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Nonuniversality and Finite Dissipation in Decaying Magnetohydrodynamic Turbulence

M. F. Linkmann,* A. Berera,† W. D. McComb, and M. E. McKay
SUPA, School of Physics and Astronomy, University of Edinburgh, Peter Guthrie Tait Road, Edinburgh H9 3FD, United Kingdom
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A model equation for the Reynolds number dependence of the dimensionless dissipation rate in freely
decaying homogeneous magnetohydrodynamic turbulence in the absence of a mean magnetic field is
derived from the real-space energy balance equation, leading to Cε ¼ Cε;∞ þ C=R− þOð1=R2

−Þ, where R−
is a generalized Reynolds number. The constant Cε;∞ describes the total energy transfer flux. This flux
depends on magnetic and cross helicities, because these affect the nonlinear transfer of energy, suggesting
that the value of Cε;∞ is not universal. Direct numerical simulations were conducted on up to 20483 grid
points, showing good agreement between data and the model. The model suggests that the magnitude of
cosmological-scale magnetic fields is controlled by the values of the vector field correlations. The ideas
introduced here can be used to derive similar model equations for other turbulent systems.

DOI: 10.1103/PhysRevLett.114.235001 PACS numbers: 47.65.-d, 47.27.Gs, 47.27.Jv, 52.30.Cv

Magnetohydrodynamic (MHD) turbulence is present in
many areas of physics, ranging from industrial applications
such as liquid metal technology to nuclear fusion and
plasma physics, geo-, astro-, and solar physics, and even
cosmology. The numerous different MHD flow types that
arise in different settings due to anisotropy, alignment,
different values of the diffusivities, to name only a few, lead
to the question of universality in MHD turbulence, which
has been the subject of intensive research by many groups
[1–12]. The behavior of the (dimensionless) dissipation rate
is connected to this problem, in the sense that correlation
(alignment) of the different vector fields could influence
the energy transfer across the scales [2,13,14], and thus
possibly the amount of energy that is eventually dissipated
at the small scales.
For neutral fluids it has been known for a long time

that the dimensionless dissipation rate in forced and
freely decaying homogeneous isotropic turbulence tends
to a constant with increasing Reynolds number. The first
evidence for this was reported by Batchelor [15] in 1953,
while the experimental results reviewed by Sreenivasan in
1984 [16], and subsequent experimental and numerical
work by many groups, established the now well-known
characteristic curve of the dimensionless dissipation rate
against Reynolds number; see [17–20], and references
therein. For statistically steady isotropic turbulence, the
theoretical explanation of this curve was recently found to
be connected to the energy balance equation for forced
turbulent flows [19], where the asymptote describes the
maximal inertial transfer flux in the limit of infinite
Reynolds number.
For freely decaying MHD, recent results suggest that the

temporal maximum of the total dissipation tends to a
constant value with increasing Reynolds number. The first
evidence for this behavior in MHDwas put forward in 2009
by Mininni and Pouquet [21], using results from direct

numerical simulations (DNSs) of homogeneous MHD
turbulence. The temporal maximum of the total dissipation
rate εðtÞ became independent of Reynolds number at a
Taylor-scale Reynolds number Rλ [measured at the peak of
εðtÞ] of about 200.
Dallas and Alexakis [22] measured the dimensionless

dissipation rate Cε from DNS data, where ε was non-
dimensionalized with respect to the initial values of the rms
velocity UðtÞ and the integral length scale LðtÞ (here
defined with respect to the total energy), for random
initial fields with strong correlations between the velocity
field and the current density. The authors compared data
with Ref. [21], and again it was found that Cε → const
with increasing Reynolds number. Interestingly the
approach to the asymptote was slower than for the data
of Ref. [21].
In this Letter we propose a model for the Reynolds

number dependence of the dimensionless dissipation rate
derived from the energy balance equation for MHD
turbulence in terms of Elsässer fields [23], which predicts
nonuniversal values of the dimensionless dissipation rate in
the infinite Reynolds number limit. In order to compare the
predictions of the model against data, we carried out a
series of DNSs of decaying MHD turbulence without a
mean magnetic field. First we explain the derivation of the
model equation, then proceed to a description of our
numerical simulations and, subsequently, compare the
model to DNS results. We conclude with a discussion of
the results and suggestions for further research.
The equations describing incompressible decayingMHD

