gentle algebras (Definition 2.1). As it turns out,
their underlying additive categories are again semisimple. Examples of gentle algebras
e n [3] and more generally all algebras which
include tilted algebras of type An [1] and A
are derived equivalent to gentle algebras [24]. Moreover, algebras derived equivalent to
An -configurations of projective lines [9] and Jacobian algebras coming from triangulations
of unpunctured marked surfaces are gentle. Furthermore, cluster tilted algebras of type
e n are gentle - in fact, they arise from unpunctured marked discs and annuli [4].
An and A
Our proof combines Buchweitz’ equivalence with the explicit classification of indecomposable modules over gentle algebras which follows (see e.g. [26, 10]) from work of Ringel
[23], who builds on techniques developed by Gelfand & Ponomarev [13] in their study
of indecomposable representations of the Lorentz group. More precisely, indecomposable
modules are either string or band modules. Band modules are never submodules of projective modules - in particular, they cannot be Gorenstein projective (GP). We show that
string modules are GP precisely if they are projective or left ideals generated by certain
2000 Mathematics Subject Classification. Primary 18E30, 16G20; Secondary 16G50, 14J17.
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arrows. We complete our description of the singularity categories by proving that all
non-trivial morphisms between indecomposable GPs factor over projectives.
2. Definitions and main result
Let k be an algebraically closed field and let Q be a finite quiver with set of arrows Q1 .
We read elements in the path algebra kQ from right to left.
Definition 2.1. A gentle algebra is a finite dimensional k-algebra Λ = kQ/I such that:
(G1) At any vertex, there are at most two incoming and at most two outgoing arrows.
(G2) I is a two-sided admissable ideal, which is generated by paths of length two.
(G3) For each arrow β ∈ Q1 , there is at most one arrow α ∈ Q1 such that 0 6= αβ ∈ I
and at most one arrow γ ∈ Q1 such that 0 6= βγ ∈ I.
(G4) For each arrow β ∈ Q1 , there is at most one arrow α ∈ Q1 such that αβ ∈
/ I and
at most one arrow γ ∈ Q1 such that βγ ∈
/ I.
Remark 2.2. It is well-known that gentle algebras can be described more conceptually as
those finite dimensional algebras with special biserial repetitive algebra, see [3] and [21].
Example 2.3. An example of a gentle algebra Λ = kQ/I is given by the quiver Q
1

2

a
e

d

5

i

b

3

f

6

j

c

4

g

7

k

h

8

with two-sided ideal I generated by the paths ba, f e, jf , ej, kg, hk and gh.
Geiß & Reiten [12] have shown that gentle algebras are Iwanaga–Gorenstein rings,
i.e. they have finite injective dimension as left and as right modules over themselves. For
any Iwanaga–Gorenstein ring R, Zaks [27] has shown that inj. dimR R = d = inj. dim RR
holds. Following Buchweitz, we call d the virtual dimension of R - for commutative local
Noetherian rings, it coincides with the Krull dimension. Inside the category R − mod of all
finite dimensional left R-modules, the full subcategory of Gorenstein projective R-modules

GP(R) = M ∈ R − mod ExtiR (M, R) = 0 for all i > 0
(2.1)

is of special interest. Let M and N be finite dimensional left R-modules. We list some
well-known facts about Gorenstein projective R-modules, see e.g. Buchweitz [8].
(GP1) A GP R-module is either projective or of infinite projective dimension.
(GP2) M is GP if and only if M ∼
= Ωd (N ) for some N , where d is the virtual dimension.
In particular, every GP module is a submodule of a projective module.
(GP3) GP(R) is a Frobenius category with proj GP(R) = proj −R.
Moreover, the embedding GP(R) ⊆ D b (mod − R) induces a triangle equivalence (see [8])
D b (mod − R)
GP(R)
=: GP(R) −→ Dsg (R) :=
,
proj −R
K b (proj −R)

