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GROUP COMPACTIFICATIONS AND MODULI SPACES

JOHAN MARTENS

Abstract. We give a summary of joint work with Michael Thaddeus that realizes
toroidal compactifcations of split reductive groups as moduli spaces of framed bundles
on chains of rational curves. We include an extension of this work that covers Artin
stacks with good moduli spaces. We discuss, for complex groups, the symplectic coun-
terpart of these compactifications, and conclude with some open problems about the
moduli problem concerned.

1. Introduction

1.1. The basic problem we want to discuss in this note is the following: given a reduc-
tive group G (which, as an affine variety, is not complete), how can you think about
completions of G? For good measure, we want to restrict ourselves to completions that
are well-behaved, which as a minimum will require G×G-equivariance. For G = PGL(n)
this is a very classical question, going back to 19th century enumerative geometry. We
will make no attempt to relate the history of this, but would like to point out the early
paper [Sem51] by Semple, who was likely the first to think of these completions as (in
modern language) moduli spaces, which will be central theme in our discussion.

In general one can think of this question as a special case of spherical embeddings
(thinking of G as (G×G)/G), and use the Luna-Vust theory that classifies these [LV83],
which was developed from the early 1980s. Around the same time, in another semi-
nal work [DCP83, DCP85], De Concini and Procesi gave a description of embeddings
of symmetric varieties, and in particular showed that every adjoint group (a reductive
group with trivial center, hence necessarily semi-simple) has a canonical smooth com-
pletion, which is known as the wonderful compactification. For a general description of
equivariant completions of reductive groups, see [Tim03].

1.2. An impetus for looking for completions of G as moduli spaces came from the
search of a universal compactification of the moduli space of G-principal bundles on
curves, as advocated by Sheshadri. Indeed, if X is a complete curve with a single nodal

singularity whose normalization X̃ is connected, then any G-bundle on X corresponds to

a G-bundle on X̃, equipped with an isomorphism between the fibres over the exceptional
points of X̃ . This isomorphism can be changed by the action of G, which indicates that
any suitable compactification of the moduli problem of bundles-on-curves lying over the
Deligne-Mumford compactification of the moduli space of curves would give rise to a
compactification of the group G itself. Motivated by this, Kausz developed a particular
modular compactification of GL(n) [Kau00].
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2 JOHAN MARTENS

1.3. In [MT16], Thaddeus and the author introduced a general moduli problem of
framed bundle chains. This is represented by a stack, such that any (torsion-free stacky
simplicial) fan with support in the positive Weyl chamber of G determines a stability
condition on this stack. Imposing this condition cuts out a substack, whose coarse
moduli space is the toroidal embedding of the group G determined by the fan. All
toroidal embeddings of G can be understood this way.

We will review this work here, indicating how these stacks can be described as global
quotients of reductive monoids using work of Vinberg, and show how the simplicial
condition can be relaxed, to give Artin moduli stacks with good moduli spaces (in the
sense of Alper [Alp13]).

Next we show how semi-projective toroidal embeddings of complex groups can be
understood in real symplectic geometry as non-abelian cuts of the cotangent bundle of
a compact form of the group. Finally we conclude with a list of open problems and
questions related to the moduli problem we described. The aim of this note is to provide
a readable introduction, for more technical details we refer to [MT16, MT12a, MT12b].

1.4. General setup. Throughout we will let G be a connected split reductive group
over an arbitrary field k (though at some points we will restrict to k algebraically closed,
or even complex), with a chosen split maximal torus T , center ZG, character lattice
V = Hom(T,Gm) and co-character lattice Λ = Hom(Gm, T ). Furthermore we will
choose a Borel subgroup B, corresponding to positive simple roots αi and positive Weyl
chamber Λ+

Q ⊂ Λ⊗Z Q.
For our purposes a G-principal bundle will be a G-torsor that is locally trivial in

the étale topology. For technical reasons we ask these to be rationally trivial (that is,
trivial on the generic point of each component) — this is automatically satisfied if k is
algebraically closed or of characteristic zero.

A polyhedron will be a subset of a vector space cut out by a finite number of linear
inequalities – so in particular, it need not be bounded. Finally we shall say that a variety
is semi-projective if it is projective over an affine variety.

2. The moduli problem

We want to consider the moduli problem of framed bundle chains.

2.1. The objects we want to study are G-principal bundles over chains of projective
lines meeting in nodal singularities. The chains are connected, but their length is a
priori arbitrary (though having at least one component) and allowed to vary in families.
We do not want the chain to ‘flip’ in a family though. To this end, we ask for a consistent
choice of endpoints p+ and p− in the chain (which are encoded, for each family, by two
sections of the chain, taking values in the extremal components over any closed point).

p+ p−

Figure 1. A chain of lines

Each such family of chains of projective lines comes with a canonical action of the
multiplicative group Gm [MT16, Theorem 1.6]. We ask for all our G-bundles to be
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equivariant with respect to this Gm-action (i.e. to be equipped with the lift of this
action to the total space of the bundle, commuting with the G-action). Finally, we want
the bundles to be framed over p+ and p−, in a Gm-invariant way. That is, the sections
p+ and p− are lifted to the total space of the bundle, and these sections are invariant
under the action of Gm.