flows are

∂tu ¼ −
1

ρ
∇P − ðu · ∇Þuþ 1

ρ
ð∇ × bÞ × bþ νΔu; ð1Þ

∂tb ¼ ðb · ∇Þu − ðu · ∇Þbþ ηΔb; ð2Þ
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∇ · u ¼ 0 and ∇ · b ¼ 0; ð3Þ

where u denotes the velocity field, b the magnetic induction
expressed in Alfvén units, ν the kinematic viscosity, η
the resistivity, P the pressure, and ρ ¼ 1 the density.
For simplicity, and in order to compare to results in the
literature, we consider the case of unit magnetic Prandtl
number, that is Pm ¼ ν=η ¼ 1.
For freely decaying MHD turbulence the decay rate of

the total energy εD ¼ −∂tEtot equals the total dissipation
rate ε, and the time evolution of the total energy is governed
by the energy balance equation of MHD turbulence in real
space, which is derived from the MHD equations (1)–(3).
This suggests that the energy balance equation can be used
in order to derive the Reynolds number dependence of the
total dissipation rate.
Since we are interested in the total dissipation ε ¼

εmag þ εkin, where εmag ¼ 2η
R
∞
0 dkk2EmagðkÞ, and εkin ¼

2ν
R
∞
0 dkk2EkinðkÞ [EmagðkÞ and EkinðkÞ denoting magnetic

and kinetic energy spectra], are the magnetic and kinetic
dissipation rates, respectively, we could take two appro-
aches, either formulating the energy balance in terms of the
primary fields u and b or in terms of the Elsässer fields
z� ¼ u� b. Since

∂thjz�j2i ¼ 2∂tEtot � 2∂tHc; ð4Þ

whereHc ¼ hu · bi is the cross helicity, we can describe the
total dissipation either by the energy balance equations for
hjz�j2i [23] or by the sum of the energy balance equations for
EmagðtÞ¼

R
∞
0 dkEmagðkÞ andEkinðtÞ¼

R
∞
0 dkEkinðkÞ [24,25].

This, however, is not the case if we are interested in the
dimensionless dissipation rate. Unlike in hydrodynamics,
there are several choices of scales with which to non-
dimensionalize εðtÞ, and thus with respect to which to
define anMHD analogue to the Taylor surrogate expression
[15,18]. For example U and L could be used, or the rms b
field B and L or U and Lkin etc., or scales defined with
respect to z�. The physical interpretation is different for the
different scaling quantities. Since the total dissipation must
equal the total flux of energy passed through the scales by
the kinetic and magnetic energy transfer terms, a scaling
with U will be appropriate only for hydrodynamic transfer
as this transfer term scales as U3=Lkin. All other transfer
terms include b and u and thus should be scaled accord-
ingly. This also precludes the most straightforward gener-
alization of the Taylor surrogate, which would be a scaling
of ε with L and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2 þ B2

p
. A hydrodynamic transfer term

would then be scaled partly with magnetic quantities,
while the appropriate scaling should only involve kinetic
quantities.
Instead, we propose to define the dimensionless dis-

sipation rate for MHD turbulence with respect to the
Elsässer variables

Cε ¼
Cþ
ε þ C−

ε

2
≡ 1

2

�
εLþ
zþ2z−

þ εL−

z−2zþ

�
; ð5Þ

where L� ¼ ð3π R∞
0 dkk−1hjz�j2iÞ=ð4 R∞

0 dkhjz�j2iÞ are
the integral scales defined with respect to z�, and z�

denote the rms values of z� [26].
Using this definition we can now consistently non-

dimensionalize the evolution equations of hjz�j2i. For
conciseness we outline the arguments for the hjzþj2i case,
since the hjz−j2i case proceeds analogously [27].
Following [23] the energy balance for hjzþj2i reads for

the case Pm ¼ 1

−
1

2
∂thjzþj2i ¼ −

3

4
∂tB

þþ
LL −

∂r

r4

�
3r4

2
Cþ−þ
LL;L

�

þ 3ðνþ ηÞ
2r4

∂rðr4∂rB
þþ
LL Þ; ð6Þ

where Cþ−þ
LL;LðrÞ and Bþþ

LL ðrÞ are the longitudinal third-order
correlation function and the second-order longitudinal
structure function of the Elsässer fields, respectively. The
definitions of the these functions can be found in the
Supplemental Material [27]. Using Eq. (4) one can express
the left-hand side of Eq. (6) in terms of εðtÞ and ∂tHc.
If we now introduce the nondimensional variable