(2.2)

where the triangulated quotient category Dsg (R) is called the singularity category of R,
see [8] and also [19]. The additive quotient category GP(R) is called the stable category of
Gorenstein projective R-modules. It admits a triangulated structure by Happel’s general
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result on stable categories of Frobenius categories [14]. More precisely, GP(R) has the same
objects as GP(R). Two morphisms in GP(R) are identified in GP(R) if their difference
factors over a projective R-module. Moreover, in GP(R) the inverse shift functor [−1] is
given by the syzygy functor Ω.
In order to state the main result of this note, we need to introduce some notations: for
a gentle algebra Λ = kQ/I, we denote by C(Λ) the set of equivalence classes (with respect
to cyclic permutation) of repetition-free cyclic paths α1 . . . αn in Q such that αi αi+1 ∈ I
for all i, where we set n + 1 = 1. Property (G3) implies that for every arrow α ∈ Q1 ,
there is at most one cycle c ∈ C(Λ) containing it. Moreover, we write l(c) for the length of
a cycle c ∈ C(Λ), i.e. l(α1 . . . αn ) = n. We define R(α) to be the left ideal Λα generated
by α. It follows from the definition of gentle algebras that this is a direct summand of the
radical rad Ps(α) of the indecomposable projective Λ-module Ps(α) = Λes(α) , where s(α) is
the start point of α. In fact, all radical summands of indecomposable projectives arise in
this way. Moreover, the radicals of indecomposable projectives decompose into at most
two direct summands by (G1), see e.g. (4.1) for an illustration.
Example 2.4. In Example 2.3, we have C(Λ) = {jf e, kgh} and
R(j)

7

j
k

6

i

5

d

1

a

2

f

7

k

8

8
R(k)

describes the indecomposable projective Λ-module P7 = Λe7 and its radical summands
R(k) = Λk and R(j) = Λj. We note, that there is a non-zero morphism R(k) → R(j).
However, it factors over the projective P7 and thus vanishes in the stable category.
The following theorem is the main result of this note:
Theorem 2.5. Let Λ = kQ/I be a finite dimensional gentle algebra. Then
(a) ind GP(Λ) = ind proj −Λ ∪ {R(α1 ), . . . , R(αn ) c = α1 . . . αn ∈ C(Λ)},
where ind denotes the set of isomorphism classes of indecomposable objects.
(b) There is an equivalence of triangulated categories
Y D b (k − mod)
Dsg (Λ) ∼
,
(2.3)
=
[l(c)]
c∈C(Λ)

where

D b (k

− mod)/[l(c)] denotes the triangulated orbit category, see Keller [16].

We prove this result in Section 4.
Remark 2.6. The triangulated orbit category D b (k − mod)/[n] is also known as the (n − 1)cluster category of Dynkin-type A1 , see e.g. H. Thomas [25]. Moreover, it is triangle
equivalent to the stable module category In − mod of the selfinjective gentle algebra In =
kCn /A2 , where the quiver Cn is an oriented cycle with n vertices and A ⊆ kCn is the twosided ideal generated by all arrows in Cn . The In are uniserial (or Nakayama) algebras
and are in fact the only indecomposable gentle algebras which are selfinjective.
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As additive categories, the orbit categories D b (k − mod)/[n] are equivalent to the
semisimple abelian categories kn − mod. In particular, the singularity categories of gentle
algebras are semisimple abelian when viewed as additive categories. Another class of finite
dimensional algebras with semisimple singularity categories are the algebras with radical
square zero, see X.-W. Chen [11].
3. Applications and Examples
Corollary 3.1. Let Λ and Λ′ be gentle algebras. If there is an equivalence of triangulated
categories D b (Λ − mod) ∼
= D b (Λ′ − mod), then there is a bijection of sets
∼

f : C(Λ) −→ C(Λ′ ),

(3.1)

such that l(c) = l(f (c)) for all c ∈ C(Λ).
Proof. The derived equivalence D b (Λ − mod) ∼
= D b (Λ′ − mod) yields a triangle equivalence
′
∼
Dsg (Λ) = Dsg (Λ ). Now Theorem 2.5 completes the proof.