2.2. Before we can proceed, we need to discuss a description of the isomorphism classes
of bundle chains. Recall that the classical theorem of Birkhoff-Grothendieck-Harder
[Gro57, Har68] classifies isomorphism classes of G-principal bundles on a single projective
line: they are given by elements of Λ/W . Naively, but not incorrectly, one can view this
theorem as follows: write P1 by stereographic projection as A1 ∪ A1 (where the two
copies of the affine line are glued together along A1 ∩ A1 ∼= Gm). A G-principal bundle
on P1 trivialises on each of the A1s, and is determined by a single clutching function
A1 ∩ A1 → G. The theorem can be interpreted as saying that this clutching function
can always be taken to be a group homomorphism ρ : Gm → G, which then can be
conjugated to take values in T ⊂ G, and hence gives an element of Λ. Finally the action
of W gives rise to isomorphic bundles.

We need a generalisation of this in two directions: we want to work with chains
of P1s, not just single copies, and we want to account for the Gm-equivariance. This
generalisation was given in [MT12b]. To summarise it, we can again first look at a single
P1. By using the Gm-fixed points for stereographic projection, we can again think of
P1 as covered by two copies of A1, equipped with linear Gm-actions of weights 1 and
−1 respectively. Any Gm-equivariant G-principal bundle on P1 again trivializes on each
A1, and for each the Gm-equivariance can just be characterised by indicating how Gm

acts on the fibre over p+ or p−. This is given by two elements ρ+, ρ− ∈ Λ, and it is
straightforward to see that the only way to glue two such bundles on A1 to get a bundle
on P1 is to use ρ = ρ+ − ρ− as clutching function. Finally, the diagonal action of W
gives again rise to isomorphic bundles, and hence we see that the isomorphism classes
of Gm-equivariant G-principal bundles are given by Λ2/W .

Moreover, for chains this story goes through line by line, and finally we obtain that the
isomorphism classes of Gm-equivariant G-principal bundles on a chain of P1s of length
n is given by assigning an element of Λ to each Gm-fixed point of the chain, and this
assignment is again unique up to the diagonal action of W . So we end up with Λn+1/W .

2.3. Now if we go back to our moduli problem of framed bundle chains, we see that,
since our bundles are framed at p+ and p− (and the framing is preserved by Gm), the
co-characters are necessarily zero there, and hence the only (potentially) non-trivially
co-characters are assigned to the nodes . So for a single framed bundle chain over a
chain of lenght n + 1, the isomorphism class of the bundle (forgetting the framing) is
given by an element of Λn/W , where the Weyl group W acts diagonally. We shall refer
to this data as the splitting type of the bundle.

We shall begin by making the restriction that we only consider bundles where all
the elements in Λn making up its splitting type lie in the same Weyl chamber (this
condition is preserved by the action of W of course). It is shown in [MT16, §3] that this
moduli problem determines a smooth Artin stack (non-separated and of infinite type).
Moreover, the group G×G acts on this stack, by changing the framing over p+ and p−.
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Finally, this stack contains G×BGm as the open substack corresponding to those framed
bundle chain where all chains have length one. To see the last statement, remark that
any Gm-equivariant framed bundle on a single projective line is necessarily trivial, and
hence the only thing that can vary are the framings. These can be changed by G× G,
but as we only consider these up to isomorphisms, we can quotient out the diagonal G.
This gives a family parametrized by G ∼= (G×G)/G, but as the Gm-equivariance is built
into the moduli problem, we really have the gerbe G×BGm.

2.4. There is a general process of rigidification [ACV03, §5.1] that we can use to remove
the Gm from the automorphism (see [MT16, p. 76]). We will refer to the rigidified
stack as M. Note that in [MT16] this notation is used for the open substack where
furthermore all vectors in a splitting type are linearly independent. As we want to
consider non-simplical fans below, we shall not make this extra restriction here (this is
the only instance where our notation will deviate from that of [MT16]). This stack M
is still G×G-equivariant, and honestly contains G as an open substack.

3. The stability condition

3.1. There is no hope for the stack M to have a coarse (or good) moduli space. We
will however now formulate stability conditions which cut out open sub-stacks that do
have these.

Begin by choosing a fan Σ (in the sense of toric varieties) with support in the positive
Weyl chamber of G. In fact we want a little bit more: we also want a choice of an
non-zero element of Λ on each ray, which we will refer to as a ray vector, i.e. we want
to have a (torsion-free) stacky fan in the sense of [BCS05, FMN10]. Strictly speaking
stacky fans have to be simplicial, and [MT16] was restricted to this case as well; we will
show below in Section 5 that this can be relaxed to arbitrary fans, but for now we shall
restrict ourselves to the simplicial case. Finally we need to make a choice of ordering
of the ray vectors β1, . . . , βn. Absolutely any ordering is fine, see Section 7.1 below for
more comments about this.

