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Abstract. Liquefaction in undrained soils coincides with the development of 
significant excess pore water pressures. The undrained behaviour of soils has 
been studied extensively using laboratory testing, but these tests cannot give 
any insight into the micromechanical changes that cause the observed macro-
scale response. One way to obtain insight into the micromechanical behaviour 
is to use a suitable numerical technique such as the discrete element method 
(DEM). The ‘constant volume’ method, in which the sample volume is main-
tained constant throughout shearing, is often used to simulate the undrained test 
condition. In this method the soil sample is assumed to be perfectly saturated 
with an incompressible liquid. The constant volume method has the advantage 
of computational simplicity. However, some problems arise when simulating 
dense samples such as the generation of unrealistically high stresses and exces-
sively large interparticle overlaps. There is a clear need to develop an alterna-
tive to constant volume simulations which retains the method’s computational 
efficiency but without the unphysicality. In this paper, several reasons are pro-
posed for the inability of constant volume simulations to quantitatively capture 
a real soil’s undrained behaviour. Alternatives to the constant volume method 
are discussed, all of which allow the sample volume to vary during the simula-
tion by incorporating the effect of pore pressure. One method was selected and 
implemented in the open-source LAMMPS DEM code, and its appropriateness 
for simulating undrained soil behaviour is explored with reference to monotonic 
simulations of sand. 

Keywords: Discrete element method, Constant volume, Pore water pressure 

1 Introduction 

Undrained triaxial tests are conducted to study the behaviour of soil when the pore 
fluid is not allowed to escape. Excess pore pressures are generated during undrained 
shearing and the behaviour of the soil structure depends on how this pressure changes, 
e.g., liquefaction occurs with the development of significant excess pore water pres-
sures in loose soil. The undrained behavior of soils has been studied extensively using 
laboratory testing [1] [2], but these tests cannot give any insight into the microme-
chanical changes that cause the observed macro-scale response. The discrete element 
method (DEM) has become very popular in the last 10 years due to its ability to sup-
ply this missing insight. There are two methods available for simulating undrained 
tests using DEM and quantifying excess pore water pressures. The first involves cou-
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pling the DEM code with a suitable fluid-solving code, often CFD (computational 
fluid dynamics). In the alternative ‘constant volume’ approach, the sample volume is 
maintained constant throughout shearing. This method assumes perfect saturation of 
the sample and hence the incompressibility of the pore fluid (usually water). 

The constant volume method has the advantage of computational simplicity. How-
ever, prior research [3] has highlighted some problems with constant volume DEM 
simulations of dense samples: the generation of unreasonably large stresses and in-
terparticle overlaps (violating the assumption of point contact between particles in 
DEM [4]), unphysical pore pressures and marked sensitivity of the simulations to 
strain rate.  

The aim of this paper is to explore why constant volume simulations are unable to 
quantitatively capture a real soil’s undrained behaviour. Several alternatives to the 
constant volume method are discussed. Finally, the most physically justifiable of 
these methods is implemented in LAMMPS [5] and used to simulate undrained tests 
of Dunkerque sand. 

2 Simulating undrained triaxial tests in DEM: theoretical 
background 

The discrete element method (DEM) [6] simulates the mechanical behavior of 
granular materials by monitoring the interaction and contact between the discrete 
particles. Several methods are proposed below for simulating undrained tests within 
DEM without the computational expense of coupling with a fluid solver. 

2.1 Constant volume method  

The constant volume method is the only one which has been adopted in previous 
studies. Constant volume simulations assume that the soil is fully saturated and water 
is incompressible. It is computationally straightforward compared to CFD. As the 
sample volume is kept constant during shearing, the stresses generated are extremely 
high for dense soil (Fig. 1(a)). This violates the incompressibility assumption, as the 
water volume would decrease by 0.5% at 'p = 10 MPa, for example. The acceptable 
overlap between particles should typically not exceed 5% in DEM. However, overlaps 
reached almost 20% (normalized by mean diameter) by the end of one representative 
simulation (Fig. 1(b)) [3]. The equivalent excess pore water pressure is calculated 
according to [7]: 

'
3

'
,3 σσ −=∆ ou ,                                                (1) 

based on Terzaghi’s principle that the effective stress '
3σ∆  is equal to the difference 

of total stress 3σ∆ and pore water pressure u∆ . '
,3 oσ  is the initial confining effective 

stress at the start of the shearing and '
3σ is the minor principal effective stress at every 
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subsequent time step in the DEM simulation. The constant volume method is not 
appropriate for dense soil as the simulation results are not physically realistic. 
 