Remark 3.2. Corollary 3.1 recovers parts of a derived invariant for gentle algebras, which
was introduced by Avella-Alaminos & Geiß [5]. More precisely, our result shows that
φΛ

0×N

= φΛ′

0×N

,

(3.2)

where φΛ , φΛ′ : N2 → N are the invariants of [5] associated with Λ and Λ′ , respectively.
Remark 3.3. Buan & Vatne [7] show the converse of Corollary 3.1 for two cluster tilted
algebras Λ and Λ′ of type An for some fixed n ∈ N. In other words, two such algebras are
derived equivalent if and only if their singularity categories are triangle equivalent. This
result generalises to m-cluster tilted algebras of type An by work of Murphy [18].
The following geometric example was pointed out by Igor Burban.
Example 3.4. Let Xn be a chain of n projective lines
C1

Cn−2

C2
s1

···

Cn−1
sn−2

Cn
sn−1

(3.3)

Using Buchweitz’ equivalence (2.2) and Orlov’s localization theorem [20], the singularity
category of Xn may be described as follows
!ω n−1
n−1
M
ω
 M
D b (Coh Xn )
D b (k − mod)
∼
∼
Dsg (Xn ) :=
MCM Ond =
,
(3.4)
=
Perf(Xn )
[2]
i=1

i=1

(−)ω

where
denotes the idempotent completion [6] and MCM(Ond ) denotes the stable category of maximal Cohen–Macaulay modules over the nodal singularity Ond = kJx, yK/(xy).
In particular, there is a fully faithful triangle functor
n−1
M


Dsg Xn −→
MCM Ond ,
i=1

(3.5)
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which is induced by
n−1
 M

Ond − mod,
D b (Coh Xn ) ∋ F 7−→ Fbs1 , . . . , Fbsn−1 ∈

(3.6)

i=1

where s1 , . . . , sn−1 denote the singular
Smpoints of Xn . For 1 ≤ l ≤ m ≤ n, let O[l,m] be
the structure sheaf of the subvariety k=l Ck ⊆ Xn . Here, the Ci denote the irreducible
components of Xn as shown in (3.3). Then (3.6) maps O[1,i] to (Ond , . . . , Ond , kJxK, 0, . . . , 0)
and O[j,n] to (0, . . . , 0, kJyK, Ond , . . . , Ond ), where kJxK and kJyK are located in the i-th
and j-th place, respectively. In particular, the functor in (3.5) is essentially surjective.
Therefore, the singularity category Dsg (Xn ) is idempotent complete.
We explain an alternative approach to obtain the equivalence (3.5), which uses and
confirms Theorem 2.5. Burban [9] showed that D b (Coh Xn ) has a tilting bundle with
endomorphism algebra Λn given by the following quiver
0

c1

1

a1
b1

2

a2

c2
an−2

···

b2

n−1

bn−2

an−1
bn−1

n

with relations ai bi = 0 = bi ai for all 1 ≤ i ≤ n − 1. Hence we have a triangle equivalence
D b (Coh Xn ) → D b (mod − Λn ) inducing an equivalence of triangulated categories
∼

Dsg (Xn ) −
→ Dsg (Λn ).