3.2. With such a choice of stacky fan and ordering of the ray vectors, we can now give
the corresponding stability condition: a framed bundle chain is stable if its isomorphism
class is determined by a tuple of co-characters that all lie in the same Weyl chamber
(which can be chosen to be the postive Weyl chamber), who moreover are all distinct
ray vectors of a single cone in the fan, and occur in the chosen order from p+ to p−. See
Figure 2 for an illustration.

Imposing the stability condition cuts out an open substack MG(Σ) ⊂ M. The main
result of [MT16] is now the following:

Theorem 3.1. The stack MG(Σ) is a smooth, separated tame stack (hence Deligne-
Mumford if k has characteristic zero), which is proper if the support of Σ is all of the
Weyl chamber. The coarse moduli space of MG(Σ) is the toroidal spherical embedding
of (G×G)/G given by the uncolored fan wΣ, where w is the longest element in W .

Note that though the stability condition was dependent on the choice of ordering of
the ray vectors (β1, . . . , βn) in the stacky fan, for different choices the resulting stacks
are canonically isomorphic.
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β1 β2

β3wβ1

wβ2

wβ3

Σ-stable bundle chains include

β1 wβ3

β3

β2

wβ2

wβ1

Σ-unstable bundle chains include

β1

β2

β3

β1

wβ3

β2

β1

β2

β3

Figure 2. Illustration of a stability condition determined by a stacky fan

4. The Cox-Vinberg quotient construction

In this section we will show that the stacks MG(Σ) discussed above can actually
be obtained as quotients of a quasi-affine variety by a torus. This quasi-affine variety
is an open subvariety of a reductive monoid, and if the fan Σ is polar (i.e. coming
from a polytope) such that WΣ has convex support, it can be understood as a (semi-)
stable locus in the sense of Geometric Invariant Theory (which guarantees that the
corresponding coarse moduli space is projective over an affine, and indeed projective if
the fan WΣ was complete).

4.1. The Cox construction revisited. The first ingredient that we need is the classi-
cal Cox constructions for toric varieties. Let us briefly recall how this goes: suppose X
is a toric variety for a torus T , given by a fan Σ with N rays. As before we assume ray



6 JOHAN MARTENS

vectors βi ∈ Λ chosen; if one is only interested in toric varieties one can simply chose
the first non-zero elements of Λ along the rays of Σ for these.

The standard presentation of the Cox construction assumes that the βi generate Λ⊗ZQ

(this is always the case if X, or equivalently Σ, is complete). In this case we have a short
exact sequence (where Gβ := GN

m)

(1) 1 L Gβ T 1.
(β1,...,βN )

Remark that this sequence only depends on the ray(vector)s of Σ, not on the full fan
structure. Cox now defines an open subvariety A0

β inside Aβ := AN as the union of the
Uσ, where for every cone σ of Σ we define

Uσ = {(x1, . . . , xN ) ∈ Aβ | xi 6= 0 if βi is not a ray vector of σ}

(so A0
β does depend on all the data in the fan).

Cox shows that the toric variety X can be understood as the categorical quotient
A0
β/L, which is a geometric quotient when Σ is simplicial. Moreover, if Σ is the normal

fan to a polyhedron (which corresponds to X being projective over an affine variety),
then A0

β/L can be understood as the semi-stable locus in the sense of geometric invariant

theory (in fact stable if Σ is simplicial). Finally, if Σ is simplicial, then also for the
corresponding toric orbifolds we have X ∼= [A0

β/K].

4.2. Now, it turns out that the condition that the βi generate Λ⊗Q can be relaxed in
an easy way: even if this is not the case, i.e. when the sequence (1) is no longer exact
on the right (for instance in the extreme case where X = T , where there are no βi at
all), we still have that

X ∼=
(
A0
β × T

)
/Gβ,

and all the above statements (about geometric vs categorical quotients, orbifolds, and
GIT) remain valid in this generality. Whereas Aβ was Spec of the Cox ring of X, Aβ×T
is Spec of the equivariant Cox ring – using the equivariance in this way is exactly what
compensates for the lack of compactness.

So this generalizes the Cox construction to all toric varieties, at no additional cost, but
more importantly for us this variation on the Cox constrution also has a non-abelian gen-
eralization. For this we need an extra ingredient: the Vinberg monoid (a.k.a. enveloping
semigroup) of G.

4.3. The Vinberg monoid. The Vinberg monoid SG, introduced in [Vin95], is a re-
ductive monoid (i.e. a monoid object in the category of (affine) algebraic varieties, whose
group of units is a reductive group) that one can canonically associate to a reductive
group G. Its group of units is Genh = (G×T )/ZG, and it comes with a canonical monoid
morphism to the affine space A = SG//(G × G), which can be understood as the toric
variety for the group T/ZG corresponding to the positive Weyl chamber (note that this
is indeed an affine space, as the primitive elements along the rays are the fundamental
co-weights, which indeed generate the co-weight lattice).

