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Geometric scaling of elastic instabilities in the Taylor-Couette geometry:
A theoretical, experimental and numerical study
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Abstract

We investigate the curvature-dependence of the visco-elastic Taylor-Couette instability. The radius of curvature is
changed over almost a decade and the critical Weissenberg numbers of the first linear instability are determined. Ex-
periments are performed with a variety of polymer solutions and the scaling of the critical Weissenberg number with
the curvature against the prediction of the Pakdel-McKinley criterion is assessed. We revisit the linear stability analysis
based on the Oldroyd-B model and find, surprisingly, that the experimentally observed scaling is not as clearly recov-
ered. We extend the constitutive equation to a two-mode model by incorporating the PTT model into our analysis to
reproduce the rheological behaviour of our fluid, but still find no agreement between the linear stability analysis and
experiments. We also demonstrate that that conclusion is not altered by the presence of inertia or viscous heating. The
Pakdel-McKinley criterion, on the other hand, shows a very good agreement with the data.

Keywords: Elastic instability, geometric scaling, Taylor-Couette, Pakdel-McKinley criterion, finite gap, linear stability
analysis

1. Introduction

Simple flows of fluids are often unstable though the
mechanism of instability is dependent on the type of the
fluid. In Newtonian fluids, flow instabilities and the tran-
sition to turbulence are driven by inertia [1], while in com-
plex fluids the instabilities can be caused by both inertia
and anisotropic elastic stresses [2–4]. One of the best stud-
ied classes of complex fluids are dilute polymer solutions
that are formed by long flexible polymeric chains dissolved
in a Newtonian solvent. It has been well-documented that
slow flows of these solutions exhibit purely elastic instabil-
ities, i.e. they arise even when the effect of inertia is too
small to drive an instability in a Newtonian fluid at the
same flow conditions [2, 3]. Generally speaking, polymeric
flows with curved streamlines exhibit linear instabilities,
which are often sub-critical [5]. At higher flow rates, dilute
polymer solutions exhibit chaotic behaviour, the so-called
purely elastic turbulence, which is not related to the usual
inertial turbulence [6, 7]. In flows with straight stream-
lines, there is no linear instability in the absence of inertia
(see [8–10], for instance), and the flow exhibits sub-critical
transition directly to a chaotic state [11–13, 4, 14, 15]
which is, presumably, the same purely elastic turbulence
observed at high flow rates in curved geometries.

Theoretical understanding of the destabilisation mech-
anism in flows with curved geometries is well-established

Email addresses: alexander.morozov@ed.ac.uk (Alexander
Morozov), c.wagner@mx.uni-saarland.de (Christian Wagner)

[2–4]. It relies on the presence of two ingredients: curved
streamlines in the base flow and the velocity gradi-
ent across the streamlines. In such situations, polymer
molecules stretch in the flow and orient, on average, in
the flow direction. The resulting tension in the stream-
lines, or the so-called hoop stresses create extra pressure
that increases towards the centre of curvature. At large
enough flow rates, this pressure overcomes viscous friction
keeping fluid elements on their streamlines and the base
flow loses its stability. The resultant flow pattern contains
vortices that are typically perpendicular to the direction
of the base flow in 3D [5].

Understanding the relationship between the curvature
of streamlines and polymeric hoop stresses led Pakdel and
McKinley [16, 17] to formulate the following criterion for
the onset of a purely elastic linear instability,√

λU
R

N1

Σ12
≥M > 0 , (1)

where λ is a characteristic relaxation time of elastic
stresses in the fluid, U is a typical velocity of the fluid
along a curved streamline, R is the radius of curvature of
that streamline, and N1 and Σ12 are the first normal stress
difference and the shear stress, respectively. A similar in-
stability condition was discussed by Larson, Shaqfeh and
Muller [18–20] and Shaqfeh [3]. Equation (1) involves two
dimensionless groups. First is the ratio between the typical
distance travelled along the streamline during one relax-
ation time, λU , and the radius of curvature R. It can be
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interpreted as a measure of how much the stretched poly-
mers ’feel’ the curvature when they follow the streamline.
The second group is a ratio between the first normal stress
difference N1 and the shear stress τ , and can be viewed as
a measure of tension in the streamline. This ratio is some-
times used as an alternative definition of the Weissenberg
number Wi = λγ̇ [21], with γ̇ the shear rate (see also
below).

This Pakdel-McKinley criterion has been experimen-
tally investigated first in a lid driven cavity [16, 17] where
the definition of curvature is less obvious than in a annu-
lar geometry. Already in the seminal works on viscoelas-
tic Taylor Couette flow by Muller, Larson and Shaqfeh
[18, 19] the gap width and radii were changed but only
over a rather limited range and they found a significant
discrepancy to the theoretical predicted scaling. Later on
Groisman and Steinberg [22–24] proved the validity of the
second part of the Pakdel McKinley criterion, i.e. the nor-
mal stress to shear stress ratio. However, this can not be
fully separated from the first term where the relaxation
time and thus the normal stress enters as well. More re-
cently, Zilz et al. [25] and Poole et al. [26] investigated
the visco-elastic instability in a serpentine micro-channel
with a rectangular cross section of different curvatures and
confirmed the predicted curvature dependency, while Alves
and Poole demonstrated that the Pakdel McKinley crite-
rion can successfully predict the onset of elastic instabil-
ities in smooth contractions of various contraction ratios
[27].

Ever since the first experimental study by Giesekus
[28] that reported the existence of a non-inertial elastic
Taylor-Couette instability, numerous studies have been
performed, both theoretical [19, 29–36] and experimental
[37, 22–24, 38, 39]; see Fardin et al. [40] for a recent review.
Related instabilities were reported in Taylor-Couette flows
of worm-like micellar solutions [41–47] and in dense col-
loidal suspensions [48], although their phenomenology is
significantly more complicated due to the rheological prop-
erties of the corresponding systems.

Here we present systematic investigation of the geomet-
rical scaling of viscoelastic instabilities in Taylor-Couette
geometry by varying the radius of the cylinders and keep-
ing the gap width constant. We will first present our exper-
imental findings and then recall the existing linear stability
analysis that are based on the Upper Convected Maxwell
(UCM) or Oldroyd-B (O-B) model. These models are not
sufficient to describe our fluid rheology and we have to
introduce a two-mode model by incorporating the PTT
[49] model in our analysis to describe the shear thinning
behavior of our fluids.

2. Experiments

2.1. Taylor-Couette setup

Our experiments are performed in the Taylor-Couette
geometry, see Figure 1 for a sketch of our setup. The radius

of the inner cylinder R1 is varied from 2.5mm to 22mm
and an outer beaker has a radius of R2 = R1 +d (see Tab.
1). The gap d = 1mm is always kept constant giving an
explicit change in curvature only. The relative gap width
ε = d/R1 ranges from 0.045 to 0.4. The inner (rotating)
cylinder is immersed into the fluid down to a distance of
h = 10mm to the bottom end of the outer beaker. The
effective contact height of the fluid is H = 73mm, giving
a constant aspect ratio of Γ = H/d = 73. The relative
contribution of the fluid disk between the bottom cross-
section of the inner cylinder and the bottom of the beaker
to the total torque exerted by the fluid on the rotating
cylinder does not exceed 1% of the total torque we measure
and can be neglected. We have also checked that in the
range of Weissenberg numbers typical for our experiments,
there are no instabilities associated with this fluid disk
since the onset of either purely elastic or inertial plate-
plate instabilities is at much higher shear rates [2].

Figure 1: Sketch of the Taylor-Couette cell in side and top view.

Rotation of the inner cylinder is controlled by a com-
mercial rotational rheometer (MARS II, Thermo Scientific,
Karlsruhe, Germany) in controlled rate (CR) mode. The
temperature T of the outer Couette cell is kept constant by
the use of a closed loop water circuit. The temperature can
be stabilized with a precision of ±0.01◦C, while the accu-
racy of the absolute temperature is supposed to be±0.5◦C.
The temperature of the inner cylinder was checked to not
significantly deviate from the controlled temperature of
the beaker, i.e. for a setpoint T = 10◦C of the outer beaker
the temperature of the inner cylinder is T1 ≈ 10.2◦C.