(3.7)

Since Λn is a gentle algebra, we can apply Theorem 2.5. C(Λn ) consists of n − 1 cycles of
length two. Therefore Dsg (Λn ) is equivalent to the right hand side of (3.4). In particular,
we see again that the singularity category Dsg (Xn ) is idempotent complete.
Assem, Brüstle, Charbonneau-Jodoin & Plamondon [4] studied a class of gentle algebras
A(S, T ) arising from triangulations T of marked Riemann surfaces S without punctures.
In particular, they show that the ‘inner triangles’ of T are in bijection with the elements of
C(A(S, T )), which in this case are all of length three. This has the following consequence.
Corollary 3.5. In the notation above, the number of direct factors of the singularity
category Dsg (A(S, T )) equals the number of inner triangles of T .
Example 3.6. A prototypical case is the hexagon S with six marked points on the boundary. We consider the following triangulation T with exactly one inner triangle.
•

•
α3

•

•

α1
α2

•

•

The corresponding gentle algebra A(S, T ) is a 3-cycle with relations α2 α1 = 0, α3 α2 = 0
and α1 α3 = 0. It is isomorphic to the selfinjective algebra I3 defined in Remark 2.6. Hence
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the singularity category Dsg (A(S, T )) is triangle equivalent to the stable module category
A(S, T ) − mod, by (2.2).
Remark 3.7. More generally, the algebras arising as Jacobian algebras from ideal triangulations of Riemann surfaces with punctures are often of infinite global dimension. It
would be interesting to study their singularity categories and relate them to properties of
the triangulation.
Example 3.8. In Example 2.3, the indecomposable non-projective GPs are given by:

c1

c2

R(e) = 2

b

3

R(f ) = 7

k

8;

R(j) = 6

i

R(g) = 7

j

c

4

g

7

j

6

i

5

5

d

1

a

2

f

7

k

8;

6

i

5

d

1

a

2

f

7

d

1

k

8;

a

2

f

7

R(h) = 4;

k

8;

R(k) = 8.

They correspond to the two cycles c1 = jf e and c2 = kgh in C(Λ). Theorem 2.5 yields
Dsg (Λ) ∼
=

D b (k − mod) D b (k − mod)
⊕
.
[3]
[3]

(3.8)

4. Proof
We start with some background material on modules over gentle algebras Λ = kQ/I. A
classification of indecomposable modules over gentle algebras can be deduced from work
of Ringel [23] (see e.g. [26, 10]): they are either string or band modules M (w), where w
is a certain word in the alphabet {α, α−1 α ∈ Q1 }. Equivalently, one can consider certain
quiver morphisms σ : S → Q (for strings) and β : B → Q (for bands), where S and B
e n , respectively. Then string and band modules are given
are of Dynkin types An and A
as pushforwards σ∗ (M ) and β∗ (R) of indecomposable kS-modules M and indecomposable
regular kB-modules R, respectively (see e.g. [26]).
It follows from properties (G1), (G2) & (G4) in the Definition 2.1 of gentle algebras
that the indecomposable projective Λ-modules are of the following form:
α1

αl

•


•
•


•

✇ • ●●●γ1
##
{{✇✇

β1

or

•
✉•
zz✉✉✉

•
(4.1)

βm

•

• ●●γn
●##
•

They correspond to the words αl . . . α1 and βm . . . β1 γ1−1 . . . γn−1 , respectively. The definition of quiver algebras kQ/I implies that the paths αl . . . α1 , βm . . . β1 and γn . . . γ1
appearing in (4.1) are maximal, e.g. there does not exist α ∈ Q1 such that ααl ∈
/ I, see
for example [2].
It follows from (4.1) that the radical rad P of an indecomposable projective Λ-module
P has at most two indecomposable direct summands. Moreover, (4.1) yields the following
result about submodules of projective modules.
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Lemma 4.1. Let M = M (w) be an indecomposable Λ-module, such that w contains
x ❇❇

α−1 β =

z

❇!!