At least for k algebraically closed of characteristic zero it can be constructed explicitly,
as Spec of a subring of the ring of regular functions of Genh. By the algebraic Peter-Weyl
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theorem, the latter can be decomposed as

k[Genh] =
⊕

(λ,µ)∈V +

Genh

k[Genh](λ,µ),

where k[Genh](λ,µ) denotes the isotypical components of type (λ, µ) (which one can think
of as the matrix coefficient for the corresponding highest weight representations), and
the character lattice of Genh can be described as

VGenh
=

{
(λ, µ) ∈ V 2

G | µ− λ =
∑

i

miαi, with all mi ∈ Z

}

(here the αi are the positive simple roots of G). In this language we have

k[SG] =
⊕

(λ,µ)∈V +

Genh
∩QG

k[Genh](λ,µ),

where QG is the cone consisting of those (λ, µ) such that µ − λ =
∑

imiαi where all
mi ≥ 0. A description of SG in arbitrary characteristic (for k algebraically closed) was
given in [Rit01].

Vinberg showed (for G semisimple) that SG satisfies a universal property in the cat-
egory of reductive monoids [Vin95, Theorem 5]: essentially it says that any reductive
monoid S satisfying some natural conditions is obtained from SG, where G = [S×, S×]
(here S× is the group of units of G), as the base change of SG → A by a toric morphism
of an affine toric variety to A. From our point of view it is useful to think of SG as a
(universal) degeneration of G (the generic fibres of SG → A are indeed isomorphic to
G).

Vinberg studied SG extensively; in particular he introduced a certain open subvariety
S0
G (not a submonoid) of SG, and showed that the geometric quotient S0

G/T is the
wonderful compactification of Gad = G/Z of De Concini-Procesi [DCP83]. It was shown
in [MT16, Theorem 5.4] that S0

G can also be understood as a GIT-stable set for a suitable
linearization of the action of T on SG.

4.4. The Cox-Vinberg hybrid. It turns out that the Cox construction (or rather
the variation thereof sketched above) and the Vinberg construction of the wonderful
compactification of Gad can be hybridized in a very natural way. Indeed, as all of the
βi are in the positive Weyl chamber of G, the morphisms βi : Gm → T naturally induce
monoid morphisms A1 → A. These combine into a monoid morphism Aβ → A, and we
can now look at the reductive monoid SG,β arising as the fibred product Aβ×ASG. Inside
of SG,β we can now again look at an open subvariety S0

G,β := A0
β ×A S0

G. If Σ is a polar

fan this can again be understood to be a GIT semi-stable locus [MT16, Theorem 8.1]
(stable if Σ is simplicial). In [MT16, proof of Theorem 6.4] a family of framed bundle
chains was constructed over Aβ ×A S0

G, which induces an isomorphism of stacks
[
S0
G,β/Gβ

]
∼= MG(Σ).

4.5. In some sense one could think of this Cox-Vinberg monoid SG,β as playing a
similar rol to MG(Σ) as the quot-scheme plays to the moduli space of bundles on a
smooth projective curve. There is a crucial difference however: we don’t know what
moduli problem these SG,β represent, and in fact are only able to construct a family of
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framed bundle chains over the open subvariety Aβ ×A S0
G. It is very tempting to search

for a modular interpretation of all of the monoid; see Section 7.2 below.

5. The Non-Simplicial / Artin case

5.1. As mentioned above, the treatment in [MT16] was restricted to stability conditions
given by simplicial (stacky) fans, which lead to moduli stacks that are smooth Deligne-
Mumford or tame. We will show here that with little extra effort one can remove the
simplicial condition, leading to moduli stacks that are Artin but still have so-called good
moduli spaces, in the style of Alper [Alp13]. To this end we shall from now on understand
the notion of a stacky fan Σ to mean an arbitrary fan (i.e. not necessarily simplicial),
together with a non-zero ray vector βi ∈ ΛG on each of its rays, as well as an ordering
of these ray vectors.

The approach we shall take is to generalise the Cox-Vinberg construction. This is
not the only possible path, but in the style of this note we prefer it as it extends the
results in the most economical fashion. As we want to use the gluing results of good
moduli spaces from [Alp13], we restrict ourselves now to working over algebraically closed
fields of characteristic zero. Presumably the gluing can be extended to the setting of
adequate moduli spaces, as in [Alp14], in which case the restriction on characteristic is
not necessary.