For the flow visualization measurements, a transpar-
ent outer beaker has been built and a small amount
of anisotropic reflective particles (Kalliroscope) has been
added to the solution. As the particles are oriented by fol-
lowing the streamlines of the flow, different flow patterns
manifest as regions of different luminance when homoge-
neously illuminated. The resulting intensity images of the
rotating fluid along the whole cylinder axis are captured
by a commercial CCD camera.
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R1 R2 ε = d
R1mm mm

2.5 3.5 0.400
3.75 4.75 0.267

5 6 0.200
7.5 8.5 0.133
10 11 0.100
15 16 0.067

17.5 18.5 0.057
20 21 0.050
22 23 0.045

Table 1: Parameters of the used Taylor-Couette cells. The gap width
d = R2 −R1 = 1mm is the same for all the different setups.

2.2. Sample preparation and characterisation

Highly elastic, long-chained Polyacrylamide (PAAm,
molecular weight 5− 6 Mio and 18 Mio Dalton) molecules
dissolved in different Newtonian solvents were used to
obtain highly visco-elastic solutions. Table 2 gives an
overview of the solutions used in our experiments. The
polymer concentration cPAAm is varied from 80ppm to
1200ppm, and we used either aqueous glycerol or saccha-
rose mixtures of various concentrations as Newtonian sol-
vents. All solutions were prepared according to the follow-
ing protocol: First, the polymer powder was dissolved in
water by moderate shaking and stirring for 24 hours at am-
bient temperature. Next, the appropriate amount of glyc-
erol or saccharose was added and the whole solution was
gently stirred for another period of 24 hours. While the
glycerol solutions are very robust against chemical degra-
dation, the sugar solutions get rapidly infested by mold,
as they are a perfect culture medium for bacteria. There-
fore, all the measurements with sugar-based solvents were
performed immediately after finishing the preparation.

name
cPAAm Mw solv. (X+H2O) T
(ppm) (106 Da) X % (◦C)

P150G80 150

5–6*

glyc. 80 10
P600G80 600 glyc. 80 10
P1200G80 1200 glyc. 80 10
P500S58 500 sacch. 58 10
P80S64 80

18**
sacch. 64 22

P150S65.6 150 sacch. 65.5 23

Table 2: PAAm solutions used in this study (Sigma-Aldrich No.
92560 (*), Polysciences No. 18522 (**)). Solutions with the lower
molecular weight were studied at a lower temperature than the high-
molecular weight samples in order to increase the stress signal and
to make the instability more pronounced.

Rheological characterisation of the solutions was per-
formed in the cone-plate (C60/2◦) geometry with the same
rheometer as the Taylor-Couette measurements. Figure
2 shows representative steady-shear data of the apparent
shear viscosity η(γ̇) and the first normal stress difference

N1(γ̇) for the P600G80 solution. All our solutions exhibit
a moderate degree of shear thinning, and the first normal
stress difference N1(γ̇) is approximately proportional to
the square of the shear rate.

2.3. Fitting the rheology: a hybrid model

As a first approximation, our solutions can be described
by the Oldroyd-B constitutive equation that expresses the
total stress in the fluid, Σ, as a sum of an isotropic pres-
sure p, a Newtonian contribution with the viscosity ηs,
and a polymeric contribution τu that obeys the Upper-
Convected Maxwell (UCM) model [2, 50]

τu + λu
∇
τu= ηu

(
∇v +∇v†

)
. (2)

Here, v is the velocity of the fluid, λu and ηu are the
Maxwell relaxation time and the polymeric viscosity of the
UCM model, respectively; † denotes transpose of a matrix.
The upper-convected derivative of a second-rank tensor is
given by [50, 51]

∇
τ=

∂τ

∂t
+ v · ∇τ −∇v† · τ − τ · ∇v. (3)

Additionally, the fluid satisfies the momentum-balance
and incompressibility equations

ρ

(
∂v

∂t
+ v · ∇v

)
= ∇ ·Σ, (4)

∇ · v = 0. (5)

According to Eq. (2), an Oldroyd-B fluid in steady
simple shear flow has a constant total shear viscosity
ηs+ηu, and the first normal stress differenceN1 = 2λuηuγ̇

2

[50]. While the latter expression correctly captures the
quadratic scaling of N1 with the shear rate observed in
our rheological measurements (see Fig. 2, for example),
the shear-rate-independent total viscosity of the Oldroyd-
B model is inconsistent with the observation of moder-
ate shear-thinning for all our solutions. Since our goal
is to quantitatively assess how predictions of the Pakdel-
McKinley condition and the linear stability analysis com-
pare with the experimentally measured onset of purely
elastic instabilities, we need a constitutive equation that
accurately describes the rheology of our solutions.

In order to compensate for the shortcomings of the
Oldroyd-B equation, we use a multi-mode approach [50]
and model the total stress in the fluid Σ as

Σ = −p δ + ηs
(
∇v +∇v†

)
+ τu + τp, (6)

where δ is a second-rank identity tensor. As before, the
second and the third terms are the Newtonian and UCM
stress tensors, correspondingly. The last term, τp, obeys
the simplified, linearised formulation (sPTT [52]) of the
PTT model [49]

τp

(
1 + α

λp
ηp

tr
(
τp
))

+ λp
∇
τp= ηp

(
∇v +∇v†

)
. (7)
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Similar to the UCM model, an sPTT fluid is characterised
by a relaxation time λp and viscosity ηp; additionally,
Eq. (7) contains a parameter α ≥ 0 that controls the de-
gree of shear-thinning exhibited by this fluid.

In steady simple shear flow, the only non-zero compo-
nents of the sPTT stress τp are the shear stress τp,12 and
the normal stress τp,11 given by

τp,12(γ̇)

(
1 + 2α

(
λp
ηp

)2

τp,12(γ̇)2

)
= ηpγ̇ , (8)

τp,11(γ̇) = 2
λ

ηp
τp,12(γ̇)

2
. (9)

As can be seen from these equations, at low stresses, the
sPTT model reproduces the Oldroyd-B rheology, while for
large stresses, one obtains τp,12 ∼ γ̇1/3 and τp,11 ∼ γ̇2/3,
implying significant shear-thinning of both viscosity and
the first-normal stress difference.

Within our two-mode hybrid model, the steady shear
rheology is then described by

η(γ̇) = ηs + ηu +
τp,12(γ̇)

γ̇
, (10)

N1(γ̇) = 2λuηuγ̇
2 + τp,11(γ̇). (11)

Our modelling strategy is based on ensuring that the
normal-stress difference is dominated by the Oldroyd-B
component, while the total viscosity is dominated by the
sPTT viscosity and, hence, exhibits shear-thinning. An
example of the fit of our hybrid model to the data for the
P600G80 solution is shown in Fig. 2, demonstrating a fairly
good agreement.
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Figure 2: Shear rate sweep measurement of the P600G80 solution
and its respective solvent in terms of the viscosity η(γ̇) (top) and
first normal stress difference N1(γ̇) (bottom). The data are fitted
according to the Oldroyd-B (green) and the hybrid model (red).

In Table 3, we present the model parameters,
(ηs, ηu, λu, ηp, λp, α), obtained by fitting our hybrid model
to the steady-state shear rheology of the solutions listed in
Table 2. In general, most of the parameters of the hybrid

model show systematic variation with the polymer concen-
tration and the solvent viscosity, the only exception being
the sPTT relaxation time λp. The reason for wide vari-
ations of λp and the associated large standard deviation
for this parameter is the fact that the sPTT component of
the model predominantly contributes to the shear stress
(viscosity) and not to the normal stresses. Shear-thinning
viscosity of our solutions allows us to determine the com-
bination αλ2p that also shows systematic variation with the
polymer concentration, see Table 3. In order to disentan-
gle α and λp in this combination, one needs to use the
normal-stress data. However, since N1 is well-described
by the UCM component of the model, the absolute value
of λp is difficult to determine resulting in large errors in its
values in Table 3. Nevertheless, this does not significantly
affect the rheology of the model since the sPTT compo-
nent is used as, essentially, a power-law fluid with almost
no normal stresses.