 
Fig. 1. Plot of a constant volume triaxial simulation conducted using a dense sample containing 
43906 spheres; a) deviator stress and mean effective stress (MPa) vs axial strain (%) and b) 
Cumulative distribution of interparticle overlap (%), normalized by both minimum and mean 
diameters for a Hertzian contact model at 50 % axial strain (from Hanley et al [3]). 

In a physical experiment, the B-test is usually performed before shearing to check the 
degree of saturation. B is defined by: 

3σ∆
∆

=
uB                                                              (2) 

When B=1, the soil is fully saturated. Normally when B > 0.9, the soil is considered 
to be fully saturated. Typically B = 0.9–0.95 during a physical undrained triaxial test, 
meaning that 5–10% of air is present in the soil sample before shearing. Since air is 
highly compressible, the presence of a small percentage of air is likely to be influen-
tial. The methods proposed below for simulating undrained tests take into account the 
pore pressure effect and the volumetric strain change during shearing. 
 
2.2 Skempton’s pore pressure coefficients  

In an undrained triaxial test, the excess pore pressure is measured and is expressed in 
terms of the principal stresses 1σ∆  and 3σ∆  according to [8]: 

)]([ 313 σσσ ∆−∆+∆=∆ ABu                                           (3) 

A  and B are Skempton’s pore pressure coefficients. A  defines the change in pore 
pressure due to deviator stress and B  defines the degree of saturation of the soil. 
When the pore pressure is not measured, fA  ( A  at failure) can be estimated by know-
ing the drained shearing angle of the soil for the two cases of isotropic or anisotropic 
consolidation [9]. For isotropic consolidation: 
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For anisotropic consolidation: 
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θ  is the drained shearing angle and cK  is the consolidation ratio. '
,1 oσ  and '

,3 oσ  are 
the initial confining effective stresses at the start of shearing. Both are equal for 
isotropic consolidation. This equation estimates only the fA  value (at failure) at 
maximum effective principal stress but in reality A  varies continuously throughout 
shearing. If the pore pressures and deviator stress are measured during the undrained 
experimental tests, an A  profile can be calculated by 

1
σ∆∆= BuA . Rearranging 

equation (3) and using Terzaghi’s principle, the pore water pressure can be expressed 
in terms of effective stress: 
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Knowing the A  profile and B value, the effective stress may, in principle, be con-
trolled during the simulation. 
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Using this method, the stresses generated are lower compared to the constant volume 
method. However, since the A profile must be prescribed in advance rather than 
emerging naturally from micro-scale mechanics of the simulation, the pore pressure is 
also predefined. This makes the approach not generally applicable so an alternative 
must be sought. 
 
2.3 Bulk modulus of water–air mixture 

The bulk modulus of a mixed fluid–soil sample is given by [11]: 
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+=                                                 (8) 

fK is the bulk modulus of the pore fluid, wK is the bulk modulus of water, rS is the 
degree of saturation of the soil sample and aP is the absolute fluid pressure. The bulk 
modulus of the pore fluid changes due to changes in aP : the sum of excess pore water 
pressure and atmospheric pressure. The excess pore water pressure is equal to the 
negative change in the minor principal effective stress which is easily obtained from 
the DEM simulation. 

In this method, the bulk modulus of fluid is calculated at every time step from 
equation (8) to take account of excess pore water pressure. A limit of atma PP 25.0≥  
is imposed so that fluid vaporization at low pressure and the development of non-
physical negative pressure is prevented. By definition of bulk modulus, the compress-
ibility of the pore fluid is given by:  

fK
un

V
V ∆

−=
∆                                                        (9) 

V∆ is the incremental volume change in the soil sample in a single time step, V is the 
volume of the soil sample, n is its porosity and u∆ is the increment of pore pressure. 
Knowing the fK  value, the incremental volume change is calculated at every time 
step from equation (9) as: 

( )particlescurrent
f

VV
K

uV −
∆

−=∆                                         (10) 

currentV  is the total sample volume updated at every time step during the simulation 
and particlesV  is the fixed volume of the solid particles within the soil sample. It was 
necessary to impose a second limit to ensure stability of the method: V∆  was limited 
to an arbitrary small value on each time step. Without this condition, when very stiff 
particles are used with conventional interparticle contact models, e.g., Hertzian, huge 
values of V∆  could be achieved in single time step leading to instability.  

This method was chosen because of its physical basis and the potential to allow the 
sample volume to expand during shearing, capturing compression of the entrained air 
that takes place in the physical test when B < 1. 