σ ¼ r=Lþ [3] and nondimensionalize Eq. (6) with respect
to z� and Lþ as proposed in the definition of Cε in Eq. (5),
we obtain

Cþ
ε ¼ −

∂σ

σ4

�
3σ4Cþ−þ

LL;L

2zþ2z−

�
−

Lþ
zþ2z−

∂t
3Bþþ

LL

4

þ Lþ
zþ2z−

∂tHc þ
νþ η

Lþz−
3∂σ

2σ4

�
σ4∂σ

Bþþ
LL

zþ2

�
: ð7Þ

In this way we arrive at a consistent scaling for the transfer
term in Eq. (6) with the appropriate quantity, as the function
Cþ−þ
LL;LðrÞ scales with zþ2z−.
Since the inverse of the coefficient in front of the

dissipative term is similar to a Reynolds number, we
introduce the generalized large-scale Reynolds number

R− ¼ 2z−Lþ
νþ η

; ð8Þ

hence, Eq. (7) suggests a dependence of Cþ
ε on 1=R−.

However, the structure and correlation functions and the
cross helicity flux also depend on the Reynolds number.
For conciseness we introduce dimensionless versions of

all terms present on the right-hand side of Eq. (7), such that

Cþ−þ
LL;Lðr; tÞ ¼ zþ2z−gþ−þðσ; tÞ; ð9Þ

Bþþ
LL ðr; tÞ ¼ zþ2hþþ

2 ðσ; tÞ; ð10Þ
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∂tB
þþ
LL ðr; tÞ ¼

ðzþÞ2z−
Lþ

Fþðσ; tÞ; ð11Þ

∂tHcðtÞ ¼
ðzþÞ2z−
Lþ

GþðtÞ; ð12Þ

which leads to a dimensionless version of the hjzþj2i
energy balance equation for freely decaying MHD
turbulence

Cþ
ε ¼ εLþ

zþ2z−
¼ −

∂σ

σ4

�
3σ4

2
gþ−þ

�
−
3

4
Fþ þGþ

þ 3

R−

∂σ

σ4
ðσ4∂σh

þþ
2 Þ: ð13Þ

After nondimensionalization, the highest derivative in the
differential equation is multiplied with the small parameter
1=R−, suggesting that this can be viewed as a singular
perturbation problem [28]; and thus we consider asymp-
totic expansions of the dimensionless functions in inverse
powers of R− [19,29].
The formal asymptotic series of a generic function f

[used for conciseness in place of the functions on the right-
hand side of Eq. (13)] up to second order in 1=R− reads

f ¼ f0 þ
1

R−
f1 þ

1

R2
−
f2 þOðR−3

− Þ: ð14Þ

After substitution of the expansions into Eq. (13) and
following the same steps for the evolution equation for
hjz−j2i, we arrive at model equations for Cþ

ε and C−
ε

C�
ε ¼ C�

ε;∞ þ C�

R∓
þD�

R2∓
þOðR−3∓ Þ; ð15Þ

up to third order in 1=R∓, where we defined the coefficients
C�
ε;∞, C�, and D�,

C�
ε;∞ ¼ −

∂σ

σ4

�
3σ4

2
g�∓�
0

�
−
3

4
F�
0 �G�

0 ; ð16Þ

C� ¼ 3∂σ

σ4

�
σ4
�
∂σh��

2;0 −
g�∓�
1

2

��
−
3

4
F�
1 �G�

1 ; ð17Þ

D� ¼ 3∂σ

σ4

�
σ4
�
∂σh��

2;1 −
g�∓�
2

2

��
−
3

4
F�
2 � G�

2 ; ð18Þ

in order to write Eq. (13) in a more concise way. Using
Rþ ¼ ðL−=LþÞðzþ=z−ÞR− to define

C ¼ 1

2

�
Cþ þ L−

Lþ

zþ

z−
C−

�
; ð19Þ

[D is defined analogously], finally one obtains for the
dimensionless dissipation rate Cε,

Cε ¼ Cε;∞ þ C
R−

þ D
R2
−
þOðR−3

− Þ: ð20Þ

Since the time dependence of the various quantities in
this problem has been suppressed for conciseness, we stress
that Eq. (20) is time dependent, including the Reynolds
number R−. A normalization using initial values of z� and
L� would have resulted in a dependence of CεðtÞ on initial
values of R−, which only describe the initial conditions and
not the evolved flow for which Cε is measured.
At the peak of εðtÞ the additional terms F�

0 should in fact
vanish for constant flux of cross helicity (that is,
∂2
t Hc ¼ 0), since in the infinite Reynolds number limit

the second-order structure function will have its inertial
range form at all scales. By self-similarity the spatial and
temporal dependences of, e.g., Bþþ

LL should be separable in
the inertial range, that is Bþþ

LL ðr; tÞ ∼ ½εþðtÞr�α for some
value α, and ∂tB

þþ
LL ∼ αεþðtÞα−1∂tε

þrα. At the peak of
dissipation ∂tε

þjtpeak ¼ ∂tεjtpeak − ∂2
t Hc ¼ ∂tεjtpeak ¼ 0, and

we obtain Fþ
0 ðtpeakÞ ¼ 0. As the terms G�

0 , which describe
the flux of cross helicity in the infinite Reynolds number
limit, cancel the corresponding contribution from the
transfer terms [27], the asymptotes C�

ε;∞ describe the flux
of total energy provided the model (15) is applied at tpeak.
Because of selective decay, that is the faster decay of the

total energy compared to Hc and Hmag [14], one could
perhaps expect ∂tHc to be small compared to ε in the
infinite Reynolds number limit in most situations. In this
case we obtain G�

0 ≃ 0 and

C�
ε;∞ðtpeakÞ ¼ −

∂σ

σ4

�
3σ4

2
g�∓�
0

�
; ð21Þ

which recovers the inertial-range scaling results of
Ref. [23] and reduces to Kolmogorov’s 4=5th law
for b ¼ 0.
Since Cε;∞ is a measure of the flux of total energy across

different scales in the inertial range, differences for the
value of this asymptote should be expected for systems
with different initial values for the ideal invariants Hc and
magnetic helicity Hmag ¼ ha · bi, where a is the vector
potential b ¼ ∇ × a. In the case of Hmag ≠ 0, the value of
Cε;∞ should be less than for Hmag ¼ 0 due to a more
pronounced reverse energy transfer in the helical case
[13,30], the result of which is less forward transfer and
thus a smaller value of the flux of total energy. For Hc ≠ 0
we expect Cε;∞ to be smaller than for Hc ¼ 0, since
alignment of u and b weakens the coupling of the two
fields in the induction equation, which leads to less transfer
of magnetic energy across different scales and presumably
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also less transfer of kinetic to magnetic energy. In short, one
should expect nonuniversal values of Cε;∞.
Before we compare the model equation with DNS data

and address this question of nonuniversality numerically,
we briefly outline our numerical method. Equations (1)–(3)
are solved numerically in a periodic box of length
Lbox ¼ 2π using a fully de-aliased pseudospectral MHD
code [33,34]. All simulations satisfy kmaxηmag;kin ≥ 1,
where ηmag;kin are the magnetic and kinetic Kolmogorov
scales, respectively. We do not impose a background
magnetic field, and both the initial magnetic and velocity
fields are random Gaussian with zero mean, with initial
magnetic and kinetic energy spectra of the form
Emag;kinðkÞ ∼ k4 exp½−k2=ð2k0Þ2�, where k0 ≥ 5 and further
simulation details are specified in Table 1 of Ref. [27].
The initial relative magnetic helicity is ρmagðkÞ ¼
kHmagðkÞ=2EmagðkÞ ¼ 1 for all runs of series H and zero
for the runs labeled NH. The initial relative cross helicity
was ρcð0Þ ¼ Hcð0Þ=ðjuð0Þ∥bð0ÞjÞ ¼ 0 for runs of the H
and NH series and ρcð0Þ ¼ 0.6 for series CH06H and
CH06NH, while initial magnetic and kinetic energies were
in equipartition. All spectral quantities have been shell
and ensemble averaged, with ensemble sizes restricted by
computational resources to up to 10 runs per ensemble. The
total dissipation rate ε was measured at its maximum.
Figure 1 shows fits of the model equation to DNS data

for data sets that differ in the initial value of Hmag and Hc.
As can be seen, the model fits the data very well. For the
series H runs and for R− > 70 it is sufficient to consider
terms of first order in R−, while for the series NH the first-
order approximation is valid for R− > 100. The cross-
helical CH06H runs gave consistently lower values of Cε