Recall also that the construction of the Vinberg monoid over algebraically closed
fields of positive characteristic was done by Rittatore in [Rit01] using the Luna-Vust
theory of spherical embeddings. It is widely assumed by the experts that the Vinberg
monoid also exists for split reductive groups over arbitrary fields, though we are not
aware of any place where this is written down. The theory of spherical embeddings
has been extended by Huruguen [Hur11] to more general settings (including the case of
split reductive groups over arbitrary fields); presumably the combination of the work of
Huruguen and Rittatore would extend the notion of Vinberg monoid to arbitrary fields,
which should also extend the discussion below.

5.2. The notion of a good moduli space [Alp13] for an Artin stack generalizes the
relationship between the stack [Xss/G] and the GIT-quotient X//G for the linearized
action of a reductive group on a (semi-)projective variety – here Xss stands for the
semi-stable locus in X. For a general Artin stack X a good moduli space is an algebraic
space Y , together with a morphism φ : X → Y such that the push-forward functor on
quasi-coherent sheaves for φ is exact, and such that the induced morphism on sheaves
OY → φ∗OX is an isomorphism. If a good moduli space exists it is unique, in the sense
that φ is universal for maps from X to algebraic spaces.

Of importance for us is that good moduli spaces can be glued, in the following sense
[Alp13, §7.8]: if φ : X → Y is an Artin stack with a good moduli space, an open substack
U ⊂ Y is said to be saturated if φ−1(φ(U)) = U . We now have

Proposition 5.1 ([Alp13, Proposition 7.9]). Suppose X is an Artin stack covered by
open substacks Ui such that for each i there exist a good moduli space φi : Ui → Yi, with
Yi a scheme. Then there exist a good moduli space φ : X → Y and open sub-algebraic
spaces Ỹi ⊂ Y such that Ỹi

∼= Yi and φ−1(Ỹi) = Ui if and only if for each i, j, Ui ∩ Uj is
saturated for φ : Ui → Yi.
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5.3. We want to apply Proposition 5.1 to the open covering of MG(Σ) given by the
cones σ in a stacky fan Σ (of course we want to think of these as stacky fans in their
own right, so we remember the ray vectors βi). We shall refer to these open substacks
as MG(σ). The criterion will be easy to verify, since we know, by the results on the
GIT construction in [Alp13], that they hold for those stability conditions that give rise
to semi-projective good moduli spaces.

5.4. The conditions under which the stability condition that cuts outMG(Σ) can be un-
derstood as GIT-(semi-)stability for the Cox-Vinberg monoid were described in [MT16,
§8]. Note that we are applying GIT here to all semi-projective schemes, i.e. schemes
projective over an affine. These include all affine and projective varieties, and more
precisely are exactly the schemes that can be generated as Proj of a graded k-algebra.
We shall say that a fan is normal if it is determined by some polyhedron (with the ray
vectors of the fan the outward normal vectors of the polyhedron).

Theorem 5.2 ([MT16, Theorem 8.1]). If Σ is a normal fan such that WΣ has convex
support then the stack MG(Σ) is isomorphic to the stack [Sss

G,β/Gm], where Sss
G,β is the

GIT-semistable locus, which equals S0
G,β.

Observe that strictly speaking in [MT16] only the case of simplicial fans was discussed
(and hence no properly semi-stable points were present); the proof of the above theorem,
however, goes through without change in the general case. Also note that the condition
for a fan Σ with support in the postive Weyl chamber to be normal such that WΣ has
convex support can also be stated as saying that Σ is the normal fan to a polyhedron P
in the positive Weyl chamber such that WP is a polytope which meets the walls of all
Weyl chambers perpendicularly.

Lemma 5.3. Any (stacky) cone σ with support in the positive Weyl chamber of G can
be included in a normal fan Σ such that WΣ has convex support.

Proof. First, remark that without loss of generality, we can assume that σ has dimension

equal to the rank of G. Let P̃ be the polyhedron (in VR) that is obtained by taking −σ∨

(where σ∨ is the dual cone to σ), and shifting it by a non-zero-vector v contained in σ∨.

The issue is that P̃ may not meet the walls of the Weyl chambers perpendicularly. In
order to correct this, let Q be the polyhedron given by taking the cone whose outward
normal vectors are the simple positive roots of G (which will not be strongly convex if
G is not semi-simple), and shifting it by (1 + ǫ)v. If we now take ǫ > 0 small enough,

the polyhedron given by the intersection P = P̃ ∩Q will now meet all of the walls of the
Weyl chamber perpendicularly, and its polar fan (wich is independent of the choices of
v and ǫ under the stated conditions) will be contained in the positive Weyl chamber in
ΛR, and it will contain the original cone σ. �

5.5. We can now conclude:

Theorem 5.4. For any stacky fan Σ as above (possibly non-simplicial), we have that
MG(Σ) has a good moduli space, which is a scheme that as a (toroidal) spherical variety
is given by the uncolored fan wΣ.
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Proof. We need to verify that the conditions of Proposition 5.1 hold for the substacks
MG(σ), for any (stacky) cone σ in Σ. So firstly, we need to establish that each MG(σ)
has a good moduli space. In light of [Alp13, Remark 6.2], this boils down to verifying

that each MG(σ) is saturated in MG(Σ̃), for some stacky fan Σ̃ containing σ such

that MG(Σ̃) has a good moduli space. By Lemma 5.3 we can always find such a Σ̃,

and moreover assume MG(Σ̃) (or rather its good moduli space) is obtained as a GIT-
quotient; hence we can apply the general results of GIT there. In particular, we know
that in the good moduli space orbits need to be identified if their closures meet in the
semi-stable locus, in casu S0

G,β.