0 1 0 2 0 3 0 4 0 5 0 6 0 7 0 8 0 9 0 1 0 00 . 0
0 . 5
1 . 0
1 . 5
2 . 0
2 . 5
3 . 0

λ r h e o  =  3 3  + / -  2  m s  
n  =  0 . 9 6  + / -  0 . 0 3

Wi
rhe

o

γ   ( s - 1 )

 W i r h e o  =  ( λ r h e o  γ)  n

r e s o l u t i o n  l i m i t

Figure 3: Rheological Weissenberg number as a function of the ap-
plied shear rate for the P600G80 solution. Different symbols refer to
independent sets of measurements in the cone-and-plate setup and
circles give the averaged data.

In what follows, we will be comparing the results of our
experiments with the predictions of the Pakdel-McKinley
criterion and the linear stability analysis. This compar-
ison is only meaningful if we can define the Weissenberg
number in our theory and experiments in the same way.
Formally, it can be defined based on the UCM-component
relaxation time λu extracted from the data with the help
of our hybrid model since that component is responsible
for reproducing the normal-stress behaviour. However, we
feel that such a definition would be too model-dependent
and, additionally, ignore the shear-thinning nature of our
fluid. Another approach is motivated by the observation
that for the UCM model, the Weissenberg number can be
written as N1/2τu,12. For a shear-thinning fluid, a popular
definition of the Weissenberg number is to use the UCM
expression at a particular shear rate, i.e. N1(γ̇)/2τu,12(γ̇).
This approach relies on one’s ability to separate the poly-
mer shear stress from the total shear stress in the fluid,
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solution
ηs ηu ηp λu λp α(λp)

2

n
λrheo

β
(mPa s) (mPa s) (mPa s) (ms) (ms) (s2) (ms)

P150G80 119± 2 11.8± 0.1 7.6± 0.2 51± 3 (0.9± 1.5) · 103 0.028± 0.013 0.91± 0.06 4.8± 0.4 0.86± 0.03
P600G80 119± 2 57± 1 40± 1 99± 5 23± 39 0.066± 0.014 0.96± 0.03 33± 2 0.55± 0.02
P1200G80 119± 2 123± 1 114± 1 134± 8 229± 323 0.094± 0.002 0.97± 0.03 68± 4 0.33± 0.01
P500S58 83.1± 0.2 38± 3 28± 1 67± 6 126± 204 0.043± 0.006 0.91± 0.02 22± 1 0.56± 0.02

P80S64 140± 2 15± 3 22± 1 242± 49 (3.1± 4.8) · 103 0.68± 0.20 0.56± 0.06 64± 15 0.79± 0.04
P150S65.5 105.6± 0.5 50± 5 69± 4 447± 46 (4.2± 7.4) · 103 1.30± 0.47 0.94± 0.06 153± 11 0.47± 0.02

Table 3: Rheological parameters of the different PAAm solutions based on the two-mode hybrid model.

and, naively, the difference between the two can be ap-
proximated by η′γ̇, where η′ is the viscosity of the pure
Newtonian solvent in the absence of polymers. This is,
however, only an estimate since the presence of polymers
certainly changes the viscosity of the fluid even if the poly-
mers are not significantly stretched [53], and, in general, ηs
from Eq. (6) is larger than η′. To avoid this complication,
we interpret our experimental measurements in terms of a
rheological Weissenberg number based on the values of the
normal stresses and the total shear stress at a given shear
rate:

Wirheo(γ̇) =
N1(γ̇)

2|Σ12(γ̇)|
. (12)

In Figure 3, we present the rheological Weissenberg num-
ber for the P600G80 solution as calculated from the rheol-
ogy data, revealing a power law dependence on the shear
rate in the relevant region between 30s−1 and 100s−1, i.e.

Wirheo =
(
λrheoγ̇

)n
= (33± 2ms · γ̇)0.96±0.03 . (13)

with a power-law exponent n and an alternative (relax-
ation) time λrheo. The deviation from the linear depen-
dency on the shear rate is rather weak for this solution
since the shear thinning of the viscosity as well as the de-
viations of the normal stress from the quadratic scaling
with the shear rate are moderate. This is true for most of
the investigated solutions (cf. Table 3).

The results of our theory will also be reported in terms
of the rheological Weissenberg number defined with the
help of the hybrid model as

Wirheo(γ̇) =
2λuηuγ̇

2 + τp,11(γ̇)

2 |(ηs + ηu) γ̇ + τp,12(γ̇)|
. (14)

2.4. Taylor-Couette measurements

All our solutions were investigated with respect to
their transition to elastic instability in the various Taylor-
Couette cells of different relative gap widths ε. For each
Taylor-Couette cell we performed shear rate sweep mea-
surements, that is, the shear rate was increased stepwise,
starting from γ̇ = 1s−1 up to γ̇ = 200s−1 in steps of
1s−1. Each shear rate was kept constant for ∆t = 10s
and the ratio of the measured shear stress and shear rate
Σ12(γ̇)/γ̇ was averaged over the last 5s of each time period
∆t. Figure 4 shows representative flow curves (vertically
shifted) of the P600G80 solution measured at T = 10◦C.
All curves show a common behaviour: for low shear rates,

1 0 1 0 0
0 . 2
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0 . 4

0 . 5

0 . 6

0 . 7

(Σ 12
 / γ

) +
 ∆(

ε)  
(Pa

 s)

γ  ( s - 1 )

 

 

 ε =  0 . 4      
 ε =  0 . 2 6 7    
 ε =  0 . 2     
 ε =  0 . 1 3 3     
 ε =  0 . 1
 ε =  0 . 0 6 7
 ε =  0 . 0 5 7
 ε =  0 . 0 5

γc r i t

3 4   4 2   5 4 . . . 6 0

Figure 4: Taylor-Couette data of the P600G80 solution. The curves
are vertically shifted in proportion to the respective radius of the
inner cylinder relative to the biggest one in use, i.e. ∆(ε) = (20 −
ε−1) · 0.01Pa s. The blue dashed line indicates the viscometric flow
curve. For ε = 0.1, the flow has been additionally visualized as
presented in Fig. 5 (yellow area).

corresponding to the case of viscometric, purely azimuthal
Couette flow, the extracted quantity gives a slightly shear
thinning viscosity of the solution as measured in the cone-
and-plate setup. When increasing the shear rate above
some ill defined value, the signal starts to slightly increase
above the viscometric flow curve. Subsequently, the curve
sharply increases at a critical shear rate γ̇crit. We refer to
this point as the onset of elastic instability in agreement
with a visualization of non-trivial flow patterns, which sud-
denly spread across the whole cylinder at γ̇crit (cf. red box
in space-time plot in Fig. 5). The value of γ̇crit system-
atically depends on the relative gap width ε as well as on
the fluid parameters. Figure 6 summarizes all the transi-
tion points in terms of the critical modified Weissenberg
number

√
εWirheocrit as calculated via Eq. (13). The error

bars give a worst-case error estimate, accounting for er-
rors in the normal stress and viscosity data as well as in
the localization of the critical shear rate. When the annu-
lar gap is completely occupied by secondary flow patterns,
the sharp incline of the stress data in Fig. 4 stops and
the curves slowly rise to some maximum before decreas-
ing again. This is due to the degradation of the polymer
solutions, which occurs under the influence of strong de-
formation due to strong secondary flow [6, 54, 5, 55, 56].
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We also note here that the contribution of the instability
to the torque on the inner cylinder, i.e. the rise of the
effective viscosity above its viscometric value in Fig. 6, is
larger for larger relative gap width ε.

Figure 5: Visualization of the fluid flow (face view) during a standard
shear rate sweep measurement of P600G80 for ε = 0.1. Between
γ̇crit = 54s−1 ≤ γ̇ ≤ 60s−1 (red box), non-trivial flow patterns
spread across the whole cylinder axis.
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Figure 6: Summary of the critical modified rheological Weissenberg
numbers mapping the onset of elastic instability in the Taylor-
Couette setups of different gap widths ε. Open symbols denote data
points at small ε where a clear determination of the onset became
difficult. Those data where not taken for the fit. The geometrical
scaling is well described by the Pakdel-McKinley criterion (17) for
moderate to high values of ε & 0.05.