compared to the series H runs, while little difference
was observed between series CH06NH and NH. The

asymptotes were Cε;∞ ¼ 0.241� 0.008 for the H series,
Cε;∞ ¼ 0.265� 0.013 for the NH series, Cε;∞ ¼ 0.193�
0.006 for the CH06H series and Cε;∞ ¼ 0.268� 0.005 for
the CH06NH series.
As predicted by the qualitative theoretical arguments

outlined before, the measurements show that the asymptote
calculated from the nonhelical runs is larger than for the
helical case, as can be seen in Fig. 1. The asymptotes of the
series H and NH do not lie within 1 standard error of one
another. Simulations carried out with Hc ≠ 0 suggest little
difference in Cε for magnetic fields with initially zero
magnetic helicity. For initially helical magnetic fields Cε is
further quenched if Hc ≠ 0. In view of nonuniversality, an
even larger variance of Cε;∞ can be expected once other
parameters such as external forcing, plasma β, Pm, etc., are
taken into account. Here we have restricted ourselves to
nonuniversality caused by different values of vector field
correlations.
In summary, a definition for the dimensionless dissipa-

tion rate Cε for MHD turbulence has been proposed, where
ε was nondimensionalized with respect to the Elsässer
fields instead of the rms velocity. For this definition of Cε

and the case of the unit Prandtl number we derived a model
for the dependence of Cε on a generalized Reynolds
number R−. The model predicts that Cε → const with
increasing R−, in analogy to hydrodynamics, and the
asymptote is a measure of the total energy transfer flux.
The model was compared to DNS data for data sets that
differ in their initial values of magnetic and cross helicities.
At moderate to high R−, we found good agreement with
data with the model only using terms up to first order in
1=R−. However, at low R− terms of second order in R−
cannot be neglected, in fact these terms improve the fit
specifically at low R−. This is expected from adding
another term in the expansion and thus provides further
justification of the validity of Eq. (20).
As predicted, the values of the respective asymptotes

from the data sets differ, suggesting a dependence of Cε on
different values of the helicities, and thus a connection to
the question of universality in MHD turbulence. This
presents an interesting point for further research concerning
the influence of other vector field correlations on the
dissipation rate. Other questions concern the generalization
of this approach to more general MHD systems such as
flows with magnetic Prandtl numbers Pm ≠ 1, compressive
fluctuations, and to the presence of a background magnetic
field, as well as to turbulent systems where the flow carries
other quantities such as temperature or pollutants, and also
the application to decaying hydrodynamic turbulence [20].
In the most general case in plasmas there will be a mean
magnetic field, which leads to spectral anisotropy and the
breakdown of the conservation of magnetic helicity [35]
and thus might introduce several difficulties to be overcome
when generalizing this method, as the spectral flux will
then depend on the direction of the mean field [3,36] and a

FIG. 1 (color online). The solid, dotted, and dash-dotted lines
show Eq. (20) fitted to helical, nonhelical, and cross-helical DNS
data, respectively. The red (gray) lines refer to fits using the first-
order model equation, the black lines use the model equation
up to second order in 1=R−. As can be seen, the respective
asymptotes differ for the data sets.
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more generalized description and role for the magnetic
helicity would be needed.
Our model shows that different degrees of correlation in

a turbulent plasma control the amount of energy that can
effectively be transferred into the smallest scales. It could
have several possible applications, e.g., for heating rates in
the solar wind, especially as high values of the cross
helicity inhibit such transfer to some extent. For situations
where one is interested in sustaining a magnetic field over
long times, thus trying to minimize dissipative effects, one
could estimate from Eqs. (16)–(17) what type of correla-
tions produce not only a low asymptotic value of the
dissipation rate but also a fast approach to this asymptote.
This would have relevance to cosmological and astrophysi-
cal [37] magnetic fields as well as terrestial plasmas, such
as in a tokamak reactor. Our results suggest that in
cosmology, where a topical problem is the origin of
large-scale magnetic fields, it is not only a nonzero value
of magnetic helicity, but perhaps also the parameter range
of other correlations such as the cross and kinetic helicities,
that facilitate the presence of long-time magnetic fields.
Moreover, this raises questions about the possible gener-
ation mechanisms for cosmological magnetic fields leading
to different correlations between the vector fields such that
they can sustain long evolution times.
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