α

y

(4.2)

~~⑤⑤⑤β

with α 6= β as a subword. Then M is not a submodule of a projective Λ-module P .
Remark 4.2. In the picture (4.2), the letters x, y, z represent basis vectors of the module
M . We do not exclude the case x = z. For example, the indecomposable injective module
((
I2 over the Kronecker quiver 1
66 2 is a string module of the form (4.2), with pairwise
different basis vectors x, y, z. On the other hand, the indecomposable band modules
1

**44 k

k
λ

with λ ∈ k∗ correspond to the same word α−1 β but we have to identify x and z in (4.2).
Throughout the proof, we use the properties (GP1) & (GP2) of Gorenstein projective
modules over Iwanaga–Gorenstein rings, which are stated in Section 2.
α

α

1
2
4.1. Proof of part (a). Let c ∈ C(Λ) be a cycle, which we label as follows 1 −→
2 −→
αn−1
αn
· · · −−−→ n −−→ 1. Then there are short exact sequences

0 → R(αi ) → Pi → R(αi−1 ) → 0,

(4.3)

for all i = 1, . . . , n, where we set α0 = αn . We give an illustration of this below.
R(αi−1 )

···
···

αi−1
αi+1

β1

i
αi

i+1

···

γ1

···

βn
γm

R(αi )

Here n = 0 or m = 0 are allowed. In particular, (4.3) shows that for every m ≥ 0 and
every i there is a Λ-module X such that R(αi ) may be written as a mth-syzygy module
Ωm (X). Thus, R(αi ) ∈ GP(Λ) by (GP2). Since projective modules are GP by definition,
this shows the inclusion ‘⊇’ in (a).
It remains to show that there are no further indecomposable Gorenstein projective
modules. By property (GP2), we only have to consider submodules of projective modules.
Using Lemma 4.1, we can exclude all modules which correspond to a word containing
α−1 β. In particular, band modules are not Gorenstein projective - the corresponding
words are cyclic and always contain subwords of the form α−1 β.
We claim that an indecomposable Gorenstein projective Λ-module M containing a subword of the form αβ −1 , with α 6= β is projective. We think of αβ −1 as a ‘roof’
α

s

~ ⑦⑦
~⑦

t ❆❆β
❆

u

,

where s, t, u are basis vectors of M , such that α · t = s and β · t = u.

(4.4)
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Let U (t) ⊂ M be the submodule generated by t ∈ M . By (GP2), M is a submodule of
some projective module P . Using this in conjunction with (4.4) and the properties (G1) &
(G4), we see that U (t) ∼
= Pv(t) is projective, where v(t) ∈ Q0 is the vertex corresponding
to t. If U (t) ( M , then M contains a subword of the form α−1 β, with α 6= β (we note that
this statement does not use the assumption that M is GP). By Lemma 4.1 this cannot
happen. So we see that M = U (t) ∼
= Pv(t) is indeed projective.
We have reduced the set of possible indecomposable GP Λ-modules to projective modules or directed strings S = βn . . . β1 . We also allow S to consists of a single ‘lazy’ path ei
(this corresponds to a simple module). Let M (S) be the corresponding GP Λ-module. It
is contained in a projective module by (GP2). If M (S) is not projective, then there exists
an arrow α such that βn . . . β1 α ∈
/ I and γβn . . . β1 α ∈ I for every arrow γ ∈ Q1 . It follows
that M (S) = R(α) is a direct summand of the radical of Ps(α) .
Claim: If α does not lie on a cycle c ∈ C(Λ), then R(α) has finite projective dimension.
If R(α) is not projective, then the situation locally looks as follows (we allow n to be zero)
···
···

α
α1

σ

β1

···

βn

•

R(α)

where α1 α ∈ I. (There could be another arrow ending in σ. It is omitted from the picture
since it does not affect our argument.) Moreover, α1 cannot lie on a cycle in C(Λ), since
this would contradict our assumption on α. As in (4.3), we have a short exact sequence
0 → R(α1 ) → Pσ → R(α) → 0.