In the following sections we compare our measurements
against the predictions of the Pakdel-McKinley criterion
and the linear stability analysis of the hybrid model, and
demonstrate that while the Pakdel-McKinley condition
successfully describes variation of the onset of the elastic
instability with ε, surprisingly, the linear stability analysis
fails, both qualitatively and quantitatively.

3. Pakdel-McKinley criterion for Taylor-Couette
flow

As mentioned in the Introduction, Pakdel and McKin-
ley have developed a condition for the onset of a linear
instability in shear flows with curved streamlines [16, 17],
and the most general form of that condition is summarised
in Eq. (1) [4]. In the small-gap approximation, ε � 1,
the base Taylor-Couette flow is approximated by a lin-
ear shear with a constant shear rate across the gap given
by γ̇sg = ΩR1/d, where the subscript refers to the small-
gap approximation. First, we neglect the effect of shear-
thinning of our solutions, as was done by Pakdel and
McKinley [16, 17], and base the following discussion on
the Oldroyd-B model; it will be incorporated in our in-
stability condition later on. Using the Oldroyd-B expres-
sions for the stresses in linear shear in our definition of
the rheological Weissenberg number, Eq. (12), we obtain
Wirheo = (1− β)λuγ̇sg, where β = ηs/η is the ratio of
the solvent and total viscosities of the solution. Choosing
U = ΩR1 for the characteristic velocity along a stream-
line and the radius of curvature R = R1, the instability
condition (1) is given by

√
εWirheo ≥

√
1− β

2
M, (15)

or in terms of the usual Weissenberg number, Wi = λuγ̇sg,
(1) is given by

√
εWi ≥ M√

2(1− β)
. (16)

The combination
√
εWirheo is often referred to as the

modified Weissenberg number [2]. For the simplest case of
a UCM fluid (β = 0), Eq. (15) simplifies to 2ε(Wirheo)2 ≥
M2, that resembles the criterion for the linear instability
in the Newtonian case with the Reynolds number replaced
by the Weissenberg number, and the left hand side being
the Taylor number Ta [2].

Eq. (15) defines the onset of an elastic linear instability
in terms of a critical modified Weissenberg number as a
function of the relative solvent viscosity and a constant
M , assumed to be universal for a given type of flow. In
the small-gap approximation of a Taylor-Couette flow of
an Oldroyd-B fluid, the modified Weissenberg number does
not explicitly depend on the geometrical parameter ε.

While providing a simple instability criterion in the
small-gap approximation, Eq. (15) is not applicable to our
experiments due to the dimensions of our Taylor-Couette
cells. Indeed, even at the smallest gap ε = 0.045 used in
our experiments, the shear rates varies about 10% across
the gap, while for ε = 0.4, the variation is around 40%.
This indicates that for the Taylor-Couette geometries used
in our experiments (and the previous ones presented in the
literature) the finite width of the gap should be considered.

The adaption of the Pakdel-McKinley criterion to the
general case of finite gap width is straightforward. In the
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Oldroyd-B model, the velocity profile in the gap, vθ(r),
is given by its Newtonian expression, vθ(r) = Ar + B/r,
where constants A and B are determined from the bound-
ary conditions vθ(R1) = ΩR1 and vθ(R1 + d) = 0. The
shear rate in the gap is then ∂vθ(r)/∂r − vθ(r)/r, and is
maximum at the inner cylinder r = R1. Rewriting Eq. (15)
in terms of this maximum shear rate yields

√
εWirheo(ε;β) ≥ f(β)

√
1 +

3

2
ε+

ε2

2(ε+ 2)
, (17)

where

f(β) =
M√

2

√
1− β . (18)

In Fig. 6 we compare the prediction of Eq. (17) with the
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Figure 7: The critical parameter f from the Pakdel-McKinley cri-
terion (17) as a function of the zero shear rate viscosity ratio β
(triangles and dashed line) and the shear thinning viscosity ratio
β+ = ηs/η+ = ηs/η(γ̇) (circles and line). Symbols refere to ex-
perimental data points, the lines to the fitting function f

(
β(+)

)
=

A(+)
√
B(+) − β(+).

experimental data. Since the Pakdel-McKinley condition
contains an unknown constant, we use the scaling factor
f(β) in Eq. (17) as a fitting parameter. As can be seen
from Fig. 6, the Pakdel-McKinley criterion reproduces the
experimental results fairly well for ε & 0.05.

Now we turn our attention to the dependence of the
fitting parameter f on β and compare it with the actual
prediction of the Pakdel-McKinley condition, Eq. (18). In
Fig. 7 we plot the values of f obtained from fitting the
experimental onset data to Eq. (17) for each solution as a
function of β = ηs/η(0). Here ηs is the nominal solvent
contribution to the total viscosity and η(0) is the zero-
shear rate viscosity of each solution, see Table 3. The
data can be approximated by a function f(β) = A

√
B − β

with parameters A = 1.2± 0.1 and B = 0.89± 0.03, which
differs from the prediction Eq. (18).

A better agreement can be obtained by accounting ex-
plicitly for the shear-thinning properties of the fluids. As

discussed in Section 2.3, viscosity of our solutions is mod-
erately shear-thinning, while the first normal-stress differ-
ence is well-described by the Oldroyd-B model. There-
fore, in Fig. 7 we also plot the fitted values of f against
the shear-thinning viscosity ratio β+ = ηs/η

+ = ηs/η(γ̇),
where η(γ̇) is the actual viscosity of the solution at the
shear rate where an instability was detected; a similar
procedure was used by Casanellas et al. [57]. Fitting
these data to the function f(β+) = A+

√
B+ − β+ gives

A+ = 1.3± 0.2 and B+ = 0.96± 0.05. Within the experi-
mental error, this function is identical to the prediction of
the Pakdel-McKinley expression, Eq. (18).

From our data we conclude that the universal constant
M in the Pakdel-McKinley criterion is equal to

M = 1.8± 0.3. (19)

In terms of the overall rheological scaling, our results are
in agreement with experiments of Groisman and Steinberg
[23], who measured the onset of disordered oscillations
(DO) at a fixed value of ε = 0.255 for different polymer so-
lution at various temperatures. However, they extracted a
higher value of M = 3.58 that can probably be attributed
to the fact that they used a different relaxation time that
was extracted from linear oscillatory measurements.

4. Linear stability analysis

In this section we assume that the threshold we ob-
served experimentally corresponds to the loss of stabil-
ity by the base, laminar flow with respect to infinites-
imal perturbations, i.e. we observed a linear instabil-
ity. As usual, occurrence of a linear instability is iden-
tified theoretically by introducing a small perturbation
to the base state in the equations of motion, which in
the case of Taylor-Couette flow takes the following form:
{δv(r), δp(r), δΣ(r)} eikzeimθeµt. Here, k and m are the
axial and azimuthal wavenumbers, correspondingly, and
µ is the eigenvalue that, in general, is a function of the
Reynolds number Re, Weissenberg number Wi, and k and
m. For given m and k, the threshold of a linear instability
is then determined by the point where the real part of µ
becomes positive.

Our goal here is to compare the experimental thresh-
old to predictions of the linear stability analysis and as-
sess whether it agrees with the Pakdel-McKinley criterion.
First we summarise existing results on the linear stability
of Taylor-Couette flow. Most of the previous experimen-
tal work addressing the scaling of the instability threshold
with the parameters of the Taylor-Couette geometry was
performed with Boger fluids, and the corresponding lin-
ear stability analysis is for the Oldroyd-B model. Then
we present the results of the linear stability analysis for
our shear-thinning hybrid model and compare it with the
predictions of the Pakdel-McKinley criterion.
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4.1. Review of previous studies

The first systematic linear stability analysis of Taylor-
Couette flow was performed by Larson, Shaqfeh and
Muller [19]. Employing the small-gap (sg) approxima-
tion they derived an analytic expression for the instability
threshold with respect to axisymmetric modes (m = 0):

small gap:
√
εWi ≥ 5.92± 0.02√

K(β)
. (20)

Here,

K(β) =

4
√
x
β2x2 + 4β2 (β + 1)x+ 4β3 + 7β2 + 4β + 1

(1 + x)
2
[
(β + 1)

2
+ xβ2

]2 , (21)

and x is the only real root of the cubic equation

β3x3 + β
(
7β2 + β − 1

)
x2 +

(
3β3 + 2β2 + 2β + 1

)
x

−
(
3β3 + 7β2 + 5β + 1

)
= 0. (22)

As can be seen from Eqs. (21) and (22), K(0) = 1, and
K(β)→ 0 when β → 1.