We can now use the Cox-Vinberg construction to show that MG(σ) will be saturated

in MG(Σ̃), which means that no two orbits that do not lie in Uσ̃ ×A S0
G for some cone σ̃

in Σ̃ will have closures that intersect in S0
G,β. Indeed, again using [Alp13, Remark 6.2],

observing that the corresponding result holds for toric varieties (since any toric variety
corresponding to a single cone can itself be obtained as a GIT-quotient – something not
true for arbitrary toroidal spherical varieties corresponding to a single cone), and hence
using the variation on the Cox construction described above in Section 4.2 we find that
if orbits in A0

β × T intersect, they have to be contained in Uσ̃ × T for some cone σ̃ in

Σ̃. As all orbits in T itself are closed, we find moreover that the corresponding orbit
closures intersect in Uσ̃.

We can now go back to S0
G,β: if orbit closures intersect there, so will their images in

A0
β, and hence also the corresponding orbits in A0

β×T . Using the toric statement, we find

that the original orbits had to be contained in some Uσ̃ ×A S0
G. Hence [Uσ ×A S0

G

/
Gβ]

is saturated in MG(Σ̃), and therefore each MG(σ) has a good moduli space.
The fact that for any σ, σ′ in Σ we have that MG(σ ∩ σ′) is saturated in MG(σ)

follows from a similar reasoning using a Σ̃ as above that contains σ (note that it is not

necessary that σ′ be contained in Σ̃, the only fact we use is that σ ∩ σ′ is a sub-cone of
σ).

Finally the reasoning identifying the good moduli space of MG(Σ) as the spherical
embedding corresponding to wΣ is exactly the same as [MT16, Proposition 10.1]. �

6. Non-abelian symplectic cutting

6.1. In this section we will change viewpoint, and think about those embeddingsMG(Σ)
(for k = C) whose good moduli space is semi-projective in terms of (real) symplectic
geometry.

To this end, recall that the classical (abelian) symplectic cut procedure, introduced
by Lerman [Ler95], takes a Hamiltonian T -space M(for T a compact connected torus)
and a polyhedron P ⊂ t

∗ (where t = Lie(T )), the normal vectors to all of whose facets
lie in the lattice Hom((1), T ) ⊂ t

∗. It returns a new Hamiltonian T -space MP , whose
image under the moment map is µT (MP ) = µT (M) ∩ P , and such that the pre-images
of the interior of P in M and MP are T -equivariantly symplectomorphic.

Symplectic cutting can be understood from two points of view, either as a global
quotient

MP = (M × CN )//U(1)N ,
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(where // denotes symplectic reduction here), or as a local surgery, by taking the pre-
image of P under µT , and collapsing the circle-actions determined by the normal vectors
on the pre-images of the facets of P . Note that in particular the global quotient con-
struction allows the cutting to be interpreted in Kähler, or even algebro-geometric terms.
On the other hand, for the local surgery picture one just needs a map to a polytope such
that the projection to the normal direction for each facet is a moment-map in a neigh-
bourhood of that facet (which is strictly less than asking for a full T -moment map).

6.2. Symplectic cutting is an elementary but very useful operation, and it is natural to
try to generalise it to non-abelian group actions. A number of suggestions for this are
in the literature (e.g. [Wei01, Par09]), but in some sense the most natural one is due to
Woodward [Woo96] and further developed by Meinrenken [Mei98]. This operation starts
from a Hamiltonian K-space M , for K a compact connected Lie group. It is useful to
compose the moment map µK : M → k

∗ with the quotient map under the co-adjoint
action k

∗ → t
∗
+ to the positive Weyl chamber in the dual of the Lie algebra of a maximal

torus of K – we shall denote this composition Φ. If P is now a polyhedron in t
∗
+ such

that if it meets any facet of t∗+ in Φ(M), it does so perpendicularly, one can again apply
the recipe for the local surgery for abelian cutting (since the components of Φ given by
the outward normal vectors will all be smooth on neighborhoods of the pre-images of
the corresponding faces), and apply it to this map Φ. The result will be a Hamiltonian
K-space MP , with Φ(MP ) = Φ(M) ∩ P .

One difference with the abelian set up is that a global (Kähler) quotient counter
part to this construction seems to be missing: indeed, Woodward applies his cut to a
coadjoint orbit (which in particular is Kähler), to obtain a symplectic space that cannot
carry any compatible Kähler structure [Woo98]. This seems to rule out any possibility
of interpreting this operation in complex algebraic geometry.