3 DEM simulations 

Equations (8) and (10) were incorporated into the open-source, MPI-parallelised code 
LAMMPS. The base code had already been modified to include a stress-control algo-
rithm for periodically-bounded samples enabling simulations of strain-controlled 
undrained tests, e.g., as adopted in [3]. A simplified Hertz–Mindlin contact model was 
used [12]. The shear modulus and Poisson’s ratio were set to 2.9 GPa and 0.2, respec-
tively. A realistic particle density of 2675 kg /m3 was used. The local damping coeffi-
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cient was set to 0.2 and gravity was not considered. The particles were generated with 
a particle size distribution corresponding to real Dunkerque sand as measured by [13] 
(Fig. 2(b)). All simulations were conducted using periodic boundary conditions. A 
cubic granular specimen of 8 × 8 × 8 mm3 containing 10193 spheres with radii vary-
ing between 0.1 mm and 1 mm (d50 = 0.268 mm) was used (see Fig. 2(a)). Samples 
were generated by placing particles at random positions within the periodic cell using 
a MATLAB code. All samples were isotropically compressed by moving the bounda-
ries under stress control to achieve a specified confining pressure of 150 kPa. During 
isotropic compression, the interparticle friction coefficient was set to values between 
0 and 0.2 to obtain loose and dense samples: the densest sample was achieved by 
using frictionless particles. This approach to create samples of different density prior 
to shearing has been widely used in the literature, e.g., [14]. During subsequent shear-
ing, the interparticle friction coefficient was set to 0.25 and the upper boundary was 
moved at a strain rate of 1/s. This strain rate ensured an inertia number less than 3.6 × 
10-5 throughout shearing: lower than the limiting value for quasi-static behaviour of 
7.9 × 10-5 [15]. The bulk modulus of water and the degree of saturation of the soil 
sample were set to 2.2 GPa and 0.95, respectively. Atmospheric pressure was set to 
0.1 MPa. 
 

Fig. 2. a) Assembly of particles and b) particle size distribution used in this study. 

4 Simulation results and discussion 

Fig. 3(a) shows the variation of deviator stress '
3

'
1 σσ −=q  and mean effective stress

3/)( '
3

'
2

'
1

' σσσ ++=p with axial strain. The constant volume and bulk modulus 
methods are both compared on Fig. 3. Since the pore fluid is allowed to compress for 
the latter, the stresses generated with this method are lower. Since rS = 0.95, 5% of 
air is present in the fluid which corresponds to around 1.5% of the total volume of the 
sand sample. Even though the volumetric strain achieved at 20% axial strain exceeds 
1.6% (dilation), the stresses remain unrealistically high (Fig. 3(b)). Volumetric strain 
is seldom accurately quantified in undrained laboratory tests which inhibits compari-
son with our simulation data. However, the fact at the amount of volumetric strain at 
corresponds to the volume of air in the sample at rS  = 0.95 is physically reasonable. 



7 

Fig. 4 shows the variation of volumetric strain with axial strain for different isotropic 
friction coefficients. A friction coefficient of 0.2 showed contractive behaviour. 
Denser samples initially contracted followed by dilation. This method captures the 
behaviour of loose, medium-dense and dense samples under undrained shearing. 

Compared to the experimental test data for the same Dunkerque sand presented in 
[13], q and p’ remain unrealistically high although adopting the bulk modulus meth-
ods reduces the disparity compared to the constant volume method. It is noted that the 
particle shear modulus of 2.9 GPa adopted in this study is an order of magnitude low-
er than the true shear modulus of quartz of 29 GPa. Adopting a realistic shear modu-
lus would further increase the stresses and the stiffness of the sample. This is a known 
limitation of Hertzian spheres; future research will involve simulating particles with 
surface asperities to try to achieve a better quantitative agreement with experimental 
tests in terms of the stress–strain response and small-strain stiffness. 

Fig. 3. Response for a triaxial simulation conducted using the constant volume and bulk modu-
lus methods with a dense sample of 10193 spheres; a) deviator stress and mean effective stress 
(MPa) vs axial strain (%) and b) volumetric strain (%) vs axial strain (%). 

 

Fig. 4. Plots of volumetric strain (%) against axial strain (%) for isotropic friction coefficients 
of 0.0, 0.1 and 0.2 using triaxial undrained compression with the bulk modulus method. 
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5 Conclusions 

When the sample is dense, the constant volume method is not appropriate for simulat-
ing the undrained test condition as it generates unrealistically high stresses. Alterna-
tive methods are proposed for simulating the undrained test condition. The preferred 
method is based on volume changes computed using the bulk modulus of water–air 
mixtures because it captures the undrained behavior reasonably well and has a physi-
cal basis. However, the computed stresses remain unrealistically high. This is likely to 
be caused by the artificially stiff response of Hertzian spheres with particle shear 
moduli representative of quartzitic sands.  
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