In the small-gap approximation, the result of the lin-
ear stability analysis, Eq. (20), has a form similar to the
Pakdel-McKinley condition, Eq. (16): both equations pre-
dict a modified threshold

√
εWi that is independent of

ε. Eq. (20), however, has a more complicated depen-
dence on β than the small-gap Pakdel-McKinley condi-
tion, Eq. (16). In order to quantify this difference, we fix
the constant M in Eq. (16) to M = 5.92

√
2 = 8.37 to

match both equations for β = 0, and plot their predic-
tions as a function of β in Figure 8. While the overall
shape of both curves is the same, the Pakdel-McKinley
criterion predicts significantly higher values of the insta-
bility threshold. For example, for β = 0.79, it gives√
εWicrit ≈ 12.92 whereas the linear stability analysis pre-

dicts
√
εWicrit ≈ 5.92/

√
K(0.79) = 7.58.

The small-gap approximation was relaxed by Joo and
Shaqfeh [32, 29] who performed numerical linear stability
analysis of Taylor-Couette flow explicitly taking into ac-
count the variation of the shear rate in the gap. Figure 9
shows their results for an Oldroyd-B fluid with β = 0.79.
For the axisymmetric mode, m = 0, Joo and Shaqfeh
compared numerical linear stability performed with the
small- and finite-gap approximations, and observed that
the finite-gap effects stabilise the flow. A similar observa-
tion was made earlier for the inertial instability of Newto-
nian Taylor-Couette flow [58, 59].

While until now we have only considered the axisym-
metric mode of perturbation, non-axisymmetric modes,
m ≥ 1, are well known to be more unstable [32, 30]. In
Fig. 9 we, therefore, also plot the linear stability threshold
corresponding to the first non-axisymmetric mode (m = 1)
for β = 0.79 within the finite-gap (fg) approximation. As
can be seen from Fig. 9, the m = 1 neutral curve shows
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Figure 8: Onset of elastic instability according to the Pakdel-
McKinley criterion (16) (with M = 8.37) and linear stability analy-
sis (20) (axisymmetric, m = 0 [19]) in the small-gap approximation,
ε� 1.
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Figure 9: Results from various linear stability analyses (small gap
(sg): m = 0 [19]; finite gap (fg): m = 0 [29], m = 1 [32]) and
experiments [18] for the onset of linear visco-elastic instability of an
Oldroyd-B fluid with β = 0.79. Data are extracted from the original
publications.

a very different geometric scaling on ε compared to the
axisymmetric (m = 0) mode.

To our knowledge, the only experimental study focusing
on the explicit geometric scaling of the elastic instability
threshold in Taylor-Couette can be found in the work of
Larson, Shaqfeh and Muller [18, 19]. Their study used
a Boger fluid with β ≈ 0.79 and, thus, can be directly
related to the linear stability analysis presented above.
The corresponding critical modified Weissenberg numbers
are presented in Fig. 9. It is evident that the experimental
data exhibit significant discrepancies with the results of
the linear stability analysis, both in absolute numbers
and their dependence on the relative gap-size ε.

A resolution of this discrepancy was suggested by
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Sureshkumar and co-workers [60, 61], who noted that the
Boger fluid used by Larson, Shaqfeh and Muller [18, 19]
should be sensitive to relatively small temperature vari-
ations in the sample. Since a part of the work spent on
constant shearing of the fluid goes into viscous heating,
Sureshkumar and co-workers [60, 61] argued that the mate-
rial properties of the fluid should be shear-rate-dependent.
They performed the corresponding linear stability analy-
sis of the Oldroyd-B model coupled to the temperature
equation, and found that for realistic thermal properties
of the fluid the instability threshold is significantly lower
than its constant temperature counterpart, and that the
most unstable mode is axisymmetric (m = 0).

4.2. Results

In this section we present the results of the linear sta-
bility analysis for our system. We linearise the equations
of motion Eq.(2) and Eqs.(4)-(7) around the base state,
discretise them using the pseudospectral Chebyshev-tau
method [62] and solve numerically the resulting generalised
eigenvalue problem using Scientific Python [63].

As the first step, we compare predictions of our code
against the existing results discussed above. We recalcu-
late the critical Weissenberg number Wi(ε) for the purely
elastic (Re = 0) Taylor-Couette flow of a UCM fluid (β =
0) and an Oldroyd-B fluid with β = 0.79; ηp = α = λp = 0
in both cases. We consider axisymmetric (m = 0) and the
first non-axisymmetric (m = 1) modes.
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Figure 10: Results of our linear stability analysis of the purely elas-
tic (Re = 0) base Taylor-Couette flow of a Maxwell (β = 0) and
Oldroyd-B fluid (β = 0.79) for small axisymmetric (m = 0) distur-
bances. Our data reproduce the results published in Ref. [32] and
Ref. [29].

For m = 0 in the small gap approximation [19] our
results are consistent with the data from the literature
[29, 32], see Fig. 10. In contrast, our m = 1 data signif-
icantly differs from the existing results (cf. Fig. 11). We
suspect a numerical error in the data of Ref. [32] since
we were also unable to convert these data for the critical
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Figure 11: Critical (modified) Weissenberg number as a function of
the relative gap width. The referenced data are extracted from linear
stability analysis of a Maxwell fluid (β = 0) and an Oldroyd-B fluid
(β = 0.79), the latter for both, axisymmetric (m = 0) as well as first
non-axisymmetric mode (m = 1) of disturbances [29, 32].

Weissenberg number into the modified Weissenberg num-
ber given in the same publication (see Figs.12 and 13 in
Ref. [32]).

As can be seen in Figure 11, the m = 1 mode is the
most unstable one only for a limited range of gap widths,
ε & 0.07. For smaller ε, modes with higher azimuthal
wavenumbers m are more unstable, and the critical value
of m steadily increases upon decreasing the curvature. We
interpret this as an indication that for vanishing curvature
the system approaches the limit of plane Couette flow, a
fact that is well known in Newtonian Taylor-Couette flow
[64]. Table 4 gives the critical Weissenberg number for
various values of β, ε andm. In the following, when talking
about the critical onset for elastic instability, we will refer
to the most unstable mode. The corresponding values are
highlighted in boldface in Table 4 and presented in Fig.
12. For all values of β, the critical modified Weissenberg
number obeys a heuristic quadratic dependency on the gap
width 0 < ε . 0.3:√

1− β
√
εWiLSAcrit = a(β)

(
1 + b(β)ε+ c(β)ε2

)
, (23)

where the functions a(β), b(β), c(β) > 0 are presented in
Fig. 12. In contrast, a Taylor expansion of the modified
Weissenberg number according to the Pakdel-McKinley
criterion, Eq.(17), predicts to second order

√
1− β

√
εWicrit =

M√
2

(
1 +

3

4
ε− 5

32
ε2
)

+O(ε3). (24)

It is obvious that the Pakdel-McKinley criterion and the
linear stability analysis provide significantly different re-
sults. According to the former, the rescaled modified Weis-
senberg number

√
1− β

√
εWi is independent of β and in

the small-gap limit it is equal to a constant, M/
√

2. Our
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experiments provide a value of M = 1.8 ± 0.3. On the
other hand, the linear stability analysis predicts that in the
small-gap limit the rescaled modified Weissenberg num-
ber depends on β since a(β) is a decreasing function (see
Figs.12 and 13). We conclude that the Pakdel-McKinley
criterion predicts a much weaker dependence on the gap
width than the linear stability analysis since for any β
its coefficients of the correction terms O(ε) and O(ε2) are
much smaller than the functions b(β) and c(β) extracted
from the linear stability analysis of the Oldroyd-B model.
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as suggested by the Pakdel-McKinley criterion (16). For values ε ≤
0.35, the data can be fairly fit by heuristic quadratic functions (lines,
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scaling of the onset of elastic instability in the small gap limit ε→ 0.