We show in [MT12a] however that this is not the case, as long as the polytope P has
the property that all of its outward normal vectors lie in the positive Weyl chamber t+
(and hence P determines a fan Σ as we have used above). In this case a global quotient
construction to the operation of Woodward and Meinrenken does exist. It begins by
taking the symplectic reduction (M × SG)//K, where SG is the Vinberg monoid for the
complexification G = KC (one can canonically interpret SG as a (stratified) symplectic
space by choosing a faithful representation V of SG to embed it into the affine space
End(V ) equipped with the Hermitian Kähler structure – the symplectic structure this
endows SG with is independent of the choice of V ). This spaces comes with a natural
morphism to A, and the data of the polytope now allows us to take the fibered product
with Aβ over A. Finally the symplectic cut of Woodward and Meinrenken can now be
constructed as a global quotient as

MP
∼= (((M × SG) //K)×A Aβ) //ξU(1)N

(see [MT12a, Corollary 4]). Note that the fibered product only needs the ray vectors
of Σ, but the level at which the final symplectic reduction is performed uses all the
data of P . If M was a complex semi-projective variety to begin with, and P had all
outward normal vectors in the positive Weyl chamber, this construction can therefore
be understood to give a new semi-projective variety.
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6.3. For details of the proof of this we refer to [MT12a], but we will briefly mention the
key ideas behind this: firstly, it is well-known that any suitably intrinsic operation X one
wants to apply to a Hamiltonian K-space M can equivalently be done by first applying
it to T ∗K, and then taking the quotient of the carthesian product of the resulting space
and M – symbolically we could write this as

X(M) ∼= (M × X (T ∗K)) //K.

This is the case for symplectic implosion [GJS02] where the implosion of T ∗K is dubbed
the universal implosion (and trivially for X = id or symplectic reduction by K), but also
for symplectic cutting. Indeed, in the abelian symplectic cut one has that the universal
symplectic cut of T ∗T is just the symplectic toric space corresponding to the polyhedron
P .

In fact, this latter point of view is just the symplectic counter part of the alternative
approach to the Cox construction that was outlined above. The standard symplectic
counterpart to the Cox construction is known as the Delzant construction [Del88], which
essentially says that any compact toric manifold (or one whose normal fan satisfies the
condition that (1) is exact) can be obtained as the symplectic reduction of CN , where
N is the number of facets of P . This again suffers from the same disadvantages as the
standard Cox construction when one wants to consider more general toric symplectic
spaces (with proper moment maps).

Whereas in the algebro-geometric picture this was remedied by looking at equivariant
Cox rings, in the symplectic picture one can just replace the symplectic reduction of CN

by the symplectic cut of T ∗T with respect to P (one can think of this as the universal
cut). Moreover, we find that by doing so we not only generalize the validity of the
Delzant construction, but also allow for a non-abelian generalisation: indeed, it is shown
in [MT12a, Theorem 3] that the universal non-abelian cuts T ∗KP correspond exactly to
the spaces MG(Σ) discussed above, and one can then use the Cox-Vinberg construction
for the latter.

The second idea, crucial in establishing this correspondence between T ∗KP andMG(Σ),
is to use a section of the moment map for SG. The use of such a section of the moment
map was already implicit in [Del88] (present whenever a square root showed up in the
defining formulas), and can still be done in the non-abelian setting, by using the polar
decomposition of complex matrices in combination with an (arbitrary) faithful represen-
tation of SG.

7. Open questions

Finally, we will list here a number of open questions regarding the compactifications
discussed above.

7.1. Ordering of weights and shuffling functors. As discussed above, the stability
condition requires an ordering of the ray vectors βi. Different orderings will cut out
different substacks MG(Σ), but it turns out these are all isomorphic, as can easily be
seen from the Cox-Vinberg construction. This implies that there is a sort of shuffling
functor that associates with every family of bundle chains that are stable for one choice
of ordering, a new family (all of whose chains have the same length as before) that
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is stable with respect to another choice of ordering, such that the ray vectors in the
splitting type of a bundle chain over a closed point just get shuffled around.

Other circumstantial evidence comes from thinking about affine toric varieties: all of
these have modular interpretations by the description above, but at the same time we
also know that all of affine toric varieties are canonically abelian monoids, extending the
group operation of the torus. It is therefore natural to ask how this monoidal structure
can be understood from the modular point of view. The most obvious candidate is given
by gluing two chains together, attaching p+ from the first to p− of the second. If one has
a shuffling functor available, one can then shuffle the chain to have the ray vectors in the
correct order, and contract any component of the chain whose two associated ray vectors
are identical. This hypothetical shuffling operation should correspond to the monoidal
operation on the affine toric variety.

In spite of this evidence we do not know how to describe such a shuffling functor
directly however.