(4.5)

R(α1 ) has the same properties as R(α), so we may repeat our argument. After finitely
many steps, one of the occuring radical summands will be projective and the procedure
stops. Indeed, otherwise we get a path . . . αm . . . α1 α, such that every subpath of length
two is contained in I. Since there are only finitely many arrows in Q, this path is a cycle.
Contradiction. Hence R(α) has finite projective dimension.
Combining the claim with (GP1), we see that for arrows α, which do not lie on a cycle
in C(Λ), R(α) is GP if and only if it is projective. Summing up, we have shown that
indecomposable GP modules are either projective or direct summands R(αi ) = Λαi of the
radical of some indecomposable projective module Ps(αi ) , where αi is contained in a cycle
c ∈ C(Λ). This proves part (a).
4.2. Proof of part (b). By Buchweitz’ equivalence (2.2), it suffices to describe the stable
category GP(Λ). By part (a), the indecomposable objects in this category are precisely the
radical summands R(αi ) for a cycle c = αn . . . α1 ∈ C(Λ) and (4.3) shows that R(αi )[1] ∼
=
R(αi−1 ). In particular, R(αi )[l(c)] ∼
= R(αi ). We prove
HomΛ (R(α), R(α′ )) ∼
= δαα′ · k

(4.6)

below. This shows that the additive category GP(Λ) is equivalent to a semisimple abelian
category and therefore itself semisimple abelian. It is well-known that a semisimple abelian
category with autoequivalence [1] admits a unique triangulated structure with shift functor
[1], see e.g. [11, Lemma 3.4.]. This completes the proof of part (b). The remaining part
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of this subsection is concerned with the proof of (4.6). R(α) is given by a string of the
following form (it starts in σ and we allow n = 0)
α

// σ

β1

// . . .

βn

(4.7)

// •.

Here, α is on a cycle c ∈ C(Λ) and β1 α ∈
/ I, if n 6= 0. If there is a non-zero morphism of
′
Λ-modules from R(α) to R(α ), then the latter has to be a string of the following form
R(α′ ) :

α′

// σ ′

β1′

// . . .

′
βm

// σ

β1

// · · ·

βk

// •,

(4.8)

where we allow k = 0 or m = 0. If both k and m are zero, then (G3) and the fact
that R(α′ ) is a submodule of an indecomposable projective Λ-module imply that there is
only one arrow starting in σ (this arrow lies on the cycle c). Hence, n = 0 and therefore
R(α) = R(α′ ). k 6= 0 and m = 0 imply α = α′ by (G4) – in particular, R(α) = R(α′ ).
We show that in both cases EndΛ (R(α)) ∼
= k holds. For this, we claim that the simple
module Sσ can appear (at most) twice as a composition factor of R(α). Indeed (G2) and
the finite dimensionality of Λ imply that every arrow of Q appears at most once in the
path defining R(α) and the arrow α itself does not appear at all. Now, using (G1) there
is at most one arrow ending in σ which is different from α. This completes the proof of
the claim. However, if Sσ occurs twice as a composition factor, then R(α) locally has the
following form
β1

6=α

γ

σ −→ · · · −−→ σ −
→ · · · → •,
where γ 6= β1 lies on the cycle c, because α lies on this cycle with full relations, see Example
3.8 for an illustration. In particular, this does not yield additional endomorphisms.
′ = α. If k = 0, m 6= 0 and
If k 6= 0 and m 6= 0, then it follows from (G4) that βm
′ 6= α, then there are two different arrows ending in σ. Since α is on a cycle there is an
βm
′ ∈
arrow γ : σ → •, such that γα ∈ I. It follows from (G3) that γβm
/ I. Since R(α′ ) = Λα′
′
is a left ideal, the path starting in σ has to be maximal. In particular, it does not end in
′ = α.
σ. Contradiction. So we again have βm
In both cases our morphism factors over a projective module
R(α) → Ps(α) → R(α′ )
(4.9)

and therefore HomΛ R(α), R(α′ ) = 0, see Example 2.4 for an illustration of this case.
This completes the proof.
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knowledge about algebras arising from surface triangulations and Igor Burban for pointing out the relation with An -configurations of projective lines and helpful advice. We are
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[3] I. Assem, A. Skowroński, Iterated tilted algebras of type A
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