Next we perform the linear stability analysis of our
hybrid model in order to assess the influence of shear-
thinning on the stability threshold and its scaling with

the gap width. As already mentioned above, the proper
way to compare the results of the linear stability analysis
for both the Oldroyd-B and hybrid models against our ex-
perimental results, all three should be formulated in terms
of the rheological Weissenberg number, defined in Section
2.3. Since the base profile of our shear-thinning hybrid
model differs from the Oldroyd-B one, we calculate it nu-
merically, and use the maximum value of the velocity gra-
dient, which is always at the inner cylinder, to define the
rheological Weissenberg number for this model according
to Eq.(14).

In Fig. 14 we compare the linear stability analysis of the
Oldroyd-B and the hybrid model for a range of β = ηs/η0.
The hybrid model clearly predicts a lower onset than the
Oldroyd-B model. Nevertheless, a significant discrepancy
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Figure 14: Results of the linear stability analysis of two-mode hybrid
model compared with results from the Oldroyd-B model only.

with the experimental data still remains as illustrated in
Fig. 15 for β = 0.55. We have checked that this problem
is not cured by the addition of a small amount of inertia.
In Fig. 15 we also present the results of the linear stabil-
ity analysis of the hybrid model for the Reynolds number
Re = 1.0. This value is an estimate from above of the max-
imal Reynolds number reached in our experiments. The
instability threshold in the presence of a small amount of
inertia is almost identical to the purely elastic case and the
discrepancy with the experimental observations remains.

5. LSA of the non-isothermal hybrid model

In the previous section we have demonstrated that nei-
ther the Oldroyd-B nor the shear-thinning hybrid model
can predict the experimentally observed instability thresh-
old. As we already mentioned above, this problem is rem-
iniscent of the discrepancy between the instability thresh-
old for a Boger fluid in a small-gap Taylor-Couette setup
observed by Larson, Shaqfeh and Muller [19], and the pre-
dictions of the linear stability analysis for the Oldroyd-B
model. This discrepancy was resolved in [60, 61, 65, 66],
where it was argued that constant shearing by the base
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flow and small perturbations result in local viscous heating
of the fluid rendering its mechanical properties spatially
inhomogeneous. Since Boger fluids are typically based on
rather viscous Newtonian solvents [67], they are prone to
significant viscous heating. For realistic thermal proper-
ties of Boger fluids, Sureshkumar et al. [60, 61] found
that the instability threshold is significantly lower than
its constant-temperature counterpart. In this section we
examine whether the same argument resolves a similar dis-
crepancy for our dilute polymer solutions that are signifi-
cantly less viscous than the Boger fluid employed by Lar-
son, Shaqfeh and Muller [19].

First we note that there are reasons to expect temper-
ature gradients in our setup. The inner cylinder of our
Taylor-Couette cell is mounted on the driving motor which
is at ambient temperature (≈ 23◦C), and the upper part of
the cylinder is not immersed into the fluid (see Fig.1). It
is, therefore, reasonable to assume that there is a temper-
ature difference between the inner cylinder and the outer
beaker which is in contact with the surrounding thermal
bath fixed at T = T0. This difference should be especially
significant for the measurements at T0 = 10 ◦C, and we ex-
pect T (R1) > T (R2) = T0. We have verified this assump-
tion by measuring the steady state temperature difference
between the thermal bath and the temperature of the inner
cylinder in a particular setup, measured by a temperature
sensor mounted in an bore hole close to the surface of the
cylinder. The observed equilibrium temperature difference
is approximately ∆T = T (R1)− T0 . 0.2 ◦C.

To include the effect of viscous heating in our hybrid
model, we turn to one of the simplest forms of the kinetic
theory for dilute polymer solutions – a suspension of non-
interacting Hookean dumbbells [68]. Within this theory,
the polymeric contribution to the stress tensor τ is given

by

τ = nH〈QQ〉 − nkBTδ, (25)

and, simultaneously, by

τ = −nζ
4

∇
〈QQ〉 . (26)

Here, Q is the end-to-end vector of a polymer chain, n is
the number density of polymer chains, H is the Hookean
spring constant, ζ is the coefficient of friction between the
polymer chain and the solvent, kB is the Boltzmann con-
stant, and the ensemble average is performed over the equi-
librium distribution function Ψ(Q) [68, 69]. Combining
these two equations yields the Oldroyd-B model. To ac-
count for spatial temperature variations, we observe that
the Hookean elastic constant H has entropic origins [70],
and, therefore, H ∝ T . The friction coefficient ζ, on the
other hand, is proportional to the viscosity of the New-
tonian solvent suspending polymer chains, that typically
obeys the Arrhenius-type law

ζ ∼ ηs(T ) ∼ e
Ea
RT , (27)

where Ea is the activation energy, and R is the gas con-
stant [71]. Taking into account this explicit temperature
dependence, and assuming that the temperature can vary
in space and time, we combine the above expressions for
the stress tensor to obtain a non-isothermal version of the
Oldroyd-B model, Eq.(2),

τu + λ0ue
ν(T0

T −1)T0
T

[
∇
τu −τu

1

T

(
∂

∂t
+ v · ∇

)
T

]
= η0ue

ν(T0
T −1)

(
∇v +∇v†

)
. (28)

Here, T = T (r, t) is a local value of the temperature, T0
is the reference temperature of the fluid at rest, ν = Ea

RT0

is the dimensionless activation energy, and we have iden-
tified the usual kinetic-theory expressions for the polymer
viscosity and relaxation time at the reference temperature

λ0u =
ζ(T0)

4H(T0)
, (29)

η0u = λ0unkBT0. (30)

In a similar fashion, the non-isothermal version of the
sPTT model, Eq.(7), is given by

τp

(
1 + α

λ0p
η0p

T0
T

tr
(
τp
))

+λ0pe
ν(T0

T −1)T0
T

[
∇
τp −τp

1

T

(
∂

∂t
+ v · ∇

)
T

]
= η0pe

ν(T0
T −1)

(
∇v +∇v†

)
. (31)

The temperature field is assumed to obey the advection-
diffusion equation [72]

ρ cp

(
∂T

∂t
+ v · ∇T

)
= κ∇2T + Σ′ij

∂vi
∂xj

, (32)
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where cp and κ are the heat capacity and thermal con-
ductivity of the fluid, respectively, and the non-isothermal
deviatoric stress Σ′ is given by

Σ′ = ηs(T0)eν(
T0
T −1)

(
∇v +∇v†

)
+ τu + τp. (33)

The velocity field satisfies Eqs.(4) and (5) with Σ = Σ′ −
p δ. Finally, the boundary conditions for the temperature
field are set by our experimental setup: the outer cylinder
is in contact with the heat bath at fixed temperature T0,
while the inner cylinder can have a different temperature,
which we do not control. Therefore, we set T (R2) = T0
and T (R1) = T0 + ∆T . As mentioned above, we measured
∆T to be around 0.2K.

The non-isothermal hybrid model presented above con-
tains three parameters that need to be determined be-
fore it can be used in a linear stability analysis: the
thermal conductivity, the heat capacity and the activa-
tion energy. In what follows, we restrict our discussion
to the P600G80 solution (see Table 2); other solutions
show qualitatively similar behaviour (see [73] for more
detail). To estimate the value of κ, we used the study
by Broniarz-Press and Pralat [74] who systematically in-
vestigated the thermal conductivity of various Newto-
nian and non-Newtonian liquids, including high-molecular-
weight polyacrylamide solutions (Separan) relevant for the
present work. Broniarz-Press and Pralat [74] observed
that the thermal conductivity is practically independent
of the shear rate, and using their empirical equation we
estimate it to be κ ≈ 0.7W m−1K−1. The specific heat
capacity of the P600G80 solution was measured using a dif-
ferential scanning calorimeter DSC Q2000, and found to
be cp ≈ 2.7 kJ kg−1K−1. The activation energy ν of the
P600G80 solution was estimated by fitting the temperature
dependence of its solvent viscosity to an Arrhenius-type
law, Eq.(27),

ηs(T )

ηs(T0)
= eν(

T0
T −1). (34)

Using a pseudo-empirical formula by Cheng [75] for the
viscosities of the glycerol solvents, we obtain ν ≈ 20.27. A
similar value was recently reported by Traore et al. [76]
for a sucrose-water PAAm solution, similar to our P80S64
and P150S65.6 solutions, see Table 2; see also Abed et al.
[77]. Note, however, that Traore et al. [76] observed that
the activation energy for the relaxation time was five times
larger than the viscosity activation time, which is not cap-
tured within our theory based on the kinetic theory of
dilute polymer solutions.