7.2. Modular interpretations of the Vinberg monoid. Related to the gluing of
chains is the question wether the Vinberg monoid itself represents a moduli problem. As
an embedding of Genh, SG is not toroidal, so doesn’t fall under the framework discussed
above. The stack of all framed bundle chains has a monoidal structure by gluing chains
together, but the condition that all elements of the splitting type lie in the same Weyl
chamber typically gets lost while doing this, so even the construction of M in [MT16]
needs to be expanded to accommodate this.

7.3. Stratifications of the stack M. The stability condition described above is in-
troduced in a seemingly ad-hoc way, motivated by the Birkhoff-Grothendieck-Harder
theorem and its generalization, and the use of fans in toric and spherical geometry.
Recently, however, more systematic studies have been made of notions of (in-)stability
on stacks, by Heinloth [Hei16] and Halpern-Leistner [HL14]. One can therefore ask if
it is possible to recover the notions of stability we have introduced from a general Θ-
stratification following Halpern-Leistner. Note that since the method above also gives
rise to non-projective complete good moduli spaces, at least some of the methods for
constructing stability functions in [HL14] would have to be extended.

7.4. Beyond toroidal. The work described above is restricted to moduli stacks whose
good moduli spaces are toroidal embeddings of G. The theory of spherical varieties also
gives many other embeddings, classified by colored cones. Can the modular interpreta-
tion be extended to these as well?

7.5. Gauge-theoretic description. In Section 6 above a symplectic viewpoint on the
compactifications of G was given in terms of non-abelian cutting. This does not directly
come with a modular interpretation however.

It is a seminal result in the theory of moduli spaces of bundles on projective curves
that they can also be interpreted (as stratified real smooth spaces) as moduli spaces of
flat connections, for the compact form of the structure group, on the underlying surface.
This is a special case of the Hitchin-Kobayashi correspondence, in this setting due to
Donaldson [Don83], but essentially originating with the work of Narasimhan-Seshadri
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[NS64]. Given that the spaces we consider can be interpreted as moduli spaces of G-
bundles in algebraic geometry, it is natural to ask if a similar interpretation exists, in
gauge-theoretic, or at least differential-geometric terms?

An intruiging hint comes from the work of Mundet i Riera and Tian [MiRT09], who
give a compactification of the moduli space of so-called twisted holomorphic maps –
equivariant maps of a U(1)-principal bundle over a Riemann surface into a symplectic
manifold with Hamiltonian U(1) action. In their compactification they see that, when
a Riemann surface degenerates to one with nodal singularities, they have to allow the
images of the various components to be disjoint of each other, but connected by paths of
broken flow lines for the U(1) moment map. The moduli problem we discuss above can
in some sense be interpreted as being given by twisted holomorphic maps of P1 with two
marked points into BG, and it is tantalizing to try to interpret the chains of projective
lines similarly as (U(1)-orbits of) broken flow lines.

7.6. Compactification of universal moduli space. As we indicated above, a histor-
ical motivation for studying group compactifications is the link with a compactification
of the universal moduli space of bundles on curves (where both are allowed to vary),
lying over the Deligne-Mumford compactification of the moduli space of curves. This
has been an open problem for several decades now; in the case of vector bundles various
constructions are available in the literature (e.g. [Pan96, Sch04, NS99, Gie84]), and in
particular for the case of line bundles the literature is vast, but for general principal
bundles much less is known – for recent approaches to this based on compactifying loop
groups, see the work of Solis [Sol12, Sol13].

Note that compactifying the group is not sufficient to obtain a compactification of
these moduli spaces, but any such compactification does give rise to a compactification
of the group, by taking a fixed stable bundle on a nodal curve whose normalisation is
connected, and creating a family of bundles on the nodal curve out of this parametrised
by the group, by changing the gluing at the node. One can therefore ask if a com-
pacticiation of the universal moduli space of bundles on curves exists, such that the
corresponding compactifications of the group (with attached modular interpretation)
are those described above.

7.7. Link with work of Kausz. As mentioned in the introduction, Kausz introduced
a particular equivariant compactification of GL(n), and gave it a modular interpretation
(in terms of “generalized isomorphisms” and “back-and-forth morphisms”, see [Kau00,
§5]), motivated by the study of degenerations of moduli spaces of vector bundles on
smooth curves. As a variety it can be understood by embedding GL(n) into PGL(n+1),
and then taking the closure in the wonderful compactication of the latter. As a spherical
variety this is toroidal, and hence the variety can also be understood as a moduli space
of framed bundle chains (see [MT16, §12]).

It would be interesting to see if the corresponding morphism can be understood in
terms of the two moduli problems. In other work of Kausz some ideas similar to those
described above are present (e.g. moduli spaces of stable maps into BGL(r) in [Kau10],
or in particular chains of projective lines, dubbed zollstöcke, in [Kau08]). Neverthless
we have not been able to find a link between the two modular interpretations of the
compactifcation of GL(r).
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