The results of the linear stability analysis of our non-
isothermal hybrid model are reported in terms of two di-
mensionless numbers: the Peclet number,

Pe =
ρ cpγ̇maxd

2

κ
, (35)

which is the ratio of the thermal diffusion timescale and

the convective timescale, and the Nahme number,

Na =
η(T0)(γ̇maxd)2

κT0
, (36)

which compares the viscous heating and the convective
timescales. Here, γ̇max is the maximum shear rate of the
base velocity profile in our non-isothermal hybrid model.
Using the values of the viscous heating parameters esti-
mated above, the Peclet and Nahme numbers achieved in
our experiments are Pe ≤ 400 and Na ≤ 1 · 10−5.

1 0 - 6 1 0 - 5 1 0 - 4 1 0 - 3 1 0 - 2 1 0 - 1
1 0 4

1 0 5

1 0 6

1 0 7

1 0 8

1 0 9

1 0 1 0

∆T  ( K )
 0
 2
 4

Pe

N a
Figure 16: Nahme and Peclet numbers required for the critical mod-
ified Weissenberg number to be

√
εWi = 0.65 for the P600G80 solu-

tion at ε = 0.4.

Performing a linear stability analysis of the non-
isothermal hybrid model with these values of the Peclet
and Nahme numbers and setting ∆T = 0.2K, we observe
only negligible difference in the values of the critical Weis-
senberg number as compared to the isothermal model dis-
cussed in the previous Section. This situation persists until
∆T > 2K, which is about ten times larger than the tem-
perature difference between the inner and outer cylinders
that we measured in our experiments. A more detailed
analysis of the interplay between the thermodynamic pa-
rameters of the fluid and the onset of elastic instabilities
reveals a much stronger impact of the Peclet number on
the critical value of Wi compared to the Nahme num-
ber. In Fig.16 we force the critical rheological Weissenberg
number from the linear stability analysis to agree with
the experimental value

√
εWirheoc = 0.65 at ε = 0.4, and

record the Peclet and Nahme numbers that are necessary
to achieve that. When there is no temperature difference
between the inner and outer cylinders, ∆T = 0K, Pe has
to be about 109 for Na = 10−5 to observe an instability at
the experimental value of

√
εWirheoc . For higher temper-

ature differences ∆T = 2K and ∆T = 4K, the required
Peclet number is approximately independent of the Nahme
number, and is equal to Pe = 21550 and Pe = 10150, cor-
respondingly.
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Figure 17: Effect of viscous heating in combination with a fixed
temperature difference between the inner and outer wall ∆T based on
the hybrid model. While the activation energy ν as well as the Nahme
number Na are assumed to be in reasonable agreement with the
estimates, the Peclet number Pe is more than one magnitude higher
than estimated. Representatively, the value ε = 0.3 is analysed in
more detail in Fig. 18.

Although Pe = 10150 and ∆T = 4K are very differ-
ent from the estimates for our polymer solutions, we use
these values in the further analysis to demonstrate that
viscous heating has a potential to significantly alter the
scaling of the critical Weissenberg number with the gap
width. Figure 17 illustrates the effect of the interplay be-
tween the temperature difference ∆T and viscous heating
for Na = 10−5 and Pe = 10150; other parameters corre-
spond to the P600G80 solution. In the absence of viscous
heating, i.e. the last term in Eq.(32), the prediction of
the linear stability analysis strongly disagrees with the ex-
perimental data for both the Oldroyd-B and the hybrid
model, regardless of ∆T . In the presence of viscous heat-
ing, the geometric scaling depends strongly on the value
of the temperature difference, and changes significantly for
∆T > 2K: the experimental data, together with the scal-
ing predicted by the Pakdel-McKinley criterion, can now
be reproduced by the non-isothermal linear stability anal-
ysis.

Furthermore, for ∆T > 2K and significantly large gap
widths, the nature of the most unstable mode changes, in
agreement with Al-Mubaiyedh et al. [60, 61]. To illustrate
this, in Figure 18 we plot the eigenvalue spectra for a given
geometry ε = 0.3 and the rheological parameters corre-
sponding to the P600G80 solution; as above, Na = 10−5

and Pe = 10150. Without viscous heating (left panel), the
most unstable mode is non-axisymmetric (m = 1) and os-
cillatory for both ∆T = 0K (cf. figure 17) and ∆T = 4K.

In contrast, in the presence of viscous heating (right
panel), the behaviour changes upon an increase of the
temperature difference: at ∆T = 2K, the most unsta-
ble mode is still non-axisymmetric and oscillatory (green
circles), while at ∆T = 2.5K (yellow circles), the most
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Figure 18: Eigenvalue spectrum for ε = 0.3 with and without vis-
cous heating for various values of the temperature difference ∆T .
Thermodynamic parameters used in the viscous heating calculations
are: ν = 20.27, Na = 1.4 · 10−5, P e = 10150, and the hybrid
model parameters correspond to the rheology of the P600G80 so-
lution (β = 0.55, β1 = 0.18, α = 17.7, λr = 1.53).

unstable mode turns to be axisymmetric and stationary in
time. At ∆T = 4K (red circles), the spectrum is further
changed but the most unstable mode is not affected.

6. Conclusion

The goal of this work was to study the influence of cur-
vature on the purely elastic flow instability in the Taylor-
Couette geometry. We performed systematic studies of
the onset of the first instability in Taylor-Couette cells of
various radii and observed that the onset shifts to larger
critical Weissenberg numbers for increasing curvature. Si-
multaneously, we found that the intensity of the unstable
flow decreases. These observations are consistent with the
fact that in this limit the geometry approaches plane Cou-
ette flow, which is known to be linearly stable for Oldroyd-
B [8] and FENE-P [10] models.

We used our experimental results to verify the validity
of the Pakdel-McKinley criterion across a wide range of
curvatures. We found that when modified to take into
account the finite gap width and the shear-thinning na-
ture of our solutions, the Pakdel-McKinley criterion re-
produces the experimentally observed critical Weissenberg
numbers fairly well. Summarising the analysis of Section
3, the Pakdel-McKinley condition consistent with our data
is given by

Wirheocrit = (1.8± 0.3)
√

(0.96± 0.05)− β+

√
(ε+ 1)2

ε+ 2
,

where β+ is defined before Eq.(19). This scaling is consis-
tent with the results of Groisman and Steinberg [23], who
investigated the onset of disordered oscillations for differ-
ent polymer solutions in a single Taylor-Couette geometry,
although the value of the constant M found in that work
differs from ours.
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Surprisingly, we find significant discrepancies between
the experimental data and the results of the linear stabil-
ity analysis of both the Oldroyd-B model and a hybrid,
Oldroyd-B-sPTT two-mode fluid designed to accurately
reproduce rheological properties of our polymer solutions.
These discrepancies comprise the numerical values of the
critical Weissenberg number and its scaling with the di-
mensionless gap size ε. We checked that inclusion of small
amounts of inertia, consistent with our experimental val-
ues, did not solve this problem. We also incorporated
the effects of viscous heating into the hybrid model and
demonstrated that it did not resolve the disagreement with
the experimental data for realistic values of the thermody-
namic parameters of the solutions and external tempera-
ture gradients in our setup. Intriguingly, the linear stabil-
ity thresholds can be made to agree with the experimental
data albeit for rather unrealistic values of the Peclet num-
ber and the temperature difference between the inner and
outer cylinders.

There are several potential sources of the disagreement
between our experiments and the linear stability analy-
sis. While the hybrid model accurately reproduces the
steady-shear rheology, it is possible that the linear insta-
bility threshold is sensitive to its unsteady behaviour and
extensional properties, which we do not match. Another
possibility is that the Ekman vortices, generated next to
the upper surface and the bottom of the beaker affect the
instability onset. Thus, it is even more remarkable that the
simple Pakdel-McKinley condition agrees very well with
the experimental data despite these potential problems.
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ε m β = 0.00 0.01 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.55 0.65 0.79 0.90 0.95

0 25.57 26.15 33.09 36.09 34.39 30.44 27.07 24.67 23.02 21.93 20.91 21.17 24.20 32.53 44.65
0.4 1 Wic = 27.17 27.30 29.25 31.24 33.80 33.59 30.64 27.08 23.92 21.04 18.14 16.91 18.27 25.29 39.13

2 30.85 30.87 31.40 31.88 32.37 32.56 31.73 29.89 27.81 25.96 23.47 22.77 26.43 42.92 77.69

0 25.57 26.15 33.09 36.09 34.39 30.44 27.07 24.67 23.02 21.93 20.91 21.18 24.23 32.60 44.78
0.35 1 Wic = 25.26 25.39 27.20 29.05 31.42 31.24 28.49 25.18 22.26 19.96 17.19 16.32 17.88 24.71 37.87

2 28.67 28.70 29.19 29.64 30.10 30.28 29.50 27.79 25.86 24.14 21.83 21.24 24.81 40.18 72.35

0 25.57 26.15 33.09 36.09 34.39 30.44 27.07 24.67 23.03 21.93 20.94 21.23 24.35 32.81 45.09
0.3 1 Wic = 23.43 23.54 25.22 26.94 29.14 28.96 26.42 23.35 20.69 18.68 16.47 15.94 17.67 24.34 36.87

2 26.60 26.62 27.07 27.49 27.91 28.08 27.36 25.77 23.98 22.39 20.29 19.87 23.39 37.65 67.28

0 25.59 26.16 33.09 36.09 34.39 30.44 27.07 24.68 23.05 21.98 21.04 21.41 24.64 33.28 45.78
0.25 1 Wic = 21.66 21.77 23.32 24.91 26.95 26.77 24.41 21.61 19.30 17.67 16.04 15.80 17.71 24.27 36.23

2 24.60 24.61 25.03 25.41 25.81 25.96 25.29 23.83 22.17 20.72 18.90 18.73 22.22 35.42 62.53

0 25.68 26.24 33.09 36.09 34.39 30.44 27.09 24.75 23.18 22.17 21.36 21.84 25.28 34.26 47.18
0.2 1 Wic = 19.96 20.06 21.51 22.92 24.79 24.63 22.48 20.09 18.30 17.12 16.02 16.03 18.12 24.65 36.18

2 22.67 22.68 23.07 23.42 23.78 23.92 23.30 21.95 20.46 19.19 17.83 17.95 21.43 33.61 58.25

0 25.88 26.42 33.10 36.09 34.39 30.46 27.18 24.92 23.44 22.51 21.82 22.41 26.05 35.39 48.78
0.167 1 Wic = 18.97 19.09 20.50 21.68 23.30 23.20 21.33 19.41 18.03 17.13 16.32 16.49 18.72 25.33 36.67

2 21.44 21.45 21.82 22.15 22.48 22.60 22.01 20.77 19.45 18.41 17.43 17.75 21.22 32.79 55.85

0 26.24 26.76 33.16 36.10 34.41 30.55 27.40 25.27 23.88 23.03 22.46 23.17 27.04 36.81 50.78
0.14 1 Wic = 18.54 18.67 20.04 20.99 22.09 22.11 20.68 19.23 18.17 17.47 16.86 17.16 19.54 26.28 37.58

2 20.45 20.47 20.83 21.14 21.44 21.51 20.98 19.91 18.85 18.06 17.40 17.87 21.34 32.46 54.28

0 26.47 26.98 33.23 36.11 34.44 30.64 27.57 25.49 24.16 23.34 22.83 23.59 27.58 37.58 51.87
0.129 1 Wic = 18.52 18.65 20.00 20.87 21.77 21.78 20.57 19.30 18.35 17.72 17.19 17.54 19.99 26.83 38.15

2 20.06 20.07 20.44 20.75 21.03 21.08 20.59 19.64 18.71 18.03 17.49 18.02 21.50 32.45 53.79

0 27.45 27.94 33.66 36.29 34.69 31.18 28.39 26.52 25.32 24.60 24.25 25.19 29.59 40.42 55.83
0.1 1 Wic = 19.04 19.18 20.48 21.21 21.76 21.70 20.93 20.04 19.33 18.84 18.50 18.99 21.71 28.93 40.49

2 19.11 19.17 19.74 20.07 20.32 20.36 20.04 19.45 18.86 18.42 18.16 18.83 22.38 33.01 53.18
3 24.07 24.07 24.33 24.54 24.66 24.54 24.01 23.11 22.16 21.41 20.84 21.68 26.85 43.71

0 30.04 30.50 35.48 37.53 36.16 33.25 30.90 29.27 28.23 27.64 27.53 28.78 34.00 46.58 64.41
0.066 1 Wic = 21.32 21.47 22.82 23.49 23.90 23.81 23.27 22.62 22.08 21.71 21.57 22.29 25.55 33.76 46.25

2 19.63 19.72 20.56 20.97 21.28 21.39 21.25 20.94 20.61 20.37 20.38 21.23 25.03 35.67 54.86
3 22.59 22.61 23.01 23.26 23.41 23.37 23.07 22.57 22.06 21.70 21.64 22.71 27.76 43.20

0 33.61 34.07 38.68 40.30 39.14 36.68 34.58 33.08 32.12 31.60 31.68 33.25 39.42 54.11 74.87
0.045 1 Wic = 24.73 24.90 26.43 27.14 27.52 27.41 26.91 26.31 25.81 25.49 25.49 26.44 30.38 39.93 53.92

2 22.05 22.17 23.16 23.65 24.01 24.17 24.10 23.87 23.63 23.46 23.61 24.63 28.84 40.03 59.23
3 22.69 22.78 23.61 24.01 24.30 24.43 24.35 24.13 23.88 23.71 23.91 25.14 30.31 45.25 73.52

0 38.79 39.28 43.82 45.23 44.22 42.01 40.01 38.55 37.61 37.13 37.39 39.36 46.78 64.30 89.01
1 29.72 29.93 31.75 32.56 32.96 32.80 32.25 31.61 31.11 30.80 30.92 32.17 37.07 48.58 64.92

0.03 2 Wic = 26.19 26.33 27.54 28.13 28.57 28.76 28.70 28.47 28.25 28.11 28.36 29.61 34.46 46.82 66.92
3 25.42 25.54 26.60 27.12 27.52 27.76 27.79 27.68 27.54 27.46 27.83 29.24 34.78 49.99 77.42
4 27.03 27.14 28.06 28.50 28.82 28.97 28.92 28.72 28.49 28.37 28.75 30.38 37.07 56.60

0 61.89 62.55 68.39 69.97 69.00 66.60 64.25 62.45 61.32 60.81 61.62 65.11 77.64 106.92 148.10
1 52.09 52.49 55.88 57.22 57.64 57.09 56.04 55.00 54.23 53.84 54.35 56.88 66.07 86.91 115.00
2 46.40 46.68 49.11 50.20 50.89 51.02 50.70 50.19 49.75 49.53 50.07 52.31 60.52 79.75 107.61

0.01 3 Wic = 43.15 43.38 45.36 46.32 47.03 47.40 47.41 47.21 47.00 46.92 47.57 49.80 57.94 77.95 109.35
4 41.46 41.66 43.44 44.33 45.03 45.48 45.64 45.60 45.51 45.53 46.31 48.64 57.19 79.22
5 40.94 41.13 42.84 43.69 44.38 44.84 45.06 45.08 45.05 45.11 45.99 48.49 57.78 82.75
6 41.52 41.71 43.40 44.22 44.88 45.32 45.51 45.51 45.47 45.53 46.12 49.19 59.45 88.29

Table 4: Results of linear stability analysis of purely elastic (Re = 0) Taylor-Couette base flow of an Oldroyd-B fluid. The table lists the critical Weissenberg numbers for the onset of
elastic instability triggered by different perturbation modes m in dependence of different gap widths ε and viscosity ratios β = ηs/η. For each set (ε, β), the smallest critical Weissenberg
number (giving the most unstable perturbation mode) is highlighted in boldface.
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